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CHAPTER  XII 

THE  OLDER   GERMAN   ELASTICIANS      F    NEUMANN, 
KIRCHHOFF  AND   CLEBSCH 


SECTION  I 

Franz  Neumann 

[1192]  WE  have  alieady  had  occasion  to  deal  with  three 
important  memoirs  of  F  Neumann's,  which  fall  into  the  penod 
occupied  by  our  first  volume  and  we  have  now  to  tuin  to  a  work 
of  his  which,  if  only  published  m  1885,  still  in  substance  mainly 
belongs  to  the  years  1857-8  To  Fianz  Neumann's  teaching  in 
Konigsberg  is  due  much  of  the  impulse  which  mathematical 
physics  leceived  in  the  fifties  in  Germany,  the  most  distinguished 
German  physicists  of  the  past  foity  years  have  been  nearly  all 
pupils  of  Ncum  inn's,  and  this  lemark  is  specially  true  in  the  field 
of  elasticity  Of  those  who  attended  his  lectuies  on  this  subject 
and  received  piobably  from  him  their  fiibt  stnnulub  to  original 
investigation^  we  mi}  name  Kirchhoff,  Stiehlke,  Clebsch,  Bor- 
chaidt,  (Jiil  N turn mu  and  Voigt  as  imong  the  moie  impoitant1 
Franz  Neuin urn's  iectuies  on  elasticity  were  given  in  Komgbbeig 
at  different  tunes  fiom  1857  to  1S74,  and  in  1885  weie  published 
under  the  supei  vision  of  0  E  Meyer  of  Breblau  \\ith  the  title 
Votle&ungen  ubei  die  TheoJie  dei  Elabticitat  dei  festen  Kutper 

i  0  *  Mtyci  includes  m  the  list  Von  dei  Muhll,  Mmnigerode  Zoppntz, 
Grehrmk,  baalschut/,  Wangeim  and  Baumgarten  see  preface  to  the  Vorle^ingen, 
S  vin 


I 
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wfid  des  lachtathers     The  volume  contains  xm  -f  374  pages,  and 
is  based  on  the  notebooks  of  the  brothers  L  and  0  E  Meyer  for 
the  years  1857-60,  and  those  of  Baumgarten  and  W   Voigt  for 
«  the  years  1869-74     According  to  the  Editoi  the  work  contains 

t  all  that  was  of  importance  in  Neumann's  lectures     The  exact 

|  amount  of  originality  in  the  several  investigations  I  shall  endeavour 

I  to  point  out  m  the  course  of  my  analysis,  and  I  content  myself 

{  here  with  the  following  remarks  from  the  preface 

I  Zu  den  Gebieten,  nut  welchen  Professor  Neumann  sich  in  jungeren  und 

spateren  Jahren  mit  besonderer  Vorhebe  beschaftigt  hat,  gehort  auch  die 
Theone  der  Elasticitat ,  es  konnte  daher  nicht  fehlen,  dass  seme  Vorlesungen 
uber  diesen  Gegenstand  haufig  eigene  Arbeiten  betrafen  Seinem  ausgespro 
chenen  Wunsche,  dass  alle  in  verschiedenen  Semestern  vorgetragenen  eigenen 
Untersuchungen  in  dieses  Werk  aufgenommen  werden  sollten,  bin  ich  gern 
soweit  nachgekommen,  als  es  mir  zu  erreichen  moghch  war  (S  v-vi) 

The  work  is  divided  into  twenty-one  sections  of  which  we  note 
the  important  points  in  the  following  articles 

[1193]  In  Section  1,  Einkitung  (S  1-7),  we  have  first  some  remarks 
on  the  origin  of  the  theory  of  elasticity  Neumann  attributes  it  not  so 
much  to  a  development  from  the  isolated  problems  of  Bernoulli  and 
Euler  as  to  the  impulse  given  by  FresneFs  new  theory  of  light  He 
says 

Die  exacte  Beurtheilung  seiner  Beobachtungen  fuhrte  Fresuel  zu  That 
sachen,  welche  im  geraden  Widerspruch  standen  zu  den  anerkannten 
Principien  der  Wellenbewegung  in  elastischen  Medien  In  der  Schallwelle 
ist  die  Bewegung  der  Theilchen  parallel  dem  Strahl,  die  Welle  eine  longitudi 
nale ,  Fresnel  fand,  diss  in  der  Lichtwelle  jene  Bewegung  senkrecht  gegen 
den  Strahl  genchtet,  die  Welle  also  eine  transversale  ist,  und  doch  soil  der 
Unterschied  der  Eigenschaften  beidei  Medien,  der  Luft  und  des  Lichtatheis, 
nur  quantitativ,  nicht  quahtativ  sem  Die  Mechaniker  jencr  Zcit  1  tugnetcn 
die  Moghchkeit  einer  solclien  Be\\egung,  well  «ie  unveitrighch  sti  mit  den 
hydrodynannschen  Grundgleiohuugen,  welohe  auf  elastischo  Jb  1  ^  i,kt  itcn  nit 
Luft  angewandt  nur  longitudmale  Wellen  kennen  lehien  Incsnel,  sich 
vertheidigend,  machte  darauf  aufmerksam,  diss  moglichei  wcise  in  dieseii 
Gleichungen  nicht  ille  Krifte  beruckbiclitigt  sein  mochtcn,  welche  in 
elastischen  Medien  /ur  Wirkung  kornmeii  konnen  Ei  find  in  dtr  lhat, 
dass  in  den  hydrodynamischen  Gleichungen  nur  solchc  innoren  Ki  ifte 
enthalten  bind,  welche  aus  einer  Verduunimg  odcr  Verdichtung  des  Mediums 
entstehen  und  \velche  wiedeiiuu  cine  Aenderung  der  Dichtigkoit  heivorbiui 
gen  Ei  btellto  sich  daher  die  Fi  xgc,  <^1>  cs  in  cmem  el  latischen  Medium 
keine  audeieu  Ki  ifte  ^ebc,  ob  in  eiuem  solchen  System,  wie  es  dio  Theilchen 
eines  eli^tibdicn  Korpers  bilden,  nicht  inch  Krafte  entstehen  konnen  ins 
einei  Verschicbung  dei  Theilcheii,  durch  welche  die  Dichtigkeit  nicht  gcandert 
wird  Wie  jet/t  die  bichen  hegen,  ist  es  leicht,  den  btandpimkt,  luf  den 
Fresnel  sich  stellte,  kin  zu  in  ichcn  (b  1-2) 

This  account  of  the  oiigm  of  the  theoiy  of  elasticity,  attributing  it 
to  the  inability  of  the  hydrodynamical  equations  to  offei  any  explanation 
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of  "the  phenomena  of  light,  has  been  accepted  by  several 

the  review  of  our  first  volume  in  the  BuLLetw  des  sciences  ; 

T    12,  p    38,   1888),  but  it  must  be  distinctly  borne  in 

the  first  propounder  of  the  theory  was  Navier,  an  elaskcian  of 

old,  or  Bernoulli-Eulenan  school,  who  both  in  theory  and  practice  ««*  \  *m 

frequently  dealt  with  elastic  stresses  by  the  old  methods,  and  whose 

memoir  of  1827  was  preceded  not  by  optical  investigations  but  by 

researches  on  the  elasticity  of  rods  and  plates 

Neumann  after  briefly  referring  to  the  labours  of  Naviei,  Poisson 
and  Cauchy  concludes  his  first  section  by  defining  stress  on  their  lines, 
i.e  by  supposing  inter-molecular  force  central  and  a  function  only  of 
the  central  distance 

[1194]  The  second  section  is  entitled  AUgemeine  Lehr&atze  vb&r 
die  Druekkrafte  (S  8-25)  and  develops  the  usual  stress  equations 
without  regard  to  any  molecular  hypothesis  The  third  section  (S  26- 
36)  discusses  Oauchy  s  and  Lamp's  ellipsoids  of  stress  and  the  principal 
tractions  without  reference,  however,  to  those  writeis  see  our  Arts. 
610*,  (iv),  and  1059*  The  fourth  section  entitled  Das  System,  der 
Dilatationen  (S  37-51)  deals  with  the  geometry  of  small  stiains,  and 
discusses  the  ellipsoids  of  strain  and  the  principal  stretches  The  fifth 
section  is  entitled  Brziehungen  zwisehen  den  Druckkraften  und  den 
Verruckungen  (S  52-9)  It  deals  only  with  uncrystallme  and  pre 
sum  ably  homogeneous  and  isotropic  bodies  Neumann  lemarks  that 
expenmont  shows  us  that  stiess  and  strain  vanish  and  arise  coevally, 
hence  he  argues  that  one  must  be  capable  of  being  mathematically 
expressed  as  a  function  of  the  othei  He  then  states  that  there  can 
be  110  doubt  that  in  uncrystallme  bodies  the  axes  of  pimcipal  stretch 
and  principal  ti action  must  coincide,  and  he  continues. 

Aus  unseiei  Annahme,  dibs  die  Dilitationcn  klcmc  Giossen  seien,  folgt, 
dass  die  Druckkrifte,  welche  wn  ils  Functioueii  jenei  an/ubehen  haben,  m 
der  Gcstilt  einer  Fntwickeliuig  inch  Poten/en  dcr  Dilatationen  d  irgestellt 
worden  kunnen  Di  ferner  nidi  uusciei  Aunilime  die  Dihtationen  so  kleine 
Gios&en  smd,  diss  wa  11111  line  ci^to  Potcnz  /u  boiucksichtigcii  brauchen,  so 
mussen  die  H  iiiptduickki  iftc  lineut  tunctioiion  dcr  DiUtitionen  sein  und 
zwai  werden  sie,  di  sic  mit  jcnen  /u0loich  \eiNcli\vuiden,  ohne  Hinzufugung 
ernes  constinten  (xlicdcs  iliuen  cinfach  piopoitional  /u  bctzen  seui  (S  52-3) 

Obviously  lure  Neumann  falls  into  the  sime  non  wquitui  as  Cauchy 
in  his  memon  ot  1827  (sc(  oui  Ait  01-t*),  as  Mix  well  in  Ib50  (see 
oui  Ait  15  $(>*),  01  r^anic  in  1652  (sec  our  Ait  lO"}!*)  Neumann  then 
obtains  by  ti ansfoi in  ition  the  oidmaiy  stiessstiun  lelations  and  the 
body  shift  equations  foi  in  isotiopic  elastic  solul  He  employe  A  loi 
oui  ^,  A  —  ti  foi  oui  2//,,  and  H  foi  oui  A.  Fuithci  he  uses  pre^suies 
not  tractions  thioughout  Ins  woik 

The  Sections  2-5  of  Neumann's  work  form  an  elemental  y  theoiy  of 
elasticity,  at  least  so  f  u  as  isotropic  bodies  ire  concerned  They  do 
not  possess  any  particular  advantages  in  the  piesent  state  of  our 
science 
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wnd  des  Licht&thers  The  volume  contains  xm  -I-  374  pages,  anc 
is  based  on  the  notebooks  of  the  brothers  L  and  0  E  Meyer  fo] 
the  years  1857-60,  and  those  of  Baumgarten  and  W  Voigt  fo] 
the  years  1869-74  According  to  the  Editoi  the  work  contain* 
all  that  was  of  importance  in  Neumann's  lectures  The  exacl 
amount  of  originality  in  the  several  investigations  I  shall  endeavoui 
to  point  out  in  the  course  of  my  analysis,  and  I  content  mysel 
here  with  the  following  remarks  from  the  preface 

Zu  den  Gebieten,  mit  welohen  Professor  Neumann  sich  m  jungeren  unc 
spateren  Jahren  mit  besonderer  Vorliebe  beschaftigt  hat,  gehort  auch  die 
Theone  der  Elasticitat ,  es  konnte  daher  nicht  fehlen,  dass  seine  Yorlesunger 
uber  diesen  Gegenstand  haufig  eigene  Arbeiten  betrafen  Seinem  ausgespro 
chenen  Wunsche,  dass  alle  in  verschiedenen  Semestern  vorgetragenen  eigener 
Untersuchungen  in  dieses  Werk  aufgenommen  werden  sollten,  bin  ich  gerr 
soweit  nachgekommen,  als  es  mir  zu  erreichen  moghch  war  (S  v-vi) 

The  work  is  divided  into  twenty-one  sections  of  which  we  notf 
the  important  points  in  the  following  articles 

[1193]  In  Section  1,  Emfatung  (S  1-7),  we  have  first  some  remarks 
on  the  origin  of  the  theory  of  elasticity  Neumann  attributes  it  not  sc 
much  to  a  development  from  the  isolated  problems  of  Bernoulli  and 
Euler  as  to  the  impulse  given  by  Fresnel's  new  theory  of  light  H€ 
says 

Die  exacte  Beurtheilung  seiner  Beobachtungen  fiihrte  Fresnel  zu  That 
sachen,  welche  im  geraden  Widerspruch  standen  zu  den  anerkannter 
Prmcipien  der  Wellenbewegung  in  elastischen  Medien  In  der  Schallwelle 
ist  die  Bewegung  der  Theilchen  parallel  dem  Strahl,  die  Welle  erne  longitudi 
nale ,  Fresnel  fand,  dass  in  der  Lichtwelle  jene  Bewegung  senkrecht  gegei 
den  Strahl  genchtet,  die  Welle  also  eine  transversale  ist,  und  doch  soil  dei 
Unterschied  der  Eigenschaften  beider  Medien,  dei  Luft  und  des  Licht  ithei  s 
nur  quantitativ,  mcht  quahtativ  sein  Die  Mechamker  jener  Zeit  1  xugnetci 
die  Moghchkeit  emer  solchen  Bewegung,  well  Hie  unveitnghch  su  nut  dei 
hydrodynamischen  Grundgleichuiigen,  welche  auf  elastischo  f  lussigkeitcn,  ml 
Luft  angewandt  nur  longitudmale  Wellen  kennen  lehien  l^iesnel,  sicl 
vertheidigend,  machte  darauf  aulmerk^am,  da^s  moghchei  wtise  111  diesci 
Gleichungen  nicht  alle  Krafte  boruckbiohtigt  sem  mochtcn,  welche  ni 
elastischen  Medien  zur  Wirkung  kommou  konnon  Ei  find  in  dt,r  Ihit 
dass  m  den  hydrodynamischen  Gleichungen  nur  sole  ho  innorou  Kriftc 
enthalten  smd,  welche  aus  einer  Verdiminmg  odci  Verdichtung  des  Medium 
entstehen  und  \velche  wiederum  eine  Aenderung  der  Dichtigkeit  huvorbiin 
gen  Er  stellte  sich  dahor  die  Frige,  ob  es  in  cinein  cl  istischcn  Medium 
kerne  andeieu  Krafte  gebe,  ob  in  emern  solchen  System,  wic  cs  die  Thcilchon 
eines  elabtischen  Korpers  bilden,  nicht  inch  Krafte  cntstehcn  konnon  ui^ 
einei  Veischiebung  dei  Thoilchen,  durch  welche  die  Diohtigkut  nicht  gouidut 
wird  Wio  jet/t  die  bxchcn  liegeu,  ist  es  loicht,  don  Stuulpuukt,  uif  den 
Fresnel  sich  btellte,  klar  zu  miohen  (b  1-2) 

This  account  of  the  otigin  of  the  theoiy  of  elasticity,  attributing  it 
to  the  inability  of  the  hydiodynamical  equations  to  offei  any  explanation 
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of  the  phenomena  of  light,  has  been  accepted  by  several  writers  (see 
the  review  of  our  first  volume  in  the  Buttetvn  des  sciences  • 
T  12,  p  38,  1888),  but  it  must  be  distinctly  borne  in 
idle  first  propounder  of  the  theory  -was  Navier,  an  elastician  of 
old,  or  Bernoulli-Eulerian  school,  who  both  in  theory  and  practice 
frequently  dealt  with  elastic  stresses  by  the  old  methods,  and  whose 
memoir  of  1827  was  preceded  not  by  optical  investigations  but  by 
researches  on  the  elasticity  of  rods  and  plates 

Neumann  after  briefly  referring  to  the  labours  of  Naviei,  Poisson 
and  Cauchy  concludes  his  first  section  by  defining  stress  on  their  lines, 
Le  by  supposing  inter-molecular  force  central  and  a  function  only  of 
the  central  distance 

[1194]  The  second  section  is  entitled  Allgemeine  Lehrsatze  uber 
die  Druckkrafte  (S  8-25)  and  develops  the  usual  stress  equations 
without  regard  to  any  molecular  hypothesis  The  third  section  (S  2fi- 
36)  discusses  Oauchy's  and  Lame's  ellipsoids  of  stress  and  the  principal 
tractions  without  reference,  however,  to  those  writeis  see  our  Arts. 
610*,  (iv),  and  1059*  The  fourth  section  entitled  Das  Syst&m  der 
Dilatationen  (S  37-51)  deals  with  the  geometry  of  small  stiains,  and 
discusses  the  ellipsoids  of  strain  and  the  principal  stretches  The  fifth 
section  is  entitled  Heziehungen  zwisehen  den  DrucWcraften  und  den 
Verruckungen  (S  52-9)  It  deals  only  with  uncrystalline  and  pre 
sum  ably  homogeneous  and  isotropic  bodies  Neumann  remarks  that 
expeument  shows  us  that  stiess  and  strain  vanish  and  arise  coevally, 
hence  he  argues  that  one  must  be  capable  of  being  mathematically 
expressed  as  a  function  of  the  othei  He  then  states  that  there  can 
be  no  doubt  that  in  uncrystalline  bodies  the  axes  of  puucipal  stretch 
and  principal  ti  action  must  coincide,  and  he  continues 

Aus  unserer  Aniiahme,  d  iss  die  Dilatationen  kleme  Grossen  seien,  folgt, 
dass  die  Druckkrifte,  welehe  wir  ils  Functionen  jener  anziibehen  haben,  m 
der  Gestalt  etner  Entwickeluug  inch  Potenzen  der  Dilatationen  dargestellt 
werden  konneii  D\  fernei  nich  uuseioi  Annilime  die  Dilatationen  so  kleme 
Grossen  sind,  dass  wn  nur  ihre  crsto  Potcn/  /u  borucksichtigen  brauchen,  so 
mussen  die  H  inptdi  uckki  ifte  lino  no  bunetionen  der  Dihtitionen  sem  und 
zwii  wet  den  sic,  di  sic  mit  jcnen  /n^loidi  \  orsehwmdoii,  ohne  Hmzufugung 
eines  const  inton  (Hiedes  ilincn  einfach  pioportioml  zu  setzen  sem  (S  52-3) 

Obviously  hue  Neumann  falls  into  the  same  non  wquitw  as  Cauchy 
in  his  mem  on  of  1(SJ7  (sec  oui  Art  614*),  as  Maxwtll  m  Ib^O  (see 
om  Ait  15  ^>*),  01  Lime  111  lbr)2  (sc(  oui  Art  1051^)  Neumann  then 
obtains  by  ti ansfor  m  ition  tht  oidinaiy  stussstiain  lelations  and  the 
body  shift  niuitions  foi  in  isotiopic  clastic  solid  He  employs  A  ioi 
oui  6,  A-Ji  foi  oui  J/x,  ind  1>  foi  oui  A  i>uithci  lie  uses  pre^suies 
not  tractions  tluoughout  his  woik 

Tht  Sections  2-5  of  Neumann's  work  foim  an  elemental y  tlicoiy  of 
elasticity,  at  least  so  f  u  as  isotropic  bodies  ire  concerned  They  do 
not  possess  any  particular  id  vantages  in  the  piesent  state  of  our 
science 
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5]  The  sixth  section  of  the  work  (S  60-6)  is  entitled 
l)vfferentwlgleieh,ungen  It  deduces  the  body-shift  equations 
directly  by  Navier's  method  (see  our  Art  266*) ,  this  method  leads  to 
mm  constant  isotropy  and  avoids  all  introduction  of  the  stresses  In 
starting  with  Navier's  investigation  Neumann  adopts  the  historical 
plan  He  points  out  the  objections  to  Navier's  process  (S  66  see  our 
Arts  531*-2*),  and  then  turns  to  Poisson's  and  Cauchy's  treatment  of 
the  problem  in  his  seventh  section  entitled  Po^88ori>s  Ableitung  der 
attgemewen  Gleichungen  (S  67—79)  Neumann's  investigation  follows 
fairly  closely  Poisson's  of  1828  He  deduces  the  shift-equations  for 
the  cases  of  isotropy  and  of  three  rectangular  axes  of  elastic  symmetry 
The  latter  system  he  speaks  of  as  crystalline,  although  it  is  often 
produced  by  woikmg  in  bodies  without  crystalline  structure  He  says 

Zu  diesen  Krystallen,  deren  Zahl  sehr  gross  ist,  gehoren  alle  Formen  des 
regularen,  vierghedrigen  zwei  und  zweigliedrigen  und  sechsghedngen  Systems 
mit  Ausnahme  gewisser,  hemiednscher  Formen,  bei  denen  die  parallelen 
KrystaUflachen  fehlen,  z  B  beim  regularen  Tetraeder  "Wir  nennen  diese 
Formen  die  geneigtflachigen  Hemieder  Ferner  findet  erne  solche  sym- 
metnsche  Vertheilung  nicht  mehr  statt  bei  alien  Krystallen  des  zwei  und 
eingliedrigen  und  des  em  und  emghedrigen  Systems  (S  75) 

The  resulting  equations  involving  six  independent  constants  agree 
with  those  which  would  be  obtained  by  substituting  the  stiessstiain 
relations  of  our  Ait  117  (a)  with  the  ran  constant  conditions  d  =  df, 
e  =  ef,  /=/',  m  the  usual  body  stress  equations 

The  seven  sections  with  which  we  have  already  dealt  belong  to  the 
1857-8  notebooks  Section  8  is  taken  from  a  notebook  of  1859-60, 
and  is  entitled  Entwickelung  der  Gleichungen  aas  dem  Pnncip  dn 
mrtudlen  Geschwindigkeit  (S  80-106)  This  is  a  repioductiori  of 
the  method  of  Carl  Neumann's  memoir  of  1860  see  our  Ait  667 
F  Neumann,  I  think,  supposes  the  hist  application  of  the  pi  maple 
of  virtual  moments  to  the  theoiy  of  elasticity  to  have  been  made  in  the 
above  memoir,  but  this  is  hardly  correct  see  our  Aits  268*  md  759* 
The  method  of  the  Vorhtungen  is  somewhat  clearei  and  bricfei  thin 
that  of  0  Neumann,  it  is  also  applied  to  bodies  with  three  axes  of 
elastic  symmetry 

[1196  ]  Section  9  (S  107-20),  taken  fiom  a  notebook  oi  18r>7  8, 
deals  with  the  thumo  elastic  equations  m  the  method  previously  idopted 
by  Duhamel  and  Neumann  himself  We  have  at  eu  that  Neumann  in 
1841  (see  oui  Ait  1196*)  claimed  priority  in  tlu  deduction  ot  these 
equations,  and  the  Editor  of  the  Vorlrsunyen  (S  vi)  ippaitntly  looks 
upon  this  section  as  an  ougmal  pait  of  the  present  woik  The  it  suits 
do  not  seem  to  be  moie  geneial  than  those  of  Duliamel  (lhJ8  su 
our  Aits  868*  and  877*)  and  m  all  cases  of  doubt,  pnouty  oi  imbh 
cation  must  be  decisive 

Neumann  like  Duhamel  limits  his  equations  to  the  raiK'e  in  which 
extension  ib  piopoitional   to   ribe   m  terapeiature       His  °body  stiesb 
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equations  involving  thermal  effect  (2)  and  (3),  S  113,  are  equivalent  to 
Equations  (2)  of  onr  Art  883*  ,  his  surface  stress-equations  (1)  and 
(2),  S  114,  to  Equation  (3)  of  the  same  article,  his  remarks  on  ih& 
relations  between  temperature  and  normal  pressure,  and  "between  the 
therm  o-elastic-constant,  the  stretch-modulus  and  the  thermal  streteh 
coefficient  are  equivalent  to  those  of  Duhamel  in  our  Arts  875*  and 
888* 

[1197]  §  58  (S  115-8)  is  entitled  Erystallimsche  Eorpvr  In 
it  Neumann  questions  whether  the  thermo  elastic  constant  is  in  crystal- 
line bodies  the  same  for  all  directions  He  suggests  equations  of  the 
form  (see  our  Art  883*) 

ffflu     _A      dxx     dxy     dlfx          dq 

p  (d?  ~x)  =  to  +  %  +  5"&S' 

d*v     v\      cfey     $w     <&         dq 
-*^*^-^ 
£     dw     d^     0  dq 

*dy  +  ^"~^' 

in  which  he  assumes,  I  suppose,  the  body  to  have  three  i  octangular 
axes  of  elastic  symmetry,  coinciding  with  the  thermal  axes  The 
surface  stress  equations  will  now  be  given  by 


cos  +  £J  cos  m  +  zx  cos  n, 
Y'  =  #J  cos  Z  +  (  Jy  —  /3yq)  cosm  +  yz  cos  n, 
Z1  -  a*  cos  I  +  yz  cos  m  +  (zz  -  /Bzq)  cos  n, 

so  that  it  is  obvious  that  a  rise  of  temperature  is  no  longei  equivalent 
to  a  uniform  surface  ti  action  see  our  Arts  684-5 

Hierauf  beruht  die  Entscheidung  durch  die  Beobachtung  Man  bestimmt 
durch  directe  Messung  die  Aenderung  der  Winkel,  wenn  dei  Druck  inf  die 
Oberflache  des  Kry  stalls  geandeit  wird,  wenn  man  ihn  z  B  aus  dem  Drucke 
einer  Atmosphire  in  den  von  10  Atmosphaien  oder  in  den  luftleeien  Eaum 
bnngt  Anf  dieselbe  Weise  mibst  man  die  WmkeHndemng,  welche  durch 
erne  Erhohung  der  Tempeiatui,  /  B  von  0  auf  100  ,  \vjrd 

Erhalt  man  beide  Mile  em  entspiecheudes  System  von  UinkUinaeiungen, 
so  sind  alle  drei  Wtithe  von  ft  untei  sich  gleich  ,  befolgen  die  Aeudeiungen 
verschiedenc  Gtesot/c,  so  sind  sie  verschieden  (S  116-7) 

Neumann  then  describes  a  method  of  making  the  needful  measuie 
ments  He  cites  some  expeuments  of  Mitschcrhch;s  (AMuitidlungen  dei 
Beihnw  Akadrmu,  lS2r),  S  212)  upon  calcspu  This  mateiial  expands 
in  the  direction  of  its  axis  owing  to  a  use  ot  temperature  and  contracts 
perpend  iculai  to  the  axis  The  stretch  for  100  C  increase  of  tempera 
ture  was  found  to  be  00286  and  the  squeeze  -  00056  Thus  the 
dilatation  was  00174  A  sunilai  result  was  exhibited  by  gypsum 
which  in  three  difftiuit  duections  had  dirleunt  sti  etches  01  bquee/es 


8  F    NWMAHN  [1198 


Neumann  does  not  cite  any  experiments  to  determine  how  far  tl&e 
thermal  results  for  these  crystals  are  in  accordance  with  those  which 
would  be  produced  by  unifoim  surface  tractions  He  merely  remarks 
that  rods  might  be  cut  in  certain  directions  from  such  crystals  so  that 
they  would  not  change  their  length  with  change  of  temperature 

Hier  lost  also  erne  krystaUimsche  Substanz  em  Problem,  dessen  Losung 
offc  sehr  gewunscht  wird  (S  118) 

The  section  concludes  with  a  paragraph  deducing  the  amplified  form 
of  Fourier's  differential  equation  for  the  conduction  of  heat  This  is  in 
accord  with  Buhamel's  results  cited  in  our  Art  883*,  Equation  (i) 

[1198]  The  tenth  section  of  the  Vorleswngen  is  entitled 
Kirchhoffs  allgemeine  Lehrsatze  (S  121-32)  Of  this  section  §  60 
reproduces  Kirchhoff's  proof  of  the  uniqueness  of  the  solution  of 
the  equations  for  the  equilibrium  of  an  elastic  solid  see  our 
Art  1255  §  61  (S  125-8)  extends  the  proof  of  the  uniqueness  of 
the  solution  to  the  case  of  vibrations  This,  I  think,  had  not 
been  done  by  either  Kirchhoff  or  Clebsch  and  is  original1 
Neumann,  as  in  the  previous  paragraph,  supposes  isotropy  We 
will  indicate  his  method  of  proof  If  there  be  two  solutions,  then 
their  difference,  given  say  by  the  shifts  £7,  V9  TF,  must  satisfy 
the  body-  and  surface-equations  with  abstraction  of  body-force 
and  surface-load 

Consider  the  quadruple  integral 

jjjjdtdxdyd,  «  **.«.«-  d^\  dU 


due       d/ij       CvK  J  dt 

Cuxy       Cvyy       d/yz\  d  V 

dt*   r  dx      dy       dz  )  dt 


dt 

which  is  zero  owing  to  the  body  stress  equations      Integrate  the  stiess 
terms  by  paits;  the  suiface  integrals  then  vanish  owing  to  the  surface 
stress  equations      Substitute  for  the  stresses  from  the  stiess  stiam  iela 
tions,  and  the  whole  will  be  found  a  complete  diffeiential  with  legaid 
to  the  time      Integrating  out  with  legard  to  the  time  we  find 

1  The  whole  of  this  section  is  due  to  the  lectures  of  1859-60  and  thus  precedes 
Clebseh's  lieatise    Kirchhoft  s  investigation  was  first  given  in  the  memoii  of  1858 
see  our  Ait  1255 
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Hence  it  follows  that  all  the  squared  terms  must  separately  vanish  at 
all  points  of  the  body  We  see  then  that  U,  V9  W  are  not  functions  of 
the  time  and  that  they  can  only  express  a  translation  and  rotation  of 
the  body  as  a  whole 

[1199  ]  §  62  of  the  Vorlesungen  is  entitled  Verallgemeinerung  des 
Beweises  JUT  Krystalle  It  is  a  not  very  satisfactory  extension  of  the 
proof  of  the  preceding  section  to  bodies  for  which  the  stress  strain 
relations  are  of  the  form 


xy  = 


i  e  to  bodies  for  which  we  can  assume  ra/rirconstancy  and  wlvich 
possess  three  rectangular  axes  of  elastic  symmetry  Even  if  we  suppose 
ran  constancy,  such  bodies  are  by  no  means  the  only  existing  type  of 
crystal  Further  Neumann's  pi  oof  depends  on  the  conditions  that 


b>f+d,        od+e  (i) 

Neumann  demonstrates  this  as  follows  Crystals,  he  states,  do  not 
according  to  experiment  differ  widely  from  isotiopic  bodies,  hence  we 
must  hive 

3X  =  a  —  KJ  =  6  —  K  =c  —  KS, 

X  —  d  —  tar1=  e  —  w  =f—  ts^ 

wheie  K,,  K  ,  KJ,  nrn  ts  ,  -nTj  aie  veiy  small  quantities  as  compared  with  X 
Hence  it  follows  that  the  lelations  (i)  above  must  be  tiue  This 
supposes  again  the  limit  to  be  um  constant  isotiopy  Now  the  objection 
to  this  sent  of  pi  oof  is  that  relations  akm  to  (i)  may  hold,  and  ceitamty 
the  uniqueness  of  the  solution  must  hold,  foi  wood  and  other  nmtenals, 
in  winch  theie  is  no  appioich  to  isotropy  at  all  Neumann's  concluding 
words  woulel  seem  te>  suggest  that  he  consider  eel  the  pioposition  provul 
toi  all  bodies  which  occiu  in  nituic  In  a  footnote  the  lemaik  is  inaelf 
that  the  hus  of  double  icfi  \ction  leqmic  tint  in  the  case  of  tlu  ethei 
\vo  should  h  ivc 

«,=  3(f+/-rf)>    ft=3(/+rZ-0,   r  =  3(r7  +  e-/)  (11), 

ind  that  since  d,  e>  f  differ  only  slightly,  iclations  (i)  must  alse>  be 
satisheelfen  tho  (thei  Th  it  uktions  (11)  \ie  not  ibsolute  ly  necessai  > 

1    L    1  I    II  2 
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on  the  elastic  jelly  theory  of  the  ether  has  been  indicated  in  our  Ai 
148  A  more  complete  proof  of  the  uniqueness  of  the  solution  of  t^ 
equations  of  elasticity  is  given  m  Kirchhoff's  Vorlesungen1  see  our  Art 
1240,  1255  and  1278 

[1200]  §  63  (S  129-32)  belongs  to  the  lectures  of  1873- 
It  is  an  investigation  of  the  elastic  energy  of  the  stresses  for  a 
isotropic  solid ,  it  is  so  far  more  general  than  that  to  be  found  i 
the  usual  text-books,  in  that  it  legards  possible  changes  of  ten 
perature  due  to  the  strain 

Let  Z,  7,  Z  be  the  body  forces  at  the  point  x,  y,  z  of  the  solu 
and  JT,  F,  Z'  the  sui  face-load  at  the  element  dS  of  the  surface  The 
we  can  deduce  from  the  thermo  elastic  equations  (see  our  Art  1197)  tl 
following  relation 


Yv  +  Zw)  dxdyd* 


,duv,dv      „,  dw\    ,„ 

* 


+  ^  +  *  (or" 

^  dxdydz  (m), 

,  da       k    _        y-1  dB  .    . 

Where  *-^V«"     8     rf/  ('V)' 

(seeoui  Ait  885*) 

Now  if  JP,  F,  -#'  are  independent  of  t,  i  e  ?/  ^/i^  surface  load  I 
always  tJie  same,  we  may  integrate  the  whole  of  this  with  regaul  to 
except  the  last  teim  of  the  last  line  This  last  can  bo  integrated  ensil 
in  two  cases 

(i)     Steady  tempeiatuie,  01  q  no  function  of  /      We  ha\( 

1  [[[    f/du\       (dw\>      fdw\'\    ,    .    , 

2  lln(<H)  +  (elf)  +  (^)  }^^fc  +  const  mt 

-  J  J  f  P  (Xi<  f  )  ?  +  Zw}  (h  <h/dz  +  //(AT'w  +  )  V  + 

crv    -t-cr      +  cr  ,/ 


1  The  importance  of  tliw  pioposition  heq  in  the  result  that  it  anj  p<n  tu  n1< 
solution  be  tomul  which  satisfioq  all  tht  conditions  ot  an  clastic  prolilun  th 
solution  is  tliL  onh  admissible  ont 
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(11)     Suppose  we  negleet  the  fiist  term  on  the  right-hand-side 
equation  (iv),  as  fofc  example  m  Newton's  hypothesis  a&  to  tfee 
of  sound,  then  we  have 


1  [ff     (/du\*     /d^V     fdw\} 

sill  '  {U)  +  U)  +  U)  } 


[1201  ]  The  eleventh  section  (S  133-163)  is  entitled  J.?a- 
wendungen  auf  unJcrystalhmsche  Korper,  and  is  occupied  with  the 
application  of  the  equations  of  bi-constant  isotropic  elasticity  to 
certain  simple  problems  The  object  of  this  section,  we  are  told, 
is  to  clear  up  the  doubtful  points  of  those  theories  which  starting 
from  the  molecular  hypothesis  reach  urn-constant  isotropy  Neu- 
mann here,  however,  does  not  seem  to  lay  sufficient  sti  ess  on  the 
possibility  of  various  distributions  of  elastic  homogeneity  in  the 
rods,  wires,  hollow  cylinders  and  spheres  of  which  he  treats  We 
may  note  one  or  two  points 

(a)  He  refers  (S    136-8)  to  the  experiments  of  Cagniard  de  la 
Tour,  Regnault,  Wertheim  and  himself  on  the  magnitude  of  the  sti  etch- 
squeeze  ratio    see  our  Aits  368*,  1321*  1358*  and  736      He  himself 
had  found  that  foi  iron  wne  17  =  1/4  nearly,  but  that  it  was  neaiei   1/3 
for  other  substances,  which  he  unfortunately  does  not  specify 

(b)  On  S    141-2  Neumann,  gives  a  theory  of  Wertheim's  cylinder 
method   of  determining  17     see  oui   Ait    802      He  remaiks  on  the 
extreme  importance  of  ascei  taming  the  value  of  77  foi  tiuly  isotiopic 
bodies,  as  the  dt  velopment  of  the  molecular  theoiy  depends  so  entnely 
upon  it     In  investigating  on  S  144~r)  the  stress  in  a  hollow  cvhncloi  due 
to  internal  pic&suie,   Nuuniiin  tikes  a  sti  ess  limit  of  stiength    ind 
applies  the   thcoiy  of  elasticity  to  mptuic      Both  steps  sum  to  in< 
unjustifiable     sec  oui  Aits    r)  (a)   and  (c),   169  (c)  and  320-1 

(c)  S   146-153  deil  with  the  oft  consideied  pioblem  of  the  hollo\\ 
sphoncil  shell      Neumxim  discusses  Oersted's  theoiy  of  the  pie/onutn, 
and  shows  how  Colhdoii  and  Sturm  wcie  conect  in  supposing  thit  a 
hollow    spheric  il    shell    with    equil    internal    aid    external    piessuns 
contiacts  as  a  solid  sphere  would  do  nndei  the  same  extemil  piossuie 
see  our  Arts     68b*-G90*      He   applies   the   tluoiy   to   thuinonuto 
bulbs,  and  in  paiticulai    shows  how  tlu    leading  of  th<    flu  rmometei 
is  lowei  with  the  tube  in  a  verticil  than  with  tlu   tub(  in   i  hoii/ontil 
position  owing  to  the  internal  pussuu   of  th<   qiucksilvt  i  on  the  bulb 
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feeing  greater  m  the  farmer  case  He  shows  by  a  numerical  example 
tbat  the  difference  of  the  reading  m  the  two  positions  m^ht  amount 
to  2'C 

Bei  Thermometern,  welche  Cylinder  statt  Kugeln  haben,  ist  dieser  Fehler 
mcht  so  bedeuteud,  weil  sie  in  der  Regel  eine  starkere  Wand  besitzen 
Hienn  liegt  emer  der  Vorzuge  der  Cyhnderthermometer  (S  151) 

The  consideration  (S  151-3)  of  the  strength  of  an  isotropic 
spherical  shell  and  its  comparison  with  the  strength  of  a  cylindrical 
one,  is  for  reasons  we  have  frequently  referred  to,  very  questionable 
when  applied  to  glass  vessels  see  our  Arts  1358*  and  119 

(cf)  §  74  (S  153-5)  deals  with  the  problem  of  an  isotropic  solid 
elastic  sphere  surrounded  by  a  shell  of  different  isotropic  elastic 
material,  to  the  outer  surface  of  which  is  applied  a  uniform  piessure 
Neumann  finds  that  the  solid  core  will  contract  more  or  less  than  it 
would  do,  if  the  external  pressure  were  directly  applied  to  it,  according 
as  3A.  +  2fi  for  the  core  is  greater  or  less  than  it  is  for  the  shell 

(e)  §§  75-76  (S  155-61)  are  introduced  by  the  Editor,  and  give 
methods  of  determining  the  elastic  constants  by  torsion  and  uniform 
flexure  (i  e  flexure  by  a  couple)  These  are  practically  the  methods 
adopted  by  Kirchhoff  and  Okatow  to  determine  77  see  our  Arts  1 27 1-3 
The  final  paragraphs  of  this  section  (S  161—3)  entitled  Beobachtungen 
zur  Bestommwrig  des  Verhaltnisses  der  beiden  Elasticitatsconstanten  are 
also  mainly  due  to  the  Editor  and  give  a  short  resume"  of  the  vanous 
experimental  determinations  of  rj  due  to  Cornu,  Mallock,  KiichhofF, 
Okatow,  Schneebeli,  Kohlrausch,  Loomis,  Baumeister,  Rontgen, 
Amagat,  W  Voigt,  Littmann,  and  Everett  Accounts  of  the  re 
searches  of  these  writers  will  be  found  under  then  names  in  out 
index,  and  the  results  of  later  lesearclies  undei  the  title  stretch  tqupeze 
ratio  We  can  only  lemaik  here,  that  several  of  them  still  lea\o  opon 
to  question  the  true  isotropy  of  the  matenals  experimented  on,  and 
they  cannot  thus  be  said  to  have  finally  settled  the  elastic  constant 
controversy  see  our  Arts  925*,  932*,  192,  800,  and  1271 

[1202]  The  twelfth  section  is  entitled  Elasticity  Itystal- 
hmwhei  Stoffe  and  occupies  S  164-202  This  section  is  taken 
from  lecture  notes  of  the  years  1873-4  Neumann  here  i  ejects 
the  rari-constant  equations  for  crystals  with  three  axes  of  clistu 
symmetry  such  as  he  had  previously  adopted  m  his  work,  and  on 
S  165  expresses  the  stresses  in  terms  of  the  strains  by  lineai 
relations  involving  36  constants  Thus  he  wntcs 

Diese  36  Fl  isticit  itsconstinton  hsscn  sich  nn  AlLuiiuncn  UK  lit  uif  oinc 
germgeic  An/ihl  /muckfuhien  Tedoch  vomngort  suli  m  d<  n  illmm  istc  n 
Fallen  ihie  7ihl  solu  eilnbluh,  wonn  du  Kiystill  in  Ikvtii;  uif  <  UK  odd 
melneie  Ebencn  sjminotiisch  i,<l>iUkt  ist  Nui  in  d(  n  solt<  nn  \<>il  <>nn»i<  n 
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den  Fallen  des  em-  und  emgliedrigen  Systems,  wie  z  B  beam  Kupfemtraol, 
Liegt  kem  theoretischer  Grand  fur  erne  Vermmderung  ihrer  Ahzahl  Y$T 
(S  165) 

This  statement  of  course  is  hardly  true,  for  the  principle  of 
work  leads  us  at  once  to  the  reduction  of  the  36  constants  to  21 
Notwithstanding  this  necessary  modification  (S  179  fbn),  the 
section  contains  a  good  deal  of  valuable  and,  till  1885,  unpublished 
work  of  Neumann  The  results  should  be  compared  with  those 
of  Eankine  see  our  Arts  450-1 

[1203  ]  We  reproduce  briefly  Neumann's  stress  strain  relations 
in  our  own  notation  and  with  the  additional  relations  between  the 
constants  due  to  Green's  principle  see  Arts  78,  117,  etc 

(a)  Crystal  with  one  plane  of  ela8t^c  symmetry,  taken  as^that  of 
zx  (Zweb-  und  emghedrigen  oder  monokhmsche  Kry  stalk  S  168  ) 


+  e'sz  +  AI^OW, 

4-d'^  H-&30^,  w  =/<* 

*M    =    J'Sy.      +   d"Sy  4-    Cbj          4-    htfTyx  ,  'ffg  =    k"  (T^y  +    (IfT  ^  , 

XJC  =  /4/fea.  +  h$Sy  -\-  h^Sj  +  6'<rM, 

Neumann  has  thus  twenty  constants,  but  we  ought  to  put 

^/V^&''  =  ^/',^#> 

and  hL9  Jt  \  h*'  =  AL,  h  ,  A0  respectively,  or  leave  only  thirteen  constants 

(6)     Ciyttal  with  two  planes  of  elastic  symmetry  at  riyht  anyle*, 
taken  as  zx  and  yst      (Zwei  imd  zwe^</hedr^(/e  Krybtalle      S   169  ) 


~  =  e';6    4-  d"bu  +  Cb  ,       TV  =./cr  /y 

Tlicsc  uiuations  also  hold  toi  aystils  with  thtee  planes  of  chbtiu 
symmetry,  ind  have  twdn  const  xnts  accoidmg  to  Neumann,  but  WL 
ought  to  put  d"  -<l,i  -d  ind  /  "  ==/  ',  winch  leaves  only  nine  const  mte 


(L)     Ciyttut   with   two   equal  ai^    tikeu   as   those   of   &    md   ?/ 
du>  oioyhuhiyw 


"^i—J'bj  +   as^  +  e'b  ,        ^  -<hr    , 

7T  -  c  '&   +  ^  'i.^  +  66  ,         77  -  AT  , 

These  equations  accoidmg  to  Neum  inn  hive  >6iv  74  const  uits,  but  we 
ought  to  put  f"^  so  that  we  hive  only  66c  const  ints 
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(d)    Regular  Crystals,  or  those  having  three  rectangular  equal  axes 
taken  as  those  of  #,  y,  » 


w  =  («  - 
S  =  (a  - 
These  have  rtree  independent  constants 


[1204]  Neumann  now  passes  to  hexagonal  and  rhombohedral 
crystals 

(e)    Hexagonal  Crystals     (Sechsgkedrige  Krystalle  ) 
Of  these  Neumann  writes 

Es  bleiben  noch  die  Krystalle  des  hexagonalen  Systems  zu  imtersuchen 
ubng,  deren  Qrundform  die  auf  einem  regularen  Sechseck  stehende  gleich 
seitige  Dpppelpyramide  ist     Die  drei  Diagonalen  dieses  Sechsecks  bilden  die 
drei  gleich  werthigeu  Axen  der  Krystallform,  deren  vierte  Axe  von  jenen  vei 
schieden  ist    Um  die  Gesetze  dieser  Art  von  Symmetric  auf  em  rechtwinkhges 
Coordmatensystem  zu  beziehen,  benutzen  wir  die  Formeln  [Art  1203  (6)], 
welche  gultig  sind,  da  die  beschriebene  Krystallform  durch  drei  auf  emandor 
rechtwmklig  stehende  Ebenen  symmetnsch  theilbar  ist     Dazu  kommt  als 
zweite  Art  der  Symmetric,  dass  erne  Drehung  um  60    zu  einei    von  der 
ursprunghchen  nicht  unterschiedenen  Stellung  fuhrt  CS  1*74) 

Turmng  the  axes  of  x,  y  thiough  60  round  z,  calculating  the 
coriespondmg  stresses  and  strains  and  causing  them  to  hi\c  iclitions 
of  the  same  form  as  in  Art  1203  (6),  we  find  that  we  must  have 

./"=/',     a  =  6,     e  =  d,     2/=a-y,     <X'  =-e"    and     d*=e 
We  thus  obtain  the  system 


According  to  Neumann  tlicie  arc  thus  i^t  const  tuts     Init  (lit*  us 
punciplc  tells  us  that  e"  =  e'  also,  01  leaves  only/we  const  nils 

(/)     Ehomlohedi  al  CtystaL 

Neimiinn  remaik&  that  a  similar  pioceys  to  tli  it  ot  (<)  en  ibl<  s  us 
to  obtiin  formulae  foi  a  rhomboliedial  crystalline  system 

dcsscn  Chundfoiin  ils  cine  doppclto  dicisoitigc  Pyinnnde  uif/ui  issni  isf, 
jcdocli  mit  ciiici  solclicn  Bcstimiuuug  ubci  dis  Gcsct/  del  SymnutiK,  (hss 
ciner  Cliche  doi  oboien  Pyiamidc  inclit  cino  i^lcichc  del  untiidi  <  ntspiuht, 
sondcin  diss  cine  Miche  dci  obcicn  nut  emu  K  ink  dei  unteu  n  Pyi  iimdc 
inf  dcisolbcn  Scitc  dos  Kiystillos  licgt,  mid  uini>ckclut  Inn  Khomboulci 
ibt  ilso  nicht  diuch  mchicic  mf  cinuidoi  icchtwiukliijfo  Lbcnen  synnnctiiscli 
thcilbu  (b  176) 
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Neumann  takes  the  chief  axis  of  the  crystal  for  axis  of  %  an3  the 
>lane  of  sac  perpendicular  to  the  face  of  one  of  the  pyramids  and  m  $&& 
a  edge  of  the  second  pyramid  also  lies  in  li  Then  &»  is  ^e  only- 
oorduiate  plane  which  is  one  of  symmetry,  and  the  iorratrke  fa)  ItoMfer 
his  case  A  rotation,  however,  o£  120°  round  the  axis  of  z  canBicfe 
ffect  the  form  of  the  stress-strain  relations,  Tkis  leads  *o  the  redncfem 
£  (#)  to  the  types 


)  ^  +  e'sz  +  ^,        S  =  h"  (sy  - 


iere  Neumann  has  eight  constants,  but  Green's  principle  shows  that 
"  =  e',  and  h"  =  h  or  leaves  only  SIM  If  we  put  h  =  h"  =  0  we  obtain 
he  hexagonal  system  as  a  particular  case 

[1205  ]  Neumann  now  turns  to  some  interesting  problems  on 
rystals  involving  the  above  formulae  These  problems  have  been 
he  starting-point  of  several  important  expenmental  investigations 
>y  Voigt,  Baumgarten,  Coromilas  and  others,  and  therefore  deserve 
areful  study 

&  85  (S  179-81)  is  entitled  Zusammendruckungr  eirnx  Krystalls 
lurch  alhe%tiyen  Druck  Let  p  be  the  umfoim  pi  assure  applied  to  the 
uiface  of  a  ciystal,  then  the  surface  stiess  equations  will  be  satisfied  if 
ve  take 

ao.  =  ti  ii  =  *«  =  -~P)  yz  —  zx  =  Jiy  =  0, 

uid  thcbc  will  obvioiibly  satisfy  aLo  the  body  stress  (  quations  Hence 
i,  possible  and  therefore  the  only  solution  is  to  suppose  the  shifts  linear 
unctions  of  the  eooidmates  ^,  y,  %  Suppose  we  take 

u  —  J/fc,         v  —  Ny>         w  =  Pzy 
heu  fiom  Ait   1203,  (tl)  we  find  for  a  regulai  ciystal 


Clms  the  eileet  ot   uuifoiiu  pussuu    on  a  le^ulu    eiystal  is   only  to 
h  inge  its  bound  uy  to  a  similai  foiui 
Suppose  we  t  ike 

^L  -  ML,          o  ~    lit/,         w  -  7  '5, 

iiid   ipl>ly  tlusc    to  the  equations  of  Ait  1201  (/)  foi    t  iliomboLtdral 
rystil,  we  hive 


I/ 
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Thus  the  contraction  of  a  rhombohedral  crystal  (or  of  a  hexagonal 
since  the  result  does  not  involve  h  see  our  Art  1204  (e)  and  (/))  u 
different  for  diffeient  directions  A  spherical  suiface  becomes  ai 
ellipsoid  of  revolution  It  is  also  possible,  Neumann  thinks,  that  A 
and  P  may  be  of  opposite  sign  Since  /  and  f  are  probably  not  verj 
different  from  each  other  and  from  e  (/=/'  on  the  ran  constan 
hypothesis),  this  would  seem  to  involve  c<e',  or  a  given  stretch  s 
would  have  more  effect  in  producing  lateral  than  longitudinal  stresses 
Neumann  adds 

Dann  wurde  der  allseitig  gepresste  Krystall  sich  in  emer  Bichtung  zusam 
menziehen,  wahrend  er  sich  in  emer  andern  ausdehnt,  analog  der  schonen  voi 
Eilhard  Mitscherlich  gemachten  Entdeckung,  dass  em  Krystall  durch  Er 
warmung  sich  nicht  allein  ungleichmassig  ausdehnt,  sondern  sogar  in  gewissei 
Eichtungen  sich  zusammenziehen  kann  (S  181) 

[1206]  Neumann  next  turns  to  the  still  more  interesting 
problem  of  a  crystalline  prism  in  the  shape  of  a  right  six-face 
under  uniform  tractive  load  on  a  pair  of  parallel  faces 

Suppose  a  rectangular  coordinate  system  %,  y,  z  to  have  relation  to  the 
axes  of  the  crystal,  and  a  second  &  y,  £  to  give  the  dnections  of  th< 
sides  of  the  prism,  so  that  the  tractive  load  T  is  applied  to  the  face* 
paiallel  to  ij£  or  in  the  diiection  of  f  Then  it  will  be  found  thai 
the  body  stress  equations  and  the  surface-stress  equations  can  all  b< 
satisfied  by  taking  the  stresses  equal  to  the  constants  as  follows 

S  =  T  cos3  (ft  a?),         ^  =  T  cos  (ft  y)  cos  (ft  z\ 
Ty  =  T  cos0  (ft  y),         TX  =  T  cos  (ft  z)  cos  (ft  x), 
Tz  =  T  cos3  (ft  «),         Zj  =  T  cos  (ft  a,)  cos  (ft  y) 
The  shifts  are  thus  lineai  and  of  the  loim 

u  =  MX  +  p'y  +  nz 


to  =  n'x  +  my  +  Pz 

-  2  (U  +  U'}  X  +   '    ("*  +  W')  //  +  /'*  -  1  (W  -  W  )  X  +    1  (>u  -  w  )  77  / 

'    "  4    \  /  Jt    \  "v  /  If    / 

The  second  method  of  wilting  these  equations  shows  th  it  wi  e  in  onh 
hope  to  deteimme  the  six  quantities  M9  N,  P,  1  (//*  +  ni')t  i  (u  +  n) 
J  (P +P')  ty  substituting  in  (i) ,  for  the  tei  IBS  with  " 

i  (m  •"  m')>   2  (n  ~  n')>    2  (p  -1> ) 
denote  merely  a  lotatioii  of  the  pi  ism  as  a  whole 
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Neumann  first  considers  the  case  of  a  regular  crystal     We  bttm  at 
once  from  Art  1203  (d) 


F  cos3  (£  a)  =  (a  -/')  3f  +/'*,        d(m  +  m!)  =  F  cos  (|,  y)  ops  (£  i),  J 
T  cos'  (f,  y)  =  (a  -/')  JV  +/'0,        d  («  +  «')=  ^  cos  (fe  «)  cos  (4  e),    ' 


y  cos°  (fi  «)  =  (a  -/')  P  +/'0,         d(p  +  p')=T  cos  (£  to)  cos  (£  y), 
whence  Jf  .  -          COS=  (fe  .)  -  _/ 


Let  6r  be  the  stretch,  in  the  direction  r  having  direction  cosines 
m\^  ni>  Wlt^  regard  to  as,  y,  z,  then  we  easily  find  from  our  Art  54* 


^^ 


1 

This  may  be  compaied  with  Neumann's  investigation  of  1834  set? 
out  Arts  795*-9*  and  Corrigenda  to  Vol  i,  p  3,  and  compare  oui 
Ait  309 

Suppose  we  wish  to  find  *$,  then,  ^  =  cos  (|,  a?),  m±  =  cos  (fe  //), 
T&!  =  cos  (^  »)  ,  and  after  slight  reductions  we  have 


=  T  {(^~f>  -  Td)  (cos4  (& 


This  result  was  published  by  W  Voigt  as  from  Neumann's  lectuieh 
(in  Poggeudoi  ffs  Annalen,  Ei  ganzungs  Band  vn  ,  S  5,  1876)  arid  has 
bucn  cxpeiirncntally  vuihed  for  alum  by  Beckenkamp  Zeitsdwift  fw 
Kiybtalloyiapluie,  33d  10,  S  41,  1885  From  the  above  equation  we 
find  it  once  Neumimib  biquadrxtic  surface  for  the  sti  etch  modulus 
JE€(=21/^)  see  oui  Ait  799X 

In  the  eibc  m  which  the  piibiii  ib  cut  paiallel  to  an  ixib  of  the 
crystal,  we  have  foi  the  stretch  modulus  E(] 

(«+2/')  (*-/') 
°~          a+J' 

which  value  of  E0  staiidb  111   i  bimple  i  elation  to  the  dilat  ition  modulus 
F  (Vol   i   p   bb5),  deduced  from  the  Equations  (m)  of  thib  uticle  \b 
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{1207}  Neumann  next  investigates  the  directions  in  which  the 
stretch  modulus  as  given  by  (iv)  takes  maximum  or  minimum  values 
To  obtain  these  values  Neumann  transfers  to  polar  coordinates  with 
the  axis  of  a;  as  polar  axis,  or  he  takes 

cos  (£  x)  =  cos  a     cos  (fc  y)  =  sin  a  cos  <£,     cos  (£,  *)  =  sin  a  sin  <£ 

He  then  obtains  the  following  directions  in  which  the  stretch  modulus 
is  a  maximum  or  minimum,  namely  the  normals  to  the  faces  of  the 
following  geometrical  crystalline  forms 


(i)    The  cube 

sin  a  =  0, 


cos  a  =  0,     cos  <£  =  0, 
cos  a  =  0,     sin  <£  =  0, 


«+/' 


(n)     The  octahedron 


\  — 

=  1,  J   E0  " 


— 
tan°a  =  2,     tanty  =  1,  J   E0  "  3  (a  +  2/  ') 

(in)     The  rhombic  dodecahedion 

tan2a  =  1,     cos  <£  =  0,      1 
tan9o=l,     sm0= 
cos  a  =  0,     tan°<£  =  1, 

We  easily  find 


JL-lW/!.  M-pf1  -  M      2    -1 

a     E0)~     \EG     EJ~       \E~D     SJ     «~f     d> 


whence  the  relative  magnitudes  ol  2?c,  A70,  E^  may  be  dctei  mined 
accoiduig  as  2d  is  >  or  <  a  -/'  Since  we  have  l/JSc  +  3/^0  -  4/Ay,,  we 
cannot  determine  the  thieo  cla&tic  constants  «,  y7,  d  by  asctitaining  the 
values  of  the  stietch  moduli  £!c,  £J0l  E^ 

[1208]  In  the  following  paragraph  (§  69,  S  lbb-90)  Neumann 
investigates  the  lateral  squeeze  which  accomjunus  i  longiludin  il 
ti  action  In  thib  case  ^,  ?%,  n±  of  om  Ait  120G  aie  bubjcct  to  th< 
condition 

Zj  cos  (^  x)  +  ^  cob  (|,  //)  +  nL  eos  (f  ,  a)     0  (  v), 

and  the  ioimul  i  (m)  of  thit  article  can  then  be  thrown  into  tlie  tonn 
6/  =  T         _    >  -  li  °°b  ^7  ^  +  "h  °°b  ^'  •y)  +  )Ll  U>S  (t  ' 


denoting  the  lateral  btreteh,  whieh  ib  heie  a  bquee/e 
(a)     Suppobe  the  piibin  cut  m  any  way  paiallel  to    in    ixis  ol  tin 
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Crystal,  then  two  out  of  the  three  119  7%,  n±  are  zero  and  we  have  from 
(T)  and  (vi) 


Hence  the  stretch  squeeze  ratio  is  in  this  case  c07is£an£  in  &#  directions 
perpendicular  to  the  traction,  and  by  aid  of  the  value  of  EQ  in  Art-  1206 
we  see  that  it  is  given  by 

*-//(«  +/0 

(b)     Suppose  the  traction  in  the  direction  of  a  normal  to  the  octa- 
hedron, then 

cos2  ((,  x)  =  cos2  (£  y)  =  cos2  (£  «)  =  1/3, 

and  therefore  from  (iv) 


__  — 

a+2/V 

This  result  differs  from  that  given  by  Neumann  on  S  189  The  stretch- 
squeeze  modulus  is  here  more  complex,  but  is  still  constant  for  all 
directions  in  the  plane  of  the  cross  section. 

(c)     Suppose   the   traction  in  the  direction  of  a  normal   to   the 
rhombic  dodecahedi  on,  then  cos2  (£,  x)  =  cos3  (f,  y)  =  £,  and  cos  (£,  z 
and  if  x  be  ^ne  angle  the  dnection  of  the  squeeze  makes  with  the  a^ 
of  z  we  have 


Thus  the  squeeze  varies  with  the  direction  in  the  cioss-seotion 

[1209]  ^  90  (S  190-5)  entitled  Aendetung  der  Winkel  eme* 
leyulareit,  Ki  ybbalU  duich  Dtudc  deduces  expressions  m  terms  of  the 
clastic  eonbtants  foi  the  ehinges  m  the  angles  of  a  ciysUlline  pusin 
under  uuifoim  longitudinal  ti  iction  By  simple  optical  methods,  which 
nt  indicitcd  by  Neuuunn,  thcbe  ehanges  can  be  easily  measuied  and 
we  tlius  have  x  further  means  of  ascertaining  the  elastic  constants 

Consider  a  plain  whose  dnection  cosines  with  legard  to  &,  #,  y  in 
the  unbti  ained  condition  uc  given  by  cosa1}  cos^,  cosyj,  and  let 
these  iftei  sti  an  beeome  cos  (aj  +  Saj),  cos  (^  +  S/^),  cos  (yx  +  Sy^ 
Then  with  the  not  xtion  of  our  Art  1  206  Neumann  easily  shows  that 

eos  (aj   I  bu^  =  (cos  aa  —  M  cos  ax  -  p  cos  /^  —  nr  cos  y^  q^\ 

cos  (fti  -\  8/^j)     (^cos  )8j  -  p'  cos  aj  -JVcos^  -  m  cosyj)  q^        (i), 

eos  (y,  H  8y,)      (cos  yx  —  ti  cos  a{  -  /M'COS  ^  —  7^  cos  y^  ql  } 

when    q{  is  found  by  stjuaiing  these  expressions,   idding,  neglecting  the 
squ  ires  of  sin  ill  qu  uititus  and  tiking  the  root,  to  be 

<h  -  1  +  M  eos  aL  +  ^Veos  ^  +  y^os  yl  +  (m  +  HI)  cos  /^  eos  yj 

-j-  (M  +  w;)  cos  yx  cos  a{  +  (jj  -\  p  )  cos  c^  cos  ftL     (n) 
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Let  a  second  plane  be  given  by  cos  a2,  cos  ft,  cosy2  m  the  unstrained 
and  cos  (03  +  So,,),  cos  (ft  +  8ft),  cos  (y2  +  Sy3)  in  the  sttamed  position, 
then  we  have,  if  cr,  CTO  be  the  angles  between  the  two  planes  after  and 
before  strain,  from  equations  of  the  type  (i) 

cos  o-  =  {cos  <TO  -  2  ( M  cos  %  cos  03  +  N  cos  ft  cos  ft  +  P  cos  y^  cos  y2) 

-  (m  +  m')  (cos  ft  cos  y2  +  cos  ft  cos  yj 

-  (n  +  ri)  (cos  yx  cos  03  +  cos  y>  cos  c^) 


where  #2  is  an  expression  similar  to  q^  in  (11)  but  involving  a2,  ft,  y, 
Neumann  takes  only  the  special  case  when  the  planes  are  originally 
at  right  angles  and  therefore  CTO  =  90°,  cos  tr0  =  0      Hence,  if  cr  =  CTO  +  8tr, 
we  may  replace   cos  cr  by  —  So-,  and  substituting  the   values  of   the 
constants  given  in  our  Art  1206  we  reach  the  result 

%F 
So-  =  -  77  {cos3  (£,  x)  cos  Oi  cos  03  +  cos"  (£  y)  cos  ft  cos  ft 

Qi—J 

+  cos3  (f  ,  »)  cos  yx  cos  y2} 

T 

+  -  {cos  (fc  y)  cos  (fc  »)  (cos  ft  cos  y  ,  +  cos  £a  cos  y^ 

•»•  cos  (^,  2)  cos  (£,  jw)  (cos  yx  cos  a2  +  cos  y,  cos  c^) 
+  cos  (^,  x)  cos  (f,  y)  (cos  ax  cos  ft  +  cos  a  cos  ft)}  (iv) 

Neumann  takes  two  special  cases  of  this 

(i)     Change  in  angle  between  the  two  rectangular  Jacet  of  a 
which  are  parallel  to  the  direction  of  the  traction 

Here 


hence  multiplying  these  together,  we  have  by  (iv) 


'  (f,  T/)  cos  ft  co&  /?  +  cos  (£,  s)  cos  y,  oos  y  }  (v  ) 

If  the  tiaction  be  m  the  duection  ot  an  axis  <>t  the  ciystil  01  oi  a 
normal  to  the  octahcdion,  it  is  easy  to  blicw  th  it  ^r  -  0  ,  it  in  UK 
duection  of  a  normal  to  the  ihombic  dodecahedron  wu  h  ivc 


wheie  ttj  -  90  ~a 

(11)     Change  in  angle  between  a  loaded  Jace  oj  the  pri^iu  and  a  Jt 
face 
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Here  al9  Pl9  jl  are  (£,  x\  (£  y\  (£,  z)  respectively,  hence  t 


and  by  multiplying  these  and  using  (iv)  we  find 


+  cos3  (£,  y)  cos  £2  +  cos8  (£  2)  cos  yj  (vi) 

Yanous  special  cases  are  deduced  from  this  general  formula,  S  194-5 

[1210  ]  Neumann  next  indicates  methods  of  dealing  with  the  like 
problems  in  the  case  of  prisms  cut  from  rhomhohedral  crystals  He 
takes  in  §  91  (S  195-9)  the  case  of  a  uniform  longitudinal  tractive 
load  applied  to  such  a  prism  We  have  now  to  solve  equations 
like  (i)  of  our  Art  1206,  when  the  values  of  the  shifts  (11)  in  that 
article  are  substituted  in  the  stress  strain  relations  (/)  of  our 
Art  1204  Neumann  gives  the  values  of  Jf,  JV,  P,  m  +  m'9  n  +  n', 
p  +  p'  on  S  195,  and  taking  the  chief  axis  of  the  rhombohedral  crystal 
as  polar  axis,  so  that 

cos  (£  z)  =  cos  y,     cos  (£,  ct)  =  sin  y  cos  <£,     cos  (£  ,  y)  -  sin  y  sin 

he  obtains  for  the  stretch  s$  in  the  direction  £  of  the  traction  T  as 
m  Ait    1206 


2     sin3  y  cos  y  cos  3<£  t  (V11)j 


wheie  K^ctf+W-e',     K=fd-h* 


Thus  the  lociprocal  of  the  sti  etch  modulus  l/U^(=^s^T)  is  given 
for  every  direction  Putting  l/E$  propoitional  to  1/r4,  where  r  is  a 
radms-vectoi  we  have  a  biquadratic  surface,  the  properties  of  which 
Neumann  discusses  at  some  length  (S  196-9)  Peipendicular  to  the 
chief  axis  (z)  the  cquatonal  section  is  a  ciicle,  the  section  by  a  plane 
thiough  tho  axis  of  z  making  an  angle  of  30  with  the  axis  of  ^  and 
that  by  tho  pi  uu  yz  are  alike  and  aie  oval  curves  of  the  type 


-/f  sm  yCOb  y 

Maxima  or  minimi  of  7  ire  given  by  <£  -  0  ,  GO  and  120  3  ind  foi  <^>  -  0 
(or  foi  the  pi  mo  *z)  these  aie  investigated  by  Neumann  Tt  i&  found 
that  in  gcneial  theie  ue  in  that  plane  three  dnections  of  maximum 
or  mmimnm  ?  Experiments  of  Baumgai-ten  on  cxlcspai  (Poygentfat  ft* 
Anna/en,  Bd  152,  S  369,  1874)  and  Coiomilas  on  gypsum  and  mica 
(JSntwlmfl,  fin  fa  ^tallogi  nplue,  Bd  I  ,  S  407)  appeu  to  some  extent  to 
conhim  Neumann's  theoietical  iesult^  We  not<  fiom  ec^uition  (vn), 
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however,  that  only  fowr  relations  between  the  six  constants  of  a 
rhombohedral  crystal  can  be  found  by  pure  tractive  experiments 

[1211 1  The  next  problem  dealt  with  is  that  of  a  rhombohedral 
crystal  under  umfoim  surface  pressure  (§  92,  S  199-200)  Substitute 
the  values  (11)  of  Art  1206  in  (/)  of  Art  1204  equating  the  tiactions 
to  -  p  and  the  shears  to  zero,  we  find 

-P  =  (3/+//)  M+f'tf+  e'P-h(n  +  »')»     0  =  h  (p  +p')  +  d(m  +  m\ 
-  p  =f'M+  (2/+/0  ff+e'P  +  li  (n  +  ri\    0  =  h  (N-  M)  H  d  (n  +  ri), 
-p  =  p'jjf +  e'JV+  cP,  0  =f(p+p')  +  h(m  +  m') 

Whence  we  see  that  m  +  m'  =  n  +  n'  =  p  +  pf  =  N-  M~  0  and 

M  __  P  -p  ,      . 

<T=V  ~  2  (/+/'  -  e')  -  2  {(/+/')  o  -  a' }  ^m;> 

a  result  agreeing  with  that  in  our  Art  1205 

Further  the  plane  -7  +  T£  -1-  7^=  1  1S  conveited  by  the  umfoim  pres 
A.      Jj      L> 

sure  into  the  plane  j—^  +  S(lV+Jf)  +  0(lTP)  =  1'  when°e  W  ^ 
_  ly  ascertain  the  change  of  angle  between  any  two  planes  as  in  our 
Art  1209  The  dilatation  will  give  the  value  of  2Jf+P,  the  change 
in  angle  can  be  so  taken  as  to  gi\e  M—P,  whence  it  follows  that  M 
and  P  can  be  found  These  are  not  functions  of  the  coefficients  which 
occui  in  (vii)  of  our  Art  1210  Thus  we  obtain  two  fuithoi  lelations 
to  determine  the  six  elastic  constants  Neumann,  who  has  eight  and 
not  six  constants,  does  not  shew  how  the  remaining  two  icktions 
are  to  be  found  He  concludes  this  section  with  the  words 

Eine  expenmentelle  Untersuchung  dicsor  Voihiltnisso  \\in do  inch  fui 
die  Beantwortung  der  Frage  von  Bedeutung  scin,  oh  die  Ausdohnun^,  ( nios 
Krystalls  diirch  Warme  und  seine  Zusiinmon/iehun^  duich  AhkuhliiM^ 
4enselben  Gesetzen  folgt,  wie  seme  Formverindeiun^  duuli  Vcinnnddun^ 
oder  Steigerimg  des  Druckes  Findet  nun,  dxss  boidc  Voii^inv  111  trl<  ulu  i 
Weise  \or  sich  gehen,  und  dass  dis  Verhiltmss  \on  M  /u  />  l>u  l^i\v  nnuini, 
denselben  constanten  Werth  anmmmt,  wolchcn  os  Ixi  Zusimmuulnu]  un<> 
Lesit/t,  so  wurdo  daraus  folgon,  d\ss  die  m  §  58  (soo  oui  Ait  1 1()7)  /\\\ 
Definition  des  thermischen  Diuckes  eingefuhiton  (1onst  inton  /y  ,  pn  ft  UK  li 
in  einem  Kiystalle  fui  drei  Axonnchtun^on  don  i^kiclif  n  Wdth  lxsit/<n 
(S  200) 

[1212]  This  section  of  the  lectuies  concludes  with  i  puigi  ipli 
(§  93,  S  201-2)  added  by  the  Editoi  and  entitled  Minn  Unto 
mchungemtbw  the  Elasticitat  der  Krystalh  Tho  Fditor  icinnkb  tint 
Neumann,  besides  the  prohlems  on  ciystils  considered  in  the  pie  sent 
lectme  (see  oui  Aits  1202-11),  has  also  de  ilt  with  tin  t\ve>  impoitmt 
pioblems  of  tlie  flexure  and  torsion  of  small  ]>iisms  cut  in  my  direction 
from  a  ciy&tal  see  our  Art  12  U)  The  results  of  Jus  ust  aches 


1213—1214]  F    NEUMANN 

liare  been  published  by  W    Yoigt,  who  has  himself  written 
valuable  memoirs  based  upon  Neumann's  investigations1,  whiefe  fall  mto 
a  later  period  than  that  of  our  present  volume 

For  rock  salt  Yoigt  has  found  (last  memoir  cited  in  our  footnote)  in 
terms  of  the  constants  for  regular  <?rystals  given  in  <ynr  Art  1203,  {dfy* 
a  =  4753,       /'=1313,        ^=1292, 

where  a  stress  of  one  kilogiamme  per  squaie  millimetie  is  taken  as 
the  unit  Here  we  have  almost  exactly  /'  =  d, — le  |*wH*y**l  in  the 
general  constant  notation, — thus  the  additional  condition  of  ran-con 
stancy  is  nearly  satisfied  see  our  Art  116,  ftn.  It  is  very  doubtftil 
if  this  holds  for  all  regular  crystals  Voigt  found  for  fluorspar 

a  =  14550,       /'  =  2290,        d=3380, 

while  for  the  same  material  Klang  with  an  inferior  theory  and  method 
gave  (Wiedemcmns  Annalen,  Bd  12,  S  331,  1881) 

a  =  13200,       /7  =  4250,        d=3300 

Both  observers  therefore  agree  in  the  inequality  of/'  and  d,  but  in 
opposite  senses  Although  numerous  other  regular  crystals  have  had 
their  elasticity  investigated,  there  is  still  scarcely  material  enough  for 
us  to  consider  the  multi-  or  ran  constancy  of  crystalline  strnctuies 
as  finally  determined0 

[1213]  The  next  five  sections  of  Neumann's  lectures  (S 
203-299)  are  entitled  Qesetzefur  die  Fortpflanzung  ebener  WeUeny 
and  belong  properly  to  the  Histoiy  of  the  Undulatory  Theory  of 
Light  We  shall  therefoie  here  onlv  briefly  refer  to  their 
contents  Neumann  proceeds  in  his  usual  semi-historical  method 
and  with  his  characteristic  clearness ,  hence  these  hundred  pages, 
accompanied  as  they  are  by  editorial  references  to  later  work,  are 
most  instinctive  and  the  student  is  haidly  likely  to  find  a  bettei 
introduction  to  the  elastic  jelly  theory  of  the  ethei 

[1214]  §13  (S  203-40)  is  entitled  Theorw  der  Wrllenbewequngen 
auf  Grund  der  MolekulcMliypotlww  (Lectuic  Notes  of  1857-8)  This 
cleils  with  the  Hws  of  polansation  and  double  rtft  action  of  light  as 
previously  mvostigxtcd  by  Ciuchy  (Mtmoires  de  VAcadum**,  T  \  p  293 
Pins,  1831)  and  Neumann  himself  (Poyyendorff*  Annalen,  Bd  2r>, 
S  418,  1832)  on  the  taw  constant  hypothesis  Neuminn  exphms 

i  jr  Annalcn   Figaimmgs  Baml  vii    S  1  u    177,  187C,  1}  udmanns 

Awidi        '  S    273,  3()B  u   41(>    1882     S/?  uwj^ln i iclite  d   Lulnui    iladtmif 

/wutt}  HnlMxmd,  1884,  S   089-1004   and  many  otheis  ot  htei  date 

An  impoitant  (i^wwptioii  is  indeed  made  by  Neumann  and  otheis  nameh 
that  crystals  roally  tall  ci^stallogiaphically  and  clasticilly  into  the  uun<  classes 
For  example  IM  it  a  pnon  ccitain  tliat  a  re^ulu  custillogiaphic  cnstal  1^ 
*  elastic  ci  \stal  •* 
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in  the  following  words  why  he  starts  from  this  narrow  basis,  instead 
of  the  more  general  crystalline  equations  which  he  has  given  in  the 
previous  section 

Wrr  thun  das  mcht  nur  m  Eucksicht  auf  die  geschichtliche  Entwickelung 
der  Theonen,  welche  ims  jetzt  beschaftigen  werden,  sondern  auch  deshalb, 
weil  es  mcht  nothwendig  ist  anzunehmen,  dass  die  Bewegungen  des  Lichtathers 
in  Krystallen  genau  denselben  Kraften  iind  Gesetzen  unterhegen,  wie  die 
wagbare  Substanz  des  Korpers  selbst  (S  203) 

Neumann  starts  from  elastic  equations  involving  only  six  constants, 
or  fiorn  the  equations  of  the  stresses  as  given  m  our  Art  1203  (6), 
wheie  on  the  ran  constant  hypothesis  all  the  accents  are  to  be  removed, 
i.e  e-e  =e",  /=/'=/"  and  d=d'  =  d"  He  determines  m  the  usual 
manner  three  pairs  of  waves,  each  pair  having  a  different  velocity  but 
its  members  consisting  of  waves  propagated  with  the  same  velocity  in 
opposite  directions  He  shows  (S  207-8)  how  the  arbitrary  functions 
may  be  determined  m  terms  of  the  initial  disturbance,  and  further, 
how  for  each  pair  of  waves  the  direction  of  the  shift  is  different,  but 
for  the  same  pair  is  the  same  at  all  places  and  for  all  times,  and  is 
independent  of  the  initial  disturbance  (S  210-11)  He  then  investi- 
gates (S  211-13)  the  ellipsoid  of  wave  propagation  (Fortpflanz 
ungselhpsoid) ,  and  discusses  some  interesting  general  problems  of 
wave-motion  (S  215-23),  concluding  this  part  of  the  section  with  a 
determination  of  the  wave  velocities  (S  225)  He  next  turns  to  the 
more  purely  optical  applications  of  his  formulae,  especially  to  Fresnel's 
laws  of  double-refraction  and  of  the  polansation  of  light  in  crystals 
He  lemarks  that  (on  the  rari-constant  hypothesis)  the  foimulae  of  oui 
Art  1203  (b)  must  for  various  optical  media  be  thus  simplified 

(a)  TJncrystallme  medium  a  =  5  =  c  =  3^=3e  =  3/J|  (  e~er  =  t»", 

(b)  Regular  crystal  a  =  b  =  c,     d  =  e=f,     I  and  J  /-  /'  =/', 

(c)  "Umaxial  crystal  a  —  b,  d-e,          )  (d~d'- d" 

(d)  Biaxial  crystal  e-e'-e",  f=f~f",d  =  d'=d' 

After  an  investigation  of  wave-motion  in  imcry  stall  me  media  (S 
227-8),  Neumann  deduces  Fresnel's  laws  foi  the  velocity  of  pi  op  igitiou 
in  biaxial  crystals,  provided  the  plane  of  point  t*>ation  be  (It fined  <rs  flu 
plane  through  the  direction  of  the  wave  and  the  dindion  of  the  what  ion 
The  plane  of  polarisation  is  thus  perpendiculai  to  tint  given  l>y 
Fresnel's  definition,  and  the  above  is  usually  spoken  of  in  Omnany 
as  Neumann  s  definition  (Neumann*  sche  Definition)  of  UK  pi  im  of 
polarisation  The  deduction  of  Iic&ndS  1  iws  evui  with  this  d<  imition 
lequires  the  following  iclations  to  hold  among  the  six  c  1  istic  const  mis 
(see  oui  Art  148) 

(c  -  d)  (b  -  ,7)  =  4cT,  (a  -  «)  (c  -  «)  =  4e\  (b  -/)  (a  -/)  -.  4/  , 

which,  negl(  ctmg  the  squares  of  tho  differences  off/,  c,  /  in  iy  IK  n  pi  ic<  d 
by 

«=3(^  +  /-//),  I     3//H  tl-<Y<      }(<1\t      fY 
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see  our  Art  1199  Neumann  remarks  that  the  differences  of  d,  e,  /are* 
small  as  they  depend  on  the  differences  of  the  refractive  indices  of  the 
two  rays1,  and  neglecting  the  differences  of  d,  e,  f  he  demonstrates 
the  transversahty  of  two  of  the  waves  (S  229-240)  Of  the  third  or 
longitudinal  wave  he  gives  no  physical  account  in  this  section 

[1215  ]  In  Section  14  entitled  TKeorie  der  Lwhtopdlen  vm,  weom- 
preswblen  Aether  (S  241-56  ,  Lecture  Notes  of  1859-60)  F  Neumann 
follows  Carl  Neumann2  in  supposing  the  ether  incompressible  and  so 
disposing  of  the  longitudinal  wave  He  remarks 

Die  strenge  Durchfuhrung  der  auf  der  Hypothese  der  Incompressibihtat 
des  Lichtathers  beruhenden  Kechnung  wird  uns  nur  auf  transversale  Wellen 
flihren  und  Resultate  liefern,  die  sich  mit  den  Resultaten  der  Beobachtung  in 
vollkommener  Coincidenz  befinden  (S  241-2) 

This  seems  too  strong  a  statement 

Gail  Neumann's  equations  are  of  the  type 

d?u       d?u      *d?u       dau     _  .  d?v      n    d?w      dp 

- 


subject  to  the  condition 


du  dv  dw  A 
~r  +  -j-+-r  =0 
dx  dy  dz 


Besides  involving  this  condition,  the  theory  introduces  the  terms 
dp    dp    dp 
dx*  dy9  dz 

into  the  body  shift  equations  of  the  previous  section      F    Neumann 
lemarks  of  these  equations 

Die  neu  omgefuhite  Grosse^?hat  erne  bestimmte  physikalische  Bedeutung 
Sie  ist  der  dnrdi  die  Bewegung  entstehende  hydrostatiscke  Dt  ucl  Denn  die 
verbessoiten  Diffci  cntialgluchungen  sind  im  Giundo  imi  die  hydiod^na 
mischen,  in  woloho  aussei  den  uibseien  Ki  iften  noch  die  mneien  Molekulai 
krxfte  cingefulnt  sind,  \vihi  end  dio  in  juien  (ileKhun^on  M>ik«jinmenden 
Quadiito  dei  (  !i\  nl  J<ini  dem  Giundpiincipe  dti  >  hstic  it  itvtheoi  le 
entspicchond  i  i  It  n  ^  1  » 

In  the  course  of  the  section  it  is  shown  that 

A.     ^     o  /  7  du        dv     ^  dw\ 
p  -  i  const  \ut  +i[a-r  +  e-j-+j    7    }  , 
1  \    cU        dy        dz  / 

1  These  differences  do  not  always  seem  small  e  j,  in  the  ease  of  Iceland  Spai 
Neumann's  leasomng  heic  does  not  bccm  by  any  means  conclusi\o 

The  Editoi  (p  vu)  distinctly  states  that  Section  11  is  taken  horn  the  Lectuie 
Notes  of  1850-00  In  the  section  itsclt  there  is  leteunce  to  Gail  Neumann  as  the 
propounder  of  the  thcoiy  of  an  incompicssible  ctliei  but  the  eaihcst  refeience 
(S  241)  to  a  papei  by  him  is  1863  (Die  niaqnttiMlie  D)elmmj  do  Polanwtion^len? 
de&  Licht<<>  Halle  180-^)  Had  Gail  Neumann  communicated  the  idea  to 
F  Neumann  beloic 
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$®  that  for  ft  noB-erystatae  medium  p  =  a  constant 

und  dieser  constante  Werth  muss,  jp=0,  gleich  dem  Werthe  im  Welten 
raume  Bern,  da  wir  uns  den  letzteren  nicht  als  zusammengedruckt  vorstellen 
t5nnen  (S  253) 

It  does  not,  however,  seem  more  difficult  to  suppose  the  ether  in 
space  tinder  high  pressure,  than  to  suppose  it  rigidly  fixed  at  an 
raimite  distance  as  required  by  the  recent  theory  of  Sir  William 
Thomson  (PM  Mag  November,  1888) 

F  Neumann  deduces  the  laws  of  Fresnel  from  the  above  type  of 
bociy-shift  equations,  provided  the  same  relations  as  in  the  previous 
section  hold  among  the  elastic  constants  (see  our  Ait  1214)  and 
provided  the  plane  of  polarisation  is  parallel  to  the  vibrations  The 
advance  made  by  C  Neumann's  hypothesis  is  confined  to  the  dis- 
appearance of  the  longitudinal  wave  and  to  the  exact  tiansversality 
of  the  other  two  waves  F  Neumann  (see  his  S  252)  seems  especially 
satisfied  with  the  hypothesis  of  an  incompressible  ether  and  he  remarks 
with  regard  to  the  coincidence  of  the  planes  of  polarisation  and  Mbra 
tion 

Hierauf  ist  besonderes  Gewicht  zu  legen,  weil  die  entgegengesetrte  Ansicht 
noch  sehr  verbreitet  ist  Alle  strengen  Durchfuhrungen  der  Theorie  aber 
fuhren  zu  dem  von  der  gewohnlichen  Meinung  abweichenden  Besultate 

Some  judicious  lemarks,  due  I  think  to  Neumann's  Editor,  occui  on 
S  256  We  ought  not  to  expect  the  same  relations  necessarily  to  hold 
for  the  elastic  constants  of  the  ether  in  a  ciystal  as  hold  for  the  elastic 
constants  of  the  ciystallme  matenal  itself  The  vibrations  of  the 
material  and  of  the  ether  may  follow  quite  different  laws  Foi  ex 
ample,  an  optically  umaxial  ciystal  possesses  the  same  optical  elasticity 
for  all  directions  perpendicular  to  the  optic  axis  Hence  foi  the  cthei 
in  such  a  crystal,  Neumann's  Editor  considers  that  the  telations  e  f, 
b  =  c  =  3d,  must  hold  But  such  lelations  do  not  hold  for  the  elastic 
material  of  the  ciystal  itself,  foi  were  its  elasticity  the  same  in  ill 
duections  round  the  axis,  its  crystalline  form  could  only  be  cylmdnc  il 

[1216  ]  Section  15  is  entitled  Theorie  transvw&a/ei  Wellen  in 
Krystallen  (S  257-75)  Neumann  here  deals  with  Lime's  thcoiy  ot 
the  ether  in  ciystals1  He  lemarks  that  the  theories  we  hive  pie 
viously  considered  have  been  theoi etically  deduced  only  foi  m<  dm 
symmetrical  about  three  rectangular  planes,  but  expeiuncc  shows  tint 
Fiesnel's  laws  aie  tine  also  loi  unsymmetiical  eiystillnu  forms  Such 
crystals  may  have  thiee  lectangulai  axes,  m  rdation  to  which  th< 
medium  is  optically  s\mmetncal  Hence  a  c^enci  ilmtion  of  out  theoiy 
is  veiy  desuable  Neumann  gives  Lame's  tluoiy  with  considerabl< 

There  is  a  mere  footnote  reference  to  Groen'^  memoir  of  1HW  see  our 
Art  917* 
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m-o<iifications  and  I  think  improvements.  The  hypotheses  from  which 
fee  sfearts  are  tlte  following  («?)  tto  medium  possesses  the  property  0f 
projpagatag  ^>&m0  waves  ^  (2$  ^eeweatdy  t^ansvearse  yabra&o&s  are 
|>©ssible  m  it,  (c)  tfeeare  are  stresses  m  ifr  which  arise  and  (Jisappear 
with  the  strains,  tfee?  rs&essft?  ©fofey  tie  gesearai  laws  of  statical 
eq:uihbrraBi,  a®<*  ^  tfceljr  are  fcnmed.  to  be  linear  f^rfctions  of  tBe 

f  '    i  *   t 

These  hypotheses  emUe  us  i^x  reduce  the  S6  constants  to  12,  and 
e  body-shrfb  eqpa^feeus  into  ^k@  ^>rm^  J^    »* 


d*u_  dO  „  dO  dd  d7  dW 
p  d#~A  ^  +  °1%*4"^1^+^"  ~&f> 

d*v  ^dO  ^dO  .  dO  dW  dU 
^=C^  +  5%  +  ^  +  -^-^> 

&-*£  +  A£  +  °7  +  T-¥ 

r  r/«2         l  ax        ldy         dz      dy      dx 

where  U=     wr    -    r^  -  Sr 


T2/«>          expressing  the  twists,  ^  (-=  —  -=-),  and  0  the  dilatation 

^  ^«2/      ttis/ 

as  usual  (S  261)  Neumann  apparently  treats  these  equations  as  if  we 
had  12  independent  constants,  but  if  we  apply  Green's  principle  to  the 
stresses  on  S  261  we  find 

A  =  S  =  G,  A^S^C^Q  (11), 

or,  we  have  only  seven  independent  constants 

Neumann  (S  262-7)  shows  that  by  a  transformation  of  the 
coordinate  axes  we  can  get  rid  either  of  the  coefficients  A^  B},  Cl  01  of 
the  coefhcients  a,  jS,  y,  and  that  the  axes  foi  which  these  gioups 
respectively  vanish  are  not  necessarily  the  same  He  lemaiks 

Unsere  Betrachtung  fuhrt  uns  also  auf  erne  Doppelnitur  des  Mediums, 
insofern  namluh,  als  Ligenschaften  \  ei^clnedenei  Ait  sich  auf  veischiedene 
Axensysteme  Ix/iehen  konnen,  em  Punkt,  auf  den  wn  /uiuckkummcii  (S 
266) 

Neumann  latei  m  his  woik  makes  a  considerable  point  of  this 
double  system  of  axes,  but  it  seems  to  me  tint  if  the  principle  of  tht 
conservation  of  encigy  applies  to  the  ether  in  a  ciystal,  then  (11)  must 
hold  and  so  A  l  =  7^  =  Gt  =  0  f  01  all  ixes 

The  typ<  of  body  shift  equ  itions,  when  \\o  tiansfoim  them  so  that 
a,  /3,  y  A  iinsh,  is  given  by 

if  u       AdO      „   JO       Tt  (W      .  (lrz          <lr  u  ,     . 

P    n   ^  A  ~j-  +  C.  -y-  +  //   -r  4-  b  -/   -  r-j-P  m 

r  dt  <.h          l  dy         '  c/z          dz  dy 
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[1217]  In  §  122  (S  267-8)  Neumann  deals  with  the  'longi- 
tudinal wave  '  ,  it  is  not  exactly  longitudinal  unless  (u)  holds,  but  is 
marked  by  the  existence  of  a  dilatation  6  ,  it  would  thus  be  better 
termed  the  pressural  wave  In  §  123  (S  269-71)  the  problem  of 
transverse  waves  is  dealt  with  The  wave  surface  deduced  is  accurately 
PresneFs,  and  his  laws  are  shown  to  be  absolutely  correct  provided  we 
accept  Neumann's  definition  of  the  plane  of  polarisation  In  §  124 
(S  272)  Neumann  supposes  the  ether  incompressible  and  puts  0  =  0  > 
he  then  introduces  terms  into  equations  (111)  corresponding  to  a 
hydrostatic  pressure  and  writes  them  in  the  form 

d*u        dr^        dr^     dp 
PlW  =  bW-G-dy-fa  (1V) 

These  practically  agree  in  form  with  Gail  Neumann's  equations,  only  p 
has  a  slightly  different  meaning  P  Neumann  seems  to  see  in  such 
equations  a  completely  satisfactoiy  system  giving  only  two  waves 
and  these  with  purely  optical  properties 

welche  in  jeder  Hinsicht  den  durch  die  Erfahnmg  gelieferten  Geset/en 
entsprechen  (S  272) 

[1218  ]    We  have  consideied  somewhat  at  length  Neumann's  tieat 
ment  of  Lame's  theory  because  in  §  125  (S  272-4)  he  takes  the  double 
system  of  axes  of  Art  1216  as  the  basis  for  some  impoitant  considera 
tions  with  regard  to  the  different  kinds  of  axes  in  ciystals     He  leinarks 
that  the  properties  of  the  longitudinal  and  transverse  waves  seem  to 
depend  upon  different  systems    of  rectangular   axes,   and    hence   he 
argues  that  the  different  physical  properties  of  a  crystal  can   be  di* 
tnbuted  symmetrically  about   di/erent   systems   of  rectangular  planes 
We  have  seen  (Art    1206)  that  so  fai  as  this  aigurmnt  is  based  on 
there  being  diffeient  sets  of  axes  for  longitudiml  ind  ti  msv<  rso  waves 
it  is  only  valid  if  we  suppose  the  ether  in  a  crystal  not  to  obey  tfww's 
Principle     Neumann  thinks  tint  these  systems  of  axes  will  fill  to 
gethei  only  when  the  material  of  the  ciy&tU  is  symm<  tncil  about  thu  c 
rectangular  planes,  m  which  case,  he  adds,  oxponcucc   shows  tint  the 
optical  elastic  axes1  coincide  with  those  of   othci    kinds  oi    plusicil 
symmetry  l    ' 

If  this  triple  plane  symmetry  docs  not  exist  in  the  ciyst  il  it  is  still 
theoretically  possible  that  the  vauous  systc  ms  of  ax(  s  ni  ty  coinu<l<  hut 
this  u  not  the  lesult  of  cxponimnt,  so  fir  is  concoiis  it  ]<  ist  the 


,  is   i      <  is        e 

optical  and  theimal  axes  (axes  of  gicatcst  md  h  lst  stictch  by  h<  it) 
Neumann  heie  icftis  to  his  moinon  of  183]  s«  out  Ait  788*  m 
which  he  L>d  shown  that  the  difference  botw(  c  n  tlu  thei  in  U  md  o,)t'i(  al 
axes  was  for  gypsum  not  sufficiently  groat  to  lx  ,n(  ,sm  ibl<,  ))Ut  he 


ether^nl  ^%T  '°P*lflalnaw>  for  thc  thlc^  icotangiilai  axes  at  out  winch  llu 
ether  m  a  cistal  is  optically,  or    on  the  elastic  thooiy    clastic  Ulv 


this  ellipsoid 
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bad  in.  a  later  research  (Pogg&ndor/s  Annalen,  Bd  35,  S  81-95  1  and 
S  206-5,  1835)  convinced  himself  that  this  result  ccmld  only  be  an 
a|xproximakon  to  the  trath 

Bei  emer  genaueren  .UntersucJijjxi^  dear  von  Mitscherlich  entdeckten 
Thatsache,  dass  die  opfa&dbea  Aren  e&es  zweiaxigen  Kry  stalls  ihre  Lage  gegen 
einander  bei  Erwarmimg  oder  A*bkunltmg  rerandem,  femerkte  der  Verasser, 
das&  (fa©  Ibeiden  A^en  sicb  mit  migleichsir  Geschwindigkeit  bewegen,  und 
machte  dazmt  die  Entdeckung,  dass  mcht  bloss  die  beiden  Riohtingen 
eHafacher  I^chtbrechung,  sosdern  auch  das  rechtwmkhge  Axensystera,  von 
welchejoa  die  optischen  Eigenschaften  abhangen,  eine  mit  der  Tempeasatwr 
veranderliche  Lage  im  Krystall  hat  Hieraus  folgt,  dass  die  optiachen 
Masticitatsaxen  nicht  bei  jeder  Temperatur  mit  den  thermischen  zusammen 
fallen  konnen  Es  giebt  also  in  der  That  in  derartigen  Krystallen  zwei 
Axensysteme  verschiedener  Eichtung  (S  273) 

Our  statement  therefore  of  Neumann's  results  in  Art.  792*  must  be 
corrected  in  the  sense  of  this  latei  conclusion  of  the  same  scientist 

[1219  ]  Neumann  then  briefly  refers  to  the  other  systems  of 
crystalline  axes  which  have  been  investigated  Plucker  found  that  "Hie 
diamagnetic  phenomena  in  crystals  depend  upon  their  optical  axes  (see 
Poggendor/s  Annakn,  Bd  72,  S  315-50,  1847,  and  Plucker  u.  Beer 
Bd  81,  S  115-62,  1850,  Bd  82,  S  42-74,  1851),  but  Angstrom  has 
shown  that  the  chief  axes  of  conduction  of  heat  (directions  of  maximum 
and  minimum  capacity  for  propagation  of  heat),  which  also  foim  a 
lectangular  system,  do  not  coincide  with  the  optical  axes  (see  our 
Aj*t  685)  Similar  lesults  weie  obtained  by  Senarmont  (Complex 
tendub,  T  xxv  pp  459-61,  1847,  Annales  de  chzmie,  T  xxi 
pp  457-470,  1847  and  T  xxn  pp  179-211,  18483)  The  same 
want  of  coincidence  appears  to  be  tine  foi  the  axeb  of  electrical 
conduction  (Wiedemann  Poggendotffb  Annalen,  Bd  76,  S  404-12, 
Ib49,  Bd  77,  S  534-7,  1849,  Senumont  Annalen  de  chinne,  T  28, 
pp  257-78,  1&50),  of  distribution  of  hardness  (bee  oiu  Ait  685)  and 
of  atinosphenc  dismtegiation  (P<ipe  Poggendoiffb  Annalen^  Bd  124, 
S  329-36,  1865,  Bd  125,  S  513-63,  1865,  Bd  133,  S  364-99, 
1868,  ind  Bd  135,  S  1-29,  1868),  which  have  ill  i  elation  to  differ 
ently  ^ituattd  systems  of  axes 

Lei   dicsci    ~\  Voihiltuisse  cischuut  cs    tK  dis  Wihi 

schcinlichstc,  d  i  l-<^oG  ill^i  dicsci  A  \ciisystuiio  \<m  ciiiein 

uidcicii  fcstcn  Axoiisystcin  \bhingt,  f  ills  nioht  sthon  cms  dci  ^cnxiintcn  jenes 
vcimuthoto  ftstc  ist  (S  274) 


1  Ihis  papci  is  entitled  Uili*  tin  opti^iliui  >  lyoHtlutfUn  do 
oda  zwn  ami  toKjliLrtiujtn  Knj^talh  and  Neumiiin  slio\\^  in  it  that  theie  is  a 
dispeibion  ot  the  optic  axes  ot  elasticity  (in  titbiiel  s  hen&e  ot  the  \\oul)  Ihus 
each  colour  has  its  own  axes  not  only  in  mi^mtutlL  but  in  position  (gypsum) 
luithei  these  a\es  change  with  the  tempeiatuie  and  eich  difteieutly  (^psum, 
boiax  adulana) 

Sdnarmont  shows  that  in  gypbum  and  ciybtals  ot  the  un&ymmetiical  pusmatic 
system  theie  is  no  simple  relation  between  the  position  and  magnitude  ot  the 
theiinal  axes  and  the  axes  ot  optic  il  elasticity 
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[1220  ]  The  final  paragraph  of  this  Section  (S  274-5)  is  entitled 
Ueber  dw  Aendenwg  der  optoschen  Axen  mit  der  Semperatur  This  is 
an  attempt  to  explain  the  alteration  of  the  optical  axes  with  the 
temperature  on  the  basis  of  Lame's  theory  as  Neumann  has  developed 
it  It  assumes  not  only  that  the  formulae  of  Lame"  hold  for  the  motion 
pf  the  ether  m  crystals,  but  also  that  equations  of  the  same  form  hold 
for  the  elastic  deformation  of  the  crystalline  material  Further  it 
supposes  a  change  of  temperature  to  have  the  same  effect  as  a  uniform 
surface  pressure  see  our  Arts  875*  and  1196  Suppose  p  to  be  this 
pressure  equivalent  in  effect  to  the  temperature  change  Neumann 
holds  that  the  axes  for  which  the  a,  /?,  y  of  our  Art  1216  vanish  are 
the  optical  axes  Then  we  must  have  stress  relations  corresponding  to 
the  body-shift  equations  of  type  (111)  in  our  Art  1216  }  these  give  us 

-  p  =  AO  -  C8jf  -  &>«,         0  =  Afl 


-p=CO-  bsx-  asy,        0  = 
To  satisfy  these  take 


u  =  Hjc  +  h$j  +  h  *, 

V  = 

w= 
We  easily  nnd 

(a+b*  +  c  -  2ab  -  2bc  -  2ca)  p 
~~  aA  (b  +  G  —  a)  4-  bB  (c  +  a  -  b)  +  cC  (a  +  b  ~  c)  -  2abc  ' 

-*«  *  fl 


Hence,  Neumann  renuiks,  since  7^,  A  ,  A{  do  not  in  genual  vanish, 
the  axes  of  the  stietch  ellipsoid  coricsponding  to  u,  v,  w  do  not  in 
general  coincide  with  the  axes  of  coordinates,  i  e  the  op  tie  d  ixc  s 
Now  the  axes  of  this  stietch  ellipsoid  aie  the  only  lines  which  do  not 
altei  then  position  with  the  dilatation,  so  that  it  follows 

d  iss  dureh  emon  \llseitiGjon  Diuck  mf  die  Obcifl  iche  einos  Ki>  stills  die 
optisehen  llaupUxen  desselben  uncl  also  aueh  die  optisdien  1  ubeiuven  line 
La^c  mdein  werdcn  (b  275) 

Thiib  on  the  i&sumption  of  identity  in  eileet  between  pnssun  uid 
temperature,  the  propobition  appeal  b  pioved  We  obsdvt,  howevu, 
that  the  principle  of  eneigy  seems  to  lequire,  Al  -  1^  C{  -  0,  uul  tli  id 
then  the  optieal  and  crystalline  elastie  ixes  would  coincide  As  th<  y 
do  not,  it  seems  piobibh  that  the  issumption  that  tin  formula  of- 
Lam6  hold  both  foi  the  elistie  defoimation  of  a  crystalline  material 
and  foi  its  bound  ether  is  meouect 
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[1221  ]  Neumann  next  turns  to  the  problem  of  dispersion  In 
Section  16  (S  276-89)  he  gives  very  clearly  and  concisely  €anohy% 
explanation  of  the  di&pen&fcn  of  light.  He  remarks,  however,  that 
Cauchy's  theory  would  lead  us  to  expect  dispersion  as  weH  in  gases  aaM 
in  space  itself  as  in  solid  -and  fliad  bodies,  since  the  dispersion  depends 
only  on  the  action  of  the  more  distant  particles  of  ether  and  not  qa 
that  ol  the  particles  of  matter  Neumann  himself  in  IS41  (Die  Qesefae 
der  Do^e£bre$Jwmg  des  Lichtes  9  Abhw^ungen  der  &erfan@r  Akad&me 
d  W^senschaft,  1841,  Zumter  TUd  (Footnote),  &  S8-32)  was  ampff 
tlie  first  to  attnbute  dispersion  to  the  influence  of  the  ponderable 
particles  on  the  particles  of  ether  (O'Bnen,  as  Neumann's  Editor  r^- 
marks,  had  reached  almost  simultaneously  the  same  explanation  see  Ms 
On  the  Propagation  of  Lwwmous  Waves  in  the  interior  of  Transparent 
Bodies  Cambridge  Philosophical  Transactions,  Yol  VIL  p.  397,  1842  ) 
Accoiduigly  Neumann  in  Section  17  (S  290-9)  develops  his  own  theory 
of  dispersion,  as  depending  on  the  action  of  the  ponderable  particles. 
He  considers  only  the  case  of  an  uncrystallme  medium  The  general 
remarks  §  136  (S  296-7)  are  given  just  as  they  were  delivered  in 
the  lectures  of  1857-8,  and  at  that  time  they  were  full  of  suggestion 
for  further  researches  in  dispersion  based  upon  Neumann's  theory 
Such  researches,  inspired  doubtless  by  Neumann's  work,  have  been 
made  by  Ketteler,  Sellmeier,  Lommel,  Yoigt  and  others  (S  137),  but 
these  fall  far  beyond  our  limits  and  we  must  refer  the  reader  foi  their 
discussion  to  the  Report  on  Optical  Theories  by  Glazebrook  published  m 
the  British  Association  Report  for  1885 

In  concluding  my  buef  analysis  of  Neumann's  application  of  the 
theory  of  elasticity  to  light,  T  must  again  expiess  my  sense  of  its  value 
and  clearness  As  an  introduction  to  elastico  optic  theones  for  the  use 
of  students  the  lectures  of  1857-9  seem  to  me  still  unequalled 

[1222]  Sections  18-21  (S  300-74)  are  entitled  Gesetze 
dei  Bewegimgeu  dunnei  Ko)pet  and  deal  with  stimgs,  membranes 
and  lods  Section  18  (S  300-17)  deals  with  the  vibrations  of 
strings  We  may  note  several  points  in  this  section 

(a)  Neuiniun  obtains  foi  a  peifectly  flexible  string — defined  as  a 
body  of  piismitic  form,  which  is  so  thin  that  we  can  take  at  e\eiy  point 
of  one  uul  the  bimc  cioss  section  the  suue  vduc  of  the  moheulai  foices 
— the  following  equations  (S  303) 

/du     v\      d  (     _ 


do        \      d  (     _  (A 

-O^r  M 

'd  tn        \       d    f      ^  db  <L\ 

7     —  ^)  —  T  (  w    iJL  ~r    i    I 
dt  J       dt>  \  dju  dxj 
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Here  o>  is  the  cross  section,  />  the  density,  ds  an  element  of  length 
of  the  string,  and  X,  Y,  Z  the  components  of  body-force  per  unit 
mass  upon  it  Among  the  stresses  Neumann  finds  the  following  rela 
tions  to  hold 


yz  zx  xy 


(dx)°     (dyf     (<&)2     dydz     dzdx     dxdy  v  ' 

2     For  the  special  case  of  a  struig  without  body-forces,  stretched 
direction  of  the  axis  of  #,  we  may  neglect  for  small  oscillations 
the  squares  of  dyjdx  and  dzjdx     Hence  it  follows  that  yy  =  **  =  0 
approximately,  and 


whence  we  reach  for  a  uniform  cross  section  the  equations  (S  304) 
d*u        d*u          d*v     _  d  /du  dv 


d    dudw 


There  is  a  good  deal  that  seems  onginal  and  valuable  about  Neumann's 
deduction  of  these  equations 

(c)  S  305-311  are  occupied  with  a  discussion  of  the  wave  motion 
involved  m  an  equation  of  the  type  dnu/df  =  a  d*u/dx*  Neumann  thtii 
passes  to  the  vibrations  of  a  stretched  string  consisting  of  two  diveibe 
pieces,  and  deals  with  the  pioblenis  of  the  wave  i  ejection  and  'iefi  action' 
which  occur  at  the  junction  The  work  is  clear  but  docw  not  picsent 
anything  of  special  note 

[1223]  The  nineteenth  section  (S  318-31)  ire  its  of  the 
vibrations  of  a  stretched  membrane  Neumann's  deduction  of 
the  equations  is  very  similar  to  Lame's  sec  oui  Aits  1072*-6* 
He  deals  with  seveial  simple  problems  and  then  discusbcs  the 
nodal  lines  of  square  membranes  His  ticatmuit  here  aguu 
corresponds  closely  to  Lamp's  bee  albo  oui  Ait  825  (e)  *\u<l 
Lord  Eayleigh's  TJiew  y  of  Sound,  Vol  I  pp  250-92 

[1224  ]  The  twentieth  section  is  entitled  Tlicoi  ic  du>  (jo  a<hn 
Stosses  cylmdnscher  Stale  (S  332-50)  Neumann  itmuks  tint 
the  uithuary  theory  of  impact  between  clastic  bodies  is  given  in 
mechanical  text  books  as  if  it  had  i  simple  and  coiiect  basis  Jh 
icpioduccs  it  but  without  the  Newtonian  modification  to  account 
for  the  loss  of  cneigy  see  our  Arts  35*  and  217  Neumann 
icraaiks  that  such  loss  of  encigy  generally  docs  Uke  plice  aid 
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that  investigations  based  on  the  theory  of  elasticity  lead  to  results 
often  in  direct  contradiction  with  those  of  the  ordinary  Newtonian 
theory  Neumann  then  proceeds  to  investigate  the  longitudinal 
impact  of  two  right-circular  cyhndeis  He  does  not  at  first  reduce 
the  problem  to  the  simple  case  of  the  impact  of  two  thin  tods» 
the  particular  problem  which  was  later  dealt  with  by  Samt- 
Venaut  see  our  Arts  203-20 

Let  TX  be  the  radial  shift  at  a  point  distant  r  from  the  axis  and  x 
from  one  end  of  the  cylinder,  u  the  corresponding  longitudinal  shift, 
then  we  have  the  following  equations  to  determine  x  and  u  for  one 
cylinder 


w 


A.  similar  pair  with  different  dilatation  coefficient  and  slide  modulus 
hold  foi  the  second  cylinder 

Further  at  the  cuived  siu  faces   of  the  cyhndeis  we  must  have 
conditions  of  the  type 

=  0(     (n), 

while  at  the  terminal  ciobb  bectionb  of  both  cylmdeis  we  must  have 
the  sticb&es  of  type 

*  + 


either  /eio,  01  cquil  foi  the  two  cylnuleis  it  then  common  suiface 

Tliib  is  tin  most  ginu  il  st  itt  mciit  ot  the  proMuii,  n  anil  x  <ind  then 
time  fluxionb  bung  biippobul  mitiilly  given 

[1225  ]     NLUininn  does  not  solve  the  problem  in   ill  itb  generality 
He  isbumib  hibt 

u-u(}-\  up  +MJ/    I  +?v"+ 

^  X/    ^  +X«'"+ 


wheie  UQ,  ult  n  ,     Xo>  Xu  X2     aie  functioiib  only  of  x  and  the  time 

The  substitution  of   (iv)  in  (i),  showb  that  ill  the  coefficients  of  odd 
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powers  of  r  must  vanish     Neumann  then  contents  himself  with 
of  the  form 


(v), 

which  he  seems  to  think  will  be  approximately  true  if  the  cylindets  be 
thin  enough  There  seems  to  me  to  be  exactly  the  same  strong 
objections  to  this  method  of  treatment  as  Saint- Venant  has  raised 
against  Cauchy's  method  of  dealing  with  the  problem  of  torsion  see 
our  Arts  661*  29  and  395 

Neumann  says  the  terms  in  r2  will  give  a  first  approximation  if  the 
cylinder  be  thin,  but  he  does  not  justify  this  statement  Why  should 
not  u4  or  u6  be  large  as  compared  with  ua  1  This  case  is  what  actually 
occurs  in  Cauchy's  attempt  to  investigate  the  torsion  of  a  rectangulai 
prism  by  an  expansion  of  this  kind  (Saint  Venant,  Lemons  de  Warner, 
pp  621-6,  footnote)  "We  have  a  priou  nothing  to  show  that  the 
arbitrary  functions  UQ,  u2  ,  Xo>  Xa  do  not  Var7  i>nvet  *>ely  as  the 
dimensions  of  the  cross  section  Clearly  the  latio  U2m/u2m-z  as  to  its 
order  is  the  inveise  square  of  a  line,  but  for  aught  Neumann  says  to 
the  contrary  this  line  may  be  the  radius  of  the  cylinder  and  not  its 
length 

If  \ve  substitute  (v)  in  (i)  and  (u)  and  now  neglect  term*  ^n  r3 
we  find 


JU  } 

Eliminating  ^0,  u  ,  wu  have  horn  tho  fust  of  (vi) 

^  uo  _  w  d  a(> 

the  01  din  u y  equitum  tor  thb  longitudinal  vibi  itions  of  i  Unn  iod 
Fuithu  I?  _/x  (in  +  (  Xo  J  <),  _  0  by  (vi), 

and  77  =  \(±\+  6/>c)  ^  -\  \  '  "  1  / 

v  (tX  ) 

Thus  7?  0,  at  UK  burfiu,  if  we  again  mgha  tin  stpi  in  ot  I!K 
extemal  radius  in  the  btrcsws,  winch  Ncumxnu  ippi  us  to  tlinik  w( 
may  do  to  the  icquircd  degree  of  appioximation  Ihc  i  elation  bctwo  n 
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•fa  and  w3  cannot  be  so  chosen  as  to  make  the  terms  in  r*  vaaush. 
Neumann  says  (S    340) 

dass  auch  den  Bedmgimgen  fur  die  Gyhnderflache  insoweit  genugt  wird, 
als  es  bei  dem  erstrebten  Grade  der  Annafiernng  erforderheh  ist. 

Thus  his  degree  of  approximation  is  not  really  to  r2 
Further  we  have 


or,  again  neglecting  the  terms  in  r2 

T*--Md^  (vm) 

dx  ^      ' 

Thus  Neumann  reaches  in  (vn)  and  (vm)  the  ordinary  equation** 
foi  the  longitudinal  vibrations  of  thin  rods,  but  I  do  not  see  that  his 
process  gives  these  equations  with  any  greater  accuracy  or  any  less 
degree  of  assumption  than  the  usual  one  Proceeding  from  these 
equations  he  deals  on  S  340-9  with  the  longitudinal  impact  of  two 
free  lods  and  of  one  fixed  and  one  free  rod.  This  section  is  taken 
horn  the  Lecture  Notes  of  1857-8,  and  thus  Neumann's  discussion 
of  the  problem  precedes  Saint-  Tenant's  by  ten  years  ,  but  although  he 
reaches  some  of  Saint  Tenant's  results,  his  processes,  analytical  and 
graphical,  aie  fai  less  complete,  and  his  discussion  moie  special 
In  view  of  the  excellence  of  Saint  Tenant's  work  and  the  space  we  have 
devoted  to  it,  we  pass  by  Neumann's  pages  with  the  mere  recognition 
ot  his  pnonty  A  leference  to  experimental  work  in  this  field  added 
by  his  Editor,  does  not  covei  much  more  ground  than  our  Arts  203-4, 
210  and  214 

[1226]  The  twcnty-fiist  and  last  section  of  Neumann's  \voik 
(S  351-74)  dealb  with  the  elasticity  of  thin  lods  It  belongs  to 
the  Lectuie  Notes  of  the  ycais  1859-60  The  Editoi  coribideis 
this  portion  of  Neumann's  work  original  (S  vi),  but  I  think  it 
corresponds  very  closely  to  the  methods*  adopted  by  Poisson  and 
Cauchy  see  our  Aitb  466*  ind  620*  Neumann  supposeb  the 
thin  lod  oi  umfoim  cross-section  and  with  its  axis  initially  in 
the  axis  of  a,  He  then  supposes  that  the  shifts  can  be  expanded  in 
(iscending  powets  of  the  attuned  small  hneiu  dimensions  of  the 
c>  oss-section  We  have  already  noted  (see  our  Arts  661*  ^nd  75) 
the  objections  to  such  an  abbumption  and  ^een  to  \vhit  eiioneous 
results  it  leads  in  the  case  of  torsion  bee  our  Arts  805,  1223 
and  the  references  theic 
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Neumann  obtains  foi  a  tod  of  ciroulai  cross  section  of  radius  R, 
acted  upon  by  body  forces  X,  Y,  Z,  the  relations 


« 


These  equations  are  to  hold  only  for  y  =  z  =  0,  or  at  the  axis  of  the  rod, 
but  they  are  true  for  all  manner  of  elastic  distributions 

[1227  ]  Neumann  then  treats  especially  the  case  of  isotiopy  He 
neglects  in  the  stresses  all  the  terms  multiplied  by  IP  and  so  huds 
for  2/  =  s  =  0 

^->        -—  *        •—  *        *"  -        '—*        A  /,,\ 

&y  =  yz  =  eae  =  yy  —  zz  =  U  (U), 

and  further 


dy         dx* '     dz          do? 
whence  he  obtains  also  for  y  =  z  =  0 


(iv) 


The  readei  will  hnd  that  Neumann's  leasomng  is  almost  identical 
with  that  of  Poissou  and  Cauchy  (see  our  Aits  467  and  620*),  but  it 
is  by  no  means  sufficient  The  results  (n)  only  hold  under  certain  very 
nanow  limitations,  and  equations  (iv)  requne  at  least  a  discussion  like 
that  of  Knchhoff  01  of  Clebsch  to  justify  then  adoption  &ee  otti  Art 
1251  Thus  this  poition  of  Neumann's  work  seems  ncithei  oiigmal 
nor  valid  On  S  362-4  a  similar  process  foi  a  lod  oi  lectangulai  eross 
section  is  given }  this  again  eorresponds  to  Cauehy's  woik  see  oui 
Arts  618*-624* 

Aecoi cling  to  Neumann's  Editor  (S  355  jtn  ),  Ncununu  hid  Uso 
obtained  by  a  similai  method  the  equations  for  iciystillnu  lotl,  uul  lus 
lesults  have  been  published  by  Baumgaiten  uul  Voigt  m  tlu  UK  inons 
lefened  to  m  oui  Arts  1210  and  1212  But  1  see  no  leison  why  Ins 
method  should  be  moie  satislaetory  in  the  complex  th  in  in  the  simple 
case 

[1228]     On  S   304-8  we  have  the  simple  case  of  a,  doubly 
buppuited  bcii  with  an  isohted  lend,  and  on  S    J(>S-7«J,  the  ti  ins 
veise   vibrations,   torieb   and    nodcb   of    a   thin    iod    discussed, — 
without,  howcvu,  anything  of  novelty      The  volume  of    Vorlet>- 
ungen  concludes  with  a  bncf  note  by  Neurnann'b  Editor  of  caihci 
and  ot  moie  iceent  woik  011  the  theory  of  lods 
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The  general  impression  left  on  my  mind  after  the  pem^l  of 
Neumann's  lectures  is  that  they  form  the  best  elementary  treatise 
on  elasticity  and  its  relation  to  light  that  I  have  met  with  in  the 
German  tongue  They  contain  a  good  deal  of  original  matter  aei 
are  without  the  difficulties  of  Clebsch's  analysis,  or  the  monotony 
of  Lamp's  isotropic  solids 

[1229  ]    Of  some  other  memoirs  of  Neumann's  bearing  on 
elasticity  we  have  treated  in  our  first  volume,  namely  in  Arts 
788*-801*  and  Arts  1185VL213*     Further  memoirs  belonging 
essentially  to  the  theory  of   light,   but  appealing    to    that  of 
elasticity,  aie  the  following 

(a)  Theone  der  doppelten  Strahleribrechung  Poggendorffs 
Annalen,  Bd  25,  1832,  S  418-454  This  deduces  the  laws  of 
double  refraction  from  the  equations  of  elasticity 

(&)  Theoretische  Untersuohung  der  Gesetze  nach  welchen  das 
Licht  an  der  Grenze  zw&ier  vollkommen  durchwchtigen  Medien 
leflectirt  und  gebrochen  wrd  Abhandlungen  der  Beihner  Aka- 
derme,  1835,  Mathematische  Klasse,  S  1-160  Experimental 
results  bearing  on  this  theory  were  published  by  Neumann  in 
Poggendorffs  Annalen,  Bd  42,  1837,  S  1-29 

(c)  Reproduction  der  Fresnel'schen  Foimeln  uber  totale  Re- 
flexion    P  ,w  fit  i  7  Annalen,  Bd   40,  1837,  S   497-514     This 
deduces  the  laws  of  reflection  and  refraction  including  the  case  of 
total  reflection  from  the  theory  of  elasticity     Experimental  results 
are  given 

(d)  The  memoir  entitled     Uebei  die  optisclien  Eigenwliaften 
dei  hemipn<$matischefn  Giystalle  in  Pocjgendoifts  Annalen,  Bd    S3 
1835,  S   81-94,  and  S   203-5,  should  be  taken  as  modifying  the 
results  of  the  memoir  of  IS 34  stited  in  oin  Aits  7S9*-93*      It 
announces  the  discoveiy  of  the  dispersion  of  the  optical  axes  in 
gypsum  and  the  dependence  of  then  position  on  the  tunpeiatme 
See  our  Art  1218,  or  Neumann's  Voihsunqen  ubei  die  Theone  dei 
Elast^c^tat,  S  273 

(e)  Neumann's  Votleswiyen  ubei   theoietische  Optil  edited  by 
E   Dorn,  Leipzig,  18S5,  contiibute  nothing  to  the  ehntic  theoi} 
of  light,  the  buef  application  of  tint  theoiy  on  S    275  et  wq   is 
due  to  Voigt 
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A  mticisim  of  Neumann's  elastic  theones  of  light  will  be  found 
ro  Glazetorook's  Report  on  Optical  Theories,  especially  m  the  parts 
of  that  Report  referring  to  MacCullagh,  whose  theories  are  closely 
allied  to  Neumann's 

[1230]  Voigt  in  a  paper  entitled  Bestimmung  der  Elastiai- 
tatsconstanten  des  Stemsalzes  published  in  Poggendorffs  Annalen, 
Erg&nzungsband  VII,  1876,  S  1-53,  and  S  177-214,  gives  two 
results  due  to  Neumann  The  first  (S  5)  is  given  in  Neumann's 
Vvrleswigen,  S  185  (see  our  Art  1206),  and  gives  the  stretch- 
modulus  for  a  prism  cut  in  any  direction  from  a  crystal  of  the 
regular  system  with  equal  axes  The  second  result  is  for  the 
angle  of  toision  T  per  unit  length  of  a  prism  cut  from  a  like  crystal 
It  is  given  without  proof  If  I  be  the  length  of  the  prism,  a  x  /3 
its  lectangular  cross-section,  M  the  applied  couple,  the  formula  is 


/I          1    \ 
d  \2d     a-f) 

x  [cos2  (Z,  ai)  (a2  cos2  (a,  as)  +/32  cos2  (£, 

^  (/,  y)  (a2  cos2  (a,  y)  +  /32  cos2  (ft,  y)) 


+  cos2  (I,  z)  (a2  cos2  (a,  z)  +  /32  cos2  08,  *))]]• 

where  xt  y,  z  are  the  directions  of  the  crystalline  axes,  ind  a,  /',  d 
the  constants  of  our  Art  1203,  (d) 

Take  the  axis  of  the  prism  m  the  direction  of  x  and  we  have 


-     .,  (>M 


Saint-Venant's  formula  cited  m  onr  Art  30  gives 

QM 


so  that  this  would  give  an  error  of  about  18  pc  in  Neumann's 
formula  I  suspect  Neumann  deduced  his  formula  fiom,  01  by  a 
method  similar  to,  Cauchy's  erroneous  investigation  of  tlu  toision 
of  a  rectangular  prism,  which  leads  to  a  result  like  (i)  Anyhow 
the  formula  is  I  think  incorrect,  and  so  probably  an  ill  the 
numencal  determinations  based  upon  it 
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SECTION  II 


[1231  ]  The  contributions  of  Kirchhoff  to  our  subject 
of  five  or  six  memons  published  in  vanous  journals  from  1848-79 
and  nearly  all  reprinted  on  S  2S7-339  of  the  Gesammelte  Alhand- 
Iwngen  (hereinafter  referred  to  as  0  A)  edited  by  Kjrchkoff 
himself,  Leipzig,  1882,  of  three  or  four  memoirs  (1882-4)  reprinted 
in  Boltzmann's  Nachtrag  to  the  Abhandlungen,  Leipzig,  1891, 
and  of  five  lectures  in  the  Vorle&imgen  uber  malfeemafosche  Phy&ik 
Mechanik,  of  which  a  first  edition  appealed  in  Leipzig,  January, 
1876  and  a  second  in  the  November  of  the  same  year  The 
Vorlesungen  contain  a  good  deal  of  the  material  of  the  earlier 
memoirs  in  an  improved  form,  but  it  must  be  confessed  that 
Kirchhoff's  methods  seem,  at  least  to  the  Editor  of  the  present 
work,  frequently  obscure  and  occasionally  wanting  in  strictness 
His  contributions,  however,  to  the  theory  of  elastic  wires  and  of 
thin  plates  are  of  such  importance  as  to  give  him  a  permanent 
place  in  the  history  of  elasticity 

[1232  ]  We  give  the  titles  only  of  the  two  eaihcst  elastic  papeis 
by  oui  authoi 

Note  relative  a  la  theorie  de  Fequilifae  et  du  mouvement  d'unp  plaque 
ela^tiqup  Comptes  ?  rndus,  T  27,  pp  394-7  Paris,  1848 

Note  sut  IPS  vibrations  d'une  plaque  circulate  Compte*  rendu?,  T 
29,  pp  753-6  Pans,  1849 

The  substance  of  these  papeis,  which  aie  not  fiee  from  misprint*, 
is  embodied  m  the  inemon  of  1850,  consideied  in  our  next  article 


[1233]     Ueber    das    Gleichgewicht  und  die  Beweginig 
da^cJten  Scheibe     Grelles  Jownal,  Bd    40,  S    51-88     Berlin, 
1850      (G  A  S   237-79)     The  authoi  was  at  this  time  Pnvat 
docent  in  the  Beihn  Univeisity 

The  aim  of  the  tneinon  is  twofold     (i)  to  obtain  the  oorieot 


1  Some  account  ol  Kiichlioft  s  life  and  laboms  will  be  found  in  a  \euolfHiut  In 
Hotmann  in  the  Initlttt  dn  Llnmi^lun  Gts<//  thaft  u  I  eilin  Jalug  20  Jnh  — 
December,  1887,  S  2771-7  and  in  a  somewhat  iloud  Jtittnde  delutied  at  Criaz  on 
Novembei  15  1887  by  Ludwi^  JJolt/mann  entitled  (  n^ttn  J  otiat  hntMiuft  and 
published  at  Lupzn,  188H  Kuchhott  dud  Octohei  17  1SH7 
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equations,  especially  those  at  the  boundary,  for  the  equilibrium 
and  motion  of  an  elastic  plate  (11)  to  determine  if  possible 
from  a  comparison  of  the  theory  with  expenments  on  the  nodes 
and  notes  of  vibrating  plates  whether  Poisson's  or  Wertheim's 
value  of  the  stretch-squeeze  ratio  1?  is  the  correct  one  The 
memoir  consists  of  five  sections  preceded  by  a  short  historical 
introduction 

[1234  ]  In  the  introduction  Kirchhoff  refers  to  the  memoirs 
of  Sophie  Germain  and  notes  that  Lagrange  first  gave  the  correct 
body-shift  equation  for  a  thm  plate  see  our  Arts  283*-306* 
He  notes  the  errors  into  which  Sophie  Germain  fell  and  demon- 
strates them  by  applying  her  equations  to  a  particular  case  see 
his  S  51-4  (6  A  S  237-40)  The  theory  of  Poisson  (see  our 
Arts  474*~93*)  is  then  referred  to  and  Kirchhoff  remarks 

Aber  auch  diese  Theorie  bedarf  einer  Benchtigung,  und  dieselbe  zu 
geben,  ist  eben  meme  Absicht  Poisson  gelangt,  indem  er  seme  allge- 
memeii  Gleichungen  des  Gleichgewichts  elastischer  Korper  auf  den  Fall 
einer  Scheibe  anwendet,  zu  derselben  partiellen  Differentialgleichung, 
7ii  welcher  die  Hypothese  von  Sophie  Geimam  gefuhrt  hat,  abei  zii 
andern  Gienzbedmgungen,  und  z\var  zu  drei  Grenzbedingungen  Ich 
weide  beweisen,  dass  im  Allgememen  diesen  mcht  gleichzeitig  genugt 
warden  kann  (sic!),  woraus  dann  folgt,  dass  auch  nach  der  Poisson'sclien 
Theoue  eine  Platte  im  Allgememen  keine  Gleicligewichtsla<*e  hiben 
musste  (S  54 ,  G  A  S  240-1)  ° 

Kirchhoff  certainly  emphasizes  Poisson's  error  \  little  too 
strongly  consideimg  he  does  not  indicate  any  mistake  in  Poisson's 
process  The  real  difficulty  lies  of  course  m  the  exact  \mount 
of  'thinness*  to  be  attributed  to  the  plate  and  we  luvc  already 
pointed  out  how  Thomson  and  Tait  have  practically  icconcilcd 
Poisbon  and  Kirchhoff,  while  the  researches  of  Saint- Vcuant  ind 
Boussmesq  have  put  the  whole  matter  into  a  clearer  lit»ht  sec  om 
Art  394  and  Chapter  xin  The  points  raised,  however,  by  Kirch- 
hoff s  investigation  have  been  extremely  valuable  ami  important, 
and  have  led  to  much  good  work  Like  pioblems  with  re  gird  to 
the  boundaiy  conditions  for  thin  shells  have  iccently  been  discussed 
in  instructive  memoirs  by  Love,  Lamb  and  Basset 

[1235]     The  fiist  section  of  tho  im  mon  occnpios  S    rH   GO  (G  A 
S   241-7)  and  dtdls  with  tlu  gonei  il  r  qu  itioiis  of  ( 1  wtiuty       kucliliofl 


that  a  single  variational  equation  contains  in  itself  the  mx 
body-  and  surface-equations  of  elasticity 

Let  &U  denote  the  virtual  moment  of  the  applied  forces  during  strain, 
an  element  of  volume  of  the  elastic  body,  then  this  equation  MS 

m-  0     tf  +*?+%*+-+%+  %*  <&%<&  =  o      i, 


where  «1?  s2,  ss  are  the  principal   stretches1,   the  body  is  supposed 
isotiopic,  and  the  integration  taken  over  its  whole  volume 
By  means  of  the  discriminating  cubic  KirehhofF  expresses 


in  terms  of  the  three  stretches  and  thiee  slides  for  any  set  of  rectangular 
axes,  and  then  shows  that  the  development  of  the  variations  leads  to 
the  ordinary  six  equations  of  elasticity  He  remarks  that  Green  had 
already  given  equation  (i),  without,  however,  using  the  principal 
stretches  see  Kirchhoff's  footnote  S  56  (ff  A  S  243)  and  our 
Art  918* 

Kirchhoff  having  deduced  the  elastic  equations  proceeds  to  a 
proof  of  equation  (i) 

Ich  werde  jetzt  erne  Ableitung  der  Gleichung  (i)  geben,  aus  welcher 
hervorgehen  wird,  dass  sie  eine  allgememere  Gultigkm  hat,  als  die  Gleichun 
gen  (6)  [i  e  the  six  equations  of  elasticity]  Betrachtungen,  die  denen,  welche 
hier  folgen,  ganz  ihnlich  smd,  hat  Lagrange  mehrmals  in  seiner  Mechamk, 
7  B  bei  der  Herleitung  der  Gleichgewichtsbedingung  eines  elastischen 
Stabes,  angestellt  (S  589  ,  0  A  S  246) 

The  proof  dots  not  seem  to  me  veiy  convincing  Kn  chhoff  piactically 
assumes  that  the  virtual  moment  of  the  sti  esses  on  dxdydz  must  be  of 
the  foim 

-  dxdyds  (Sfa  +  ti  Ss  +  Sjk  ,), 

and  further  that  Slt  S  ,  A^J  must  be  symmetiicil  functions  of  the  type 
S1  -  asl  +  b  (s  +9  ), 

a  and  6  being  elastic  constants  I  do  not  think  the  pi  oof  can  be  con 
sideied  ngid 

[12SG]     In  the  second  section,  which  occupies  S  GO-G3  (G  A 
S    247-231),   Kirchhoff  deals  with  the  pioblcm  of  au  infinitely 
thin  plate  bounded  by  parillel  planes  and  any  cylindncal  smfice 
whose  generatois  are  peipendiculai  to  these  planes     The  plate  is 

1  Kirchhoff  uses  A  for  our  p,  and  6  for  oui  X/(2/t)   \\hile  lie  take^  </  =  oui  t 

1  4-  ^ff 

-2/i  but  he  u^eq  q  m  anothei  sense  also  on  his  S   bl 

1  +  £»\J 

1    L    PI    11  A 
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supposed  strained  by  body-forces,  and  by  surface-forces  on  the 
edge  only,  the  plane  faces  having  no  load  The  strains  are 
supposed  infinitely  small  but  the  shifts  are  not  necessarily  so 
The  plate  is  supposed  isotropic  In  order  to  apply  equation  (i) 
Kirchhoff  makes  two  assumptions  which,  he  says,  are  to  be 
regarded  as  results  of  experiment  and  which  correspond  exactly 
with  those  which  James  Bernoulli  made  in  regard  to  an  elastic 
rod  (S  60,  G  A  S  248  and  our  Art  19*) 
These  assumptions  are  the  following 

(i)  Every  straight  line  m  the  plate  which  was  originally 
perpendicular  to  the  plate-surfaces,  remains  straight  after  the 
strain  and  perpendicular  to  the  suifaces  which  were  originally 
planes  parallel  to  the  plate-surfaces 

(11)  All  elements  of  the  mid-surface  (i  e  that  surface  which  m 
the  unstrained  condition  of  the  plate  was  plane,  parallel  to  the 
plate-surfaces  and  half-way  between  them)  remain  after  strain 
without  stretch 

Kirchhoff  makes  no  appeal  to  any  definite  experiment  as 
confirming  these  assumptions,  and  the  reference  to  James  Bernoulli 
is  distinctly  unfortunate  It  is  true  that  the  Bernoulli-Eulenan 
hypothesis  leads  to  an  equation,  which  Samt-Venant  has  shown  is 
really  true  for  the  flexure  of  long  bars,  but  the  assumptions  by 
which  that  equation  is  reached  are  not  true,  and  it  seems  unadvis- 
able  to  make  assumptions,  which,  even  if  true  for  certain  types  of 
strain,  need  not  be  true  for  all  types  which  lead  to  Lagrange's 
plate  equation  see  our  Arts  70  and  79  The  assumptions  which 
it  is  really  needful  to  make  and  the  arguments  in  favour  of  them 
have  been  dealt  with  by  Boussinesq  and  Saint- Vcnant  sec  the 
memoirs  on  plates  of  the  former  discussed  in  our  Chaptc  i  XIII , 
and  our  Arts  385,  388  and  394 

Kirchhoff's  treatment  must  therefore  be  looked  upon  is  in- 
teresting and  suggestive,  but  not  as  rigid  01  finil 

[1237]  On  S  61-2  (G  A  S  248-9)  the  vilucs  ot  iho  pimnpil 
stretches  aio  deduced,  and  equation  (i)  of  our  Ait  123r>  is  i«luc«l  to 
the  foim 

W     u 
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Here  cfo>  is  an  element  of  the  mid-surface,  and  the  axis  of  z  is  taken 
peipendicular  to  this,  ft,  p%  are  the  principal  radu  of  curvature  of  the 
mid  surface  at  do>,  and  d^/^fe  is  really  the  stretch  in  the  direction  #  at 
the  point  distant  z  from  dv  Kirchhoff  goes  through  a  raiiher  long 
investigation  on  S  62-3  (G  A  S  249-51),  which  I  do  not  find  very 
clear,  to  prove  that 


The  physical  meaning  of  equation  (m)  is,  however,  that  the  stress 
sis,  perpendicular  to  the  plate  faces,  is  to  vanish  at  every  point  of  the 
plate  Since  the  plate  is  supposed  infinitely  thin  and  to  have  no  load 
on  its  surfaces,  this  seems,  at  any  rate  as  an  approximation,  a  reason- 
able conclusion 

By  the  aid  of  equation  (in)  and  integration  with  regard  to  «, 
Kirchhoff  reduces  (11)  to  the  form 


I+  l)2}=o 


where  2c  is  the  thickness  of  the  plate 

This  is  I  believe  the  iiist  occasion  on  which  the  work  done  in 
bending  a  thin  isotropic  elastic  plate  to  curvatuies  l/pa,  l//>2  at  any 
point  was  expressed  in  terms  of  those  cuivatures,  and  this  is  one  of  the 
ments  of  KiichhofTs  memoir 

[1238]  The  third  section  of  the  memoir  (S  63-70,  G  A 
S  251-9)  deduces  by  variation  of  equation  (iv)  the  equation  foi 
the  trans  veise  shift  at  any  point  of  the  mid  surface  and  the 
boundary  or  edge  conditions  of  the  plate  Kiichkoff  deals  only 
with  the  case  tieated  by  Poisson,  namely  when  the  mid-surface 
shift  is  very  small  He  obtains  the  two  edge  conditions  and  the 
shift-equation  in  the  manner  which  is  now  to  be  found  in  several 
text-books  see  Lord  Rayleigh's  Theory  of  Sound,  Vol  I  pp  293- 
300,  and  compare  Thomson  and  Tait's  Natwal  Philosophy,  Pait 
II  pp  181-90  The  equations  agiee  with  those  obtained  bj 
Saint-  Venant  and  Boussmesq  much  latei  indeed,  but  by  what 
seems  to  me  very  much  more  conclusive  leasonmg  see  oui  Arts 
383-8  and  394 

[1239]  In  the  last  pages  of  this  section  (S  67-70,  GAS 
258-9)  Kirchhoff  shows  that  the  two  bounclaiy  conditions  and  the 
shift-equation  aie  sufficient  to  deteimme  completely  (the  tianshtion 
of  the  plate  as  a  whole  excepted)  the  value  of  the  tiansvei&e  shift, 
and  he  thence  argues  that  Poisson's  equations  can  onh  '><-  satisfu  cl 
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y 

m  special  cases,  as  they  involve  an  additional  equation  For  the 
exact  meaning  of  Poisson's  boundary  conditions,  see  our  Arts 
488*  and  394 

[1240]     KirchhofPs  proof  of  the  uniqueness  of  the  solution  of  the 
plate  equations  is  of  interest,  as  it  is,  I  think,  the  first  appearance 
of  a  method  afterwards  extended  hy  himself  and  then  by  Clebsch 
see  our  Art   1255      In  general  terms  it  may  be  indicated  as  follows 

Consider  the  double  integral 


r       ff(f<P 

JtU 


+ 

over  the  mid  surface  of  the  plate  If  ds  be  any  element  of  the  edge,  and 
dn  an  element  of  its  normal  measured  inwards,  </>  the  angle  between  the 
normal  at  ds  and  the  positive  direction  of  the  axis  of  x,  then  this 
integral  may  by  partial  integration  be  expressed  in  the  form  (S  70, 
G  A  258) 


,          2  ^  2  _L\  JL 

(cos  <^  -  sin  </>)  +  (  ~?~5  —  n>  )  cos  9 
ffw 


-f   jjrs  J  +  y-g  COS   <£  +  2    — —  COS  <£  Sin  <£ 

d  w  }  dw 

4  TT  sin  <£}•  7    as 
dy2          ^}  dn 

Now  suppose  two  solutions  w1  and  w2  of  the  pi  ite  equations  possible 
and  let  w^-w^  —  w  Then  if  we  subtract  the  body  shift  cquitions  foi 
w}  and  w2  fiom  each  other,  and  each  of  the  com  spending  boundai} 
conditions  likewise,  tho  applied  foiccs  v  imsh  and  w<  obtun,  with 
constant  multipheis,  exactly  the  three  expiessions,  in  tin  cinh  d  )>ratk(  ts 
in  the  value  of  /  equated  to  zero  Hence  7  must  b<  /<ro,  whtmt  it 
follows  that  tlnoughout  the  plate 

^Jf-O       ^-0      --W  -0 

7  —  ^J  7  ~~~  ^}  r^       ^       —   "i 

dx  dy  dxdy 


or,  w1-w  ^Ctf  +  Cy,  Cl  and  C    being  constants,  tint  is  to  siy  the 
shift  difference  coiusponds  to  a  ti  uislition  of  tlit    ])1  it(     is   i  wlu>l( 
The  leadei  may  COUMUCC  himself  th  it  the  (  xjnessions  in  curl<  d  biack<  ts 
au  i<ally  idmticil  with  the  body  and  bomulaiy  cqiiitions  by  icf<i<ncc 
bo  our  Aits    39J-4 
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[1241  ]  The  fourth  section  of  the  memoir  occupies  S  70-81 
(GAS  259-71)  It  deals  with  the  vibrations  of  a  free  circular 
plate,  without  surface-load  or  body-force.  The  solution  is  more 
general  than  Poisson's,  as  it  does  not  suppose  the  vibrations  to  be 
the  same  along  all  radii  The  initial  shift  and  shift-velocity  at 
any  point  of  the  plate  are  supposed  given  m  terms  of  the  radius- 
vector  and  the  vectonal  angle  For  a  complete  plate  the  solution  is 
expressed  in  a  doubly-infinite  series  of  functions  akin  to  BesseTs 
functions,  there  being  a  constant  to  be  determined  as  one  of  the 
roots  of  an  ,i  „  Lu  i  equation  of  infinite  order  The  analysis  is 
too  lengthy  to  be  reproduced  here,  but  it  possesses  considerable 
interest  I  may  note  especially  the  manner  in  which  the  equation 
(15)  on  S  74  (G  A  S  263)  is  transformed  on  S  74-7  (G  A 
S  264-6)  to  one  proceeding  by  ascending  powers  of  the  vanable 
Physically  the  most  valuable  part  of  the  memoir  lies  in  the  dis- 
covery of  the  equations  for  the  frequencies  of  the  notes  and  the 
positions  of  nodal  lines 

The  foiru  of  the  transverse  shift  for  a  single  tone  is  given  by 

w  =  {(A  cos  n\j/  +  JB  sm  n\j/)  cos  (4X  Hmat) 

+  (£7  cos  n$  +  D  sin  mf)  sm  (4A.  )imat)}  UMtl  (i), 

wlieie     A,  B>  Gt  D  aie  constants  ultimately  depending  on  the  initial 
conditions,  t  is  the  time  fioni  the  epoch,  \j/  the  ladial  angle,  n  a  positive 

integei,  0?=^-^ — ^r^—(~  y    »   H  being   the   plate  modulus   ot   our 

A  +  J/x.     p         op 

Ait  323,  p  the  density  and  2e  the  thickness  of  the  plate),  and 


-}<«){(*  ^yA^A^-A'^J^  I  (a), 

=  2  (X  +  ^  ^  // 

bung  iny  ladnib  \cctoi,  md  6  the  i  \dius  ut  the  pi  itt ;  tuithci , 

1  ("V  "  n  '  L1  ±  1  "(w+  1)  +  1    2    (w+ !)(>*  + 2) 

A>t{  1 
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and  finally 
wheie  B  = 


is  the  mth  root  of 


0  -(4y-  1)  n'(»-  1)  43  (-  1)* 


*" 


^=1   2     &  w  +  1   tt  +  2 


n+l 


(IV) 


[1242]  The  fifth  section  of  the  memoir  which  occupies 
S  81-88  (0  A  S  271-9)  deals  with  the  numerical  solution  of 
the  equations  we  have  given  m  the  previous  article,  and  implies 
a  very  great  amount  of  laborious  calculation  The  tones  are  com- 
pared with  those  obtained  by  Chladni  and  the  nodal  lines  with 
those  obtained  by  Sfcrehlke  with  two  circular  glass  plates  We 
will  cite  some  of  the  results  of  KirchhofFs  investigations 

(a)  First  with  regaid  to  the  notes,  then  periods  are  obviously  given 
by  ir/(2X  nm,a)  Kirchhoff  calculates  (S  84-5  ,  G  A  S  275-7)  the 
values  of  Iog10  (A^J)4  from  equation  (iv)  and  finds  for  these  values 


774  = 

=°x=2. 

m= 

=\=2, 

m- 

=  2 

71=0 

— 

— 

069367 
1  415  53 

0  711  68 
1  420  12 

1  963  08 
2  348  29 

1  967  12 
235022 

w=2 

027837 

023638 

1  891  17 

1  889  97 

Ji=3 

100651 

097014 

224693 

2  242  98 

Further  Kuchhoif  has  shown  S  83-4  (G  A   S   273-5)  that  when 
is  gieat  its  value  is  very  approximately  given  by 

\t)/t^  =  i^(w  +  2w)  (v) 

This  piacticdlly  covcis  the  valucb  of  KMtp  not  given  by  the  log  11  ithius 
°i  (AjM/i&X  iu  the  above  table 

Hence  foi  a  plate  of  known  chsticity  all  the  notes  miy  IK  eileu 
lated,  01  the  frequencies  of  all  the  sub  tones  may  be  found  in  teuns 
of  that  of  the  fundamental  tone  These  results  are  complied  with 
Chladui'fc.  cxperimentb 

Chlidni  found  by  experiment  tint  the  treqiuiieics  oi  vibiation 
(^nui^M  in  the  tones  which  had  m  then  nodal  figures  the  simc 
number  of  diameteis  (i  e  those  tones  which  couespond  to  ihe  sune  value 
of  n)  weie,  with  the  exception  of  the  lowest,  neaily  is  the  squues  of 
successive  even  01  uneven  numbers  accoiding  as  the  numboi  of  nodil 
diameteis  was  even  01  odd  see  S  82-3  of  the  memoir  (6  A  S  J73) 
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The  frequencies  of  the  high  tones  vary  as  X^  or  as  , 

arid  thus  Ohladni's  experiments  so  far  agree  with  KirchholPs  theory 
Kirchhoff  then  compares  Chladni's  results  for  the  lower  tones  with  those 
calculated  first  on  Wertheim's  hypothesis  (X  =  2/*)  and  then  on  Poisson's 
(A  =  /x)  for  the  case  of  a  plate  whose  lowest  tone  is  taken  as  G  He 
assumes  that  Chladm's  results  were  all  obtained  for  the  same  constant 
temperature  The  results  of  Poisson's  hypothesis  are  closer  than  those 
of  Wertheim's  to  Chladm's  observations,  but  the  divergences  are  so 
great  in  both  cases  that  no  conclusions  can  be  drawn  with  regard 
to  the  relative  value  of  the  hypotheses.  The  frequency  of  the  tone, 
especially  for  large  values  of  m  and  n,  varies  so  little  with  the  value  of 
A//A,  that  experiments  on  plates  can  hardly  be  crucial  between  the  two 
hypotheses 

(b)  Secondly  with  regard  to  the  nodal  Iwies  These  are  given  by 
the  values  of  r  and  \j/  for  which,  independently  of  the  tune,  w  =  0 
Clearly  from  equation  (i)  we  have  the  radii  of  the  nodal  circles  given 
by  the  values  of  r  (<  b)  for  which  Unm  =  0,  and  also  the  nodal  diameters 
given  by  the  values  of  ^  for  which 

A  cos n\j;  +  JB  smn\j/  =  0,          C cos  n\fs  +  D  sin nijs  =  0 

Thus  theie  can  be  no  nodal  diameters  unless  the  plate  be  so  disturbed 
that  A  B  C  D  If  this  equation  holds  we  have  n  nodal  diameters, 
each  adjacent  pair  sepaiated  by  the  angle  v/n  n  and  m  may  thus  be 
considered  as  giving  the  number  of  nodal  diameters  and  nodal  circles 
respectively  which  can  occur  in  connection  with  the  tone  defined 
by  AMm 

Knchhoff  says  with  regard  to  this 

Diese  allgememen  Resultate  der  Theone  bind  ini  "VVebentlichen  nut  der 
Ei  fanning  in  Uebereuibtimmung  Der  VeiMioh  zeigt,  da^  die  Knotenlmien 
aub  Kioisen  bobtehon,  die  mit  dei  Peiiphone  dci  Scheibo  concentribdi  sind, 
und  aus  Durchmobsern,  die  die^e  in  gleiche  Thcilo  theilcn,  wenn  man  von 
gewisson  Vi  absieht,  die  diese  Linicn  eileiden  und  die,  wie  nnr 

^chemt,  diiin  ihien   Giund  haben,  dibfe  die   Scheibe  mcht 

vollkomnien  fiei  i«st,  wie  die  Theoiic  ^ie  voi  ^us^etzt1  Dei  Vei'such  zeigt  ibei 
inch,  dibs  bei  oineni  Tone,  Lei  dem  zuweilcn  Duichmossoi  iK  Knotenlmien 
voikommen,  die  Duiohmessei  zuweilen  fehlen  tehlcn  sio,  ^.o  oidnet  ^ioh  dei 
inf  die  Scheibe  ^cvtiouto  Suul  zwu  tucli  in  Diiichini-y^ein  in  diese  Lleiben 
ibei  mcht  fest  wilnend  dei  Lewegun^  dei  Schcil)0,  ^ondcin  obtillnen  (S  82  , 
0  A  S  272-3) 

To  this,  gcneial  cxpeimiental  continuation  of  the  theoiy  Kuchhoil 
idds  a  coinpuibon  of  the  i  icln  of  the  nodal  circles  calculated  on 
Poisson'b  and  Weitlicim'b  hypothecs  with  those  obtained  expeumentally 
by  btiehlke  fiom  two  cncular  glass  plates  (lit  339*),  and  by  Savart 
on  thiee  buch  plates  (Ait  320*) 

1  It  maybe  also  questioned  whetliei  any  such  pcitectly  it 
plate  as  is  supposed  in  the  theory  can  be  really  prepaied 
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I  place  below  his  comparison  of  experimental  and  theoretical  numbeis 
for  the  ratios  of  the  radii  of  the  nodal  circles  to  the  radius  of  the  plate 


Experiment 

Theory 

Strehlke 

Savart 

Plates 

Plates 

Poisson, 

Wertheim, 

1 

2 

1 

2 

3 

X=/x 

n=0,| 

06792 

06782 

06819 

06798 

06812 

0  68062 

0  67941 

=5-1 

07811 

07802 

— 

— 

- 

0  78136 

0  78088 

Kirchhoff  says  of  these  results 

Die  aus  der  Wertheim'schen  Annahme  abgeleiteten  Resultate  weichen 
von  den  aus  der  Poisson'schen  abgeleiteten  nur  wemg  ab  ,  mvt  den  Strehl 
ke'schen  Beobachtungen  stimmen  jene  noch  besser  uberein  als  diese  Wie  mn 
schemt,  spncht  dieses  aber  mcht  gegen  die  Poisson'scho  Annahme,  denn  eine 
vollkommene  Ueberemstimmung  zwischen  der  Theone  und  dem  Versuche  daif 
man  mcht  erwarten,  weil  die  dem  Versuche  unterwoifenen  Seheiben  mcht 
die  Eigenschaften  in  aller  Strenge  besitzen,  welche  in  dei  Thcono  ihncn 
beigelegt  werden  (S  87  ,  G  A  S  278-9  ) 

The  correspondence  between  experiment  and  theory  is  not  by  any 
means  so  remarkable  as  the  fact  that  such  diffeient  hypotheses  as  those 
of  Poisson  and  Wertheim  give  such  veiy  similai  lesults  The  nodal 
lines  of  vibiatmg  circles  obviously  afford  no  crucial  te&t  of  the  tiuth  of 
um  constancy 

Kirchhoff  on  S  88  (ff  A  S  279)  gives  the  results  of  fuilhci 
expeiiments  of  Strehlke's  on  less  peifect  plates,  ind  also  the  cilculatul 
values  of  the  radii  of  the  nodal  circles  foi  w=l,  ?i=l,  2,  3,  and  loi 
//&  =  2,  n=lt  on  both  Wertheim's  and  Poisson's  hypotheses  See  our 
Arts  512*-520*,  and  1344*-1348* 


[1243  ]  Uber  die  Schwingungeti  einer  ki  eirfoi  migeu 
Sdwbe  Poggendorffs  Annalen,  Bd  81,  1850,  S  258-264  (G 
A  S  279-85  )  This  ib  a  itsume  of  the  memoir  in  Otelles  Join  nal 
just  discussed  ,  see  our  Arts  1233-42  It  cont  uns,  howcvci,  more 
detailed  numerical  results  and  still  furthei  thcoietieal  caleul  itions 
of  the  frequencies  of  the  notes  and  the  position  of  the  nodal  lines 

(a)  We  may  draw  attention  especially  to  the  numerical  cileulatiou 
of  the  frequencies  on  S  2G1  (G  A  S  282)  The  fund  uneiit  d  noU 
being  that  m  which  the  nodil  iigure  eonsists  of  two  peipendieulai 
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diameters,  the  period  of  a  single  corresponding  vibration  is  taken  as 
the  unit  of  time,  arid  KirchhofF  finds  the  numbers  of  vibrakons  corre- 
sponding to  the  sub  tones  which  take  place  in  this  unit  of  time  The 
numbers  thus  obtained  are  the  same  for  all  plates  whatever  their 
substance  and  dimensions,  provided  we  assume  any  fixed  relation 
between  X  and  p.  The  sub-tones  are  more  fully  calculated  on  Poisson's 
hypothesis  (A.  =  JM)  than  on  Wertheim's  (A  =  2/*),  and  they  are  given  here 
for  reference 


Ratios  of  Frequency  of  Sub  tone  to  that  of  fundamental  Note 


X=A* 

71=0 

71=1 

71=2 

71=3 

91=4 

71=5 

m=0 

10000 

23124 

40485 

61982 

m=l 

16131 

37032 

64033 

96445 

13  3937 

176304 

771  =  2 

69559 

108383 

153052 

203249 

m=B 

15  9031 

These  do  not  agree  veiy  closely  with  Chladni's  results,  also  converted 
into  numbers  by  Kirchhoff,  who  considers  that  more  accurate  observa- 
tions of  the  frequencies  would  be  of  value 

(b)  With  regaid  to  the  radii  of  the  nodal  circles  KnchhofF  also  gives 
moie  complete  results,  especially  for  the  hypothesis  A  -  ^  The  latios  of 
the  radii  of  the  nodal  cucles  to  the  radius  of  the  plate  aie  given  by  the 
following  table 


X=A* 

7i  =  0 

68062 

>i=l 

>z  =  2 
82194 

>i  =  3 

/i=4     H  =  5 

w=l 

78136 

84523 

86095    87256 

w  =  2 

(39151 
I  84200 

40774 
87057 

o6043 
88747 

603bo 
89894 

1 

m=:3 

/  25079 
]  50117 
I  89381 

UK,  numbc-ib  on  Weitheim's  hypothesis  die  not  cm  led  as  fai,  but 
they  ire  m  close  iceouhnce,  so  tai  is  they  go  The  u suits  tie  coin 
paied  with  Stiehlke's  me  isuiement,  on  four  glass  uid  two  metal  dise^, 
ind  theie  ib  close  eouesponcleiiee  between  KiiehhoiF's  theoiy  ind 
expei nnent  see  fc>  262-4  (G  A  S  2b3-o) 

Kiichhoff  gives  the  following  expiessions  ou  S   202  (G   A    b   2bJ) 
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for  the  number  N  of  vibrations  in  unit  time  corresponding  to  the  fun 
damental  note  of  a  circular  plate  of  radius  b  and  small  thickness  2e 

N=  1  04604  ~  .  /-  ,  for  X  =  /x,  and  =  1  02357  ^  J  -  ,  for  A  =  2/i 

0-*  V      /O  0    \      p 

(see  our  Arts  511*  and  518*)     He  remarks  that,  so  fai  as  he  is  aware, 
no  experiments  have  as  yet  been  made  to  test  these  results 

[1244]  Uber  die  Gleiohungen  des  Gleichgewichtes  eines  elasti- 
schen  Korpers  bei  nicht  unendlich  kl&inen  Verschiebmgen  seiner 
Th&ile  Sitzungsbemckte  der  mathem  -naturwiss  Glasse  der  k 
Akademie  der  Wissenschaften,  Bd  ix  S  762-773  Wien,  1852 
Kirchhoff  did  not  republish  this  in  his  Q-esammelte  Abhandlungen, 
and  therefore  was  possibly  dissatisfied  with  its  method  and  results 
He  commences  his  memoir  by  referring  to  the  paper  of  Samt- 
Venant  discussed  m  our  Art  1617*  (I)  et  seq  Saint-  Venant 
had  briefly  indicated  a  method  of  finding  the  equations  of  elas- 
ticity when  the  shifts  are  not  infinitely  small  Kirchhoff  remarks 

Diese  Gleichungeu  habe  ich  auf  zwei  verschiedeneu  Wegeu  abgoleitet,  von 
denen  der  erste  im  Wesentlichen  mit  dem  von  St  Venant  angedeutetou 
ubereinzukommeu  sohemt,  der  zweite  auf  dei  Entwickelung  emer  truher  von 
mir  (Cielles  Joum  XL  [see  our  Art  12351)  aufgestellteii  Formel  bciuht 
(S  762) 

[1245  ]  Kirchholf  takes  as  his  vanables  not  the  shifts  ^,  v,  w  of  the 
point  &,  i/j  s  but  the  coordinates  of  the  point  x,  y,  «,  altci  bhift,  01 
£  =  %  +  u,  17=2/4-1?,  ^  —  z  \-w  He  then  states  lathci  thin  piovcs  that 
body  and  surface  sticss  equations  of  the  usual  typtb,  namely1 

dn     dxij     d'oTz     .. 

-T~  +  -7-  +  -7-  =  ^ 
ax      ay      dz 

q  —  I'I 


hold,  \\licu,  howcNci,  the  bticbb  bymbolb  have  not  tlieii  usu  il  UK 
They  denote  bhcbses  puallel  to  the  coordinate  i\is  teioss  pi  tins 
onginally  but  no  longei  pai  illel  to  the  eooidmiU  pi  ineb  Thub 
relatioiib  oi  the  type 

TV  —  7T 

will  110  longei  be  tiue      (Di^e  neuu  JDiuthc  bind  mi  AUyeumtun  t>c/uc 
yegeii  die  Ebenen  gw  tthtet,  gegen  dit  we  wuleu,  mid  (>*>  t>uid  tucht 
von,  ihnen  dieien  andeien  yleuh,  S   763  ) 

1  It  should  be  noted  that  we  use  tensions  whut  he  uses  ptL^iuts 
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[1246  ]  The  next  step  is  to  express  these  nine  stresses*  in  terms  of 
the  three  principal  tractions.  This  occupies  S  764-7  In  the  course  ol 
the  investigation  the  following  process  occurs.  Let  r  be  the  direction 
of  an  element  of  a  line  in  the  unstrained  state  which  takes  the  direction 
/  in  the  strained  state }  let  e  be  an  element  of  length  of  r  defined  by  its 
terminal  coordinates  x,  y,  %  and  cc  -t-  805,  y  +  8^,  34- 83,  then  if  e  becomes 
c  with  terminals  given  by  £,  17,  £,  f  +  $£  17  +  &?,  £  +  8£,  we  have 


dy  w»  T  *  "• 
or,         ecos(»-',  x)  =  e\^-oos(r,x)  +  -T-cob(t,y)  +  -}-ooe(r,i 


with  similar  equations  for  €  cos  (r',  ?/)  and  ccos  (r'9  z)  KirchhofF  cancels 
c  and  e  on  either  side,  which  is  allowable  he  says  "wewn,  wvr  beruck- 
wchtigen,  doss  e  von  e  nwr  unendlwh  wemg  versch&eden  ^"  (S  765) 
Now  it  is  not  shown  that  the  terms  Kirchhoff  is  thus  neglecting  are  not 
of  the  order  of  the  quantities  he  proposes  to  retain  In  fact,  if  r  be 
taken  to  coincide  with  x,  he  finds  the  cosine  of  the  angle  between  the 
strained  and  unstrained  dnections  of  #  to  be  dg/d%=:l+u,n  which 
is  quite  incorrect  If  we  keep  e/c  in,  we  should  have  it  as  a  factor 
of  the  right-hand  sides  of  equations  (6)  of  S  765  Thus  in  KirchhofTs 
expressions  on  S  766  for  the  stresses,  we  must  read  for  his  principal 
pressures  Pn  jP2>  P*  tne  quantities 


or,  if  &!,  6_,  $j  be  the  &ti  etches  in  the  diiections  of  the  principal  pressures 


lespectively      (Kuchhoff  uses  Xn  X.  ,  \^  foi  oui  *i,  &  ,  *,  ) 

[1247  ]     Kuchhoff  next  assumes  that  the  principal  prubbuieb  will  be 
linear  functions  of  the  principal  btretches,  or  that 


He  writes  A  for  ft'  above,  and  0  for  X(2/x'),  using  the  biine  letters  K 
and  0  foi  those  clastic  constants  as  he  had  used  in  the  mtmoii  of  185U 
(see  oui  Ait  1235)  He  is  justified  in  doing  this  bcciu&c  he  neglects 
the  square  of  the  btiaiu  If  we  letam  the  squaie  of  the  strain,  and 
still  assume  the  pimeipal  prcsbuies  hneai  fimetions  of  the  principal 
bti  etches,  then  X'  and  ///  will  not  be  the  X  and  /x  of  our  ordinal  y 
notation  Thus  811  W  Thomson  in  his  memoir  of  Ib62  (Phil  T/an* 
1863,  p  612,  01  Treatise  on  Natwal  Phih&ophy,  Pait  II  p  404) 
lemaiks 

And  it  nny  be  useful  to  obssoi  \cthit  foi  ill  v  dues  of  the  v  imhU/s  1,  />,  C¥, 
tt,  b)  c  it  [the  bti  un  encigy]  must  thoicfoic  bo  cvpiossiblo  m  the  s  line  folia, 
with  vuymg  eoefhoients',  caeh  of  which  is  ilwiys  hmte,  foi  ill  v  dues  of  the 
\auablcb 
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Here  -4  —  1,  B—\,  C—I,  a,  b,  c  are  the  generalised  components 
of  strain,  and  it  has  just  been  noted  that  if  these  are  infinitely  small 
the  strain  energy  may  be  expressed  as  a  homogeneous  quadratic  function 
of  them  with  constant  coefficients  Hence  Sir  "W  Thomson  considers 
that  the  coefficients  of  elasticity  vary  as  the  strain  increases  in  magnitude 
and  thus  foi  finite  strain  may  no  longer  be  represented  by  X  and  //, 

[1248  ]  To  be  more  geneial  then  than  KirchhofF,  that  is  to  deal 
with  any  magnitude  of  strain,  we  ought  to  replace  in  the  equations  (7) 
and  (8)  of  Kirchhoff's  S  767,  the  quantities  P19  P2i  P3  by  expressions 
of  the  type 


These  will  agree  with  Kirchhoff's  values  if  the  strains  are  so  small  that 
the  products  of  the  principal  stretches  may  be  neglected 

Neglecting  the  square  of  slt  etc  Kirchhoff  finds  values  for  819  s2,  SB  in 
terms  of  quantities  which  he  denotes  by  the  letters  L,  M,  N,  I,  m,  n 
These  quantities  are  related  in  the  following  manner  to  Thomson's 
A,  B,  C,  a,  b,  c  and  to  the  e^,  ev)  €«,,  ^,  97^,  77^  of  our  Art  1619* 


But  it  must  be  noted  that  while  all  these  quantities  aie  generalised 
components  of  strain,  KirchhofF'b  expiessious  for  819  6  ,  ss  m  turns  of 
L,  M,  N  and  therefoie  his  expressions  for  the  btiess  in  teinib  of  these 
strain  components  are  true  only  foi  infinitely  bmall  strains, 

[1249  ]  Expressed  in  the  notation  of  out  work  we  have  aecoiding 
to  KiichhofFthe  following  expressions  for  the  stie&s  byinbolb1  as  defined 
in  oui  Art  1245 


A, 

with  otherb  wiitten  down  by  piopci  cycheal  iiiteiehangeb  rJ 
lesults,  as  wo  have  been,  are  obtimul  on  the  assumption  tint  tlic 
bquaie  of  the  strun  may  be  negleetcd  Now  Kirehlioil'b  1  ibt  set  of 
equatioub  on  S  769  shows  that  6j,  s  ,  $  ue  of  tlu  same  onUi  is 
c  ,  eV9  e^,  and  theiefoie  these  littci  quantities  aie  also  sin  ill  ,  but 
€t  =  w,  +  ](w4  +o  +^),  ind  theiefoie  li  u  be  pobitivc,  ut  and  t  must 
be  |)i  letieilly  of  the  bame  order,  hence  it  ib  diilieult  to  bee  how  is  i 
rule  we  ean  neglect  ^  and  retun  ]>roduets  hk(  «  e  But  it  we  do 
not  lejeet  ^  KirehlioH'b  mvebtigition  ib  inv  did  Thus  it  docs  nut 
seem  that  much  impoitance  cm  k  attributed  to  the  expressions  given 
ibove  loi  the  btrebb  bymbols  in  terms  of  the  geneiahsed  eompouentb 
of  sti  un 
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[1250]  More  weight  is  I  think  to  be  laid  on  ELirchhofFs  second 
method  or  investigation,  which  at  any  rate,  till  it  assumes  the  stran> 
energy  to  be  a  quadratic  f  unction  of  the  principal  stretches,  does  not 
suppose  the  strains  necessarily  small 

Let  W  be  f&e  sfcraio^oergy,  tfeem  in  our  notation  Kirchhoff  finds  for 
the  values  of  the  stpes&^piabofe  as  4afe@d  m  our/  Art.  1245  (S  772) 


_  ^dW  ^^dW  _  ^dW 
^^dW  ~^<W  ^.^dW 
_  dW  _ 

ZX  —    -,  """  •  5fy   : 

But  TT=a  function  of  £»,  €y,  c^,  77^,  -17^,  17^,  where  these  generalised 
strain  components  have  the  values  given  m  our  Art   1619* 
Whence  it  follows  that 

,      dW  drjxy 
'*~,d^x' 


_     dW  „         .     dW          aW 
or  ^  =  ^—  (1  +  ux)  -f  -^  —  uz  +  -.  — 

* 


«      ,    ,  ^  dW          dW 

Similaily  a</  =-—  u>,  +  -7-   w  +  -=  —  ( 

*  V 


dW 


Substitute  these  expressions  m  the  body  stress  equations  of  Ait  124*5 
and  we  have  precisely  the  generalised  equations  gr\en  by  C  Neumann 
in  1860  (see  our  Ait  670)  and  by  Thomson  in  1862  (Pint  Tians  1863, 
p  611,  -Mr^  Pliil  Part  II  p  463)  Tlieso  equations  die  thus  invoh  eel 
in  Kuchhoff's  lesults  on  S  772  and  789,  although  he  passes  them  b}  to 
expiess  the  value  of  W  in  the  doubtful  foim 

W=  p.  (€t    +€„+£)  +  tf  (rj,      +  7?        +  fl  a  )  +  -  (€     +  €t  +  €  )  , 

on  the  assumption  tint  the  squat  es  of  the  stiams  mi}  bo  neglected 

[1251  ]  Ubet  das  Gleichgemclit  uiid  die  Beweguncj  eine? 
nnendlicli  diunien  elastisclien  Stakes  Gielles  Join  nal,  Bd  ")6, 
S  285-31S  Bcilin,  1858  (0  A  S  285-316) 

This  mcmon  is  substantially  repioduccd  in  the  twenty  eighth 
Voilewvq  of  Knchhoff's  Meclunnl,  S  407-428,  with  somo 
modihcitions  and  impioveinents  Kirchhoffs  theoi}  in  both 
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places  is  owing  to  its  brevity  and  generality  rather  hard  reading 
It  is  given  in  a  somewhat  simpler  and  clearer  fashion  by  Clebsch 
in  his  Elast^c^tatt  S  192  et  seq  It  belongs  to  a  branch  of  our 
subject  that  Kirchhoff  was  among  the  first  to  treat  with  any 
exactness,  namely  the  equilibrium  and  motion  of  elastic  bodies 
having  one  01  two  dimensions  infinitely  small,  i  e  thm  rods,  wnes, 
plates  and  shells  The  subject  is  a  difficult  one,  and  it  is  only  the 
confirmation,  which  the  results  reached  receive  when  we  approach 
them  as  limiting  cabes  of  bodies  of  finite  dimensions  (as,  for 
example,  has  been  done  for  certain  cases  by  Clebsch),  that  enables 
us  to  set  aside  the  doubts  raised  by  some  of  the  processes  adopted 

[1252  J  The  memoir  opens  with  the  following  historical  account  of 
its  object 

Poisson  hat  in  semem  Trait6  de  m&amque  erne  Theorie  der  endhchen 
Formandemngen  entwickelt,  die  em  unendhch  dunner,  ursprunghch  gerader 
oder  krummer,  elastischer  Stab  durch  Krafte,  die  theih  auf  sein  Inneres,  theils 
auf  seme  Enden  wirken,  erfahrt     De  Saint  Venant  hat  jedoch  nachgewiesen, 
dass  die  Voraussetzungen,  von  denen  Poisson  dort  ausgegangen  ist,  theilweise 
unnchtig  smd,  mid  hat  zum  ersten  Male  die  Torsion  und  Biegung  eines 
unendhch  dunnen  Stabes  von  beliebigem  Querschmtt,  von  den  Grundglei 
chungen  der  Theone  der  Elasiacitat  ausgehend,  mit  Strenge  untersucht     De 
Saint  Venant  hat  dabei  aber  nur  den  Fall  behandelt,  class  der  Stab  ursprung 
lich  cylindnsch  ist,  dass  die  Formanderungen  unencllich  klein  smd,  und  d  iss 
die  Axe  des  Stabes  eine  Axe  der  Elasticitat  ist     In  der  voiliegenden  Abhind 
lung   unterbuche   ich,   von  den    Gleichungen    der    Theorie    der   EUstiutit 
ausgehend,  die  Fornunderungen  cines  unendhch  dunnen  Stabes  von  uberall 
gleichem  Queischmtt  ohne  diese  beschr  inkendon  Aunahmcn      S  285  (G  A 
S  285-6) 

[1253  ]  The  first  section  of  the  memoir  occupies  S  280-93  (0 
A  S  286-95)  and  relates  to  certain  general  principles  winch  11  c 
afterwards  applied  to  the  special  problem  of  the  thin  rod  Knch- 
hoff  first  proves  a  principle  which  Clebsch  has  teimod  Kwclilioft9? 
Principle  and  which  he  has  thus  stated  in  his  Theone  clei  Eltntin- 
tat,S  191 

Die  mnern  Verschiebungen  eines  sehr  kloinon  Korpeis  smd  nm  ibh  ingiL, 
von  don  Kraften,  welche  auf  seme  Obeifi  iche  wuken,  mcht  iboi  \  on  den  j<  in^(  n, 
\\olcheaufsem  Inneies  wiiken,  \ orausgoset/t,  d iss  die  lct/t(ion  mclit  L,(cj(it 
die  erstern  ausseroi  denthch  gioss  smd 

KnchhofTs  demonstration  of  this  principle  is  given  in  ina 
lytical  form  on  S  286-90  of  his  momoii  (0  A    S    286-91)  and  is 
repeated  with  slight  variations  on  S   407-()  of  the    V 
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After  studying  both  demonstrations  I  am  obliged  to  confess  that 
they  carry  no  conviction  to  my  mind  Clebsch  after  citing  the 
principle  as  due  to  Kirchhoff  adds 

von  dessen  Richtigkeit  man  sich  leicht  von  vorn  herein  uberzeugt  (S.  191) 
Clebsch's  statement  of  the  proof  is  as  follows 

Man  sieht  diesen  Satz  sofort  em,  wenn  man  folgende  Erwagung  anstellt 
Nehmen  wir  an,  dass  die  Grosse  der  auf  das  Aeussere  wirkenden  Krafte,  bezogen 
auf  die  Flacheneinheit,  und  die  Grbsse  der  auf  das  Innere  wirkenden  Krafte, 
bezogen  auf  die  Volumenemheitl  entweder  vergleichbar  seien,  oder  die  erstere 
sehr  gross  gegen  letztere ,  nur  der  umgekehrte  Fall  sei  ausgeschlossen.  Dann 
ist  die  Grosse  der  wirkhch  auf  die  Oberflache  des  Meinen  Korpers  wirkenden 
Kraft  der  ganzen  Oberflache  oder  einern  Theil  desselben  proportional,  erhalt  also 
jedenfalls  einen  Faktor,  welcher  von  der  Ordnung  der  Grosse  dieser  Oberflache 
ist  Die  absolute  Grosse  der  auf  das  Innere  wirkenden  Kraffc  hingegen  wird 
proportional  mit  seinem  Volumen  Sind  nun  die  Dimensionen  des  kleinen 
Korpers  Heine  Grossen  erster  Ordnung,  so  ist  seme  Flache  von  der  zweiten 
Ordnung,  sern  Volumen  von  der  dntten ,  der  Faktor  also,  mit  welchem  die  auf 
das  Aeussere  wirkenden  Krafte  behaffcet  sind,  ist  um  eine  Ordnung  mednger,  als 
derjenige,  mit  welchem  die  auf  das  Innere  wirkenden  Krafte  behaffcet  sind 
Sind  also  nur  die  letzten  mcht  an  sich  gegen  die  erstern  sehr  gross,  so  wird  ihre 
Wirkung  sehr  klem  gegen  letztere  und  ist  somit  zu  vernachlassigen  Ich 
bemerke  dass  genau  dasselbe  Prmcip  bereits  im  Anfang  un&erer  Untersuchung 
benutzt  wurde,  mdem  man  die  innern  Verschiebungen  eines  Elements  nur  von 
den  auf  seine  Oberflache  wirkenden  Spannungen,  mcht  aber  von  den  auf  &em 
Inneres  wirkenden  Kraften  abhangig  machte  (S  191-2) 

This  statement  of  Clebsch's  appears  to  contain  all  the  arguments  of 
KirchhofPs  analysis  But  I  do  not  see  any  reason  why  exactly  the  same 
argument  should  not  be  applied  to  the  elemental y  right  six-face  from 
which  we  deduce  om  fundamental  elastic  equations,  indeed  the  last 
woids  of  Olebsch  seem  to  indicate  that  in  some  fashion  we  do  apply  it 
The  reasoning  does  not  seem  to  me  to  clearly  explain  why  foi  a  body  of 
infinitesimal  dimensions  we  may  neglect  the  light-hand  side  of  the 
typical  equation 

Hr   4'"7</  +~J~  =  P\7*    ~^)  W» 

(.iiu     dy     ^*/*<       \  d*        / 

but  not  the  right  hand  side  of  the  typical  equation  foi  the  surf  ice  load 
lli  +  mT//  -f  nT  -  X(]  (11) 

I  am  indeed  doubtful  whethei  if  all  the  dimensions  of  the  body  11  e  made 
infinitesimal  the  punciple  has  any  leal  meaning  If  we  ue  dealing, 
howevei,  with  a  wire  01  thin  pHte,  it  is  the  shifts  of  points  on  the  axis 
of  the  wiie  01  the  mid  plxne  of  the  plate  that  we  aie  anxious  to  disco\  ( i, 
and  these  shifts  depend  upon  the  temJtant  body  and  i  exultant  suifice 
foices  ovei  elements  of  the  wiie  01  plate  In  the  cise  of  a  wiie  the 
dimensions  of  the  cioss  section  of  which  are  c,  and  of  winch  S<?  is  \n 
dement  of  length,  the  losultint  l)ody  force  is  of  oidu  €  6s  (pA  )  and  the 
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resultant  surface  force  of  order  eSaX09  hence,  if  pX  be  not  very  great  as 
compared  with  JT0,  the  formei  term  vanishes  as  compared  with  the  letter 
when  €  is  extremely  small  In  the  case  of  the  plate,  if  r  be  its  thickness 
and  So>  an  element  of  its  surface,  these  resultant  forces  are  of  the  order 
T&O  (pX)  and  &i>jro  respectively,  and,  if  pX  be  not  very  great  as  compared 
with  -3T0,  the  former  vanishes  as  compared  with  the  latter,  if  T  be 
extremely  small  Thus  for  wires  and  thin  plates  we  may  put  the  right- 
hand  side  of  equation  (i)  zero,  if  we  are  merely  seeking  the  shifts  of 
points  on  the  cential  axis  or  mid  plane,  but  if  we  were  to  suppose 
these  bodies  to  have  a  sensible,  if  very  small  cioss-section,  then  it  seems 
to  me  that  for  the  relative  shifts  of  points  on  the  same  cross  section 
there  is  no  reason  why  the  body  anid  surface  forces  should  not  have 
like  effect  On  the  whole  the  method  by  which  Boussmesq  and  Saint 
Venant  approach  kindred  problems  seems  to  me  slightly  more  convincing 
than  the  somewhat  vague  reasoning  of  Kirchhoff  and  Clebsch  see  our 
Arts  384-94  and  Chapter  xm 

[1254]  The  next  general  principle  considered  by  Kirchhoff  is 
similar  to  that  of  his  memoir  on  plates  He  states  that  the  six 
stresses  expressed  as  linear  functions  of  the  six  strains  would 
involve  36  constants,  but  that  15  of  these  are  equal  to  15  others 
because  the  expression 

xxdsx  +  yydSy  +  Td?z  +  y^day2  -t-  Ixdcr^  +  a-ydcrxy 

must  be  the  complete  differential  of  a  homogeneous  function  F  of 
the  six  stiains  He  remarks  in  a  footnote  that  this  follows  easily 
from  the  mechanical  theory  of  heat  and  explains  why  this  is  so, 
concluding  with  the  words 

Diese  Betrachtung  ist,  wie  ich  glaube,  schon  von  W  Thomson  mi  Quii  toily 
Mathematical  Journal  (April,  1855 l)  angestellt ,  ich  hil>o  die  utn  to  Stollo  nu  lit 
emsehen  konneu  (S  290 ,  0  A  S  291) 

The  stiam  energy  leads  Kirchhoff  to  the  equation  of  variation 
SU-SfffFdasdydz  =  0  (i), 

wheio  BU  is  the  virtual  moment  of  the  external  foiccs  A  snnil  ir 
form  of  this  equation  occuis  m  the  memoir  on  pUtts  (stc  <>m 
Art  12S5)  and  had  already  been  given  by  Green  and  otlicis 

[1255]  From  a  certain  property  of  the  function  F  Kirclihoff 
proceeds  to  show  that  the  above  equation,  01  the  general  equations 
of  elasticity,  determine  uniquely  the  values  of  the  shifts  //,  w,  ?/;,  the 

1   Matlmnuticul  mid  Mit/vtal  Pupei*   Vol    i   pp    -}()0-r> 
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or  rotation  of  the  body  as  a  whole  being  neglected 
general  proof  of  the  uniqueness  of  the  solution,  of  th§  eqti^- 
tions  of  elasticity  has  been  adopted  by  Glebsch  and  Boussinesq 
(see  our  Art  1331  and  Chapter  xux.),  and  was  probably  suggested 
by  Saint-  Tenant's  memoir  on  Tormon  see  our  Arts  6  and  10 

Suppose  there  are  two  solutions  of  the  equilibrium  equations  of 
elasticity  Substitute  the  shifts  in  the  three  body-  and  three  surface- 
equations  and  subtract  the  corresponding  equations  for  either  system  of 
solutions,  then  theie  must  be  values  of  u,  v,  w  differing  from  zero 
(i  e  the  difference  of  the  two  systems  of  shifts)  for  which  the  right- 
hand  sides  of  the  six  equations  vanish,  or  which  satisfy  equations  of 
the  type 

dxx      dxy      dzx      A 

~T  —  "I  —  T~  •*"  ~r~"  =  "> 
ax      ay      dz 

Ixx  +  Wlxy  +  Mxz  =  0 

Multiply  the  first  of  these  equations  }yjudndy  dz,  and  the  corresponding 
equations  by  v  dx  dy  dz  and  wdxdydz  respectively  y  add  and  integrate 
by  parts  over  the  whole  volume  of  the  solid  Then  by  means  of  the 
second  or  surface  set  of  equations  we  easily  find 

///  (^sx  4-  7y3)t  +  ^Sf,  +  yxo-yg  -f-  ato-gx  +  wv^)  dxdydz  =  0, 
or  fffFdxdydz  =  Q  (u) 

Now  for  an  isotropic  body 


Hence  for  an  isotiopic  body  we  must  have 

s&  =  Sy  =  S!i  =  (ri/z=(r.,t  =cr  v=0, 

or  the  stiams  all  zero      Thus  the  two  systems  of  shifts  can  only 
by  a  translation  01  lotation  of  the  body  as  a  whole 
Kiichhoff  adds  to  this  pi  oof  for  i^ohopic  bodies 

da  bei  deivjemgtn   Korpern,  welche  in  \erschiedcnen   Euhtungen  eine 
verschicdene  Ehsticitit  besitzen,  die  Unteischiedt  dei  Eh^ticitit  inn  klein 
sind,  so  wild  mm  innehmen  diufen,  dass  bci  xllen  in  dei  >.  itiu  \oikornmen 
den  Korpein  /7  dieselbe  Eigei^chaft  hat  (b  291,  tt  A  b  293) 

The  E^yenschaft  in  question  is  that  of  ne\  er  bung  negati\  e  and  onl> 
vanishing  when  the  six  stiams  aio  each  separately  zeio  That  bodies 
with  xeolotropic  elasticity  (e  g  wood)  have  in  f  ict  only  *  small  difft  i 
onees  m  then  elasticity'  seems  more  than  doubtful,  ImtKiichhoft  i>iws 
no  expeiimental  cliti  Clebsch  in  his  Twli^  (H  68-70)  deils  \\ith  tlu 
sime  problem  of  the  unique  solution,  and  isseits  \\ithout  fmthei  pioot 


58  EIRCEHOFF  [1256 — 1257 

that  F  must  be  a  positive  quantity  and  that  its  vanishing  involves  the 
vanishing  of  the  six  stiams  individually  Olebsch  may  only  be  thinking 
of  the  form  of  F  for  isotropic  elastic  solids ,  its  form  for  aeolotropic 
solids  requires  some  further  discussion  At  any  rate  Kirchhoff's 
argument  from  nearly  equal  elasticities  does  not  seem  conclusive  A 
modified  proof  is  given  by  Kirchhoff  on  S  394-5  of  his  Vorlesungen, 
which  does  not  exclude  the  case  of  aeolotropic  bodies,  although  any 
reference  to  them  is  omitted  He  states  however  that  for  a  compressible, 
fnctionless  fluid,  F  will  take  the  form  given  by  p  =  0  and  X  finite,  in 
which  case  the  vanishing  of  F  does  not  involve  u  =  v  =  w  =  0  for  the  case 
of  no  motion  of  the  fluid  as  a  whole,  i  e  the  slides  may  be  finite 

[1256  ]  Kirchhoff  concludes  the  first  section  of  his  memoir  by 
thiowmg  equation  (i)  into  a  form  suitable  for  a  body  in  which  the  shifts 
are  not  very  small,  but  the  -strains  in  each  elementary  portion  are 
small  We  have  only  to  sum  F  for  all  these  elementary  portions,  and 
we  have 

827-  S&fffFdxdyck  =  0  (m) 

If  the  body  be  in  motion  and  T  be  its  kinetic  energy  this  equation 
becomes  '*  dwrch  em  bekanntes  Pwnwp  der  Mechamk  " 

JdA{ST+W-tftlHFfadyd*}  =  Q  (iv) 

The  application  of  these  equations  to  the  case  of  a  thin  rod  01  wire  is 
made  in  the  following  sections 

[1257  ]     Kirchhoff's  second  section  occupies  S  293-302  (G  A 
S  295-304)  and  is  substantially  reproduced  on  S  410-19  of  the 
Vorlesungen     Clebsch  on  S   190-202  of  his  Treatise  deals  with 
the   same  matter,  but  soon   forsakes   Kirchhoff's  pioccsscs    for 
deductions  based  on  his  own  solution  of  Saint- Vemnt's  problem 
We  shall  return  to  Clebsch's  work  later  (Art    1359),  but   ma) 
remark  here  that  it  is  in  some  respects  more,  in  others  less,  satis- 
factory than  Knchhoff's  original  investigation  of  the  problem 

Kirchhoff  supposes  the  rod  to  be  initially  light  cylmducal,  and 
in  this  initial  state  takes  a  rectangular  system  of  axes  at  the  controul 
P  of  any  cross  section  consisting  of  the  axis  of  tho  rod  (1)  ind  tin 
principal  axes  of  the  cross  section  (2,  3)  Let  >t,  y,  ~  be  the  coordinate  s 
of  any  point  of  the  rod  relative  to  these  axes  be  fore  sti  un  and  *  +  ?/, 
2/-fy,  z  +  w  be  the  coordinates  aftei  strim  i  dative  to  lectxngulai  axes 
*,  y,  £,  of  which  the  axis  of  x  is  the  sti  uned  position  of  1,  and  the  ixis 
of  z  is  perpendicuhr  to  tlu  plane  tluoiigh  *  and  2  Now  if  /,  //,  z  1>< 
supposed  to  nemo  only  \ilnos  of  tho  ordoi  of  tin  luu  u  dimensions 
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of  the  cross  section,  then  #,  y,  #,  u,  v,  w  are  quantities  which  fiiMl  the 
conditions  required  for  the  equation  (in)  to  hold.  Let  £  y,  I  be  the 
coordinates  of  P  after  strain  referred  to  any  rectangular  axes  in  space, 
and  let  the  former  set  (#,  y,  z)  make  the  system  of  angles  whose 
direction-cosines  aie  given  by 


*>      » 
with  the  axes  £,  17,  4 

Then  the  coordinates  of  the  point  #,  ^,  3  after  strain  with  regard  to 
£  37,  £  are  given  by  thiee  equations  of  the  type 


£  +  OQ  (x  +  u)  -I-  on  (y  +  v)  +  as  (z  +  1^)  (v) 

If  5  be  the  distance  of  the  point  P  from  an  end  of  the  rod  in  its 
unstrained  condition,  quantities  like  (v)  must  be  functions  of  $  +  x,  or 
their  partial  differentials  with  regard  to  s  and  x  must  be  equal  Since  £, 
17,  £  and  the  direction-cosines  are  not  functions  of  x  we  find 


(<%/<ls)       tdao/ds)  (dajds)  (da  /da) 

=  1  dy/ds  [  -i  4  d&jda  [  (a,  +  «)  +  -{  c/ft/rfs  Uy  +  v)  +  -I  rfjS  /f/4  (~  +  ») 

(dj/*)     1^*1  l«fy/*i  (rfy/^i 


Multiply  these  equations  respectively  by  aoj  /30,  y0,  then  by  ap  ftly  yl  and 
then  by  a  ,  f$  ,  y  and  add  in  each  case,  and  we  find  af tc  i  cei  t  nn 
i  eductions 

du  _  du 

dx      ds 

dv      dv 
di      c/s 

dw  _  dw 
di       d& 


where  € 

Ok aily  e  is  the  stietch  in  rfs,  and  the  following  lelitions  must  hold 
. +€),   y^/?0(l+e)    c       ytt(l+0          (\n)/>»s 
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Further  p,  q,  r  are  given  by  the  following  expressions 


ds 


ds' 


ds 


(vm) 


[1258  ]     Kirchhoff  now  remarks  that  -=- ,  -^-,  -=-  are  infinitely  great 
as  compared  with  u,  v,  wt  if  we  only  give  to  x  values  of  the  order  of 

the  linear  dimensions  of  the  cross  section .  further,  if -7-,  -7-,  -s-  are 

as    as     as 

not  infinitely  great  as  compared  with  u,  v,  w,  these  differentials  with 
regard  to  s  will  be  infinitely  small  as  compared  to  those  with  regard 
to  x  Thus  by  neglecting  infinitely  small  quantities  of  the  higher 
order  we  have 

du  _ 
dx 


dv 


dw 


(IX) 


For  the  proof  of  these  assertions  Kirchhoff  refers  rathei  vaguely  to  his 
first  paragraph,  and  there  is  a  similar  reference  m  the  Vorfesungen,  S 
412  (Gestutzt  auf  die  am  Ende  des  vongen  §  yemachfe  B&mwkwHg) 
Clebsch  in  his  Treatise ,  S  202,  puts  the  mattei  thus 

Bemerken  wir  nun,  dash  bei  der  Differentiation  nach  x  sich  die  Grosscn 
w,  v,  w  immer  urn  eine  Ordnung  unendhch  kleiner  Grossen  eimcdngen,  was  bti 
der  Differentiation  nach  s  im  Allgemeinen  mcht  geschehen  wild,  und  dass  ?/,  t\  tt 
klem  gegen  i,  y,  2,  so  recluciren  diese  Gleichungen  sicli  xuf  (ix) 

The  aigument  does  not  seem  to  me  by  iny  means  cloir,  md  T  think 
equations  (ix)  would  be  incorrect  if  thoio  A\OK  ni  ipptecmbh  lon^i 
tudinal  or  buckling  load 


[1259  ]     By  integrating  (ix)  we  find 


(x), 


?/0,  ?»„  w{} 


„+  ]^r  -pry 

\  indopc  mlent  of  / 
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By  forming  the  expressions  for  the  strains  it  will  be  found  that 
they  are  all  independent  of  a;,  so  that  the  body-stress  equations  reduce 

to 

j<~*     j^^- 

Oxy      (tear 


:r 

dy 


and  the  surface  stress  equations  at  the  curved  surface  to 

dg          dg 

~  = 


wheie  g  =  0  is  the  equation  to  the  contour  of  a  cross  section,  and  there- 
fore g  is  a  function  of  z  and  y  only  Furthei  (xii)  supposes  no  forces  to 
act  on  the  surface  of  the  lod  except  at  the  terminal  cioss  sections. 

The  arbitiary  constants  in  the  values  of  u,  v,  w  may  be  determined 
by  the  conditions  that  foi  y  =  z  =  0, 


ay 


[1260  ]    We  easily  find  for  the  strains 


dz 


du 


(Xlll) 


(xiv) 


"~     dz       dy  '      ~*     dz       •"     *jy     dy 

The  sti esses  aie  given  as  Imeai  tiiiictions  in  teuns  of  these  struns,  the 
form  ot  the  functions  depending  on  the  ehstie  natuie  of  the  loci  It 
the  ixis  of  the  rod  be  paiallel  to  an  axis  of  elisticity  we  hd\e  foinmlae 
of  the  following  type,  which  Kiithhoff  cites  fioin  an  iccoinit  of  i  mernon 
by  Raiikme  (Ait  i!8)  m  the  F<nkclMi1fa  dei  Physik,  1650-1,  S  2ii-9 

yi!   ssl/xvul    S      -f  |///V</|  6     -f   | 
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wbere  the  constants  have  the  usual  meanings  and  inter-constant  relations 
see  our  Art  78,  p  77,  footnote,  and  Yol  i  p  885 

The  first  body-stress  and  first  surface-stress  equations,  (xi)  and  (xn), 
easily  give  us 


and 


These  equations  "with  the  fiist  of  (xin)  deteimine  fully  w0,  and  the  other 
equations  of  (xi),  (xii)  and  (xiu)  determine  VQ  and  WQ  They  should 
be  compared  with  those  obtained  for  the  case  of  a  rod  of  finite  cross- 
section  by  Saint-  Venant  and  later  by  Clebsch  see  our  Arts  17,  83 
and  1334 

Even  if  the  axis  of  the  rod  be  not  parallel  to  an  elastic  axis  and 
(xv)  do  not  hold,  (xi),  (xii)  and  (xm)  determine  w0,  i?0,  WQ  uniquely  and 
as  linear  homogeneous  functions  of  p,  q,  r,  c  see  Kirchhoff  's  S  297-8 
(G  A  S  299)  If  the  values  of  u0,  vQ9  w0  thus  found  be  substituted 
in  (x)  we  have  w,  v,  w  as  linear  homogeneous  functions  of  p,  q,  r,  e 
The  coefficients  of  these  quantities  will  be  independent  of  s  and  thus 
if  dp/ds,  dq/ds,  dr/ds,  de/d$  are  not  infinitely  great  as  compared  with 
p,  q,  <r,  c  respectively,  equations  (x)  satisfy  the  hypothesis  we  have  made 
in  Art  1258  with  regaid  to  du/ds,  dv/ds,  dw/ds 

[1261  ]  The  stiams  will  be  given  by  (xiv)  as  linear  homogeneous 
functions  of  p,  q,  r,  €  also  If  these  functions  be  substituted  in  tho  value 
of  the  strain  eneigy  F,  we  obtain  F  as  i  quadiatic  function  of  these 
quantities,  which  is  independent  of  x  Integrate  this  ovei  the  eross 
section  and  suppose  JfFdydz  =f,  then  we  may  wnte  foi  equations  (111) 
and  (iv)  respectively 

8U-&jfd8  =  Q  (xvm), 

Jdt  {8T  +  8/7  -  Sjfdt,}  =  0  (xix) 

It  may  be  noted  thit  Thomson  and  Tait  st  ut  fioni  J  is  i  (ju  »di  itic 
function  of  ?;,  </,  t,  c  see  their  Nairn  al  Philosophy,  Put  n  ^  r>i)2-r> 
Kiiehhoil  desciibes  i  geneial  method  of  calculiting  the  vilues  of  the 
coefheients  of  this  function  m  teims  of  the  usual  ilistie  eoustiuts,  but 
it  is  one  wlueh  it  would  not  bo  easy  to  apply  exc(  pt  to  speei  il  e  ises 

[1202]  KiiehhofF  lemirks  on  S  299  (G  A  S  301)  th  it  the 
equations  (xi),  (xii)  and  (xm)  can  be  sitislied  by  the  hypothesis  made 
by  Saint  Tenant  in  his  memoirs  on  Torsion  and  Flexwe,  namely 

7y  =  "zz  =  "yz  —  0 
See  oui  Aits  77  (n),  316-8  and  1334 
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He  shews,  indeed,  that  this  hypothesis  gives  a  possible  solution,  but 
he  does  not  prove  that  it  is  the  only  one  His  diseussion  does  not  bnsg 
very  much  confirmation  to  Saint-Venant's  theory  and  hardly  justifies 
the  note  on  p  616  of  Moigno's  Sfafrtque,  still  it  is  of  value  as  Slewing 
the  i  elation  between  the  two  investigations  —  a  relation  which  has  been 
still  more  clearly  brought  out  by  the  researches  of  Glebsch  see  our 
Arts  1334-71 

[1263  ]  Kirchhoff  next  investigates  an  expression  for  the  kinetic 
energy  T  After  some  analysis  which  involves  a  rather  difficult 
consideration  of  the  relative  magnitude  of  various  quantities,  he  finds 


where  <»Ka  =  //  (f  +  s?)  dw, 

*-*£+*£*»£ 

This  might  I  think  have  been  deduced  from  general  dynamical 
principles  rather  moie  briefly  than  by  Kirchhoff  's  analysis  see  his 
S  299-301  (&  A  S  301-3) 

[1264  ]  The  second  section  of  the  memoir  concludes  with  the 
extension  of  the  previous  results  to  rods  whose  unstrained  foim  is 
cuived,  the  cross  section,  however,  being  the  same  throughout 

Untor  dieser  Bediugung  wird  dei  Stab  duich  pas^ende,  auf  sein  Inneies 
wnkende  Krafte  cylmdrisch  gemacht  werden  konnon  ,  dabei  weiden  seine 
Theile  unendlich  kleme  Dilatationen  eileiden  ,  bezieht  man  die  Gias^en 
a,,  y,  z  und  u,  v,  w  auf  den  Zustand,  in  dem  der  Stxb  sich  dann  bofindet,  statt  nif 
bomen  naturlichen  Zustand,  und  bezeichnet  duich  v  ,  v',  uf  die  Wertlie,  die 
u,  y,  w  annehmen,  wenn  man  den  Stab  m  semen  natm  lichen  Zustand  und 
m  ome  beliebige  Lage  ubeigehen  la^t,  ^o  weiden  die  Gleit/hiiugen  (in)  und  (iv) 
richtig,  wenn  man  in  F  stitt  «,  y,  w  setzt  u  —  u',  v  —  v,  w—ii?  D  xhoi 
weiden  die  Gleichungen  (xvni)-(\\)  auch  jetzt  gel  ten,  \\ciui  m\n  in  f  fui 
p,  q^  i  ,  e  gesotzt  h  ^t  p  —p',  q-q',  /  —  >  ',  e  -  e  ,  \\  o  p  ,  q  ,  /  ,  e'  die  AYei  the 
bedouton,  die  p,  q,i}€  uinohmen,  wonn  mm  den  Stib  in  seinui  n  it  ui  lichen 
Zust  ind  und  in  erne  beliebige  L  i"  e  1  c  1  isst  Es  sind  n  imlich  in 

dicsom  Fille  M—  w',  y—  *?',  w-w  dicsuuui  inieiien  funktioncn  \on  /»—  j», 
q~tf,  i  -»',  c-e',  wie  in  dem  fuiheien  i^  t\  u  \on  /»,  y,  /,  f  (b  302  ,  G  A 
b  304) 

The  pioccbs  heie  ib   x  veiy  general  extension  oi  that  by  which  we 
deduce  the  bending  moment  at  any  point  of  a  plane  cuived  rod  to  be 
EuK  (l/p-  l/f>0)  from  the  value  EUK  /p  in  the  case  of  a  btiaight  icd 
see  om  Ait  237^  aid  compare  Aits  619-20 

1  A  good  deal  of  Kirchhoff  s  latei  work  depends  upon  the  supposition  that 
77  =  T  =  '~]!/  =  0  ib  tiue  for  lods  Kiichhoti  s  method  of  leaching  this  lesult  his  been 
legitimately  cuticibed  by  Saint  Venant  &ee  his  CUbi>ch  pp  178-81,  especiilly  §  7, 
and  our  Art  316 


64.  KIRCHEOFF  [1265 

[1265  ]  The  third  section  of  the  memoir  further  develops  equation 
/xvm)  on  the  assumption  that  the  only  external  forces  are  those  acting 
on  the  terminal  cross  sections  (S  302-8,  G  A  S  304-11)  We 
have  to  seek  by  the  processes  of  the  Calculus  of  Variations  four 
functions  p,  q,  r,  c  of  s,  but  these  quantities  are  deimed  by  differential 
coefficients  of  |,  77,  f,  a0,  ft,  y0,  ap  ft,  ylt  <%,  ft,  y2,  between  which 
certain  relations  hold  Kirchhoff  adopts  the  method  of  indeterminate 
multipliers  and  uses  A,  B,  C,  MQ,  M19  Ma  to  denote  respectively  the 
multipliers  of  the  three  relations  (vii)  bis  and  the  three  relations  (vm) 
He  finds  by  the  ordinary  processes  of  the  Calculus  and  by  the  elimina 
tion  of  the  other  multipliers  the  following  bets  of  equations 


=     0,          =U          =3  , 

dp  dq        "      dr        * 

(=$say)  (xxu), 


(xxiv) 


Kuchhoff  then  deduces  the  following  simple  meanings  of  the  quantities 
A,  B,  0,  MQ,  Mly  M2 

A,  -B,  C  are  the  sums  of  the  components,  parallel  to  the  ixcs  of 
£,  7j,  £  lespectively*,  of  the  elastic  stresses  which  act  upon  the  cross 
section  detei  mined  by  5,  from  the  side  of  that  poition  of  the  lod  which 
conesponds  to  greater  values  of  6  ,  M(},  M^  M  ue  the  moments  of  the 
same  stresses  about  the  axes  of  x,  ?/,  z  lespeetively ,  these  moments  aie 
positive  when  they  correspond  to  a  light  handed  screw  motion  lound 
the  corresponding  axis,  such  a  motion  lound  the  x  axis  turning  i  poiut 
on  the  z  axis  into  the  y  axis 

In  the  Vorle*>uri(jen,  S  419-21,  Kirehhoft  stalls  with  these  me  in 
ings  of  -4,  J?,  C7,  J/0,  ifj,  M2l  and  deduces  fiom  slatieil  consider  itions 
equations  (xxiv)  and  then  equitions  (xxi)  and  (xxn)  Tlu  foimcr  set 
is  given  moie  easily  by  the  statical  process,  the  latter  by  the  Cileulus 
of  Varntions,  both  processes  are  mstruetrve  espe  eiilly  whe  n  cemip  ireel 
Strll  a  third  process,  more  symmetiieal  and,  perh  ips,  simpler  thin 
either  of  Knchhoff's,  is  given  by  Clebsch  in  his  ft  cattle  S  204-9 

1  il/u,^/!    M  arc  replaced  by  Mx   Ma    Mz  respectively  in  that  work 
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[1266]  $ince  /  is  a  quadratic  function  of  p  -  p',  q  -  #',  r  -  r ,  and 
c-  *',  it  follows  from  equations  (xxi)  and  (xxu)  that  M^  M19  M  aosd 
$  can  be  expressed  as  linear  functions  of  those  quantities.  Kirciihoff 
uses  the  following  system  of  coefficients 


Jf, 


M, 
S 


OM 


an 
On 


r-r' 


022 


€-€ 


033 


where 

Kirchhoff  lemarks  that  these  c&'s  are  not  all  of  equal  order  since 
€  -  e  is  a  mere  number,  but  p  -p',  q  -  q',  r  -  /  are  the  reciprocals  of  a 
length  Hence  the  a's  involving  one  3  as  subscript  must  be  one  linear 
dimension  lower  than  those  containing  no  subscript  3  and  one  linear 
dimension  highei  than  that  containing  two  subscripts  3  The  linear 
factor  can,  moreover,  only  be  a  linear  dimension  of  the  cross  section  of 
the  rod,  and  so  an  infinitely  small  quantity  Thus  coefficients  with  one 
subscript  3  are  infinitely  small  as  compared  with  033  and  infinitely 
great  as  compared  with  those  with  no  subscupt  3  Thus  we  cannot 
neglect  the  terms  in  e-e  in  the  expiessions  (xxv),  for,  although  c-c' 
may  be  veiy  small  as  compared  with  p~p',  q  —  q',  r  —  r',  still  its 
coefficients  are  infinitely  greater  than  the  others 

From  the  \  alue  of  S  indicated  in  (xxv)  ^  e  find 

-y')  +  Mg- 


and  it  this  value  of  €  -  *'  be  substituted  in  the  fust  thiee  expressions  we 
see  that  unless  S  is  infinitely  gieat  as  compared  with  J/0,  Mly  M  we 
may  neglect  the  terms  in  S,  thus  we  find  expressions  of  the  form 


L  =  MP-/) 


(xx\i), 


whtu  btl  =  bll9  and  the  6'b  are  easily  exploded  is  functions  of  the  ^s 
Kiichhoff  shows  on  S    ^07  (G  A    S   310)  that  S'  is  minute!}  gicit 

is  compared  with  J/,,,  J/,,  I/  ,  only  when  the  direction  of  the  ic&ultiut 

of  the  constant  foicts  A,  B,  C  diliers  e\eiy\vhue  intinittly  little  fiom 

that  of  the  tanguit  to  the  axis  of  the  loci 

Equations  [i  e  (XM)-(XXVI)]  theoretic  illy  sutheient  to  fully  solve  the 

problem  have  now  bee  n  found 

[1267  ]     In  the  last  paiagiaph  of  this  section  Knchhoft  points 
out  a  veiy  mteiestmg  elastico  kinetic  analogy  (S    307-S ,  G   A 
S  310)      Suppose  the  lod  in  its  unstrained  condition  sti  nyht,  or 
that  p'  =  (f  =  ?'  =  0      Then  zf  we  substitute  the  values  of  the  M  t> 
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from  (xxvi)  in  (xxiv)  we  obtain  the  same  differential  equations  as 
those  for  the  rotation  of  a  heavy  body  about  a  fixed  point  The 
symbols  used  in  our  elastic  investigations  must  be  interpreted  in 
the  following  manner  for  the  rotating  body 

The  axes  f,  97,  f  are  axes  fixed  in  space,  the  axes  #,  y,  z  are 
axes  fixed  in  the  body  at  time  s,  the  origin  of  the  latter  system  is 
the  fixed  point  of  the  body  and  the  axis  of  x  passes  through  its 
centroid  ,  —  A,  —  5,  —  0  are  the  components  of  the  weight 
of  the  body  parallel  to  the  axes  of  f,  97,  £  multiplied  by  the 
^-coordinate  of  the  centroid  ,  finally  if  m  be  an  element  of  the 
mass  of  the  body  which  has  #,  y,  z  for  its  coordinates,  then  we 
must  have 

600 


To  determine  the  form  of  the  elastic  rod,  when  the  correspond- 
ing problem  of  the  rotating  body  is  solved,  requires  us  only  to 
perform  the  three  integrations  which  give  the  coordinates  of  a 
point  on  the  axis  of  the  rod,  namely 


Here  the  longitudinal  stretch  e  is  neglected 

Kirchhoff's  elabtico-kmetic  analogy  ha,s  boon  dibciibbul  by 
several  later  writers  see  Thomson  and  Tait,  Natwal  Philosophy 
Vol  II  §§  609-13,  Hess,  Mathematische  Annalen,  Bd  23,  S 
181-212  and  Bd  25,  S  1-38,  1884-5,  Groenlull,  Proceeding*  of 
the  London  Mathematical  Society,  Vol  xvm  p  278,  1888 

[1268  ]  The  fourth  <md  last  section  of  Knolilioil  b  inunoii  is  dc  votul 
to  the  following  special  cabe  the  lod  in  its  original  imsti  untd  btiU  is 
a  wire  of  circular  cross  section  and  its  axis  h  ib  tin  form  of  i  lulix 
The  lod  is  supposed  to  be  of  homogeneous  ind  isotiopie  el  isticity  K<  ( 
S  308-13(67  A  S  311-310)  Kuchhott  cisily  d(duecs  the  following 
expression  foi  the  /of  oui  Ait  12G1  whole  the  notation  of  the  el  tytie 
constants  is  that  of  the  piesent  woik1 


(xxvn), 
wheie  co/f  =  /J  (^  +  &  )  d<»  -  2//y  cfo 

1  Our  w,  ft  L,  wA  ,  staud  for  the  X,  A,  2    t^,  M  oi  KuchhoiT's  muiion 
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Equations  (xxvi)  take  the  form 

*(p 
(q  -  ?),  (xxvni) 


[1269  ]    Kirchhoff  now  takes  &  for  the  angle  a  tangent  to  the  helix 
makes  with  the  axis,  in  the  unstrained  condition,  ~  sin  ff  for  the  radius 

of  the  cylinder  on  which  it  lies,  and  for  the  unstrained  coordinates  he 
puts 

g  =  s  cos  ^,     ?/  =  —  sin  &  sm  n's,    £'  =  — ,  sm  ff  cos  ris, 
n  n 

whence  we  obtain  for  OQ',  /?„',  y0'  the  values 

a0'  =  cos0',     /?0' =  sin  0' cost's,     y0'  =  sin  &  sin  n  s 

Since  the  cross-section  is  wrcular,  one  of  the  six  quantities  a/,  /?/,  y/, 
a2',  $/,  y2'  may  be  assumed  to  be  an  arbitrary  function  of  s  Kirchhoff 
takes 

%'  =  sin  0'  cos  I's, 

where  I'  is  an  arbitrary  constant    Hence,  after  some  analysis,  he  deduces 
pf  =  I'  —  r^  cos  0',         q'  —  —  nf  sin  0'  cos  £'$,] 


These  equations  might  have  been  deduced  by  other  considerations 
Now  assume  f,  77,  £,  a0,  ^S0,  y05  al5  ySj,  yl5  a.^,  jS  ,  yw  equal  to  the  expies 
sious  foi  the  same  quantities  with  dashes,  only  replacing  the  constants 
6',  n',  I'  by  new  constants  0,  n  I 

It  will  be  found  that  all  the  equitions  of  the  pioblcm  are  satisfied 
except  (xxiv)  whatever  be  the  values  of  0,  u,  I  Fnrthei  using  (xx\  111) 
it  will  be  found  that  (xxiv)  can  be  satisfied  if  we  take 

i=ir, 


where  L  — 

The  condition  Jj  =  C-Q  denotes  that  the  foic<   adiuy  at  the  end  of  the 
heh«d  win  niu^t  h<wo  the  dilution  of  the  aouib  oj  the  hduu      This  is  one 
of  the  conditions  th  it  the  values  ot  £,  77,  £  sh  ill  l>e  those  assumed,   or 
th  it  tht  helix  shall  be  sti  lined  into  i  second  helix 
Equations  (xxvui)  gi\e  us 

M0  =  -  L  (n  cos  0  —  n'  cos  0 ),  | 

J/j      -  N  (n  sm  6  -  n'  sin  0  )  cos  I  s,  >•  (x  xxi) 

M  -  -  N  (n  sin  0  -  n1  sin  0 )  sin  I  s  ) 
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whence  if  M$,  M^  M$  be  the  couples  which  act  upon  the  end  of  the 

helix  with  respect  to  the  three  axes,  we  easily  find 

Mt  =  ~  {L(n  cos  0  ~ri  cos  ff)  cos  0  +N  (n  sin  0-  ri  sin  ff)  sin 


where  A  is  given  by  (xxx)  and  17,  £  refer  to  the  end  of  the  wire 

The  last  two  equations  of  (xxxu)  evidently  give  a  second  condition 
foi  the  preservation  of  the  helical  form,  namely  that  the  couples  M,,  and 
M£  must  be  exactly  equal  to  those  couples  which  the  force  A  would  produce 
round  axes,  parallel  to  t\  and  £  through  the  end  of  the  wvre,  if  A?s  point 
of  action  were  a  powt  of  the  axis  of  the  helix  rigidly  united  to  the  end  of 
the  wvre 

Thus  the  helical  wire  leniams  helical  in  form  only  when  the 
system  of  force  applied  at  one  terminal  consists  of  a  force  A  in 
the  axis  of  the  helix  and  a  couple  M$  about  this  axis  If  A  and 
MS  are  given,  equations  (xxx)  and  (xxxii)  give  the  values  of  the 
constants  n  and  0  which  occur  in  the  values  of  f,  77,  f  Finally  we 
note  that  the  elongation  of  the  axis  of  the  helix  is  given  by 
s(cos#  —  cosfl'),  and  the  rotation  of  the  terminal  round  the  axis 
by  s  (n  —  ^'),  where  s  equals  the  total  length  of  the  helix 

The  whole  of  this  investigation  deserves  careful  comparison 
with  the  methods  of  Giulio,  J  Thomson  and  Saint-  Venant  see 
our  Arts  1219M228*  1382VLS84*  1593*-!  595*  and  1608* 
Kirchhoff  remarks  that  J  Thomson  has  considered  the  case  in 
which  Jff=0 

aber  die  Betrachtungen,  die  ei  ubei  denselben  anstellt,  smd  nicht 
strenge,  und  das  Resultat,  zu  dem  ei  gelangt,  ist  nicht  genau  (S  313  , 
G  A  S  316) 

[1270]  Special  examples  of  Kirchhoff's  method  have  been 
given  by  himself  in  the  Voilesungen  sec  our  Art  1283,  by 
Clebfach  see  his  Treatise  §§  51-3,  and  by  numuons  othei  writers 
Thomson  and  Tait,  after  icferrmg  to  the  elastico-kmetie  analogy 
as  a  beautiful  theoiem  due  to  Kiichhoff,  continue  "  to  whom  ilso 
the  first  thoroughly  gencial  investigation  of  the  equations  of 
equilibrium  and  motion  of  an  elastic  wne  ib  due"  See  Natuial 
Philosophy,  Part  II  §  G09 

The  present  memoir  of  Kiiehhoti's  li  is  been  made  the  basib  of 
much  of  Clebsch'b  work  and  has  .  the  methods  of  seveial 

latei  wiiteib  As  the  most  important  of  Kiiehhofi  s  elastie  pipers, 
we  have  given  it  fuller  treatment  than,  peihaps,  the  space  at  oui 
disposal  warranted 
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[1271  ]  Ueber  das  Verhaltmss  der  Qvercow&ractwn  zur  Ldtigen- 
driatafam  bei  Staben  vmfederhartem  StaM  Poggendorffs  Awwien, 
Bd  108,  S  369-392  (GAB  316-89).  Leipzig,  1859 

This  memoir  is  an  attempt  to  settle  by  direct  experiment  the 
problem  of  uni-constancy  Kirchhoff  states  the  object  of  his 
expenmentb  as  follows 

Nach  theoretischen  Betrachtungen  von  Poisson  sollte  das  Ver 
haltmss  der  Quercontraction  zur  Langendilatation  immer  1/4  sein, 
Wertheim  schloss  aus  semen  Versuchen,  dass  dasselbe  1/3  ist^  naeh 
einer  mehrfach  ausgesprochenen  Ansicht  hat  es  weder  den  einen  noch 
den  andern  Werth  nnd  ist  verschieden  bei  verschiedenen  Snbstanzen. 
Bei  den  meisten  Korpern,  bei  denen  man  eine  gleiehe  Elasticitat  m 
verschiedenen  Richtungen  annehmen  kann,  stellt  sich  der  expenmen- 
tellen  Bestimmung  dieses  YerMItmsses  der  TJmstand  hindernd  in  den 
Weg,  dass  bei  ihnen,  auch  bei  sehr  kleinen  Formanderungen,  hleibende 
Dehnung  und  elastische  Nachwirknng  in  erheblichem  Grade  sich  zeigen 
Es  ist  dieses  der  Fall  bei  ausgegluhten  Metalldrahten  und  Glassstaben 
Bei  hart  gezogenen  Metalldrahten  ist  eine  bleibende  Dehnung  und  eine 
elastische  Nachwirkung  viel  wemger  bemerklich^  aber  bei  ihnen  ist 
sicher  die  Elasticitat  in  verschiedenen  Richtungen  verschieden  Bei 
geharteten  Stahlstaben  dagegen  kann  man  wohl  mit  Wahrschemlichkeit 
eine  Gleichheit  der  Elasticitat  in  veischiedenen  Richtungen  voraus- 
setzen,  und  da  diese  uberdiess  mehr  noch  als  hart  gezogene  Brahte 
einem  idealen  elastischen  Korper  ahnlich  sind,  so  erschemen  sie 
vorzugsweise  geeignet  zu  Versuchen  ubei  den  Weith  jenes  Verbal t- 
nisses  S  369  (G  A  S  316-7  ) 

These  words  of  Kirchhoff  appreciate  so  fully  the  real  difficulties 
of  settling  the  constant-controversy  by  experiment,  that  we  have 
reproduced  them  It  is  a  pity  that  they  have  not  been  always 
sufficiently  regarded  by  the  many  elasticians  at  home  and  abioad 
who  have  sought  to  solve  tins  moot-point  by  experiments  on 
wires  KirchhofTs  own  rods  of  'federhart'  steel  A\eie,  however, 
portions  of  drawn  wire,  and  theie  may  indeed  be  a  suspicion  as  to 
whether  they  can  be  considered  to  represent  accurately  enough 
the  ideal  isotiopic  elastic  body,  even  Kirchhoff  himself  seems  to 
hive  had  doubts  on  this  point  see  0111  Ait  1273 

[1272]  I  cannot  in  this  Histoiy  entei  at  length  into  i 
descuption  of  Kirchhoff's  experimental  methods  They  are 
ingenious  and  evoiy  precaution  seems  to  hive  been  taken  to 
eliminate  experimental  soiuces  of  erioi  Kuchliott  uses  a 
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method  of  combined  torsion  and  flexure  He  supposes  that  his 
rods  are  not  truly  circular  but  elliptic,  and  that  the  square  of 
the  eccentricity  may  be  neglected  He  does  not,  however,  take 
into  account  the  distortion  of  the  cioss-section,  and  it  seems  to 
me  that  this  might  possibly  introduce  errors  whose  magnitude 
is  as  great  as  those  Kirchhoff  so  ingeniously  seeks  to  eliminate 
For  three  steel  lods  he  finds  for  the  stretch-squeeze  ratio  ij 

TJ  =  293,    295    and    294, 
respectively    or  the  mean,     y  =  294 

This  is  almost  a  mean  between  Wertheim's  and  Poisson's 
values  of  ^  (i  e  1/3  and  1/4) 

For  a  hard  drawn  brass  rod  Kiichhoff  found  TJ  =  387,  but  he 
remarks  that  no  great  stress  can  be  laid  on  this  result,  as  the 
elasticity  of  such  a  rod  is  certainly  different  in  the  direction  of  the 
axis  and  in  the  plane  of  the  cross-section 

[1273  ]    Of  the  results  for  the  steel  rods  Kirchhoff  writes 

Es  ware  von  Inteiesse  zu  prufen,  ob  bei  Stahlstabon  von  andeiem 
Querschmtte,  als  die  hiei  untersuchten  ihn  haben,  das  genannte 
Verhaltmss  sich  eben  so  gioss  fmdet  Waie  das  dei  Fall,  so  wuide 
dadurch  die  hier  gemachte  Annahme  bestatigt  weiclen,  diss  cm 
geharteter  Stahlstab  als  homogen  und  von  gleichcr  Elisticitit  in 
verschiedenen  Richtungen  betrachtet  werden  darf  Gcgen  diese  An 
nahme  lassen  sich  Bedenken  eiheben,  in  der  That  kum  man  sich 
vorstellen,  dass  bei  der  Haitung,  bei  dei  die  Wai  me  von  dei  Axe  nach 
der  Penpherie  hin  abniesst,  die  Elasticitat  in  dei  Richtung  der  Ax( 
erne  andere  wird,  als  in  den  auf  diesei  senkrochtcn  lliclitungen,  und 
dass  die  Molecule  in  den  au&Beien  Scliichten  cine  andeie  Aiioiilminjj 
annehmen,  als  in  den  der  Axe  naheren  Fmdct  dieses  statt,  so  fin<l<t 
es  aber  allei  Wahischemlichkeit  nach  in  vcrschiodc ncm  Gnd<  statt 
je  nach  der  Dicke  des  Stabes,  xind  ts  wird  jenes  Vcihaltmss  andtis  lx  i 
dicken  als  hei  dunnen  Staben  sich  ergeben  musscn  S  391  (G  A 
S  338) 

It  will  thus  be  seen  that  Kirchhoff  himself  doubted  the 
absolute  isotropy  of  Ins  steel  bars,  and  as  no  furthu  experiments 
on  rods  of  other  cross-sections  seem  to  have  been  made,  those  of 
the  present  memoir  do  not  allow  us  to  form  any  really  dc  finite 
conclusion  as  to  the  tiuth  01  falsehood  of  the  uTii-ronstxnt 
bvpothesis 
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[1274  ]  We  may  note  here  a  paper  of  Kirchhoff's  which  is  ino^e 
closely  associated  with  the  theory  of  light  than  with  that  of  elasticity 
It  is  entitled  Ueber  die  Reflexion  und  Brechung  des  Lwkte&  an  d&r 
Grenze  krystattvnischer  Mlttel  and  -was  first  published  m  the  AWwmd- 
Iwngen  de<>  Berliner  Akadevme  (1876,  &  57-84,  G  A  S  352-376}  We 
may  very  briefly  indicate  its  general  object  (compare  Glasebrook's  Ifeport 
on  Optical  Theories,  p  180)  F  Neumann  was  the  first  to  attempt  to 
apply  the  theory  of  elasticity  to  the  reflection  and  refraction  of  waves 
of  light  at  the  common  surface  of  two  crystalline  media  see  Poggen- 
dor/s  Annalen,  Bd  25, 1832,  S  418-54,  and  Abhandlungen  dor  Berluner 
ATcademW)  1835,  S  1-160  Neumann  supposes  no  body-forces  to  act 
upon  the  elements  of  the  ether,  but  he  does  suppose  surface-forces  to  act 
upon  all  surfaces  which  are  the  boundaries  of  different  media  In 
his  theory  the  direction  of  vibration  makes  a  small  angle  with  the 
wave  face,  but  a  slight  modification  of  the  theory  as  noted  by  Neumann 
himself  allows  of  exact  parallelism  MacCullagh  proceeds  from  a 
totally  different  hypothesis ,  he  assumes  a  form  for  the  potential  of  the 
forces  acting  on  an  element  of  the  ether  which  does  not  arise  from  an 
exact  elastic  theory ,  the  vibrations  in  this  case  are  exactly  parallel 
with  the  wave-front  But  an  examination  of  MacCullagh's  potential 
shows  that  considered  with  regard  to  a  small  portion  of  the  ether  in 
a  homogeneous  medium,  it  may  be  supposed  due  to  surface  forces  acting 
on  the  surface  of  this  portion  Thus  the  theory  of  MacOullagh  in 
reality  rests  upon  the  assumption  that,  besides  the  ordinary  elastic 
stresses,  no  other  forces  act  upon  the  ether  except  at  the  boundaries 
of  different  media  This  is  exactly  Neumann's  hypothesis  and  the 
object  m  both  cases  is  the  same,  i  e  to  get  nd  of  the  longitudinal  waves 
Kirchhoff  holds  that  Die  beiden  genannten  TJwoi  len  durfen  dahpj  ah 
vollkommen  ubereinstimmend  cmgesehen  werden,  S  58-9  (0  A  S  352-3) 

Kirchhoff ?s  own  memoir  is  to  be  looked  upon  as  a  geneiahsation 
and  simplification  of  Neumann's  and  MacCullagh's  woik  He  obtains 
a  system  of  eight  waves,  four  in  either  ciystalline  medium  This 
system  is  dealt  with  for  certain  special  cases,  but  not  with  much  detail 
He  lays  special  stress  on  his  method  of  defining  a  tay  see  S  69 
(GAS  362-3)  In  the  course  of  his  work  he  lefeis  to  the  labours 
of  Green  (Comb  Phil  Ttans,  Vol  vn  1839,  pp  121-40,  Collected 
Papers,  pp  291-311,  and  our  Ait  917  )  and  Lame  (Leqoite  sw  la 
thecHie  de  I'elasticite,  pp  231-4,  and  our  Ait  1097*),  he  cites  Gi con 
as  deducing  a  foim  of  elastic  potential  which  leads  to  lesults  agreeing 
with  Fresnel's,  and  Lame  foi  a  particulai  form  of  the  eh&tic  equ  \tions 
He  does  not  discuss  the  question  of  the  plane  of  polausition  noi  the 
points  in  which  MacCullagh's  and  Neumann's  theories  ne  not  \\holly 
in  agreement  with  expenment  see  Glazebrook  (op  cit  pp  157-9, 
18b  and  193)  To  obtain  his  own  results  he  puts  the  dilitition  zeio  and 
introduces  extraneous  surface  forces  at  the  boundaiy  of  the  two  media 
On  S  G4  (G  A  S  358)  he  wntes 

Bei  illon  Ki  \stxllen,  dio  os  oiebt,  ivt  (ho  Dup^lm  « 1  un,  nui  cine  kit  me 
hu  rauf  £,estut/t,  d\if  nun  xnnehmen,  diss  boi  jedom  lu>  still  die  Const  niton 
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der  Elasticitat  des  Aethers  nur  Wenig  von  den  Werthen  abweichen,  die  sie  in 
einem  isotropen  Korper  haben  konnen,  und  dass  daher  von  den  drei  Wellen, 
die  m  ihm  iti  einer  Eichtung  sich  fortpflanzen,  die  eine  nahezu  longitudinal 
ist,  die  beiden  andern  nahezu  transversal  sind,  und  dass  die  letzteren  die 
Lichtwellen  ausmachen 

How  far  this  near  equality  of  the  crystalline  constants  with  those  of 
isotropy  is  leally  needful,  and  how  far  the  hypotheses  of  zero  dilatation 
and  extraneous  surface  forces  are  legitimate,  it  is  for  those  to  judge  who 
are  better  acquainted  than  the  present  writer  with  optical  punciples 
Certain  points  of  Kirchhoff's  paper,  not  very  fully  noticed  by  Glaze 
brook,  have  been  here  indicated  as  possibly  of  value  to  those  ph}  si  cists 
who  still  seek  aid  from  the  theory  of  elasticity  in  expounding  the 
theoiy  of  light 

1275  Vorlesungen   uber  mathematische  Physik    von    Dr    Gustav 
Kvrchhoff  (Professor  der  Physih  an  der  Umver&itat  der  Berlin),  Ed  I 
Mecha/rwk 

This  work  is  in  large  octavo,  and  consists  of  x  +  466  pages  The 
volume  was  published  in  three  parts,  two  of  which  appeared  in  1874 
and  the  third  in  1876  In  a  piospectus  dated  February  1874  the  title 
is  given  thus  Vorlesungen  uber  analytische  Mechanik  mit  Einschluss 
der  Hydrodynamik  und  der  Theone  der  Elastizitat  festei  Korpt>r  Thus 
Elasticity  is  expressly  included  in  the  volume,  and  we  may  expect  to  find 
it  tieated  with  some  detail  S  96-124  and  389-466  relate  to  our 
subject  A  second  edition  of  the  book  appeared  in  November,  1876, 
a  third  in  1883 

1276  The  tenth  Lecture  occupies  S  96-109      This  is  purely  geo 
metrical,  and  relates  to  changes  in  position  of  the  particles  of  a  body, 
without  any  reference  to  the  forces  which  produce  these  changes      Let 
x,  y,  z  be  the  coordinates  of  a  paiticle  of  a  body  ,  suppose  that  atter 
a  certam  time  these  cooidmates  become  respectively 

+  b  p,         h  {  +  CjO,  4-  c     -\  c  $ 


where  Aa,  A2,  A3,  a^  are  functions  of  the  time  but  md(  pf  ndc  nt  of  7,  ?/,  % 
that  is,  suppose  we  give  the  body  a  homo(/en?ou<*  strain  Th<  terms 
7^,  7^2,  7^  correspond  to  a  displacement  of  the  body  as  i  whole  It  is 
shown  that  the  aggiegate  of  the  othei  terms  amounts  to  stretching  the 
body  in  three  directions  at  light  ingles  to  each  otlui,  ind  to  lotitiug 
the  body  as  a  whole  round  an  a,xis  In  fict  we  luv<  thus  unu 
quantities  at  our  disposal  which  we  can  express  m  terms  of  tlu  nine 
quantities  aly  a^  For  there  aie  three  dilat  itioiis,  then  ait  thiet 
angles  which  fix  the  directions  of  the  axes  of  dilitatiori,  ind  tluit  arc 
three  constants  involved  m  rotation  lound  an  axis  Tins  indicate  s  the 
nature  of  the  mini  subject  of  the  lecture,  but  does  not  rquoeluce  <imt< 
the  methe>d  m  which  Kuchhoff  tie  its  it  [Tho  tieatineut  can  haidly 
)>e  considued  as  so  luminous  01  ^u«rm  ^ti\  \  is  Thomson  inel  T  ut  s  me  thod 
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of  discussing  a  homogeneous  strain  see  their  Na&wraJ>  Phdooophy,  Part 
i  §§  180-5  Kirchhoff  concludes  this  Lecture  by  demonstrating  that  IB 
the  case  of  continuous*  motion  the  surface  of  any  body  always  contains 
the  same  material  points,  S  108-9*] 

[1277  ]  The  eleventh  Lecture  occupies  S  110-124  It  establishes 
the  equations  for  the  equilibrium  or  the  motion  of  any  body  whose 
parts  are  capable  of  relative  motion  Thus  Kirchhoff  is  able  to 
deduce  the  equations  both  for  a  fluid  and  for  an  elastic  solid  from 
the  same  investigation  He  deduces  the  principal  properties  of  the 
composition  aud  resolution  of  stress,  but  he  uses  pressures  instead  of 
tractions  If  Tl9  T2,  T9  be  the  principal  tractions  and  ^,  Wj,  7^, 
Ja,  m2)  ?i2,  £8,  m^  Wg  the  cosines  of  the  angles  they  make  with  the 
coordinate  axes,  Kirchhoff  deduces  on  S  116  equations  which  in  our 
notation  are  of  the  type 


He  also  deals  with  the  pioperties  of  the  stress  ellipsoid 

On,  S  116-9  it  is  shown  that  the  Hamiltoman  principle  applied  to 
bodies  whose  parts  are  capable  of  relative  but  continuous  motion  leads 
to  an  equation  of  the  form 

/»#.. 

H 

where  the  integration  is  for  the  interval  of  time  t0  to  ^,  while  T—  the 
kinetic  energy  of  the  body,  U'  =  the  virtual  moment  of  the  applied  forces, 
and  F'  =  —  Jfjdxdydz  (xx$sx  +  JJ8sy  4-  «?Ssa  +  J*  So-^  +  sTSo-^  +  JJSo-^)  In 
finding  the  value  of  F'  in  teims  of  the  stiains,  Knchhoft  assumes  that 
the  principal  pressures  (i  e  negative  principal  tractions)  aie  foi  an 
isotropic  body  in  the  same  directions  as  the  principal  stretches,  and  are 
linear,  homogeneous  functions  of  these  stretches  As  in  the  memons  he 
uses  K  for  our  //,  and  0  foi  our  X/2/x  KuchhofTs  treatment  of  the 
fundamental  equations  does  not  possess  special  advantages,  but  it  leads 
him  fairly  directly  to  the  Hamiltoman  equation  (11),  which  is  the 
starting-pomt  for  most  of  the  physical  investigations  dealt  with  in 
the  Vorlesungen 

[1278]  Kirchhoff's  twenty  seventh  Lectwe  occupies  S  389-400 
There  is  little  to  remark  upon  in  Ins  general  treatment  of  the  elistic 
equations  or  of  the  strain  energy  The  reader  must,  however,  be  cireful 
to  note  that  Kirchhoffs  /  in  this  Lecture  is  the  expression 


He  uses  pressures  wheie  we  use  tractions       Hence  it  is  equal  but 
opposite  in  sign  to  the  F  of  our  Arts    1254  and  1256      To  the  pioot  of 

r  E  PT  II 


74  KIRCHHOFF  [1279—1281 

the  uniqueness  of  the  solution  of  the  equations  of  elasticity  which 
occurs  on  S  392-5  we  have  already  referred  see  our  Art  1255 
What  is  substantially  added  to  the  former  proof  is  this  the  elastic 
solid  is  supposed  to  be  in  stable  equilibrium  when  there  is  no  body  01 
surface  load  From  this  it  follows  that 


must  be  a  maximum  when  the  shifts  u,  v,  w  are  all  zero,  that  is,  when 
the  strains  vanish  This  maximum  must  also  occur  for  zero  values  oi 
the  strains  when  sx,  sy,  sa,  o^,  <r^}  cr^  are  treated  as  variables  independ 
ent  of  U,  v,  w 

Da  nun  /  erne  homogene  Function  zweiten  Grades  der  genannten  Argu 
mente  ist,  so  ist  dieser  Ausspruch  gleichbedeutend  mit  dem,  dass/  me  positn 
ist  und  war  v&rsehwindet,  wennjedes  seiner  Argumente  verschwndet  (S  395) 

This  proof  that  the  strain  energy  (i  e  -/in  Kirchhoff's  notation)  i< 
always  positive  failed  in  the  memoir  of  1858  so  far  as  applies  tc 
aeolotropic  bodies  The  proof  here  appeals  perfectly  general  see,  how 
ever,  our  Art  6 

[1279  ]  On  S  396-9  Kirchhoff  investigates  the  dilatation  moduhv 
and  the  stretch  modulus  see  oui  Art  1065*  There  is  no  novelty  tc 
note  On  S  397-9,  he  deduces  the  six  conditions  of  compatibility 
These  had  already  been  given  by  Saint  Yenant  and  pioved  by  Bous 
sinesq  see  our  Art  112 

[1280]  Kirchhoff,  having  obtained  the  six  equations  just  noticed 
proceeds  (S  399-403)  some  ^ay  in  the  solution  of  Saint  Venant 
Problem  (see  our  Arts  2  and  1333)  by  a  method  which  while  m 
vestigatmg  flexuie  and  torsion  at  the  same  time,  is  still  somewhal 
briefer  than  that  of  Clebsch  He  only  finds,  however,  expressions  foi 
the  three  finite  stresses,  and  does  not  deteimme  the  shifts  The  equa 
tions  (22)  which  he  arrives  at  on  S  401  for  -P  md  *ijz  agree  witl 
Clebsch's  on  S  79  of  his  Treatise  (see  our  Ait  1536)  We  musl 
note  that  Knchhoff's  1}  differs  from  Clebscli's  by  i  teim  of  the  forir 
cx  (tc8  —  3#2/°)  4-  c  (if-Syx?),  their  agreement  will  then  be  seen  on  snb 
stituting  KirchhofFs  (22)  in  his  (23)  and  compaung  the  usult  wit! 
that  given  by  Clebsch  as  (67)  in  his  'htatw,  S  80  Kirclihotf' 
investigation  was  evidently  ,JL  i  by  Clobsth's,  ind  \\<  must  rtfci 
to  our  Aits  1334—45  foi  a  iullei  consulei  ition  of  tlu  subj<  ct  JT< 
applies  his  results  (S  403-4)  to  calculate  tb(  sticss  in  i  light  ciiculu 
cylmdei  uiidei  combined  flexure  and  toibiou 

[1281]  On  his  S  405-6  Kirchhoff  tikes  the  simple  cxiinplo  o 
a  hollow  spheie  subjected  to  unifoim  intern  il  and  cxtiinil  prtssuus 
This  had  already  been  dealt  with  in  slightly  diflen  nt  nu  thods  by  variou 
writers  see  oui  Arts  1016*  1094*  123  and  1201  (c) 
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1282  The  twenty  eighth  Lecture  occupies  S.  407-428  This  relates 
to  rods  having  an  indefinitely  small  transverse  section,  debseh  says 
on  S  190  of  his  Treatise  that  Kordhhoff  was  the  first  who  gave  a  rigorous 
theory  of  the  subject  Clebsch's  S  190-222  correspond  with  this  part 
of  Kirchhoff  7s  work,  which  is  founded  on  the  memoir  in  Crelle's  Journal, 
Bd  56  (see  our  Arts  1251-70),  but  is  in  some  respects  improved  It 
is  however  still  difficult,  it  will  be  necessary  to  compare  it  with  the 
discussion  given  by  Clebsch,  to  notice  what  is  obscure,  and  to  point 
out  its  merit  as  contrasted  with  what  had  been  given  by  Poisson  and 
others  Observe  that  Kirchhoff  passes  in  the  next  Lectwre  to  the  case 
in  which  the  shifts  are  very  small  see  his  S  429  Clebsch  adopts  a 
similar  couise  for  the  problem,  see  his  S  233  and  also  for  the  problem 
of  an  elastic  plate  see  his  S  264  Kirchhoff  refers  on  his  S  456  for 
the  case  of  the  finite  shifts  of  an  elastic  plate  to  Clehsch,  who  was  the 
first  to  treat  of  them  see  our  Art.  1350 

[1283  ]  The  differences  between  the  memoir  and  the  lecture  may 
be  noted  The  first  two  sections  of  the  latter  agree  almost  entirely 
with  the  memoir  except  for  some  changes  of  notation 

(a)  The  third  section  (S  415-7)  opens  with  an  example  which 
does  not  appear  in  the  memoir,  but  is  practically  suggested  by  Samt- 
Yenant's  work,  namely,  the  determination  of  the  UQ,  v0,  w0  of  our  Art 
1259  when  the  cross  section  is  the  ellipse 


where  I  preserve  the  notation  of  that  article 
The  system  of  stresses 

'zz  =  yy  =  *yx  =  0, 

~  =  c*,  S  =  -cJ, 
where  c  is  an  arbitraiy  constant,  and  the  stietch 


will  be  found  to  satisfy  the  equations  of  Ait    1259  and  leid  to  the 
lesult 

dor**  _  ^  _  90 
dy        dz  ~  •*' 

for  the  determination  of  c 

Kirchhoff  indicates  in  general  terms  how  the  values  of  w0,  r0,  w0 
may  then  be  found 

(b)  S  417-21  are  practically  leproductions  of  the  memoii,  but  on 
S  422  a  slight  modification  is  introduced  Equations  (xxi)  of  oui  Art 
1265  show  us  that  MQ,  M^  M  are  differentials  of  a  function  J  of 
2>,  q,  r,  e  Equations  (xxvi)  give  us,  however,  values  of  Af0)  J/1?  M 
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from  which  the  e  which  appears  in  (xxv)  has  disappeared  Kirchho 
now  supposes  G  to  be  the  function  of  p,  q,  r  which  /  becomes  when  w 
eliminate  €  by  means  of  the  fourth  expression  of  (xxv)  Then 


dp  ~~  dp     de  dp 

But  since  we  may  as  a  rule  (see  our  Art  1266)  neglect  S  in  the  value 
of  the  Jtfs,  we  may  put  df/d€  =  S=Q  in  the  above  equation,  whenc 
it  follows  that 


Similarly,  dGfdq  =  M^  dG/dr  =  M2) 

or,  the  M'a  are  given  by  the  differentials  with  regard  to  p,  q,  r  of  th 

function  G 

The  equations  (xxiv)  of  our  Art  1265  may  then  be  written 

d    dG         dG       dG 


d    dG\       dG       dG 


Kirchhoff  now  deduces  the  elastico  kinetic  analogy  from  these  equatior 
by  taking  G  as  the  kinetic  energy  of  the  rotating  body  see  our  Ar 
1267 

(c)  On  S  423  Kirchhoff  notes  that  the  problem  of  the  heavy  bod 
lotatmg  about  a  fixed  point  is  not  always  solvable,  but  that  it 
solvable,  when  the  weight  is  negligible,  or  again  when  the  body  is  a  soli 
of  revolution  and  the  fixed  point  about  which  it  rotates  is  a  point  on  i1 
axis  of  revolution  Kirchhoff  then  demonstiates  that  the  elastic  problei 
analogous  to  the  solid  of  i  evolution  is  that  of  an  isotropic  rod  of  circula 
cioss  section 

In  the  latter  case  he  really  falls  back  on  the  caily  pirt  of  the  trea 
ment  of  the  helix  in  the  memoir  see  oui  Arts  1268-9  He  obtains  th 
value  of  f  we  have  given  in  equation  (xxvn)  of  Ait  1208,  and  tli 
corresponding  value  G  is  then  given  by1 


A  special  case  of  the  lotation  problem  is  now  taken,  winch  li  id  boo 
worked  out  in  the  fifth  Lecture  Kirchhoff  issuincs  the  ixib  of  tli 
solid  of  levolution  to  descube  a  right  cone  about  i  veiticil  lino  I 

1  Note  that  the/  and  F  of  the  Vorlesungen  are  mtci  changed  with  the  1<  and/  < 
the  memoir     Further  their  signs  are  reversed      In  our  discussion  of  Kiichho& 
is  used  for  the  strain  energy  per  unit  volume  (=  -/  of  the  >  ot  1<  ^untjcn  and  I<  of  il 
memoir)  and/  is  used  for  the  total  strain  energy  per  unit  length  of  the  rod  (=  - 
of  the  Voilesungen  and  /of  the  memoir) 
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this  case  (f  +  r*  and  p*  are  both  constants,  and  the  elastico-kmetic 
analogy  is  that  of  a  straight  rod  of  circular  cross-section  bent  into  a 
helical  shape  He  gives  as  T  in  equation  (43),  S.  425,  and  as  M^ 
S  426,  the  values  of  the  force  and  couple  which  will  suffice  to  bend  a 
straight  rod  or  wire  of  circular  cross-section  into  a  helix  of  any  required 
pitch  and  radius  (equations  (45)  and  (46),  S  426)  If  6  be  the  angle 
between  the  thread  of  the  heirs:  and  its  axis,  a  the  radius  of  the  cylinder 
upon  which  it  lies,  KirchhofTs  results  may  be  expressed  as  follows 

The  force  parallel  to  the  axis  of  the  cylinder  on  which  the  helix 
lies 

*        A      _ 
cos0sin20- 


and  the  couple  about  iihis  axis 


i. 


where  p  remains  an  undetermined  constant  Since  (-£/«)*  is  generally 
extremely  small  we  have  at  once  J  Thomson's  theorem  that  helical 
springs  act  chiefly  through  torsion  see  our  Art  1382*,  and  compare 
the  results  of  our  Arts  1220*  and  1608* 

Kirchhoff  takes  a  special  case  in  which  p  is  chosen  equal  to 
(cos  0  sin  0)/a  see  his  S  426-7  The  remainder  of  the  chapter  treats 
a  problem  similai  to  that  of  our  Arts  1268-9  but  with  a  different 
notation  and  method 

[1284]  The  twenty-ninth  Lecture  deals  with  the  equations 
for  the  equilibrium  and  motion  of  an  infinitely  thin  rod  originally 
cylindrical,  when  the  shifts  are  extremely  small  It  occupies 
S  429-449  and  contains  a  number  of  interesting  points  The 
equations  obtained  for  various  special  cases  had  all  been  previously 
considered,  but  not  so  directly  from  the  general  equations  of 
elasticity,  i  e  as  a  lule  only  from  the  Bernoulh-Eulenan  hypothesis 
We  proceed  to  note  its  contents 

[1285  ]  In  §  1  Kirchhoff  deals  with  the  pioblem  of  the  equihbiium 
of  an  initially  stiaight  lod  of  unifoim  section,  when  the  load  is  not 
infinitely  neaily  in  the  diiection  of  its  axis,  no  forces  aie  supposed  to 
act  except  on  the  teimmals  of  the  rod 

In  this  case  />,  g,  o  will  be  veiy  small  quantities,  and  the  equations 
of  our  Ait  1283,  (b)  become 

d  fdG\     A       d  (dG\         A        d  (dG 


wheie  Aly  A    nia^   be  looked  upon  as  constants,  since  the  direction  of 
the  force  makes  an   ingle  with  the  axis  of  the  rod,  which  \aues  onl) 
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infimteswnally     Equation  (i)  gives  J/0>  MU  M*  as  linear  functions  o 
and  the  arbitrary  constants  may  be  determined  by  the  values  of 

J/0  (=  dG/dp),        M,  (=  dff/dq),         M2  (=  dG/dr) 

at  a  terminal  of  the  rod. 

If  axes  £,  17,  £  in  space  be  taken  so  that  the  axes  x,  y,  %  at  e 
point  of  the  rod  differ  infinitely  little  from  them,  we  have 

Oo  =  l,  &  =  ro-0,         «i  =  7i  =  0i  A*51'          «.  =  &  =  0,  y.-l, 
nearly     Hence  we  find  by  Art  1257 

pm&,         j_&,          r=^  =  -^  (n)< 

^     ds  ds  ds          ds  ^  ' 

Hence   by  equations  (vu)  bis  of  our  Art    1257  we  have,  neglect 
small  quantities  of  the  second  order,  and  writing  fia  =  \j/ 


Taking  y  and  »  for  the  principal  axes  of  the  cross-section  and  writing 

ffy*dydz  =  o)^2,         j^dydz  =  a)/c22,         ffdydz  =  a>, 
we  have  by  assuming  w  =  3^  -  y£  =  0  and  supposing  isotropy 


__ 


(iv) 


[1286  ]  That  this  assumption  is  made  is  not  very  clear  fi 
Kirchhoff  s  text  He  merely  refeis  in  vague  terms  to  §  6  of 
previous  lecture  (Eine  Betrachtung,  die  ahnhch  der  mi  Anfange  deb 
der  vowgen  Vorlesung  durchgefuhrten  ist,  hhrt  u  s  w  )  §  6  app< 
again  without  any  further  qualification  to  an  equation  (20a)  of  $ 
Now  at  (20a),  S  416  we  are  merely  told  that  w-**=R  =  0  satic 
the  equations  This  passage  corresponds  to  S  299  of  the  memoir  j 
our  Aic  1262)  where  there  is  a  reference  to  Bunt  Tenant  and  tt 
is  a  more  hypothetical  statement  of  these  conditions  as  a  po^ 
solution  That  they  give  the  only  possible  solution  is  not  shown 
Kuchhoff  and  the  difficulty  is  nowhere  dealt  with  by  him  This  se< 
to  me  to  form  a  very  weak  point  in  his  theory  The  inattci  will 
found  further  discussed  m  oui  Arts  316-8  and  Ohipter  xm 

[1287]     Assuming  (iv)  to  hold,  equations  (xvi)  and  (xvn)  of 
Art  1260  give  us  for  isotropy 

duQ      cfUfi  /dun         \  du      (dun          \du     n 

7  a  +  r  2  =  °?     (  i    ~  Py  )  "i  ^  +  (   ;    +  P*  )-r  "  0 
dz2       dy*       '     \dz      '  y  J  dz      \dy      J   Jdy 

1  The  last  result  follows  from  differentiating  the  identity  aQa1 
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These  are  Saint-Venant's  torsion  equations,  and  from  them  we  learn 
that  UQ  must  contain  p  as  a  factor  see  our  Art  17  Thus  from  (iv)  of 
Art  1285  and  (xiv)  of  Art  1260  we  find 


c1  and  ca  beuig  functions  of  y  and  z 

Hence  forming  the  expression  for  the  strain-energy,  we  hare 

F-  \E  (ry  -  qs  +  c)3  +  fap*  (c*  +  c*) 
Integrating  over  the  cross  section  we  find 

/= 


where  X  =  ~ 

Thus  x  is  the  factor  found  for  many  sections  by  Saint-Tenant      El 
hoff  merely  indicates  in  the  briefest  language  how  f  may  be  obtain 
He  uses  a  different  notation    see  our  footnotes,  pp  826  and  836 

Now  G  is  to  be  found  as  in  our  Art  1283,  (6)  by  putting 
and  ekm  mating  c,  whence  we  have 


a  =  1^0)  (KI  v  +  *  y 

Equations  (i)  now  give  us 


<f=0 

Whenoe,  if  the  moments  of  the  applied  system  of  foice  at  s  =  l  are 
',  MI,  M '  about  the  axes  of  &,  y,  z  i espectively,  and  if  we  wi ite 
=  Z\  A  =  7',  we  hive  by  (m)  after  integration 


(IX) 


The  fust  two  \ie  the  usual  equations  of  Hexuie  °nd  the  thud  tint  of 
torsion  The  piocess  by  which  they  are  obtained  i&  moie  sati&fictoiy 
than  the  Bernoulli  Eulenan  method,  but  the  assumption  lefeued  to 
m  om  Art  1286  requires  more  consideration  than  is  grven  to  it  bj 
Kuchhoff 
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[1288  ]  §  2  of  this  Lecture  (S  432-4)  removes  the  restriction  of 
the  pievious  paragraph  about  the  force  not  being  nearly  coincident  with 
the  direction  of  the  axis  of  the  rod  If  it  be  nearly  coincident,  the  ex- 
pression we  have  found  for  /in  (vi)  is  still  true,  only  we  must  substitute, 
if  £=  8  +  x,  for  the  stretch  * 

dx 


rl 

Kiichhoff  then  applies  the  principle  of  virtual  moments  to  8  I  fds  and 
deduces 

JT  (Xl), 


where  X'  is  the  load-component  in  the  direction  of  the  axis  of  the  rod 
at  x  The  equation  of  torsion  remains  the  same  as  in  (ix),  but  the  type 
of  flexure  equation  becomes 


with  the  conditions  for  8  =  I  that 


- 

s*  ds 

These  equations  agiee  with  (ix),  if  we  may  put  X'  =  0 

[1289  ]  In  §  3  Kirchhoff  deals  theoietically  with  a  method  foi 
finding  the  stretch  modulus  suggested  by  s'Gi  avesande  In  this  method 
a  thin  lod  is  stretched  between  two  clamps  and  loaded  in  the  middle, 
the  stretch  modulus  is  then  to  be  found  from  the  obseived  central 
deflection 

At  a  clamped  end  of  the  rod  there  will  act  a  couple,  a  shearing  force 
and  a  tractive  foice  The  shearing  force,  neglecting  the  weight  of  the 
rod,  will  be  one  half  the  weight  suspended  fiom  the  centie  KnchhofF 
appears  to  take  it  equal  to  the  whole  weight  Suppose  the  plane  of 
the  bent  rod  to  be  that  of  77^,  then  the  pioblom  is  tlio  same  as  if  we 
took  a  cantilever  of  length  l~  to  liilf  that  of  the  icd  and  supposed  the 
end  s  =  0  built-in,  but  to  the  hee  end  $-=l  applied  i  eoiiph  J/  ',  a 
tiaction  X'  and  a  shear  F'  =  P/2,  wheie  P  is  th<  applied  ctntr  d  load 

The  fiibt  equation  of  (xn)  applies  and  we  h  ive 

d4rj      0  d  TT) 

7    J    =  'l         7  (Xlll)j 

</64         db  ^      h 

where  W-  C/KJ  fiom  (xi) 

At  6-=0,  t]  -0,  and  d-rj/ds  -  0,  hence  the  lequued  form  of  solution 
is  given  by 
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Put  hi  =  2p,  apply  the  latter  two  equations  of  (xn)  and  we  get 

X^(CihW  +  CJtor*)  =     MJ  (xiv), 

E<*K*  (OJfe*  -  CJfe-W)  =  -  JP  (xv), 

it  we  remember  that  drijds^  0  when  5  =  2,  which  farther  involves 

-*-*  +  !)-(>  (rvx) 


For  the  central  deflection  ^  of  the  rod  (corresponding  to  the  deflection 
at  8  =  I  of  the  cantilever)  we  have 


1)  (xvii) 

Whence  after  some  reductions 

PP     1  /.      1       .     \  ,        , 

fi-i  =          -  — •  I  j.  —  —  tann  p  )  (xvm) 

8Jy<})K-\  p  \       p  / 

This  gives  v\i  in  terms  of  JB,  when  p  is  known.     Kirchhoff  has  4 
instead  of  8  in  the  denominator  of  the  right-hand  of  (xvui) 

To  find  p  we  must  return  to  (x)  and  note  that  I  -r-  ds  is  a  known 
quantity,  or  if  21'  be  the  natural  length  of  the  rod 

ds      "~          ~~  ^ ' 

where  y  is  the  uniform  stretch  of  the  rod  between  the  two  clamps 
before  the  mid  load  is  put  on     Hence  we  have 


Whence  Kirchhoff  deduces 

2  2  cosh  2p  +  4  —  smh  2p 


V  =  ?r  + 


f  cosh  £>  — 


and  then  sliowb  that  to  a  close  appioximation  in  the  special  ca^p*,,  when 
KI  is  very  small  is  compared  with  eithei  01  both  of  yl  and  77^  ,  or  when 
p  is  veiy  large,  rjt  and  jt>  aie  given  by  the  equations 

!  \          /     x 

+  (xx) 


I  have  placed  these  results  here  as  they  seem  to  suggest  a  method  of 
testing  the  stretch  modulus,  winch  is  not  without  its  advantages  The 
equation  (xm)  differs  fiom  that  obtained  by  Poisson  in  his  Wecamque, 
Vol  I  p  607,  who  leplices  the  light  hand  side  by  a  teim  of  the  foim 
h'r, 
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[1290]  In  §4,  S  437-8  of  this  Lectwre,  Kirchhoff  works  out  the 
case  of  a  heavy  rod  stretched  between  two  clamps  The  method  is 
precisely  similar  to  that  of  our  previous  article,  except  that  now  the 
equations  become 

2A_    dft7_££ 
Kl  ds*       d#>  "  E  ' 

and,  de/ds  =  0, 

where  p  is  the  density  and  g  gravitational  acceleration 

Kirchb  off  solves  only  the  special  cases  in  which  K^  is  infinitely  great 
or  little  as  compared  with  cZ2  It  seems  to  me  that  in  many  practical 
cases  they  would  probably  be  of  about  the  same  magnitude 

[1291  ]  In  the  remaining  sections  of  this  Lecture  Kirchhoff 
deals  with  the  vibrations  of  infinitely  thin  rods  Only  the 
method  by  which  he  has  obtained  his  equations  seems  to  present 
novelty  I  do  not  think  any  of  his  results  are  new  The  following 
is  a  brief  rtfsumtf  of  the  contents 

(a)    §  5  (S    438-441)      Discussion  of  the  equations  for  the  longi 
adinal  and  torsional  vibiations  of  a  cylindrical  rod  of  infinitely  small 
cross  section  deduced  from  the  Hamiltoman  principle    see  our  Art  1277, 
equation  (11) 

(5)  §  6  (S  441-444)  Discussion  of  the  equation  for  the  transverse 
vibrations  of  a  similar  rod  Reference  is  made  to  Strehlke  for  the  cal 
culation  of  the  frequencies  of  the  notes  see  oui  Art  356* 

(c)  §  7  (S  445-6)  Deduction  of  the  equation  for  the  transverse 
vibrations  of  a  stretched  string,  when  the  longitudinal  ti  action  due  to 
the  sti  etching  is  not  immensely  greater  than  that  due  to  the  transverse 
shift  Let  y  be  the  permanent  stietch  of  a  string  of  length  I,  and  r\  its 
shift  at  distance  s  from  one  terminal,  then  Kirclihoff  gives  an  equation 
of  the  form 


As  a  paiticular  solution  assume 


ns 
=  u  sin  --  TT, 


then  u  =  b  cos  am  h  (t  -  £0),  mod   /c, 

f  _  0 

*~ 


and  u  be  an  integer 


n  TT  MJ 

4/4   p 
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Tims  we  see  that  the  period  in  this  case  is  a  function  of  the  amplitude 
b  of  the  vibration. 

(d)  §  8  (S  446-9)  Consideration  of  the  equation  for  the  trans- 
verse vibrations  of  a  very  tjgh&y  stretehed  stang  and  the  modes  of 
solving  it  by  Fourier's  series  or  by  arbitrary  functions. 

[1292  ]  The  thirtieth  and  last  Lecture  of  Kirchhoff  occupies 
S  450-66  It  is  devoted  to  a  discussion  of  plates  and  membranes. 
The  methods  adopted  by  Kirchhoff  are  decidedly  superior  to  those 
of  his  memoii  on  plates  (see  our  Arts  1233  and  1237-8),  but  the 
book  was  published  after  the  Treatise  of  Olebseh  and  the  memoir 
of  Gehnng  see  our  Arts  1325  and  1411-15  The  first  section 
closely  resembles  Gehnng's  work  but  Kirchhoff  does  not  quote  him. 
Gehrmg  may  of  course  have  been  much  influenced  by  KirchhoflPs 
oral  lectures,  and  the  method  naturally  flows  from  that  used  in 
the  memoir  on  thin  rods  see  our  Art  1251  Kirchhoff  himself 
remarks 

Aehnliche  Betrachtungen,  wie  wir  sie  m  Bezug  auf  emen  unendhch 
dunnen,  elastischen  Stab  in  den  letzten  Vorlesungen  durchgefuhrt 
haben,  lassen  sich  auch  in  Bezug  auf  eine  unendlich  dunne  elastische 
Platte  anstellen  Mit  dem  Gleichgewicht  und  der  Bewegung  einer 
solchen  Platte  wollen  wn  uns  jetzt  beschaftigen,  dabei  aber  allein  den 
Fall  ins  Auge  fassen,  dass  dieselbe  in  ihrem  naturhchen  Zustande  eben 
ist  (S  450) 

[1293  ]  In  §  1  Kirchhoft  obtains  the  equations  for  the  Jimte 
shifts  of  an  infinitely  thin  plate,  each  element  of  which  is, 
however,  subjected  only  to  very  small  strain  The  method  is 
similar  to  that  of  Clebsch's  Treatise,  S  264  et  seq ,  where  in  a  foot- 
note its  application  to  the  small  shifts  of  thin  plates  is  attributed 
to  Gehrmg,  who,  Clebsch  remarks,  followed  up  a  hint  given  by 
Kirchhoff  in  a  footnote  to  his  memoir  on  rods  (see  Crelles  Joui  nal, 
Bd  56,  S  308,  or  Q  A  S  311)  It  is  just  possible  that  Kirchhoff 
practically  gave  the  substance  of  the  method  in  oral  lectures 
before  the  appearance  of  Gehring's  dissertation,  he  certainly 
corrects  Gehrmg  s  errors,  and  it  seems  therefore  in  place  to  indicate 
here  the  lines  of  the  investigation 

Kirchhoff,  after  deducing  an  expiession  for  the  strain  energy  m 
the  case  of  an  infinitely  thin  plate  with  finite  shifts,  remarks 

Auf  die&en  Fall  gelien  wir  nicht  nahei  em,  souderti  veiweiseii  in 
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Bezug  auf  ihn  auf  die  Theorw  der  Ela&tiwtat  fester  Korper  von  Clebsch, 
der  zuerst  die  endhchen  Formandeiungen  unendlich  duimer  Flatten 
untersucht  hat  (S  456) 

When  applied  to  finite  shifts  we  may  perhaps  speak  of  it  for 
convenience  as  the  Kirchhoff-Clebsch  method,  and,  when  the 
equations  for  the  small  shifts  of  infinitely  thin  plates  are  deduced 
from  it,  as  the  German  method,  in  order  to  distinguish  it  from  the 
French  method,  or  that  due  to  Boussinesq  and  Saint-  Venant  see 
our  Arts  384-8  and  Chapter  XIII 

[1294  ]  Let  sl9  52  he  the  coordinates  of  a  point  P  in  the  mid  plane 
of  the  plate  referred  to  rectangular  axes  in  that  plane,  when  the  plate  is 
unstrained  At  P  consider  in  the  unstrained  state  a  system  of  rect- 
angular axes  1,  2,  3  in  the  material  of  the  plate,  of  which  the  first  two 
are  parallel  to  the  axes  s19  82  and  the  third  perpendicular  to  them  and 
so  to  the  mid-plane  After  stiam  take  a  rectangular  system  x,  y,  z  at 
P,  so  that  a?  is  a  tangent  to  the  strained  position  of  the  line  1  at  P, 
y  lies  in  the  tangent  plane  to  the  mid-plane  at  P  and  z  is  perpendiculai 
to  this  plane  ,  y  and  z  will  thus  make  small  angles  with  2  and  3  Let 
x  +  u,  y  +  v,  »  +  w  be  the  coordinates  after  strain  of  an  element  of  the 
plate  in  the  immediate  neighbourhood  of  P  referred  to  these  axes,  and 
so  that  x,  y,  z  are  the  coordinates  of  this  element  when  there  is  no 
strain,  or  the  x,  y,  z  axes  coincide  with  1,  2,  3  Further  u,  v,  w  are 
such  functions  of  x,  yt  z  that  f  or  x  =  y  =  z  =  0 


dx 


dx 


dy 


(i) 

v  ' 


Let  £,  77,  f  be  the  coordinates  of  P  after  stiain  referred  to  any  axes 
fixed  in  space  Let  the  cosines  of  the  angles  between  the  axes  x,  y,  z 
after  strain  and  £  17,  £  be  given  by  the  scheme 


X 

y 

• 

* 

aL 

a. 

a, 

•n 

A 

£ 

0, 

C 

7i 

r 

r, 

Then  the  coordinates  of  what  befoit  btrain  was  the  point  sx  +  x,  6  4-  y,  z 
will  be  given  foi  the  space  axes  by  expressions  of  the  type 

i  +  aL  (x  -f  u)  +  a  (y  +  v)  +  a3  (z  +  w)  (n) 

These  must  be  functions  of  s,  -\  x  md  6  +  y,   ind  IK  ncc   is  in  th<  case  of 
a  rod  (see  oui  Art    1257)  it  follows  that  the  differentials  with  regard  to 
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sl  and  x,  and  with  regard  to  &%  *&&  2/>  must  be  equal  each  k>  each 
Thus  we  have  six  equations  of  the  types 

du\        dv        dw        dw 


(in) 


du        /-      dv\        dw  _     d/u 
dy      2\        dyj        dy        ds$ 


dv        dw 
MT"*"  ^TTT 


Here  a,  f  may  be  changed  into  &  07  or  y,  ^  without  alteration  of  the 
subscripts     KirchhofF  writes 


and  remarking  that  the  axis  of  a?  coincides  with  the  direction  of  the  line 
1  after  strain  we  have 


Further  -7-  -  -    equals  the  cosine  of  the  angle  between  the  line  2  after 
as2  I  +  o-2 

stiam  and  f,  or  cos  (2,  |)      For  the  value  of  cos  (3,  £)  Kirchhoff  lefers  to 
some  results  of  his  tenth  Lecture,  but  we  easily  find  from  pi  ejection  that 


cos  (2,  £)  = 


say, 


where  T  is  the  vamshmgly  small  angle  by  which  (1,  2)  diffeis  from  a 
light  angle  after  stiam      Thus  we  have  equations  of  the  foim 


Furthei  KirchhofF  wntes 


da_ 
das 


dB  dy 


=  a   --   4- 
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where  the  subscripts  1,  2  are  to  be  attached  to  p,  q,  T  according  as  the 
are  attached  to  s 

By  multiplying  both  types  of  equations  (111)  first  by  al9  f}l9  yl7  secondl 
by  og,  j8a,  ya  and  finally  by  a*,  ft,  ys,  and  adding  in  each  case,  we  obtai 
the  system 

du/dx  =  du/dSi  -f  ql  (z  +  w)  -  rt  (y  +  v)  +  <rl9 

dv/dx  =  cfo/dkx  +  ^  (#  -f  w)  -^  (#  +  «/;), 
j  =dw/ds1  +  P!  (y  +  tf)  -  <ft  (05  +  M), 

(z  +  w)  -  r2  (y  +  -y)  +  T  (1  +  o-2), 
dvfdy  =  dv/dsz  +  r2(x  +  u)  —p2  (z+w)  +  <r2, 
dwjdy  =ckv/dsz  +p2  (y  +  v)  -  ^2  (#  +  ^) 

Neglecting  terms  of  the  second  order  of  infinitely  small  quantities  a 
in  the  case  of  the  rod1  (see  our  Art  1258),  and  remembeiing  that  w 
must  have  d?u/dxdy,  etc  the  same  whichever  system  we  derive  then 
from,  we  find  ultimately  that  rx  =  ra  =  0,  p^  +  qz  =  0  and 

du/dx  =  qiZ  +  <rl9  dujdy-—p^  +  T^    \ 

dv/dx  =  -p1z,  dvldy  =  -p<p  +  <r<i,  L  (viu) 

dw/dx=piy-q1x,  dw/dy-p^+p^    j 
Whence  by  integration 

u  -  UQ  -p-yz  +  q^x  +  v-jX  +  ry,  ] 

I  (ix), 


where  UQ,  v0l  w0  are  the  values  of  u,  v,  w  f  or  x  =  y  =  0 

The  strains  are  easily  seen  to  be  given  by  the  following  expressions 
which  are  independent  of  x  and  y 


1  ,  , 

J 
The  body  stress  equations  now  reduce  to 

(xi) 


[1295  ]  From  equations  (xi),  winch  should  be  compaicd  with  the 
equations  of  our  Ait  388  obtained  by  the  French  method,  Kiichhofl 
argues  as  follows 

Nun  wollen  wir  annehmen,  class  auf  die  beidui  Oboifliolicn  dti  Phttc 
Druckkrafte  von  solcher  Grossonordmmg  wirkcn,  tUss  sic  bci  cinein  Koipci, 
dessen  Dimensionen  alle  von  gleicher  Oidnung  sind,  nur  Dil  it  itioneu 
erzeugen  wurden,  die  unendlich  klem  bind  gcgcii  die  Dil  ititioncn,  die  in  dci 
Platte  statthnden  Man  darf  dann,  zuniclist  fur  du  Ol^ciH  ichcn  dci  1*1  ittc, 
und  dann  in  Folge  der  abgeleitcten  Gleichungon  allgerncin 

^=J?=^=0  (xn) 

1  As  in  the  case  ot  the  rod  so  here  I  do  not  follow  Kirchhoff  s  reasoning  A  I  H 
Love  in  a  Note  on  hitchhoff  s  theory  of  the  deformation  of  tl<ii>tic  ylatc^  (Lambndge 
Philosophical  Society,  Proceedings,  Vol  vi  pp  144-55,  1889)  has  endeavoured  to 
strengthen  Kirchhoff  s  process,  but  I  think  he  leaves  it  still  open  to  question 
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setzen  ,  man  vernachlassigt  dabei  in  den  Dilatatio&en  und  IB  de&  Ausdrudbe 
des  Potentials  der  durch  diese  erzeugten  Kraffee,  den  WIT  zu  bilden  liabm 
werden,  nur  Qlieder,  welche  unendhch  kleui  sind  gegen  die  beibeiialtenen 

(S  454) 

This  reasoning  is  more  complete  than  that  by  which  equations 
similar  to  (xii)  were  dealt  with  in  the  case  of  a  rod  see  our  Art  1262. 
It  is  not,  however,  quite  clear  what  the  nature  of  the  surface-forces  are 
which  will  fulfil  the  condition  imposed  by  Kirchhoff1,  and  both  this 
matter  and  that  of  the  approximation  in  the  preceding  article  require 
further  consideration  than  is  given  to  them  in  the  Vorlestmgen  see  our 
Arts  1262  and  Chapter  xin 

[1296  ]  Equations  (xii)  and  (i)  suffice  to  determine  u^  VQ>  w0  If 
the  material  of  the  plate  be  isotropic  we  have 


whence 


Substituting  from  (xm)  in  (x),  and  then  tbe  values  of  (x)  m  the  ex 
pression  J?  given  in  our  Ait  1255  for  the  strain  energy  of  an  isotropic 
solid,  we  find 


=  p.    foa  +  crj)2  +  (p#  -  <ra) 


Integrating  this  for  the  thickness  (2h)  of  the  plate  from  ^~-li  to  h,  we 
have  finally         * 


(xiv) 


The  integial  Jffds^s^  taken  ovei   the  \vliole  mid  plane  grves  the  entue 
stiam  eneigy  of  the  plate2 

The  six  quantities  <rlt  o->,  T,  plt  p  ,  ql  are  all  functions  of  hlt  *   and 
can  be  expressed  in  teims  of  the  differentials  with  regard  to  sa  and  s  of 

1  No  doubt  S,  yZ  and  7  are  small  as  compaied  \vith  the  maximum  \alues  of  ^ 
TJ  and  ^p   but  not  necessarily  as  compaied  with  all  values  of  the  lattei      This  at 
least  is  the  conclusion  I  have  diawn  fiom  considering  the  exact  magnitude  of  the 
stresses  neglected  in  the  smiilai  case  of  iods    Quaiteily  Joiunal  of  MathematiL  , 
Vol  xxiv  pp   63—110     London,  1890 

2  It  should  be  obseived  that  we  have  interchanged  Kirchhoff  fa  /  and  t  to 
preserve  the  notation  of  the  memoir     further  Kirchhoff  in  his  }  oile»un<ien  uses 
potential  eneigy  and  not  strain  energy  so  that  he  has      fand  -  F  foi  om  b  and  / 
Conipaie  our  footnote  p  76 
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£  Yj,  £     Since  T  is  the  angle  by  which  2  has  approached  1  owing  to  the 
strain,  we  clearly  have  by  (v),  etc 


[1296  615]  A  result  of  the  same  form  as  (xiv)  has  been 
obtained  by  A  E  H  Love  for  the  strain-energy  of  a  thin  shell 
(The  Small  Free  Vibrations  and  Deformation  of  a  Thin  Elastic 
Shell  Phil  Trans  ,  Vol  179,  A  pp  491-546,  1888  See  p  505) 
His  result  has  been  called  in  question  by  A  B  Basset  (On  the 
Extension  and  Fleocure  of  Cylindrical  and  Spherical  Thin  Elastic 
Shells  Phil  Trans  ^ol  181,  A  pp  433-480,  1890  See  p  433), 
and  the  validity  of  the  criticism  has  been  admitted  by  Love 
(Proceedings  of  the  Royal  Society,  Vol  49,  pp  100-2  London, 
1891)  Basset  gives  on  p  443  of  his  memoir  an  expression  for 
tram-energy  of  a  distorted  cylindrical  shell  In  this  ex- 
yi^ion  there  occur  terms  multiplied  by  h3  involving  not  only 
the  quantities  by  which  the  bending  is  specified  but  also  products 
of  the  extensions  and  of  quantities  depending  principally  on  the 
bending  We  might  therefore  be  inclined  to  question  whether 
such  terms  may  not  arise  in  the  case  of  the  plate,  that  is  whether 
(xiv)  represents  sufficiently  closely  the  strain-energy  of  a  thin 
plate  Without  discussing  at  this  point  Basset's  method  of 
investigation  (which  is  open  to  the  same  sort  of  criticism  as 
the  method  of  Cauchy  and  Neumann  considered  in  our  Arts 
805  and  1225),  we  may  btill  ask  whether  the  terms  it  adds  to 
the  sti  din-energy  are  of  importance  in  the  case  of  the  plate 
To  do  this,  we  have  only  to  make  the  radius  of  Basset's  cylin- 
drical shell  infinite  It  will  then  be  found  that  Basset's  expression 
for  the  strain-energy  gives  the  following  additional  terms  to  the 
expression  for  /  in  (xiv)  of  our  Art  1296 


,  \  J-          d    ("l    +   *   H 

"i  +  <r  )  -f  T         \      j  }• 
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These  terms  do  not  therefore  in  the  case  of  the  plate  involve  the 
products  of  extensions  and  quantities  specifying  the  bending 
They  form  only  an  addition  to  the  '  membrane  terms  '  in  the 
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second  line  of  /  and  one  of  the  order  h*  aad  therefore  negligible 
as  compared  with  those  terms  Hence  Basset's  correction  of 
Love's  extension  to  shells  of  Kirchhoff  $  formula  does  not  appear 
to  have  any  bearing  on  the  correctness  of  Kirchhoff's  results 
for  plates 

[1297  ]    If  the  plate  has  finite  bending,  we  may  neglect  cr1?  cr2  and 
T  as  infinitely  small,  or  put 


,- 

~T  —  ~?      ~r  ~^~~    ~T~  4*  -y  —  -7  —    —  U 

dsl  083     dsl  ds»     ds1  dss 

instead  of  (iv)  and  (xv) 

These  equations  express  the  condition,  that  the  mid-plane  remains 
unstrained,  or  that  it  should  be  a  developable  surface      In  this  case  the 
strain  energy  contains  only  the  first  hue  of  the  right-hand  side  of  (xiv) 
For  Clebsch's  discussion  of  this  case  of  finite  bending,  see  our  Arts 
1375-8 

[1298  ]  In  §  2  of  this  Lecture  (S  456-9)  Kirchhoff  proceeds  to 
find  an  expression  for  the  strain  energy/  when  the  plate  is  very  slightly 
bent  In  this  case  we  cannot  in  general  neglect  crj,  <r2  and  T  Now 
however,  x  and  y  may  be  written  for  sl  and  s,,  and  the  system  £,  77,  £ 
may  be  chosen  so  that  |  and  rj  differ  infinitely  little  from  x  and  y, 
wlnle  £  is  infinitely  small  ,  thus  we  may  put  £  =  or  +  u  and  rj  =  y  +  v 

KirchhofF  now  supposes  that  u,  v  and  £  aie  infinitely  small  as 
compared  with  h 

erne  Annahme,  die  desbalb  erne  wesenthche  ist,  \veil  \on  beiden  Ghedeui, 
ins  denen/[see  (xiv)]  sich  /usammensetzt,  das  eine  den  F  \ctoi  /*J,  das  indeie 
nur  den  Foctoi  k  hit  Bei  diesei  \nnxhme  ist  es  lusreichend,  in  beiden 
Ghedein  inu  die  ersten  Potcn/en  del  Difteientiilquotunten  \<»n  //,  «,  f  /u 

(S    457) 


Equations  (iv)  ind  (xv)  then  gn  e  us 

o-j  —  dufdWi     or  —  ftp/  fly,     T  ~  du/tltj  +  (h^dt  (\\  n), 

equations  (v)  and  (\i) 
a]-/5=y-l,          a  -  -  fa  -  -  dvjch,         a    -  -y^-  -<l£  <1  *> 


whence 

p}  •=  d  Z/doDdy,         p  - 

If  we  now  make  th<  assumption  that  a,  v,  f  aie  infinite  1}  small  is 
complied  with  A,  we  cm  use  these  fiist  appioxim  ition  \  dues  t<n  y>n 
JD  ,  ^u  which  occui  only  in  the  tnnis  ofy  multiplied  1>>  //',  but  \\c  must 

i    K    U    II 
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proceed  to  terms  of  a  higher  order  in  the  values  of  crlt  <ra  and  T     W 
find,  if  we  keep  the  products  and  squares  of  differentials  of  £ 


( 


__ 
r~dy     dx     dxdy 


If  the  values  given  in  (xviu)  and  (xixj  for  pl9  p  ,  q},  <rp  <r2  and  T  t 
substituted  in  /in  (xiv),  we  shall  be  neglecting  only  those  portions  of 
which  are  infinitely  small  as  compared  with  those  retained  (S  4r>7) 

[1299  ]     The  terms  of  /depending  on  h?  are  then 


an  expression  which  agrees  with  that  contained  in  the  memon  of  1851 
and  of  which  Kirchhoff  (S  458-9)  proceeds  to  take  the  variation  in  tl 
same  manner  see  our  Art  1237,  (iv)  The  variation  of  the  secon 
line  of  /  in  (xiv)  is  given  on  S  459  without,  however,  the  mtermedial 
stages  For  comparison  with  the  results  of  Clebsch,  of  Boussinesq  an 
Saint-  Venant,  I  cite  it  heie  dl  is  an  element  of  the  perimetei  of  tl 
plate,  <£  is  the  angle  between  the  axis  of  x  and  the  noimal,  diaw 
inwards,  to  the  peiimeter  ,  for  brevity  X/(X  +  2/x)  ~  ^/(l  -TJ)  is  writte 
v  The  required  part  of  /is  the  following  expiession  multiplied  bv  4/J 


+  Jdl  (o-j  cos  <^>  +  ^  T  sin  0  +  v  (<r}  +  cr  )  cos 

ff.    _     /dcr       .  dr         ^(<r1  +  cr0)\. 
+     \dxcly  (-r-+4_.+v-vl.       2/  )  S? 
/J       J  \dy      2  dx  dtj       ) 

+  Jdl  (o-  sin  0  +  }T  cos  <^>  +  v  (o-j  +  o-  )  sin  </A 


^   /^         ,  d£          dt  , 

+    T     I      /       ^      +    1       7       T  H     V      7       (°"l     '     <>" 

dy  \dy         *  dx          dy  v   ' 


f  sin  ^  f-~  a-  +  !   /  T  t  i  '/  (nr,  +  «r  )}  \  b£  (xx) 

\««/  </*  t/i/N    '          VJ  7 
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[1300]  In  the  following  paragraphs  Kirchhoff  makes  special 
applications  of  these  expressions  for  the  several  parts  of  tb0 
variation  of  the  strain-energy 

(a)  §6  (S    459-60)     A  plate  has  no  load  on  its  faces  hut  its 
edge  is  fixed,  i  e  u  and  v  are  given  there     The  vanatumaj  equations 
lead  fco  £=  0,  and  to  the  '  membrane*  equations  for  u,  v,  which  follow 
from  the  1st  and  3rd  lines  of  (xx)      These  agree  wifch  those  given  by 
Cauchy  and  Lame    see  our  Arts  €40*,  1072*  and  389 

(b)  §  4  (S  460-65)     This  deals  with  the  transverse  vibrations  of 
plates  and  gives  briefly  certain,  portions  of  the  memoir  of  1850     see 
our  Arts   1233  et  seq 

(c)  §  5    (S    465-6)       Kirchhoff  concludes   his   Lectures   by  in- 
vestigating the  differential  equation  for  the  transverse  vibrations  of  a 
membrane  stretched  in  any  manner     In  this  case  u,  v  are  any  shifts 
which  satisfy  the  differential  equations  for  equilibrium  of  a  stretched 
membrane  given  in  oui  Arts  389-391      If  these  shifts  are  considerable 
as  compared  with  the  thickness  of  the  plate,  we  need  only  retain  the 
portion  of  f  indicated  in  (xx),  putting  therein  8^  =  8^  =  0  everywhere 
and  3£=  0  along  the  perimeter      If  u  and  V  are  also  so  great  compared 
with  £  that  we  can  neglect  the  second  approximation  in  (xix)  and  use 
(x:vii),  we  have 


d  rdv  d£     _  fdu     dv\  d£        fdu     dv\  dJTfi  .      . 

+  ;H  :r-:r  +  M-r  +  :j-)-r  *v\  j~+  T]-T  \\  (xxl) 

dyLdydy     *\dy     dxj  dx        \dx     dy)  dyj)  ^      ' 

This  for  example  is  the  proper  equation  for  the  small  vibrations 
of  a  very  tightly  but  irregularly  stretched  diumhead  of  any  form 
u  and  v  are  independent  of  the  time  and  may  be  any  of  the 
numerous  functions  that  satisfy  the  equations  lor  the  equihbuum  of  a 
membiane  Kirchhoff  cites  the  bpecial  e*se  of  an  uniformly  sti  etched 
membrane  foi  which  ?^  =  fl>,  v  —  ay,  a  being  a  constant,  and  deduces 
the  usual  equation 

Kirchhoff  's  method  should  be  carefully  compaied  with  that  of 
Bousbinesq  see  our  Chapter  XIII 

[1301  ]  A  second  and  posthumous  \olume  of  Kirchhoff  's  Voi- 
hsungen  ubei  mathematisclte  Physik  entitled  Mathemati^che  Optif 
and  edited  by  K  Hensel  was  published  at  Leipzig  in  1S91  In 
this  volume  Kuchhoff  bases  his  theoiy  of  light  upon  the  equations 
ot  an  elastic  medium  Tins  nattnally  leads  him  to  Neumanns 
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hypothesis,  i£  that  the  vibrations  take  place  in  the  plan 
polarisation     see  our  Arts   1214  and  121*7 

Die  FresnePsche  Annahme  ist  ahei  mcht  vertraghch  mit 
Hypothese,  welche  wir  an  die  Spitze  tmserer  optischen  Betrachtu 
stellten  und  die  sich  durch  ihre  mcht  zu  ubertreffende  Einfacl 
empfiehlt,  mit  der  Hypothese  namlich,  dass  der  Aether  in  den  di 
sichtigen  Mitteln  in  Bezug  auf  die  Lichtlbewegung  sich  verhalt  wi 
elastischer  fester  Korper,  auf  dessen  Theile  kerne  anderen  Kraffce  wn 
als  die  dnrch  die  relativen  Verschiebungen  erzeugten  (S  141) 

Kirchhoff  does  not  discuss  how  far  Neumann's  hypothesis  1 
to  results  in  accordance  with  experiment,  nor  does  he  considei 
objections  which  have  been  raised  to  it  on  several  sides 
Glazebrook's  Report  on  Optics,  pp   169,  180  and  our  Art   1 

Valuable  as  many  parts  of  these  Lectures  on  Optics  are, 
do  not,  so  far  as  the  theory  of  elasticity  is  concerned,  add  muc 
the  researches  of  F  Neumann     see  our  Arts  1213-22 

[1302]  Ueler  d^e  Tr  answer  salschwingung  en  eines  Stakes 
veranderhchem  Querschmtt  Berliner  Monatsberichte,  Jahr^ 
1879,  S  815-28  (&  A  S  339-351) 

The  type  of  rod  which  Kirchhoff  proposes  to  deal  wit 
defined  in  the  following  words 

Es  werde  zunachst  em  Stab  ins  Auge  gefasst,  desson  Queischmtt  u 
Hichtung  der  Lange  beliebig,  nur  so  \arnrt,  dass  alle  Querschnitte  uner 
klein  sind,  ihre  Schweipunkte  in  einei  Geiaden  liogon  und  ihio  Hanp 
die  gleichen  Kichtungen  haben  Em  solchei  Stab  kinn  unendlich  \ 
Schwmgungen  ausfuhren,  bei  denen  die  Vcischiebun^on  immci  in  emcr  c 
beiden  Bicntungen  geschehen  ,  um  solcbo  Schwinijiingoii  soil  cs  sich  hm 
die  DifFerentialgleichung  derselben  ist  bckinnt  und  loicht  nut  Hulft 
Hannlton'schen  Prmcipes  abzuleiten  (fe  815,  C/y  A  S  340) 

Kirchhoff  cites  Lord  Rayleigh's  Theory  of  fiound,  Vol    I    p 
as  giving  the  equation  for  the  vibiations      If  f  bo  tlio  shift   it  ti 
of  the  centroid  of  the  cross  section  distant  z  from  one  end  of  the 
the  equation  foi  the  vibrations  parallel  to  one   syst(  in,  /,  of  pi  in 
axes  of  the  cio&s  sections  is,  in  the  usual  notition  of  OUT  \\oik 


soe  oui  Ait  343,  equation  (i)}  putting  in  it  £  for  u,  pax/  foi  p,  and  ( 
Taking  a  snn])l(  tono,  01  putting  £-MSiny^,  p  ))(ini(  i  const  mi 
ha\t 

d  ?/\  . 

0 
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The  conditions  to  be  satisfied  at  a  terminal  of  the  rod,  whether  fixed  or 
free,  are 

a 

where  8  is  the  usual  symbol  of  v&riation, 

[1303  ]  Kirchhoff  remarks  that  equation  (11)  can  be  solved  in 
general  terms  when  the  coordinates  x  and  y  of  the  boundary  of  the 
cross-section  are  of  the  form 


X  being  any  vanable  quantity  and  fl9  /3  given  functions  of  it     In  this 
case  we  easily  find,  £  being  parallel  to  #,  and  K  the  swing  radius  about  y, 

0)  =  <D0«m+*,  OWC2  =  00K0V***, 

where  <o0  and  <DOKOS  are  the  values  of  <*>  and  w/c3  for  z  =  1 
Equation  (n)  now  becomes 


and  may  be  solved  by  a  series  of  the  foim 

u  =  Azh  +  ^^+  (4~  'n>  +  A  ^  V~  m>  + 
pi  ovided  7i  satisfies  the  equation 

h  (h  —  1)  (/*  —  2  +  3/>i  +  w)  (7i  -  3  +  3//i  4-  74)  =  0 

See  S  816  (GAS   341) 

Kiichhoffdiscubbete  the  relations  between  the  coiibtuits  A,  -ilt  A«t  etc  , 
and  the  special  cases  which  cau  arise  according  is  m  is  >  -  01  <  2 
(S  617-6  ^  -4  y  342)  He  doe&  not,  however,  entei  into  special 
details  except  foi  two  interesting  cases,  namely 

(a)  when  m  -  1,         ^  =  0, 

(b)  m  =  1,         w  =  1 

In  both  these  c  ises  the  integrals  admit  of  being  cKpiesseil  b\  Bessel's 
functions  with  teal  01  imaginary  nguments  We  dt\ote  the  tollo\\ing 
tour  ai  tides  to  a  consideration  of  KuchhofPs 


[1304  ]  Cdbe  (a)  If  m-  1,  n  ~  0,  and  ^  be  a  constant,  then  the 
cross  section  is  lectangulai,  ind  the  lod  is  bounded  by  two  p  u  xlk  1 
planets  and  a  pan  of  planer  peipendiculu  to  these  If  the  1  \ttei  meet 
at  a  ^iy  small  angle,  the  lod  may  be  looked  upon  as  a  in  y  thin 
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Equation  (n)  will  now  be  found  to  be  satisfied  by  either  of  thef  < 
alternatives1  

*  !L  (  »*  —\  -     uo     /  — 
or,  if  £  =  s 

The  first  forms  of  solutions,  answering  to  the  +  and  -  signs  i  espectively, 


aie 


dilf 
**=•£> 


P          t3 

^-,±A-3+  (vi) 


The  second  forms  of  solution  involve  log£,  and  aie  thus  unsuitable 
if  the  end  &  =  0  of  the  i  od  be  fiee     Therefore  u  is  of  the  form 


This  must  satisfy  (ui)  at  the  fiee  end  z  =  0,  which  lequircs 


?-n*~Q,    and     ^(^•^r)  =  0, 
«4  a£\    «4  / 

to  be  fulfilled 

At  the  base  of  the  wedge,  if  we  suppobe  it  built  in,  we  must  have 

A  i     du     A 

16  =  0,     and      7   =0 
dz 

This  leads  to 


whence,  by  wilting  down  tho  differential  equations  sitisliod  by  </>  and  ^, 
we  nnd  that  foi  the  base  value  of 


This  is  the  equation  horn  wlnoli  the  frequeneics  ot  the  noks  must  be 

1  By  taking  z  =  l/«  tlit  equation  reduces  to  the  form         =  J.  $  »     u,  /3   being  a 

constant      Tins  it.  a  eabe  of  Biccati's  equation  and  may  be  solved  by  bebscl  b 
functions    see  Fourth  s  litatt&t  on  DiUtunttal  J  quttttun*   ^  111 
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leduced  Kirchhoff  finds  the  value  of  <£i/r  in  a  series  exactly  as 
i  similar  product  m  his  memoir  on  plates  (see  our  Art  1241),  namely 
:>y  ascertaining  the  differential  equa&ori  which  the  product  must  sateff- 
Thus  he  obtains 


tnd  ht  nee  foi  the  frequencies  we  require  the  roots  of 


If  I  be  the  length  of  the  wedge  he  deduces  for  the  fundamental  note, 
£=  5  315- 


und  if  20  be  the  depth,  parallel  to  the  direction  of  vibration,  of  the  base 
>f  the  wedge,  we  have 


lf   K2(foi«  =  Z)      1    Z2 
For  a  prismatic  rod  of  unifoim  rectangular  cioss  section  of  depth 
,  we  should  have  Tiad 


supposing  the  material  and  the  hxmg  the  same  Hence  the  fundamental 
icte  of  the  wedge  is  higher  than  that  of  a  lod  of  unifoim  rectangulai 
loss  section  equal  to  its  base 

[1305  ]  Kuchhoff  next  proceeds  to  imd  how  great  the  shift  at  the 
ree  end  of  the  wedge  may  be  without  danger  to  its  elasticity,  when  the 
yedge  is  vibrating  solely  with  its  note  of  lowest  pitch  Let  *0  be  the 
uniting  safe  stretch,  then  we  must  ha\e  the  maximum  stietch  at  eveiy 
Domt  of  the  wedge  less  than  this  But  this  maximum  stretch  occurs 
it  the  contoui  of  the  cross  section,  and  foi  a  cross  section  distant  z  fiom 

.     £  ,          az  d  £     az  cFu          j  ±    , 

he  fiee  end  ib  =  -=~    ,    =  -=-  j-  sm^,  or  giving  sm/?^  itb  maximum 
L   tl<*        I   dtZ 

/aluc  and  substituting  loi  z  111  ternib  of  £,  we  must  have 

.  «     a£          /  p    d  u 

the  maximum  of      J  P  \J  ^~  7/r  <  &t ' 

n,  subbtitulmg  toi  p  fiom  (ix), 

i  i        L         f  ?  i  - a  *  d  " 

he  maximum  value  of         o  olo  -  £  -r  <  60 
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Kirchhoff  calculates  the  maximum  value  of  £  -^-  for  the  f unda 
mental  note  (S  823-4,  G  A  S  347)  and  shows  that  it  equals 

4  992  (7, 

where   U=  19  563  C  is  the  maximum  shift  at   the  free  end      The 
maximum  stretch  occurs  at  the  cross-section   for  which    £  =  3  688, 

Q   CQQ  /TCf    -9 

or  z  = /  — L ,  or  substituting  from  (ix),  at  the  point  z  =  694Z 

'P     ^*      P 

Thus  with  the  wedge  the  gieatest  strain  is  not  at  the  built  in 
terminal,  and  further  the  position  of  the  section  of  greatest  strain 
varies  according  to  the  note  the  wedge  is  sounding 

The  safe  shift  of  the  free  end  is  found  for  the  fundamental  note  to 
be  given  by 

U  <  737*0  -, 
a 

<3919  -° 
P 

For  a  rod  of  uniform  rectangular  cross  section  we  have  the  correspond 
ing  expressions 


Hence  if  we  take  a  prisnidtie  rod  of  the  same  ruitenal,  of  the  same 
length  and  on  the  same  base  as  a  wedge,  the  fiee  end  of  the  latter  can 
make,  in  the  case  when  both  swing  with  then  fundamental  notes, 
oscillations  of  2  6  times  the  amplitude  of  the  former  If  both  be  of  the 
same  material  and  ha\e  the  same  fundamental  irote  (i  e  p  the  same 
for  both)  but  be  on  bases  of  different  size  or  shape,  then  tin  wedge  ean 
safely  receive  oscillations  at  its  free  end  of  neaily  foui  times  the 
amplitude  of  those  of  the  prism 

These  results  seem  of  considerable  interest  iml  possibly  possess  some 
practical  application 

[1306]     Case  (b)      Kirchhoff  next  passes   to   the    c  isc      HI    n~-\ 
This  corresponds  to  the  lod  having  UK  form  ol  i  vuy  sh  up  eon< 
The  differential  equation  (iv)  now  takes  the  loriu 

EK^  dz 

•\\rf     Via  A/ A  "f.n   'fv 

JV 


or  if  £  —  zp  +  I  J,  a  we  have  to  hnd  solutions  of 


du 
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Iirchhoff  shows  that  the  complete  solution  in  this  case  is  of  the  fo*tn 


and  ?/r  have  the  values  given  m  (vi) 
The  equation  for  the  frequencies  of  the  notes,  the  terminal  conditions 
Deing  as  in  the  previous  case,  is 


Che  least  root  of  this  is  £0  =  8  718,  and  we  find  for  the  fundamental 
lote 


[f  K  be  the  swing  radius  of  the  base,  or  for  z  =  I,  we  have  K    KO      11, 
md  ^  =  8718^1  (xu) 

For  a  cylindrical  rod  of  the  same  material  and  base  we  should  have  had 


Thus  the  frequencies  of  the  fundamental  notes  of  a  shaip  conical  and  of 
i  cylindrical  rod  of  the  same  length  and  on  the  same  base  aie  in  the 
ratio  of  8  718  3516 

[1307  ]  Finally  Kiichhoff  pioceeds,  as  in  the  coiiesponding  case  of 
3ui  Art  1305,  to  measuie  the  safe  amplitude  foi  the  fundamental  vibia 
bion  at  the  fiee  end  of  the  cone  He  finds  with  the  same  notation  as 
in  that  aiticle,  a  now  denoting  the  maximum  distance  of  any  point 
on  the  fixed  bast  fioni  the  neutial  axis 

ll 

a  * 


p  a  V    p 
Foi  the  cylimlucil  rod  we  have 


b669 

pi 


U<  26460-, 
ci 


i  jj1 

i      K  I  ft* 

7)  a  V    p 
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Hence  we  conclude  that  for  a  cylinder  and  a  very  sharp  cone  < 
the  same  material  and  length  and  on  the  same  base,  the  cone  can  ha\ 
at  its  free  end  amplitudes  of  2  8  times  the  magnitude  of  those  of  il 
cylinder,  when  both  vibrate  with  their  fundamental  note  If  the  bast 
be  of  the  same  shape  but  different  size,  and  the  fundamental  notes  I 
the  same,  then  the  cone  can  have  at  its  free  end  amplitudes  neatly 
times  those  of  the  cylinder 

The  fail  point  of  the  cone  for  its  fundamental  note  is  on  the  cros 
section  given  by 

£=4464, 

4464 

*  =  -y 

Thus,  the  fail  point  of  the  cone  is  about  its  mid-section 

[1308]  Bem&rkungen  zu  dem  Aufsatze  des  Herrti  Voigt 
"  Theone  des  leuchtenden  Punktes  "  Crelles  Journal  fw  di 
Mathematik,  Bd  90,  S  34  Berlin,  1881  (G  A  Nachtrag,  $ 
17-22)  Voigt  deals  with  an  infinitely  extended  isotropic  elasti 
medium  surrounding  a  rigid  sphere  at  the  surface  of  whic 
there  is  no  slipping  Supposing  the  sphere  to  have  an  in 
finitely  small  oscillatory  motion  it  is  required  to  ascertain  th 
vibrations  of  the  medium  He  applies  the  conclusions  to  b 
diawn  from  such  a  mechanism  to  the  theory  of  an  incandescen 
point  Obviously  the  most  complex  oscillatory  motion  can  b 
constructed  from  (a)  an  oscillatory  rotation  lound  a  diametei 
and  (6)  an  oscillatory  translation  ol  the  bpheie  as  a  whole 
Kirchhoff  shows  that  the  solutions  for  these  special  cases  car 
be  obtained  by  an  easiei  method  than  that  oi  Voigt's  memoir 

[1309  ]  The  expressions  foi  the  shifts  n,  v,  w  at  any  point  ot  th 
medium  may  be  put  into  the  foim 

dP     dV     dW         dP     dW     dU  dl>     dt       d\ 

U  =    —  +  -  --  ,  o  -          H      -j  --          ,    //J  I  -  , 

dx      tfc       dy  dy       diu       dz  dz       di/       d^ 

wliue  P  id  a  solution  of 

if-™. 

and  U,  V,   JKaic  solutions  oi 


a  and  b    bung  tin    velocities  with  which   loiigiludnul    ind   ti 

waves  aie  ptopa0f  it<  (I      These  eqmtions   tie  itiuhutcd  by  Knehliofl  it 
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Clebsch,  but  they  had  been  previously  given  by  Lam6  in  his  Legons  sm 
Pelastwte,  pp  144-6      In  the  notation  of  our  work  a3 
b3  =  p/p    see  oui  Arts   1078*  and  1394 

ELirchhoff  now  obtains  a  solution  for  Case  (a)  by  taking 


where  r  is  the  distance  of  any  point  of  the  medium  before  strain  from 
the  centre  of  the  sphere,  and  F  is  an  undetermined  function.  If  R  be 
the  radius  of  the  sphere  and/(£)  the  angle  of  rotation  from  x  to  y  at 
time  t,  we  easily  find  that  for  r  =  R>  we  must  have 


The  solution  of  this  equation  is  given  by 


f(r-^=w=  &ge"snr-rfH'  »r/w 

r  r  Jo 


If  /  (t)  ~  0,  when  t  <  0,  then  the  above  solution  supposes  IF  and 
dW/dt  =  Q  for  £  =  0  and  r->R,  that  is  the  medium  is  supposed  to  be 
at  rest  in  its  unstrained  position  before  the  vibration  of  the  sphere 
begins  at  time  t  =  0 

[1310]  Let  the  motion  in  Case  (b)  be  parallel  to  the  axis  of  4 
then  a  suitable  solution  will  be  obtained  by  taking 

dQ  dS  dS 

J.     —     T       •  u'  —     7      »  r    —  7«          IT    —  \Jj 

dz  dy  dx 

wheie,  Jf\  and  F  being  undetei  mined  functions 


It  we  put  ?  -  A*,  u-v  =  0  and  w  -/  (^),  we  obtain  after  bonit  in  il}bis 
^  (R  -at)  =  2  f  ^7  (  R  -bt)  +  $aR\'  dt  f  y  (t)  dt, 

b  'u          'o 


-- 

A  - 

where 


uul  Aj,  A  aie  the  loots  of  the  quadi  xtic 

x        2a  +  b  .       2«  -i  b 
X+    -R     X+     R 
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By  writing  t+(R-r)/a  and  t  +  (B-r)/b  for  t  in  ^(R-at)  and 
Fz(R-bt)  respectively,  we  obtain  the  values  of  Q  and  S  from  these 
results 

As  before,  i£  /  (i)  =  0  for  t  <  0,  it  will  be  found  that  these  results 
suppose  the  medium  afc  rest  in  its  unstrained  position  before  the  sphere 
begins  to  oscillate 

Voigtf  s  solution  for  this  case  may  be  obtained  from  KiichhoiFs  by 
supposing  a  infinitely  great 

[1311]  Zur  Theone  der  Lichtstrahlen  Sitzungsbenchte  der 
k  AJcademie  d  Wissenschaften,  Jahrgang  1882,  Zweiter  Halbband, 
S  641-69  Berlin,  1882  Annalen  der  Physik,  Bd  18,  S  663- 
95  Leipzig,  1883  (G  A  Nacktrag,  S  22-54  ) 

This  memoir  belongs  properly  to  the  theory  of  light  It  starts, 
however,  from  the  basis  of  an  isotropic  elastic  medium,  ID  which 
the  dilatation  0  is  put  zero  Kirchhoff  remarks 

Die  Schlusse,  durch  welche  man,  hauptsachlich  gestutzt  auf  Betiach 
tungen  von  Huyghens  und  Fresnel,  die  Bildung  der  Lichtstrahlen,  ihie 
Reflexion  und  Brechung,  sowie  die  Beugungserschemungen  zu  erklaren 
pflegt,  entbehren  in  inehrfacher  Beziehung  der  Strenge      Eine  vollkom 
men  befnedigende  Theone  diesei  Gegenstande  au&  den  Hypothesen  dei 
Undulationstheone    zu  entwickeln,    scheint  auch    heute    noch    mcht 
moghch  zu  sem ,  doch  lasst  sich  jenen  Schlusseii  cine  grossere  Scharfe 
geben     Ich  erlaube  mir  der  Akademie  Auseinandersetzungen  vorzu 
legen,  welche  hieiauf  abzielen,  und  deren  wescnthchen  Inhalt  ich  in 
meinen   Universitatsvorlesungen  seit   einei    Heihe   von  Jahrcn  voige 
tiagen  liabe    Das  gleiche  Ziel  in  Bezug  auf  die  .P.     . 
ist  in/wischen  m  einigen  verofFentli elite n  Abli  mdlungen  von  den  Herieu 
Fiohhchund  Yoigt  verfolgt  (Bewchte  S   641,  0  A  NaLhtoag,&   22) 

[1312]  In  the  course  oi  his  woik  Kiiclihofi  gives  i  pioof  of 
a,  geneialibation  ot  II  j<]l '<  /  •>'  Principle  winch  w  is  fust  btatcd  by 
Helmholtz  (Jomnal  fur  MathematiL,  Bd  57,  S  1  Berlin,  IbGO) 

Let  <£  be  a  solution  of  the  equation 

£-•** 

on  which  the  tiaiibvcist  vibiations  of  llic  in«liuin  c  in  IK  in  uk  to 
depend,  and  kt  <r  be  a  closed  surface  eoutimm^  HOIK  of  th<  j>oiuts  ot 
dtstui banco,  let  dn  be  an  (lenient  ot  the  norm  il  it  (hr  MIC  ISUH  <t  inw  nds, 
and  let  ?0  bi  tlie  distance  ot  der  iroiii  a  chosen  point  0  inside  <r  Lastly 
let  d^ldn  -  /  (t) 

Then  Kiichhoflf  deduces  tioin  Giecn'b  Iheoieni  (Matheniali«d  Panub 
p   23)  that 
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^ 

where  O  =  -j- 

dn 

and  <£0  is  the  value  of  ^  at  0  (S  646,  #  ^  Nackfrag,  S  28) 

Thus  it  is  always  possible  to  replace  the  system  of  disturbing  points 
by  a  new  distribution  o£  disturbing  points  over  the  surface  <r  (sup- 
posed to  contain  none  of  the  old  pomts),  provided  we  know  the  values 
of  <£  and  d^fdn  due  to  the  old  system  over  this  surface,  and  that  the 
point  0  lies  inside  it 

Kirchhoff  discusses  further  what  modifications  are  introduced  when 
a  distuibing  point  lies  inside  the  surface  a- 

The  major  portion  of  the  memoir  is  too  closely  associated  with 
the  theory  of  light  to  be  discussed  here 


[1313]  Ueber  die  T<,ii  "/r7"  »n  die  ein  fester  elastischer 
Korper  er/ahrt,  wenn  er  magnetisch  oder  dielectrisch  polcun&irt 
wird  Sitzungsbemchte  der  k  Akademie  d  Wwsenschaften, 
Jahrgang  1884,  Erster  Halbband,  S  137-56  Berlin,  1884  An- 
nalev  der  Physik,  Bd  24,  S  S2-74  Leipzig,  1885  (ff  A 
Nachtrag,  S  91-113) 

Sir  William  Thomson  and  Clerk-Maxwell  have  both  discussed 
the  mechanical  forces  called  into  play  in  a  body  when  placed  m  an 
electro-magnetic  field,  and  Helmholtz  has  extended  then  results 
by  introducing,  besides  the  constant  of  induction,  a  second  constant 
which  is  to  be  determined  by  the  changes  which  lesult  fiom  a 
change  of  density  in  the  medium  Kircbhoff  proposes  to  still 
further  generalise  then  conclusions  by  introducing  a  third  constant 
to  express  the  changes  expenenced  by  the  induction  owing  to 
the  existence  of  the  most  general  form  of  strain,  when  the  body  is 
elastic  Lorberg  in  an  article  entitled  Uebei  Elect?  osti  iction 
(Annalen  dei  Phynl,  Bd  21,  S  300-20,  1884)  simultaneously 
reached  by  different  considerations  like  results 

[1314]  KiichhofF1  conceives  \\\  elementary  spheit  of  lion,  \ihich 
he  supposes  isotiopic,  to  have  undeigone  the  umfoim  sti  etches  s1?  s  ,  s 
m  three  ipotanqulai  directions  Thui,  if  A{  ,  7?,,,  Ci}  ho  the  components 

1  I  ha\e  paitially  changed  Kirchhoft  s  notation  to  agree  bettei  with  the  customai} 
English  one  ot  Maxwell  He  n«ie<i  XjX  X  MJ,M  v  la^pyAT*CAKl> 
toi  om  sj  *  Ai}  7,,  („  A  A  1  C  P  P,  P  T  Tu  1* 
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of  the  magnetic  intensity,  due  to  'constant  ihagnetic  forces  */i,  72, 
acting  in  these  dnections,  Kirchhoff  takes,  if  6  =  sl  +  $2  +  s3 

(i) 

Next  taking  this  sphere  as  an  infinitely  small  part  of  a  finite  mas 
of  iron,  which  has  been  magnetised  by  given  external  forces,  he  puts 


where  v19  v2  %&&  ^s  aie  tne  directions  of  the  pnncipal  stretches  sl9  s2,  s 
and  <£  is  equal  to  the  sum  of  V,  the  potential  due  to  external  magnetisn 
and  Q,  the  potential  of  the  whole  magnetised  mass  of  uon,  at  the  elemen 
Substituting  (11)  in  (i)  and  neglecting  the  terms  involving  the  square 
of  the  strain  we  have  three  relations  of  the  type 

(m) 

Here  /c,  k'  and  &"  are  constants,  functions  of  p,  p'  and  p",  and  taken  a 
depending  solely  on  the  nature  of  the  iron      In  a  second  paper  (see  on 
Ait    1319)  Kiichhoff  states  that  although  the   theory  supposes   K 
constant,  it  really  varies  immensely  with  the  value  of 


//«ty 

V 


%> 


Calling  this  expression  R  we  have  by  (m)  and  (11),  supposing  the  sti  \i 
teims  zero  or  small  as  compared  with  K,  and  taking  /=  V  /,2  +  J  °  -f  Jj  , 


In  some  expenments  of  Stoletow  (Annalrn  dei  Phy*>ik  Bd  14G,  £ 
4bl,  1872)  cited  by  Kiichhoff  in  his  second  papci,  K  foi  soft  lion  use 
from  21  5  to  174  as  R  varies  fiom  43  to  3  2,  and  sinks  to  42  1  as  j 
mci  eases  furthei  to  307  Ewmg  (Phil  Tia^  188r>,  p  548)  ha 
shown  that  the  fluctuations  in  the  values  of  K  (MixwHTs  'coofficien 
of  induced  magnetisation')  for  soft  iron  largely  cxcct  d  even  those  Kircl 
hofF  cites  from  Stoletow  The  bearing  of  this  vanation  of  K  on  th 
fundamental  difTeieiitial  equation  is  not  consideiod  by  Knchhofl  in  In 
memoir 

Fuithei  it  is  moie  than  doubtful  whethei  6X})cnrjH  nis  111  tlie  cis<  o 
soft  iron,  nickel  or  cobalt  justify  KuclihofPs  lughct  ot  tlu  ttruis  in 
volvmg  the  sqimie  of  the  strun  His  equ  itions  and  conclusions  n 
that  fore  given  hue  with  e\oiy  resuvatiou 

[1315]  Reducing  the  above  lesults  foi  the  pnncipal  stu  tcb  ix< 
of  tach  ehiuent  to  or(ntril  ixts  r,  •?/  c  111  spu(,  pmlld  to  \\lncli  th 
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components  of  magnetic  intensity  at  the  point  a?,  y,  z  are  A,  E, 
Kirchhoff  finds 


(IT) 


He  now  proceeds  to  determine  the  general  differential  equation 
for  <£      Since  <£  =  V+Q,  and  Q  is  given  by 


where  J-ar  is  an  element  of  the  mass  of  iron,  and  r  the  distance  of  this 
element  from  the  point  at  which  Q  is  the  potential,  we  have 


- 
4?r  4-7T 

or,  by  integrating  the  expiession  for  §  by  parts 


--- 

4-7T  cte      dy      dz     4-n-  ' 

Here  A,  £,  C  must  be  given  the  values  in  (iv)  above  Following  an 
idea  of  Helmholtz's,  Kirchhoff  supposes  the  iron  to  change  not  abruptly 
but  gradually  to  an  ,  so  that  K,  k  ,  k'  take  values  varying  from  those 
they  have  in  iron  to  those  for  an,  01  zeio,  thiough  a  thin  shell  ovei  the 
surface  of  the  iron  mass,  this  shell  being  ultimately  i  educed  to  an  infinite 
thinness  (Beticlite  S  140-1  ,  G  A  Nachtoag,  S  95) 

Kiichhoff  shows  how  (v)  may  be  replaced  by  an  equation  expiessmg 
thit  the  vaiiation  of  a  certain  integral  vanishes  but  to  discuss  tins 
mtegial  would  cairy  us  beyond  our  limits  (S  141-4  ,  G  A  Naihttay,  8 
96-101) 

[1316  ]  If  P  ,  PV9  P  lepiesent  the  teims  that  must  be  added  to  the 
bod\  forces  pX,  pY,  pZ  in  the  body  stiess  equxtions  of  type 

dTl     djut      d7i       ^      f. 
—  +        +  -     +p\  =  0, 
dju      dy       dz 

to  lepresent  the  effect  of  the  magnetisation,  ind  P  ,  P  ,,  T}  the  terms  tli  it 

1  Poi   the  iron  mass  itself  V  I  -0    and  if  K'  and   k  '  weie   to   be 
as  small  compaied  with  A  \\e  should  have  the  usual  equation 
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must  be  added  to  the  surface-stresses  JT0,  FOJ  ZQ  in  the 
equations  of  type 

mt  cos  (nx)  +  w  cos  (rc#)  +  S  cos  (w»)  =  JT0, 

where  n  is  the  normal  to  the  surface  measured  vnwwrds,  then  Kirchhoff 
shows  (S  146-8  ,  G  A  Nachtrag,  S  102-4)  that 


and 

oAWV       /    v    *-&'  «2       /    \     V' 

*'—**(£)  «•(«•)—  r-^0"^*!  a 

with  similar  values  for  P,y,  P^  and  P^,  P^ 
Here  J52  represents  as  before 


These  results  agree  with  those  of  Helmholtz  if  kf  and  k"  be  put  zeio 

[1317]     Kirchhofi"  remarks  (S  149,  G  A  tfachtrag,8   105) 

Die  in  Bezug  auf  einen  Eisenkorper  angestellten  Betrachtungen  lassen 
sich  auf  em  Dielectricum  ubertragen,  wenn  dieses  an  Stelle  des  Eisens  und 
em  electnsirter  Nichtleiter  an  Stelle  des  Magnets  geset?t  wird  Dei  Nicht 
leiter  kann  aber  auch  durch  Leiter  erset/t  weiden,  da  es  fui  die  Ki  ifte,  die  auf 
em  Element  des  Dielectncums  wirken,  gleichgultig  ist,  ob  die  clecti  ischen 
Fhissigkeiten,  von  denen  die^e  Ki  ifte  henuhren,  soweit  sie  in  endhcnei 
Entfermmg  von  clem  Elemente  liegon,  in  ihren  Ti  igein  beweglich  smd,  odoi 
nicht 

On  S  1^0-2  (G  A  Nachtray,  S  106-9)  Knclihoff  ]>oints  out  lio\\ 
mother  method,  which  has  been,  indeed,  idoptul  by  J)(>lt/mann,  does 
not  lead  to  tho  corrc  ct  equations 

[1318  ]  Finally  Kirchhoff  woiks  out  tho  case  of  i  s]>hoiical 
condenser  of  glass  bounded  by  two  concontuc  suiiucos  of  lachi  ?J  ind 
ra(^2>r1)  These  smfaces  are  piovidcd  with  conducting  coatings,  th< 
innei  of  which  is  maintained  at  potcntnl  <£()  and  the  outd  it  potential 
zeio,  and  piessures  on  these  coatings  au  suj>pos<d  to  be  it  once  tians 
fei  i  eel  to  the  glass  smfaces  KirchhofFagt  u  ing  with  Koi  t<  we  g  (A  nnalt  tt 
dt  i  PKy^ik,  Bd  9,  S  48-61,  1S80)  finds  that  the  extension  of  th< 
niteinal  i  idius  is  given  by 
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where  JE  is  the  stretch-modulus  stuck  X  and  /*  the  usual  elastic  coeffi- 
cients 

The  ic,  k'  and  k"  of  this  article  are  of  course  not  tnose  of  Art.  1314, 
but  constants  of  the  dielectric,  1  +  4ovc  being  the  K  of  Maxwell,  or  tike 
specific  inductive  capacity  It  is  an  analytical  not  a  physical  relation, 
which  enables  us  to  apply  the  results  for  magnetisation  to  the  case  of  a 
dielectric  see  our  Art  1317 

[1319  ]  Ueber  eimge  Anwendwngen  der  Theone  der  Formcun- 
derung,  welche  em  Korper  erfahrt,  wenn  er  magnetisch  oder  dtelec- 
tnsch  polarisirt  wrd  Siteungsbenchte  d  k  Akademie  der  Wis&en- 
schaften,  Jahrgang  1884,  Zweiter  Halbband,  S  1155-70  Berlin, 
1884  Annalen  der  Phywk,  Bd  25,  S  601-17  Leipzig,  1885  (G 
A  Nachtrag,  S  114-31) 

The  only  portion  of  this  memoir  which  concerns  elastic  solids 
is  §  5,  which  deals  with  the  change  in  form  undergone  by  an 
isotropic  iron  sphere  of  radius  r0  when  magnetised  by  a  constant 
magnetic  force  of  intensity  J  in  the  direction  a? 

In  this  case  at  a  great  distance  from  the  sphere  the  centre  being  the 
origin,  and  the  notation  that  of  our  Art  1314 

<£  =  -  /#, 
and  inside  the  sphere 

,  J 

9=  ~T  -  1  —  & 
V 


Whence  from  equations  (vi)  of  our  Art  1316  we  have  to  find  the  strains 
in  an  elastic  medium  subjected  to  no  body  forces,  for  Pa!  =  Pv  =  Pls  =  Q, 
but  to  the  surface  stresses  Px,  Pyi  Pz  given  by 


FJ*  = 


where 

The  surface  stresses  consist  therefoie  of 

(a)  A  uniform  surface  traction  =  J/3  (K  —  k  ) 

(b)  A  variable  surface  traction  =  2?r/?K  cos0  «/r,  where  iff  is  the  an^le 
the  outwardly  directed  noimal  at  any  point  makes  with  the  dnection  of 
magnetisation 

(c)  A  variable  surface  pressure  paiallel  to  the  diiection  of  migneti 
sation  = 


T    F     PI 
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We  can  easily  ascertain  the  corresponding  shifts  and  strains 
(a)    This  corresponds  to  a  uniform  dilatation  of  the  spheie  and  to 
a  radial  shift  U  at  central  distance  r  given  by 


and  consequent  dilatation 


(b)    If  p  be  the  distance  of  a  point  from  the  axis  of  oc,  the  shifts 
u,  V,  at  x,  p  parallel  and  perpendicular  to  the  axis  of  magnetisation  are      / 
given  by 


'  +  WV>, 

where  Kirchhoff  finds  for  the  constants  the  values  which  in  our  notation 
are  expressed  by 

7-607 

'ft  yi     — . 


7- 


i-__> 

(c)  This  gives  us  shifts  parallel  and  perpendicular  to  the  axis  of 
magnetisation  measured  by 

7—  J 

The   combination   of  these   cases   gives   the   total   strain   due  to  the 
magnetisation 

[1320]  If  we  suppose,  that  AC  is  immensely  greater  than  k'  and 
k",  we  have  only  to  consider  the  shifts  given  by  (b) 

Assuming  the  um  constant  isotropy  of  the  spheie,  or  y=  |,  we  have 
then  by  neglecting  K  as  compared  with  K° 


The  extension  of  the  radius  parallel  to  the  magnetic  for  ce 

163_,7\ 
~  1767T   E  ' 
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aile  the  radii  perpendicular  to  this  undergo  the  compression 

27    J\ 
176*-  ~W 

[1321  ]  In  the  course  of  his  discussion  Kirchhoff  refers  to  the 
eat  variations  in  the  value  of  K  see  our  Art  1314  He  points 
it  that  the  uniform  magnetic  force  might  be  obtained  by  placing 
ie  iron  sphere  in  the  axis  of  a  coil,  but  that  the  extension  of 
ie  radius  in  the  direction  of  this  axis  would  probably  be  far 
10  small  to  be  capable  of  measurement  Finally  he  refers  to 
)ule's  measurement  in  1846  of  the  extension  of  an  iron  bar 
aced  in  such  a  coil  see  our  Art  688 

Shelford  Bidwell  has,  however,  shown  that  an  iron  bar  will 
lorten  when  the  magnetising  force  is  sufficiently  increased,  so 
tat  it  is  difficult  to  see  the  application  of  Joule's  result  to 
irchhoiFs  theory  Further  J  J  Thomson  (Applications  of 
ynamics  to  Physics  and  Chemistry,  p  54)  has  shown  from 
wing's  experiments  on  the  relation  of  strain  and  magnetisation 
lat  KirchhofFs  results  in  the  previous  article  sometimes  give  a 
ary  small  part  of  the  total  strain  in  soft  iron,  the  chief  part  being 
ally  due  to  the  terms  which  connect  the  intensity  of  magnetisa- 
on  with  the  strain  (compare  the  Jcf  and  k"  of  equation  (in)  of  our 
it  1314)  It  is  not  possible  to  discuss  these  matters  here  at 
ngth,  but  the  reader  is  warned  that  KirchhofFs  results  are  not  a 
>mplete  representation  of  the  relations  between  magnetism  and 
ram  brought  to  light  by  recent  experimental  researches 


SECTION  III 


[1322]  The  first  memon  due  to  Cleb&ch  is  entitled  I  el)pi  die 
leichyewichtsfiyw  eines  bieysameii  FaJem>  Ciell^  TouinaJ  fat  <he 
me  u  angewandte  Mathematik  Bel  ^7,1860,8  93-110 

1  For  an  account  of  Clebsch's  life  and  work  see  the  Mathematii>che  Annahn 
rinded  by  him  Bd  vi  S  197-202  and  Bd  vn  S  1-55  Clebsch  died  Nov  7, 
J72,  aged  39 
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§§  1-7  of  this  memoir  are  occupied  with  the  equilibrium  of  an 
vne&tensible  but  flexible  string,  §  1  gives  the  general  equations  (S 
93-5) ,  §  2  deals  with  a  uniform  heavy  chain  (S  95) ,  §  3  considers  the 
equilibrium  of  a  string  under  the  action  of  ( centrifugal  force '  produced 
by  rotation,  a  solution  is  obtained  in  terms  of  elliptic  functions  (S 
95-101) ,  §  4  supposes  the  string  constrained  to  remain  on  a  given 
surface  (S  101-2),  while  §§  5-7  take  the  special  cases  of  any  surface  ot 
revolution,  a  sphere,  and  a  string  on  a  sphere  under  the  action  of  centri 
fugal  force  due  to  rotation  respectively  (S  102-7)  The  equations  are 
integrated  by  a  process  due  to  Jacobi 

[1323  ]  The  remaining  sections  of  the  memoir  deal  more  closely 
with  our  subject  §  8  is  entitled  Oleickgewicht  dunner  elastischer 
Faden  (S  107-9)  Clebsch  supposes  a  force  function  to  exist  and  the 
cross-section  to  be  so  small  that  the  string  is  perfectly  flexible  as  well 
as  elastic  He  obtains  his  equations  by  making  the  integral 

-z-  -  U  }  dcr 


taken  throughout  the  length  cr  of  the  string  a  minimum,  E  being  the 
stretch  modulus,  s  the  stretch  in  the  element  dcr,  and  U  the  correspond 
ing  force  function  per  unit  length  of  dcr  Clebsch  reduces  the  general 
solution  to  the  discovery  of  a  solution  V  of  the  partial  differential 
equation 


The  last  section  of  the  memoir  is  entitled  Gleichgewicht  eines 
dunnen  elastischen  Fadens  unter  dem  Einfiuss  der  Schwere  (S 
109-110)  The  statement  is  so  brief  that  it  is  difficult  to  follow  the 
reasoning  of  this  last  section 

[1324  ]  Theone  der  circularpolansirenden  Medien  Crelles  Journal 
furreineu  angewandte  MatJiematik  Bd  57,  1860,  S  319-358  This 
memoir  does  not  properly  proceed  from  an  elastic  hypothesis,  and  the 
necessary  optical  teims  are  mtioduced  into  the  equitions  by  assuming 
a  type  of  inter  molecular  force  which  has  not  itcuvcd  any  physical 
explanation  Thus  Clebsch's  hypothesis  is  the,  following  (S  322-3) 

Nehmen  wir  an  dass  zwar  in  jedem  Augenblick  die  Moleuulc  sich  inch  ciner 
Function  /(?)  der  Entferming  an^ichen,  diss  ibcr  aussordcm  durch  die 
Bewegung  solbst  auf  irgend  erne  Weibe  in  dcnsclben  in  jcdcni  Augcnblick 
erne  (mcht  wieder  verschwmdendo)  Knit  encgt  wird,  wclcho  nenkiccht 
gerichtet  sem  soil  gegen  erne  der  Verbmduugslimc  und  dei  icl  itiven  Geschwin 
digkeit  gleichzeitig  parallele  Ebene 

Further 

Dass  die  gedachte,  in  jedem  Augenblick  entstehcnde  Ki  ift  piopoitional 
ist  emer  Function  der  relativcn  Entfeinung  F(i)  und  dorjcnigcn  Oomponenten 
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der  relativen  Geschwindigkeit,  welche  gegen  die  Verbindungshnie  senkrecht 

LSt 

The  resulting  equations  are  not  elastic  equations,  but  similar  to 
bhe  optical  equations  of  Cauchy,  MacCulkgh  and  ^Neumann,  and  iihe 
methods  adopted  are  a.km  to  those  of  the  tractate  on,  optics  referred  to 
in  our  Art  1391  There  is  thus  no  need  to  consider  the  memoir  at 
Length  under  the  history  of  elasticity 

1325  We  have  next  to  consider  the  work  entitled  Tkeone 
der  Elastiwtat  der  fester  Korper  von  Dr  A  Clebsch,  Professor 
an  der  Polytechmschen  Schule  zu  Oarlsruhe  This  was  published 
in  large  octavo  at  Leipzig  in  1862,  and  contains  xi  -f  424  pages. 
The  preface  states  briefly  the  object  of  the  work ,  this  may  be 
said  to  be  to  furnish  a  sound  basis  for  practical  studies  and 
applications  Accordingly  the  mathematical  processes  are  kept 
as  simple  and  elementary  as  possible ,  the  general  investigations 
given  by  Lamd  and  also  any  applications  to  the  theory  of  light 
are  omitted  On  the  other  hand  the  researches  of  Saint-Yenant 
on  the  Flexure  and  Torsion  of  Prisms,  and  those  of  Kirchhoff  with 
respect  to  very  slender  rods,  are  fully  considered  The  work  is 
divided  into  three  parts,  S  1-189  treat  of  bodies  having  all 
their  dimensions  finite,  S  190-355  treat  of  bodies  which  have 
one  dimension  or  two  dimensions  indefinitely  small,  S  256-424 
are  devoted  to  applications  The  work  is  subdivided  into  92 
sections 

[Notwithstanding  Clebsch' s  preface  and  his  position  at  Carls- 
ruhe  his  book  is  certainly  not  suited  for  the  technicist,  the 
slightest  comparison  of  his  pages  with  those,  for  example,  of  his 
successor  Grasshof  will  sufficiently  demonstrate  this  fact  It  is 
to  the  mathematical  elastician  that  Clebsch  in  reality  appeals,  and 
the  chief  value  of  his  book  lies  in  the  novelty  of  his  analytical 
processes  and  his  solutions  of  new  elastic  problems  Throughout 
the  work  Clebsch  practically  uses  only  the  equations  for  isotropic 
materials,  and  this  depnves  the  work  of  much  physical  and  tech- 
meal  interest  In  the  French  translation  due  to  Saint- Venant  and 
Flamant,  suitable  distributions  of  elasticity  replace  this  isotropy 
of  the  original  work  The  copious  notes  of  Saint- Venant  and  the 
correction  of  many  of  the  innumerable  eriata  of  the  original  so 
increase  the  value  of  the  translation,  that  it  is  safe  to  pi  edict  that 
for  the  futuie  Clebsch  will  be  chiefly  read  in  the  French  edition 
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(see  our  Arts  298-400)  For  our  present  historical  purpos 
however,  we  follow  the  original,  giving  under  the  letters  «  F  1 
the  corresponding  pages  of  Saint-Venant's  version  ] 

[1326  ]    The  first  seventeen  sections  of  Clebsch  (S  1-50 ,  F 
pp  1-113)  contain  a  general  theory  of  elasticity,  which  does  u 
possess  much  novelty    The  statements  on  S  7  and  10  with  rega 
to  the  numerical  limits  of  the  elastic  constants1  are  only  true  i 
the  isotropic  materials  of  theory  and  not  for  the  usual  materials 
construction     see  our  Arts   169  (d)  and  308  (6)     The  definiti 
of  the  elastic  limit,  S  4,  requires  modification,  but  the  remark 
S  3  as  to  the  fitness  of  excluding  caoutchouc  from  the  substanc 
to  which  the  theory  of  elasticity  in  its  present  form  can  be  appli 
deserves  notice     As  a  novelty  we  may  refer  to  S    23-7,  whe 
the  reader  will  find  Lamp's  ellipsoid  of  elasticity  and  the  stre 
director-quadric  (see  our  Arts    1008*  and  1059*)  expressed 
tangential  coordinates,  the  analysis  has  probably  more  inter* 
than  the  result  practical  value 

The  linearity  of  the  stress-strain  relations  is  practically  < 
sumed  by  Clebsch,  as  he  appeals  to  a  mathematical  process  a 
not  to  experimental  facts  see  our  Arts  928*,  1051*,  1064*,  a 
299 

Clebsch  terms  the  stresses  Spannungen  and  the  strains  Vt 
schiebimgen*,  he  uses  Zugkraft  also  in  the  sense  of  Spannung,  b 
it  would  I  think  be  better  to  confine  it  to  what  in  this  volur 
we  term  tractions  He  represents  the  stress  system  by  tn,  t^,  i 
*&>  *«»  ^12  and  the  strams  by  «*  &  %  </>>  36  ^ 

[1327]  Clebsch  next  passes  in  §  18  to  the  special  case  oft 
equilibrium  of  a  hollow  spherical  shell  subjected  to  umfoi 
surface-tractions  This  has  been  fully  considered  by  other  wntt 
(see  our  Arts  1016*,  1093*,  123,  and  1201  (c)),  uid  their  resu 
should  be  compaied  with  those  of  Clebsch,  as  there  are  misprii 
in  his  work  He  uses  also,  here,  as  throughout  his  book,  t 
maximum  stress  not  tht  maximum  stretch  to  suggest  t\iG  fail-lw 
or  condition  of  ruptuic  see  oui  Arts  4  (7),  ~>,  lG9(c)  and  320-1 

The  following  section  §  19  (8    55-61)  deals  with  the  rad 

1  Clebsch  uses  ^  for  our  77  and  i  for  oui  fj. ,  he  uses  1'   as  wo  do,  for  the  stret< 
modulus 

-  He  also  uses  76?  schiebuiigen  occasionally  foi  the  &  hi/ 1*>   c  g  b   25 
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vibrations  of  a  sphere,  and  does  not  add  much  to  Poisson's  treat- 
ment of  the  like  problem  in  his  memoir  of  1829  see  OUT  Arts. 
449*-463* 

These  sections  occupy  S  114-126  of  F  E 

[1328]  The  next  subject  to  which  Glebsch  turns  is  of  more 
interest  §  20  (S  62-67 ,  F  E  pp  126-132)  is  entitled  ffeber 
die  Wwrzeln  der  transsoendenten  Glewhungen,  welche  die  Unter- 
suchiwg  von  Schwingungen  elastischer  Korper  mit  sich  fHhrt,  and 
its  object  is  to  show  the  reality  of  the  roots,  or  the  stability  of 
the  small  vibrational  motions.  1  reproduce  the  substance  of 
Clebsch's  investigation  here,  as  it  appears  to  be  original,  and 
is  of  considerable  importance 

1329  Let  us  suppose  that  for  small  vibrations  the  values  of  the 
shifbs  u,  v,  w  can  be  expressed  in  series  of  simple  harmonic  form  Thus 
we  may  put 

u  =  UL  sm  kjt  +  u2  sin  h£  +  u%  sin  kf  + 

+  %'  cos  kjt  +  w2'cos  k&  +  uj  cos  kst  -f         , 

with  similar  expressions  for  v  and  w  But  as  the  treatment  of  the 
terms  which  involve  cosines  is  the  same  as  that  of  the  terms  which 
involve  sines,  we  will  omit  the  cosines  entirely  Hence  we  take 

u  —  U-L  sin  k^t  +  uz  sin  kzt  +  us  sin  k8t  + 
v  =  V-L  sin  kf  4-  v2  sin  k2t  +  vs  sin  k$t  -f 
w~Wi  sin  ty  + 102  sm  kf  +ws sin  hjt  + 

Now  similarly  each  of  the  six  elastic  stresses  will  take  the  form  of 
such  a  series ,  we  will  thus  suppose  that  corresponding  to 

un  sin  knt,     vn  sin  kJ9     wn  sin  knt, 
we  have  for  the  three  tractions 

vl  sin  kntj     1/2  sin  knt,     v$  sin  knt, 
and  for  the  three  shears 

T!  sin  hnt,     r2  sin  k^t,     r3  sin  knt 

Then  substituting  in  the  body  stress  equations,  and  supposing  no 
exteinal  forces  to  act,  we  have 

dv-i      C/TJ      Q?TO    \ 
—  pL)L  ult  -    7    +    ,-  +    .—  , 
r  d%      dy      ax 

dr>      dv»      dr-L 
-  pknVn  =  -j-  +  -j-  H-  -j-  , 

r  ax      ay      az 
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The  values  of  vl9  va,  are  connected  with  un,  vn,  wn  by  the  same 
relations  as  the  stresses  are  connected  with  the  strains  Also  we  have 
the  following  equations  holding  at  the  bounding  surfaces,  supposing 
there  to  be  no  load  and  a,  fr  y  the  direction-angles  of  the  normal 

v:  cos  a  +  TS  cos  /3  +  T2  cos  y  =  0,  j 

TS  cos  a  -i-i/aCOS/S-Hi  cosy  =  0,>  (2) 


It  will  be  observed  that  (1)  and  (2)  are  derived  from  the  general  body 
and  surface  stress-equations  ,  each  of  these  equations  breaks  up  into 
sets  obtained  by  considering  separately  the  terms  which  involve 

sin  kf  ,     sm  k$  ,  sin  knt, 

Now  let  Mfo,  0TO,  wm  correspond  to  Bmkmt  in  the  values  of  u,  v,  «?, 
where  km  is  different  from  kn  Let  the  corresponding  forms  of  (1)  and 
(2)  be  what  we  get  by  putting  v  instead  of  r,  and  T'  instead  of  T 

Consider  the  triple  integral  extended  over  the  whole  body 


By  means  of  (1)  this  gives  at  once,  if  p  be  constant 


JrA  /drz      dr-,      dv 

di)  +Wm  (s  +  *  +  df 


Now  by  integration  by  parts,  the  triple  integral  can  be  tiansformed 
into  a  certain  double  integral  extending  over  the  boundaries,  and  a 
certain  triple  integral  extending  throughout  the  body,  the  double 
integral  vanishes  by  (2)  ;  and  we  are  thus  left  with  the  result 


dw 


2 

dy  \dx        dz  ]  dz  \  dy       dx 


)  )         y 


Now  in  precisely  the  same  way  as  this  icsult  has  been  obtained,  by 
applying  (1)  with  respect  to  um,  vm,  wm  instead  of  with  respect  to 
^i>  VH>  wn  we  obtain 


dun 


1330      But  the  light  hand  members  of  the  last  two  equations  are 
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bhe  same      Foi  we  know  that  there  is  a  certain  homogeneous  function 
D£  the  second  degree  involving  the  six  quantities 


| 
dx  '     dz       dy          9 

such  that  its   differential  coefficient  with  respect  to  -=-*  is  ylf  its 


iifferential  coefficient  with  respect  to  -=?  +  -      is  r,,  and  so  on    and 

CKS       ciy 

in  hke  manner  similar  considerations  hold  when  we  form  the  same 
function  of  the  six  quantities 

dum     dvm     dwm 

~T  -    J          -  T  --  1  --  T  - 

dx       dz       dy 

Hence  it  will  be  found,  as  asserted,  that  the  right-hand  members  of 
these  equations  are  the  same     Thus  we  have 


and  since  kn  and  km  are  different  it  follows  that  J  must  be  zero, 
that  is 

///  Ki%  +  vmvn  +  «W*»)  dxdydz  =  0  (3) 

This  result  enables  us  to  show  that  the  quantities  ^2,  jy,  are 
all  real  For  suppose  one  of  them  were  of  the  form  p  +  q  J  -  1,  then 
another  would  be  of  the  form  p-q*J—l}  let  then  um,  vm,  wm  cor- 
respond to  the  former,  and  un,  vn,  wn  to  the  latter  Then  um  and  un 
will  be  conjugate  imaginary  expressions  of  the  forms  pi  +  <Zi*J-i 
and  Pi  —  q\lj—^j  and  so  their  product  would  be  the  sum  of  two 
squares  The  like  would  hold  for  vmvn  and  for  wmwn)  and  thus  the 
integial  in  (3)  would  be  necessarily  a  positive  quantity,  and  so  could 
not  vanish  as  it  must  by  (3) 

Olebsch  then  proceeds  to  show  that  hf,  k*,  must  all  be  positive 
quantities  Foi  put 


bhe  integral  extending  throughout  the  whole  body  ;  thus  J'  denotes 
what  J  would  become  if  we  put  un,  vn,  wn  for  um,  vm,  wm  lespectively 
Then  transfoimmg  this  as  we  did  J  we  get 


pkn  J'  -        v!         +  dtdyd* 

=  2  ((\Fdxdydz  (4), 

where  F  is  that  homogeneous  function  of  the  six  quantities 


dx  '    dz       dy  ' 


to  which  we  have  aheady  refened 
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Now  Clebsch  says,  in  substance,  that  the  right-hand  member  of  (4) 
must  be  a  positive  quantity  It  is  really  the  strain  energy  corresponding 
to  certain  small  shifts  ;  hence  since  J'  is  necessarily  positive  it  follows 
from  (4)  that  V  must  be  positive  also  Clebsch  should  have  referred 
to  some  standard  treatise  on  Mechanics  foi  the  proposition  which  he 
here  asserts  [see  our  Art  1278],  his  own  woids  after  arriving  at 
equation  (4)  are 

Das  negative  Differential  des  dreifachen  Integrals  rechts  bedeutete  aber  die 
Arbeit,  welche  die  mnern  Krstfte  bei  einer  klemen  Verschiebung  leisten,  daher 
stellt  das  Integral  selbst,  nut  entgegengesetzten  Zeichen  genommen,  die  Arbeit 
dar,  welche  die  mnern  Krafte  leisten,  wenn  der  Korper  aus  seiner  naturhchen 
Lage  verschoben  wird,  bis  er  die  Yerschiebungen  un,  vnj  wn  erhalt  Diese 
Arbeit  ist  ihrer  Natur  nach  negativ,  genau  entgegengesetzt  der  ihr  gleichen 
positiven  Arbeit  der  aussern  Krafte,  welche  zu  einer  solchen  Verschiebung 
nothwendig  ist  Das  dreifache  Integral  ist  also  nothwendig  positiv,  aber 
auch  J7,  welches  eine  Summe  positiver  Glieder  ist,  daher  muss  derm  auch  jfcna 
nothwendig  positiv  sem,  was  zu  beweisen  war  (S  65-6) 

Clebsch  applies  the  results  obtained  to  the  problem  of  the  vibrating 
sphere  m  order  to  justify  an  equation  there  assumed  to  be  true 

1331  The  twenty-first  section  consists  of  a  demonstration  thab 
the  problem  of  the  equilibrium  of  an  elastic  body  is  a  determinate 
problem  (S  67-70,  F  E  S  132-6)  This  is  a  modification  of 
KirchhofFs  proof  see  our  Arts  1255  and  1278 

Suppose  if  possible  that  such  a  problem  admitted  two  solutions, 
one  in  which  the  shifts  are  u',  v'}  w  ',  and  another  m  which  the  shifts 
are  u",  v"9  w"  Write  down  the  body  and  surface  shift-  equations,  first 
with  respect  to  u',  v',  w',  and  next  with  respect  to  u",  v",  w"  Make 
subtractions  of  corresponding  equations,  for  the  result  we  obtain 
equations  of  elastic  equilibnum,  with  no  apphed  forces  whatever,  and 
where  the  displacements  are  denoted  by  u1  —  u",  v'  —  v"j  wf  —  w"  respec 
tively  it  is  our  object  to  show  that  the  displacements  in  this  case  must 
all  be  zeio,  that  is 


If  this  be  shown  it  amounts  to  establishing  that  there  ib  only  one 
solution  of  the  problem  of  equilibrium 

Let  us  then  suppose  that  no  apphed  foices  whitevci  act,  md  let  us 
denote  the  shifts  as  usual,  by  u,  v,  w  If  we  pioceed  as  in  our  last 
article  we  have  results  like  those  obtained  there,  provided  we  put  km2 
and  Ltt*  zeio;  foi  now  as  we  aie  supposing  no  motion,  these  quantities 
do  not  occui  Thus  eoi  responding  to  (4)  oi  that  irticle  we  have 
now 


Q  (1) 

But  this  mtegial  owing  to  its  physical  meaning  has  a  positive  value 
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and  cannot,  therefore,  be  zero  unless  F  be  zero      This  can  only  be  the 
case  when  all  the  variables  in  F  vanish,  that  is  when 

du     ~    dv      _    dw 

7          ==    V •         "~^~      ^?    \}m  _  ^Z    (J. 


It  seems  to  me  that  these  equations  are  not  obtained  in  a  very 
convincing  mannei  compare  our  Art  1278 

The  values  of  u,  v,  w  which  satisfy  these  equations  are  of  the 
following  forms 


where  a,  b,  c,  a,  /?,  y  are  constants  These  are  easily  shown  to  follow 
from  (2)  For  from  the  fiist  three  of  these  we  see  that  u  cannot 
involve  #,  that  v  cannot  involve  y,  and  that  w  cannot  involve  z  ,  then 
from  the  last  ot  them  du/dy  cannot  involve  y,  and  from  the  fifth  of 
them  dujdz  cannot  involve  z  in  this  way  the  assigned  formulae  are 
obtained 

Now  the  equations  (3)  exhibit  only  such  motions  as  the  body  can 
take  as  a  whole,  and  which  consequently  do  not  give  rise  to  any  relative 
shifts,  and  so  do  not  call  out  any  stresses  For  #,  5,  c  correspond 
to  shifts  parallel  to  the  axes  of  x,  y,  #  respectively  ,  a,  fi,  y  correspond 
to  a  small  rotation  of  the  body  round  a  straight  line  inclined  to  the  axes 
at  angles  whose  direction  cosines  are  proportional  to  a,  ft,  y  respectively 
The  conclusion  is  that  any  pioblem  relating  to  the  equilibrium  of  an 
elastic  body  becomes  perfectly  definite  if  we  exclude  all  such  shifts 
as  the  body  could  take  as  a  whole 

[1332]  S  70-148  of  Clebsch's  treatise  are  occupied  with 
what  he  has  termed  Saint-Venanfs  Problem,  that  is  to  say  with 
the  torsion  and  flexure  of  prisms  This  forms  Chapter  n  of  the 
French  edition  (pp  137-294)  Olebsch's  treatment  is  very  in- 
structive, as  he  combines  m  one  investigation  the  general  results 
of  Samt-Venant's  two  classical  memoirs  see  our  Arts  1  and  69 
At  the  same  time  the  slight  value  of  his  book  for  technical 
students  is  well  brought  out  by  the  fact  that  he  passes  over  all 
the  important  practical  examples  (the  elliptic  cross  section  alone 
excepted)  which  Saint-  Tenant  has  given  of  his  theory  (see  oui 
Arts  18-49  and  87-97),  and  devotes  himself  especially  to  the 
case  of  a  prism  bounded  by  two  coufocxl  elliptic  cylinders  The 
analysis  is  interesting,  but  the  practical  application  is  small  We 
have  here  a  good  example  of  how  the  love  of  original  investigation 
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may  render  it  impossible  even  for  a  mathematician  of  genius 
write  a  textbook  especially  suitable  for  a  particular  class  of  student 
In  this  respect  his  very  originality  may  handicap  him,  and  Glebsc! 
treatise  has  never  won  for  itself  the  same  type  of  readers  as  tho< 
of  Navier,  Lamd  or  Grashof    see  our  Arts  279*,  1043* 

[1333  ]  Clebsch  states  Saint- Tenant's  Problem  in  the  followir 
manner  (S  72-3) 

Welches  sind  die  Gleichgewichtszustande  ernes  cylindnschen  Korpei 
auf  dessen  cylindnsche  Oberflache  kerne  Krafte  wirken,  und  dess« 
Inneres  kemen  aussern  Kraffcen  unterworfen  ist,  bei  welchen  die  d€ 
Korper  zusammensetzenden  Fasern  kemerlei  seitlichen  Druck  eileide 
Welches  smd  die  Krafte,  welche  auf  die  freie  Endflache  wirken  musse 
um  dergleichen  Zustande  hervorzurufen 

1334  We  will  now  indicate  Clebsch's  method  of  investigate 
this  problem  To  free  the  shifts  from  pure  translational  ar 
rotational  terms  we  may  fix  a  point  in  the  body  and  a  linear  ar 
a  planar  element  at  that  point  This  Olebsch  does  in  the  followir 
manner 

Suppose  the  body  of  any  cylindrical  form  Take  the  axis  of 
parallel  to  that  of  the  cylinder,  so  that  originally  a  section  at  rig 
angles  to  the  axis  is  parallel  to  the  plane  of  xy  We  shall  suppose  th 
the  origin  is  a  fixed  point,  so  that  we  have  u  -  0,  v  -  0,  w  =  0  at  th 
point,  that  is  where  x,  y,  z  vanish  For  a  point  in  the  plane  of  * 
very  near  the  origin  the  displacements  parallel  to  the  axes  of  x,  y, 
respectively  may  be  denoted  by 

du\    ,       /du\    7        /dv\    7       fdv\    7        /dw\    7       /dw\    7 
-j-  )  dx  +  (  7-  )  dy,     (  -T-  )  dx  +  ( -=-  )  dy,     (  -=-  )  dx  +  I  -j-  )  dy 
dx/Q          \dyjo    yt     \dxjo          \dyJQ   y'     \dxjo          \dyjo   y 

Suppose  then  that  (  —  )  =0,  and  (  -=-  )  =  0 ,  this  amounts  to  assumii 
rr  \dxJo  \dy/Q 

that  an  infinitesimal  element  originally  in  the  plane  of  xy  rtmau 
in  that  plane,  or  that  there  is  no  lotation  round  an  axis  ua  that  plan 

Let  us  furthei  assume  that  (-=  J  =0;  then  there  is  no  motion  paiall 

to  the  axis  of  y  of  any  point  of  the  infinitesimal  element  which  is  oil  tl 
axis  of  x,  and  so  there  can  be  no  lotation  louiid  an  ixis  peipendicul 
to  the  plane  of  xy 

We  take  then  these  six  conditions  to  hold  when  a,  =-  0,  #-0,  ^  =  0 

«  =  0,  ,  =  0,  w  =  0,  ^  =  0,  ^  =  0,  J  =  0  (1) 

dx  dy        '   d%  v  ' 

These  conditions  m  fact  make  the  six  constants  of  (3)  in  oui  Ait  133 
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namely  a,  b,  c,  a,  £,  y,  all  vanish     The  six  conditions  might  be  assumed 
differently,  thus  for  instance,  instead  of  ~=0  we  might  take  ^-  =  0, 

keeping  all  the  others  but  we  shall  adhere  to  the  farm  adopted  in  (1)^ 
We  assume  that  no  body  force  whatever  acts  >  and  that  there  is  no 
load  on  the  curved  boundary  of  the  cylinder,  but  only  on  the  terminal 
cross-sections  The  direct  problem  now  would  be  to  let  given  forces 
act  at  the  terminals  and  then  seek  to  determine  u,  v,w,  but  instead  of 
this  Clebsch  follows  Samt-Yenant  in  an  indirect  course.  He  proposes 
to  seek  the  conditions  that  must  hold,  and  the  forces  that  must  act  on 
the  body,  in  order  that  throughout  the  body  we  may  have 

«»  =  0,     Jy  =  0,     ^  =  0 

The  assumptions  made  that  3,  yy,  *y  shall  all  vanish  amount 
to  supposing  the  cylinder  to  consist  of  slender  fibres,  rectangular 
if  we  please,  and  that  these  fibres  exercise  on  each  other  no  stress 
perpendicular  to  their  length  As  no  transversal  stress  exists  on  such 
a  fibre  we  must  have 


du     dv  dw  ,n. 

and  -5-  =  -j-  =  —  fj  ~j-  (o) 

dx     dy         '  dz  x  ' 

These  relations  flow  at  once  from  the  conditions 

xx  -  0,     yy  =  0, 
as  we  see  from  Art  78 

The  condition  that  #J  =  0  leads  to 

du     *°    n  IA\ 

-=-  -r  -T~  =  U  (4) 

dy     dx  v  ' 

The  body  stress  equations  now  take  the  form 

d'zx      n     dyz  dzx       dyz       d^z       A  /R 

-=-  =  0,   -=-  =  0,   -j-  +  -j~  +   .-  =  0  (5) 

dz  dy  dx      dy      dz 

Substitute  the  values  of  JP,  zx,  *z,  and  these  become,  supposing  the 
elasticity  to  have  a  planar  distribution  perpendicular  to  the  axis  of  the 
prism 


E     0  7, 

-  2r;  )  ^—  +  -     +  -T-7  =  0  (7), 

/  dz        dy?      dy 

wheie   Ej   ^   and   y   must   be   now   resided   as    independent    elastic 
constants1     see  our  Aits    310-3  and  321  (d) 

1  We  have  here  followed  Saint  Venant  in  extending  Clebsch  s  ^esults  to  a  planar 
elastic  distribution      Clebsch  supposes  the  body  isotropic  and  theiefore  has  2  for  our 
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nn^  ,v,vn/*ThoYift  relative  to  the  cylindrical  surface  reduce  to 
0=  *#cos;p  +  y*  sin 2?, 


w  o  that  the  outwardly  directed  normal  makes  with 

1335     The  twenty-third  section  proceeds  to  the  solution  of  the 
equations  just  obtained 

The  equations  to  be  discussed  are  the  following 

du     dv  __       dw  ,- . 

du     dv     .  y_v 


(4) 
^  >' 


Differentiate  (5)  with  respect  to  ss  ,  and  subtract  (3)  differentiated  with 
respect  to  x,  and  (4)  differentiated  with  lespect  to  y  ,  thus 


E     e 

= 


-, 

dz*      dxdz*     dydz* 

Hence  by  (1)  we  find 

£?-«  <»> 

Differentiate  (3)  with  respect  to  y,  and  (4)  with  respect  to  x,  and  add 
thus 

d3u        dsv  d3w        . 

c??y<:/^2      cZasc^«2        dxdi/dz~     ' 

the  sum  of  the  nrst  and  second  terms  vanishes  by  (2)  ,  and  thus 

_!>_=0 

dxdydz 
Differentiate  (5)  with  respect  to  z,  and  use  (6)  ,  thus 


^ 
dzdx* 
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Differentiate  (3)  with  respect  to  aj,  and  (4)  with  respect  to  y,  the 
irst  terms  are  equal  by  (6),  and  we  hare 


Comparing  this  with  (7)  we  see  that 


Thus  we  have  shown  that  the  following  differential  coefficients  of 

lw 

-T-  must  vanish 

dz 

—  (— 

dz*\dz 

On  account  of  the  first  three  of  these  dw/dz  cannot  contain  x,  y  or 
to  a  power  higher  than  the  first  ,  and  on  account  of  the  last  dwjdz 
annot  contain  xy    hence 

(8) 


From  this  we  have  by  (1) 

du     dv  .  ,-,-, 

•T-  =  -j-  ~  -  f\  {«  +  «i«  +  a>$J  +  «  (o  +  b^ 

Integrating  the  last  two  equations  we  get 


=  -  fi  (ax  +  *—-+  a&y\  -  ijz  (bx  +  ~~  +bjcy\  +  <£  (y,  z\ 
°^-  j  -  772;  (by  +  b&y  +  -j-J  +  $  (x>  *)> 


arhere  <f>  (y,  z)  denotes  some  function  of  y  and  «,  and  \j/  (^,  z)  some 
unction  of  x  and  z     these  mu^t  now  be  detei  mined 
From  (3)  and  (4)  we  have 

dzu  T         d2v  _ 

-7    =-%-61s,      -1-  =  -a  -b-&, 
dz  dz 

hus  <^>  and  \j/  do  not  involve  any  power  of  z  highei  than  the  thud  ,  also 
he  coefficients  of  z  and  z*  are  constants  in  each 

It  follows  fioni  (2),  combined  with  the  expiessions  obtained  for  u 
md  v,  that  y  in  <£  (y,  z)  and  x  in  if/  (x,  z)  c  mnot  occur  to  a  powei 
ngher  than  the  second  Thus  for  the  forms  of  <£  and  \j/  we  obtain 


(aj,  z)  =  a"  +  a/^  +  ai"x  +  «  (B/;  +  B/'a  +  B  '  a,0)  -       -- 
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The  equations  (3)  and  (4)  are  now  fully  satisfied  by  the  values  of  u 
and  v  which  we  have  obtained  Substitute  these  values  m  (2),  and  we 
find  that  the  following  relations  must  hold  among  the  constants 


/  =  _  <  =  a0,  &i'  —  &/'  =  &0  ,  and  we  obtain  finally 

y 


07  f 


os-t-q^  "^  +  a&yj-Tjz  ( 


bx  + 


)  " 


^ 


(9) 


1336  These  formulae  satisfy  equations  (1),  (2),  (3),  (4),  and  they 
constitute  the  most  general  solution  of  them  ,  it  will  be  seen  that  they 
fully  determine  u  and  v,  except  that  they  each  involve  some  arbitrary 
constants  "We  proceed  to  find  w,  which  has  to  satisfy  (5)  and  (8) 
By  integrating  (8)  we  get 


3? 

4-  -=• 


F(x,  y), 


where  F(x,  y)  denotes  some  function  of  x  and  y      Substitute  in  (5), 
then  we  get 


-Vx-  b"y, 


Assume 

F  (x,  y)  =  O  -        - 


f) 


where  O  denotes  a  function  of  x  and  y  }  then  the  equation  becomes 


(10) 

X 


This  equation  will  not  fully  determine  O  ,  as  we  shall  see,  the 
condition  holding  at  the  cylindrical  surface  will  aid  in  this  Introduce 
now  the  expressions  found  for  u,  v9  w  in  the  stiessca,  and  we  have  the 
following  set  of  formulae 
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u  and  v  as  given  by  (9), 
w  =  z  (a  +  Oiflj  -I-  «22/)  +  «r  (5 


we  =  0,      yj  —  0,     £J  =  0, 
M  =  ^{»  +  a^x  +  agj  +  #  (b  + 


To  determine  O  we  have  equation  (10) ,  while  equation  (8)  of  our 
A.rt  1334  now  becomes 


*i_   x  ^    V/.     V*     /* 


+  sin  jt>  'j  —  000!  —  ^—  OT/  — 1>2  — 

L  -1/*  *  \f*        /  0% 

(12) 

1337  The  twenty-fourth  section  relates  to  the  functions  which 
live  to  be  determined  in  the  solution  of  Samt-Venant's  pi  oblem 

The  first  thing  to  be  shown  is  that  O  is  fully  determined  by  (10) 
ind  (12)  If  there  were  two  diffeient  forms  of  fl  which  satisfied 
hese  conditions,  then  their  difference  which  we  will  denote  by  ®  would 
;atisfy  the  two  conditions 

-=     +  -=— ,=  0,  at  eveiy  point  of  the  cross  section  (13). 

dv      dy*  v     ' 

co&p  -j-  +  smp  y  =  0,  it  every  point  of  its  contoui        (14} 
u  L  ciy 

Considei    now   the  following  integral    T  extended  o\ei   the 
ross  section 
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By  a  process  frequently  exemplified,  this  can  be  transformed  into 
d® 


where  ds  denotes  an  element  of  length  of  the  contour  of  the  cross 
section,  the  first  integral  being  taken  round  the  whole  contour,  anc 
the  second  over  the  whole  cioss  section  But  by  (13)  and  (14)  th< 
right  hand  side  is  zero,  and  therefore  T  is  zero  >  but  this  cannot  b< 
unless  d®/dx  and  d%\dy  vanish  at  every  point ,  so  that  ®  must  be  t 
constant  Hence  it  follows  that  the  two  values  of  O  which  will  solve  oui 
problem  can  differ  only  by  a  constant ,  so  that  if  we  add  the  conditioi 
that  O  shall  vanish  at  some  point,  as  for  instance  at  the  origin,  then  O  u 
fully  determined  We  can  impose  this  condition  on  O  without  any  losi 
of  generality,  because  in  passing  from  F  to  O  in  Art  1336  we  have  in 
troduced  an  arbitrary  constant  c 

1338  Thus  since  O  is  fully  determinate  any  form  which  we  cai 
give  to  it  so  as  to  satisfy  the  conditions  (10)  and  (12)  of  the  preceding 
section  may  be  taken  as  the  necessary  form  Assume  then 

where  B,  BQ9  B19  j&2  all  separately  satisfy  (10),  and  let  us  add  th< 
following  special  conditions  round  the  contoui,  so  that  (12)  may  b< 
satisfied 

dB  dB  /^\/ 

•  -7-  sin  p  =  ( jr-  )  (x  cos  p  +  y  sin  »), 
dy  \JjK- / 


— —  POS  vt  -4-  en  fi  ff\  —  ««  crm  vi  —  QI  f*r*cj  01 

j         \AJtt  JJ   T  ~j        Dill   IJ  —  JU  bill  U  tj   \j\J(3  JJj 

clx  dy 

dB1             dBi            **        \/x       ^r               fE       \  } 

-j-  cos  p  +—7—  smp  =  ^  cos  p  +  ( rj  \  7  ?/  sm  p9 


(15) 


dB  (ITt  w      \~IL~    '  /v 

tCX>i  LliJjn  \  U.  /  /  ftj 

r    cos  p  -1-  -—  sin  p  -  n  sin  ??  +  ( 

<n  d\i  2  \[jL 

Thus  B,  BQ,  J319  Bz  are  fully  determinate ,  foi  each  has  to  satisfy  tin 
general  differential  equation  (13),  and  each  has  to  satisfy  round  th 
contoui  the  appiopnate  equation  fiom 


1339      Clebsch  now  shows  that  b  must   bo   /oro       (Vmsidn    th 
expiession 

[(fdJi     dB\  .    , 

II  I   7  j  +    ,     )  uxdy,  taken  ovoi  tlio  cross  section  , 

this  must  be  zeio  )>y  vntue  of  (10),  if  b  be  not  /( 10      Int(giato  tin  his 
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term  once  with  respect  to  #,  and  the  second  term  once  with  respect  to 
y  9  then  according  to  a  very  common  process  we  have 

tdB  dB 


By  the  first  of  (15)  this  leads  to 

0  =  J(a5  cos  p  -f  y  sin  p)  ds 

But  by  such   a  process  as  we  have  just  indicated,  this  can  be 
deduced  from 


that  is 


=  2fjdxdy, 


but  this  is  impossible,  for  the  integral  is  obviously  equal  to  double  the 
area  of  the  cross-section.  Thus  as  the  only  escape  from  this  contra- 
diction we  must  have  6  =  0 

We  learn  then  that  the  solution  which  is  furnished  by  equations  (9) 
and  (11)  involves  only  the  constants  #,  01,  #2,  a'y  a",  #0,  5*,  bs,  bf,  b"9  #0,  c9 
which  all  enter  in  a  linear  form,  and  besides  these  there  is  nothing 
arbitrary  For  the  function  O  is  expressed  in  the  form  of  a  linear 
function  of  three  of  these  constants,  namely  b0,  blt  &2»  an<i  involves 
nothing  else  which  is  indeterminate  for  a  given  cross  section  But 
these  twelve  constants  will  reduce  to  staj,  if  we  make  use  of  the  six 
conditions  contained  in  (1)  of  our  Ait  1334  These  conditions 
lead  to 

.',0,  «",o,  0,0,  ...o,  v, 


where  in  the  last  two  equations  the  subscupt  0  indicates  that  we  are  to 
put  x  and  y  each  zero  after  differentiation 

The  values  of  u9  v,  w  as  furnished  by  equations  (9)  and  (11)  take 
then  the  following  simplei  forms 


'  =  -  1?  I 


aoc  +  «j 


•  +  flosro/ 


•}- 


yj 


I  2/°-^  1         /A 

v  —  —  -n  <  a //  4-  «2  ^^ — r —  +  rtji y  >  —  •>?«  <  6, 
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1340  The  twenty  fifth  section  (8  85-7)  proceeds  to  the  discussion 
of  the  solution 

There  are  six  constants  m  the  solution  ,  we  may  then  suppose  them 
all  to  vanish  except  one,  and  so  obtain  an  idea  of  the  meaning  of  this 
constant  This  Olebsch  proposes  to  do  Theie  would  then  be  apparently 
six  cases  to  discuss,  but  by  a  slight  modification  of  the  process  it 
is  found  that  a  smaller  number  of  cases  is  sufficient 

When  any  system  of  shifts  occurs  in  a  rod  there  are  two  points 
which  deserve  especial  attention  We  may  determine  the  form 
assumed  by  a  *  fibre'  which  was  originally  a  straight  line  parallel  to 
the  axis  of  %  ,  and  we  may  determine  the  form  assumed  by  a  section 
which  was  originally  a  plane  at  right  angles  to  this  axis  Suppose  now 
that  x',  y',  a',  denote  the  coordinates  of  a  point  of  which  the  original 
coordinates  were  #,  y,  z  ,  then 

x'  =  x  +  u,    y'  =  y  +  v,    z'  =  z  +  w  (1) 

In  order  to  determine  the  form  assumed  by  a  c  fibre  '  we  treat  x  and  y 
as  constant,  and  eliminate  z  between  these  three  equations  Neglecting 
quantities  which  are  small  in  comparison  with  those  which  we  retain, 
this  amounts  to  putting  z'  f  or  z  in  u  and  v  ,  denote  the  results  thus 
-obtained  by  u'  and  a?'  respectively  then  we  obtain 

x'  =  x  +  u1,     y'  =  y  +  v'  (2) 

In  order  to  determine  the  form  assumed  by  a  cross  section  we  treat 
z  as  constant,  and  ehmmate  W  and  y  ,  this  amounts  approximately 
to  putting  a'  and  y'  for  &  and  y  respectively  in  w  and  the  result  may 
be  expressed  thus 

z'  =  z  +  w'  (3) 


1341  As  the  first  case  to  be  considered  we  will  suppose  that  all 
the  constants  vanish  except  a ,  then  equations  (16)  of  Art  1339  i educe 
to 

u  -  -  yax,     v~-  f\ay^     w  -  az 

The  sti  esses  all  vanish  except  **,  and  this  is  equal  to  Ea  The 
lesult  conesponds  to  a  simple  longitudinal  traction  Every  stiaight  line 
parallel  to  the  axis  of  z  becomes  (1  +  a)  times  its  ongiiwl  length,  \vhile 
a  tiansverse  hue  IR  reduced  to  (1  —yd)  times  its  original  length 


1342  The  twenty  sixth  section  (S  87—91)  continues  the  discussion 
of  the  results,  which  was  commenced  in  the  twenty  fifth  section 

Suppose  that  all  tin  constants  in  equations  (16)  of  oui  Art  1339 
vanish  except  %  and  ^  Then 
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(1) 


Further  from  (11)  of  our  Art  1336 


(2) 


The  equations  (2)  of  Art  1336  then  become 


x'  =  x  - 


(T  n  \ 
~3y) 

The  second  of  these  equations  lepresents  a  plane,  so  that  a  'nbre' 
Inch  was  originally  paiallel  to  the  axis  of  the  prism  remains  in  one 
lane ,  the  first  of  these  equations  is  that  to  the  projection  on  the 
lane  of  xz  of  the  curve  which  the  'fibie '  becomes }  the  cuive  is  one  of 
le  third  degiee,  which  i  educes  to  the  common  paiabola  when  bl  is 
ro  The  plane  denoted  by  the  second  equation  is  parallel  to  the 
£is  of  &,  in  a  paiticular  case  this  plane  will  also  be  paiallel  to  the 
sis  of  s,  namely  when 


>r  then  the  equation  i  educes  to 


Thus  the  Babies'  which  lemain  after  displ  ioeniLiit  111  i  plant 
irallel  to  the  axis  ongmally  constituted  i  hyperbolic  cylmdei  deter 
Lined  by  (4) 

1343      The  amount  of  the  bending  ma)  be  estimated  by  the  shift 
the  end  of   the  hbie  determined  by  ^  =  0,  y  =  0      Suppose   I  the 


1  In  the  value  of  u)  Clebsch  has  "—    instead  ot  oui    y  —  ( y  ~7?)*i//  »   thij> 

akes  his  dimenbions  in  u,  and  10  clifleient     the  mistake  prevails  thiou^li   hi^> 
yenty  sixth  section 
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length  of  the  cylinder1,   and  ul}  vt,  the  corresponding  values  of  u    J 
and  v ,  then 


Olebsch  also  deals  (S  88-91)  with  the  distorted  form  of  the  cross 
section 

If  instead  of  a19  ^  we  cause  all  the  constants  except  «2,  b2  to  vanish 
we  obtain  precisely  similar  results  except  that  the  bending  now  takes 
place  in  the  plane  yz 

1344  The  twenty  seventh  section  (S  91—4)  continues  the  discus 
sion  commenced  in  the  twenty-fifth 

Suppose  that  all  the  constants  in  equations  (16)  of  oui  Art  1339 
vanish  except  b0  Then 


Furthei  from  (11)  of  our  Ait  1336 

3-A(*  +  g),     9  =  -A(-f),     ~-0          (7) 

If  we  shift  the  ongin  of  cooidmates,  and  put  yL  foi  y  +  (       °  )  ,  and 

\  ax/o 

(tJ  fi  \ 
-=-°  )  ,  the  values  of  u  and  v  become 
dyjo 


and  then  we  see  that  they  correspond  to  i  toi  i>t,o>i  The  angK  which 
expresses  the  amount  of  twisting  is  denoted  by  b^,  and  so  it  vines 
as  z 

Clebsch    shows    that   the    'hbrts'    which    ongin  illy    wut    on    the 
euived  surfaee  of  any  right  encular  cyhndei  of  ladius  / 

(^  -a)  +(^-j8)  =/, 

will  altei  btram  lie  on  a  hyper  boloid  of  one  sheet 

He  says  with  lespect  to  this  section  and  the  two  whieh  preude  it 

feo  said  dcini  boi  der  Dibeussion  diesci  Result  ite  die  diei  11  luptfoimen, 
untei  wok/hen  em  elastisehei  Stab  sich  dai«tellt,  soioit  /u  Aiischaiiung 

1  Olebsch  uses  I  without  stating  what  it  means  and  he  aeuns  to  aay  on  las  S 
88  that  the  bending  takes  place  in  the  plane  of  xz  that  is  he  treats  vt  as  if  it  weie 
/ero 
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gekommen     Ausdehnung,  Biegung  und  Torsion     Zugleieli  i$t  fur  die 
ernde   Behandlung   wirklicher   Probleme  em  sicherar  AusgajagspoBkt 
vronnen,  und  damit  die  Basis  gegeben,  auf  welche  erne  minder  strenge  Fort 
Bntwicklung  sich  stutzen  kann  (S  94) 


[1345  ]  The  whole  of  the  above  investigation  is  concise,  clear, 
and  instructive,  especially  from  the  mathematical  standpoint.  It 
gives  us  the  most  general  solution  of  the  differential  equations  of 
slasticity  subject  to  certain  conditions,  in  particular  the  vanishing 
of  the  stresses  *5,  'yy  and  w  It  thus  embraces  Saint- Venant's 
results  both  for  flexure  and  torsion  and  throws  light  on  their 
mutual  relationship  see  our  Arts  17  and  82  It  does  not  bring 
ofct  to  the  student,  however,  quite  so  clearly  as  Saint-Venant's 
treatment  the  reason  for  these  assumptions  as  to  the  stresses,  and 
requires  therefore  to  be  supplemented  by  such  considerations  as 
we  have  referred  to  in  our  Arts  77,  80  and  316-8  See  also 
S&mt-Venant's  Glebsdi,  pp  174-190  Certain  misprints  of  Clebsch's 
have  been  tacitly  coriected  m  our  reproduction 

[1346  ]  Clebsch's  twenty-eighth  section  is  entitled  Aiigenali- 
erte  Anwendung  auf  wirkhche  Probleme  (S  94-8,  F  E  pp  169- 
174)  The  discussion  in  this  section  does  not  seem  to  me  to  bring 
out  fully  the  relationship  between  the  theoretical  suiface  stresses 
and  such  loads  as  can  be  applied  m  practice  Namely  it  is  almost 
impossible  to  apply  in  piactice  any  distribution  of  force  which  can 
be  exactly  repiesented  by  theory,  we  can  only  hope  to  obtain 
statically  equivalent  systems  of  loading  see  our  Arts  8,  9,  21  and 
100 

Clebsch  supposes  a  statical  system  given  by  the  force  components 
A,  B,  C  parallel  to  the  axes  oi  &,  y,  z  (ongin  the  terminal,  z  =  0)  uid 
i  couple  system  A  ,  J3',  C  about  those  ixes,  ipphetl  to  the  tenmnal 
cioss  section  z  =  l  He  takes  the  axes  of  L  and  y  to  coincide  with  the 
principal  axes  of  meitia  of  a  cioss  section,  and  we  may  \vnte 

/  J  dxdy  =.  <o,    |  f  i  dxdy  —  K  o>,    1 1  y  d&dy  —  ^  w 

By  the  aid  of  these  we  can  express  the  undetei  mined  constants  a,  bl} 
62,  %,  a  ,  60  m  teims  of  A,  B>  G,  A',  B ,  C  as  is  done  b}  Clebbch  on 
S  98  Ihe  equations  he  gives  contain  mtegials  nrvolvmg  differential 
of  O  But  it  is  shown  in  the  following  01  twenty-ninth  section  (S  99- 
102,  F  b  pp  191-5)  that  although  O  may  not  have  been  determined 
these  mtegials  can  be  determined  with  one  exception  in  teims  of  the 
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cross  section  and  independently  of  O     Thus  Clebsch  deduces  the  follow- 
ing valu«s  for  his  constants  (S  102,  F  E  p  194) 


(8) 


Thus  a,  &!,  «!,  6S,  a2  are  given  each  in  terms  of  a  single  element  of 
the  load  system,  but  bQ  is  given  in  terms  of  three,  namely  C",  A  and  B 
Clebsch  says  "  nur  die  letzte  Gleichung  enthalt  dann  noch  sammthche 
Grossen,  so  dass  50  sich  durch  alle  mit  Ausnahme  von  C  ausdruckt  " 
This  seems  to  me  incorrect,  as  b0  does  not  involve  A'  or  B' 

[1  347  ]  The  thirtieth  section  is  entitled  Symmetmsche  Querschmtte, 
and  occupies  S  102-6  (F  E  pp  198-202)  Heie  Olebsch  investi 
gates  how  the  equations  of  our  previous  article  may  be  simplified  if  the 
cross  section  be  symmetrical  about  two  rectangulai  axes  Here  after 
some  reductions  and  for  the  case  of  a  single  force  P  acting  parallel  to 
the  axis  of  as  at  the  centroid  of  the  teimmal  cro&s  section,  #=  19  we  have 


p_ 

WKj 

P 


2*    (2/1      V 


H 

2fjL 
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-y 

\  dx 


E 


._     F*(l-») 


These  values  should  be  compaiud  with  those  given  m  GUI  Arts  17, 
83  and  84  Clebsch  has  an  enoneous  valui  of  ?/  in  his  equations  (88) 
and  (89)  on  S  105  The  enoi  anse&  iioin  the  wiong  value  of  w>  already 
icfeired  to  (Art  1342,  fln),  given  on  IS  87  m  equation  (75  a),  ind 
its  influence  extends  to  S  110  of  the  Treatise 

[1348]  The  following  beven  sections  may  be  dealt  with  more 
biiefly  They  occupy  8  107-138,  F  E  pp  202-252 
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(a)  §  31  treats  the  case  of  the  prism  of  elliptic  cross-section  see 
Saint-Tenant's  results  in  our  Arts  18  and  90  There  are  errors  on 
S  110 

(&)  §  32  General  remarks  on  ease  of  a  hollow  prism  with,  I 
think,  wrong  equations  for  c,  &',  and  V  see  our  Art.  49 

(c)  §  33     This  contains  I  believe  the  first  introduction  of  what  are 
ily  conjugate  functions  into  Saint-  Venant's  problem      Olebsch  trans- 

forms the  equations  for  O,  i  e  for  the  .ZPs  (see  our  Arts.  1336  and  1338), 
into  curvilinear  coordinates  in  the  plane  of  the  cross-section. 

The  investigation  has  since  been  more  elegantly  earned  out  by 
Thomson  and  Tait  see  their  Treatise  on  Natural  Philosophy  2nd  Eda,, 
Part  II  pp  250-3,  but  the  idea  is  due  to  Olebsch  see  our  Art  285 

(d)  §  34    This  develops  the  transformation  of  the  preceding  section 
foi  the  case  of  elliptic  coordinates 

(e)  §  35  applies  the  whole  investigation  to  the  case  of  the  pure 
torsion  of  a  hollow  cylinder  the  section  of  which  is  bounded  by  two 
confocal  ellipses 

If  the  confocal  ellipses  be  given  by 


9»  4-  a0 
Clebsch1  finds  for  the  value  of 


4-  a^     n* 

,    y"  =1 

nz  +  a,,       ' 


TT  (HI  - 


a0) 


Thus  all  the  constants  of  the  pioblem  (see  oui  Ait  1344)  are  determined, 
and  60  the  anglu  ol  torsion  per  unit  length  of  cylmdei  is  given  by 

C1 


+  /c,2)  <o  -  J} 

The  values  of  /cx   and  K    are  easily  expicssiblo  in  teims  ol  the  axes  oi 
the  two  ellipse^ 

This  lesult  may  be  compared  with  baint  Ycnant's  £01  i  hollow 
pii&m  bounded  by  similai  and  similarly  situated  elliptic  cylinder 
Clebsch's  analysis  is  mtei  e&tmg,  but  to  make  the  cross  section  with 
confocal  instead  of  similar  elliptic  boundaiies  possesses  no  pxiticular 

1  Clebscli  (and  Saint  Venaut  editing  him,  p  239)  have  b  instead  of  4  in  the 
denominator  of/,  but  this  appears  to  be  an  enor  Clebsch  tuithei  diops  the  TT  u 
the  numeititoi 
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practical  advantages,  and  the  theoretical  results  are  fai  more  com* 
plicated  See  also  Samt-Venant's  note  on  the  subject  pp  240-2  oi 
his  edition  of  Olebsch 

(/)  An  instructive  conclusion  can,  however,  be  drawn  from  Clebsch's 
lesult  as  to  the  possibly  delusive  character  of  torsional  experiments  upon 
bars  which  are  not  absolutely  free  from  flaws  Suppose  the  inner  elliptic 
surface  to  reduce  to  a  thin  cavity  almost  coinciding  with  the  plane  area 
between  the  focal  lines  of  the  outer  elliptic  surface  We  thus  have  theo 
retically  a  fair  appioximation  to  the  case  of  the  torsion  of  an  elliptic  bar 
with  a  flaw  along  its  axis,  or  with  a  rotten  core,  a  not  infrequent  case  in 
castings  If  M'(=C')  be  the  couple  requued  to  produce  an  angle  of 
torsion  T  (=  &o)  Per  unlt  length  of  a  bar  with  cross-section  and  semi  axes 
b  and  c  (=  VW^  +  OL  and  *Jn*  +  a^,  ^e  easily  find  fiom  the  above  lesults 
by  putting  N/na  +  a0  =  0  and  fjm*  +  a0  =  V&2  -  c2,  that 

(363-c2)c3 
\     w* 

If  M"be  the  couple  pioducmg  the  same  torsional  angle  in  a  sound 
bar  of  the  same  dimensions  and  material  we  have  by  Art  18 

22 
M  '  =  /XTTT&C 


Thus 


We  imd  that  this  latio  vanes  from  1  to  75,  1  e 
5/6  =  1,         M=M'9 

6/c  =  2,        M=  86J/', 
5/6-3,        M= 

b/C  =  ce,  M= 

It  would  thus  appeal  that  the  deteiuunatiou  of  the  bhdc  modulus 
iiom  torsional  txpciiments  on  cast  bars  may  be  liable  to  conbidoirible 
erroi,  if  theie  bo  flaws,  ab  so  fiequently  happens,  in  the  core  ot  the  bar 

The  maximum  slide  <r  might  be  calculated  foi  this  cabe  fioui  the 
foimula 


cr 

,  0  =^  max 


and  lU  value  eouipared  with  that  given  foi  the  eabo  ot  a  sound  bu  in 
Art    18      The  analybis  would  be  somewhat  lengthy,  but  it  would  be 
mterebtmg    to  eonipare    the    result   with   Mr    Larrnoi's   eonelusions 
Philosophical  Mayazwe,  Vol    33,  p    70,  1892 

((/)     In  ^  36  we  hive   i  diseussion  of  the  Elu^t^itatbdh^oid  loi  a 
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case  like  the  present  when  the  three  stresses  w,  yy  and  w  stte  zero 
The  principal  tractions  aie  now  ' 


Obviously  T  and  21"  are  always  of  opposite  sign,  or  one  principal 
traction  is  negative  and  the  other  positive 

Olebsch  gives  an  elegant  geometrical  construction  for  determining 
the  position  of  the  ellipse  to  which  the  ellipsoid  reduces  and  s0  tie 
directions  of  the  principal  tractions  His  consideration,  however,  of 
the  spot  at  which  the  dangei  of  rupture  is  greatest  (S  132)  seems  to 
me  invalid  as  it  is  based  on  a  maximum  stress  limit. 

(h)  The  same  objection  applies  to  his  §  37  entitled  Grenzenfwr 
die  Grosse  d?r  aussern  Krofte  The  concluding  paragraph  of  that  section 
(S  138,  F  E  p  252)  contains  several  statements  which  do  not  seem  in 
accord  with  experience,  and  a  very  loose  conception  of  the  limit  of 
elasticity  as  well  as  of  the  different  practical  effects  of  pressure  and 
traction  is  exhibited  see  our  Arts  164,  321  and  709-10 

[1349  ]  The  next  or  thirty-eighth  section  of  Clebsch's  Treatise 
is  entitled  Vei  gl&idiitng  mit  dei  gewohnhchen  Theone  Grundlagen 
Jur  weitere  Anwendungen  (S  139-48  ,  F  E  pp  283-94)  This 
compares  the  theory  just  developed  foi  flexure  with  the  Bernoulh- 
Eulenan,  and  for  torsion  with  the  extension  of  Coulomb's  theoiy 
to  pnsms  of  other  than  circular  cioss-section  Clebsch  criticises 
with  considerable  severity  the  earlier  theories  He  remarks  that 
even  Saint-  Venant's  theory  only  covers  the  special  case  of  flexure 
in  which  constant  forces  act  upon  a  free  end  and  continues 

Lb  wird  eme  weiteie  Aufgabe  dei  strengen  Ihcoiic  £>em,  ahnlidie 
Gleicbungen  fur  allgememere  Falle  aufzustellcii  Da  dies  inzwibchen 
bishei  nicht  gelungen  ist1,  bo  wild  man  t  inbt\veilen  jenei  Gleichungen 
bich  auch  forbfdlireu  /u  bedienen,  wenn  das  Inneiu  deb  Koipeib  duich 
Kiafte  eiguffen  wird,  odei  \venii  an  vcibchiedenen  Hfcellen  de&  Korpeib 
Emzelkiatte  angieifen  Man  wild  sicli  abci  dabei  den  Mangel  111 
Stienge  nicht  veihehlcn  durfen  In  einem  spatein  Abbchmtt  wird  sich 
zcigen,  dasb  fui  ^ek?  klpine  Queibchnitte  dieb  Veif\hren  illbidmgb 
zulabsig  ist  (S  142,  F  E  p  287) 

1  The  Editor  of  the  present  woik  in  a  mcmoii,  the  nrst  part  of  \\hich  is  published 
in  the  Quat  teily  Joiunal  of  Mathematics,  June  1889,  has  dealt  uith  the  case  of  a 
uniform  body  force  and  continuous  suiface  load 
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Clebsch's  remark  on  S  142  as  to  a  failure  of  the  ordinary 
theory  does  not  seem  fully  justified  The  theory  had  in  respec 
to  the  non-coincidence  of  loading  and  bending  planes  been  cor 
rected  by  Persy  in  1834  (Art  811*),  and  he  had  been  followed  bj 
both  Saint-Venant  and  Bresse  with  full  consideration  of  this  ver] 
point  Olebsch  while  reproducing  results  exactly  equivalent  t< 
theirs  makes  no  reference  to  their  writings  see  our  Arts  1581* 
14, 171, 177,  and  515 

The  section  concludes  with  a  very  severe  criticism  of  tha 
modification  of  the  torsion  theory  of  Coulomb,  which  suppose' 
the  stretch  in  the  longitudinal  c  fibres J  of  a  prism  under  torsioi 
can  affect  sensibly  its  torsional  moment  I  can  only  suppose  th< 
gewisse  Kr&ise  Olebsch  spends  his  satire  on  are  composed  of  th( 
authors,  whose  papers  on  torsion  are  referred  to  in  our  Arts  481 
581  and  803  The  criticism  is  severe,  but  perhaps  not  unjustified 

[1350]  S  148-99  (F  E  pp  295-374)  of  Clebsch's  worl 
deal  with  the  subject  of  thick  plates,  the  edges  (not  the  faces 
of  which  are  subjected  to  load  I  believe  the  method  here 
as  well  as  several  of  the  results,  are  original  In  the  Frencl 
edition  these  pages  appear  as  a  separate  chapter  entitled  Plaque 
d'dpaissew  quekonque  Olebsch  m  this  portion  of  his  work  appliec 
the  serm-imerse  method  of  Saint- Venant  (Arts  3,  6,  9,  71,  etc  )  t< 
the  problem  of  thick  plates  Suppose  the  normal  to  the  plan< 
faces  of  the  plate  to  be  taken  as  the  direction  of  the  axis  of  z 
and  the  plane  of  &,  y  to  be  the  mid-plane  of  the  plate  Ther 
Clebsch  assumes 

"XA  =  7*  =  2»  =  0  (1), 

i  e  he  causes  the  other  three  stresses  to  vanish,  not  those  assumed 
by  Saint- Venant  for  his  rod  pioblem  see  our  Art  1334s  Besides 
no  load  on  the  faces  of  the  plate  Clebsch  supposes  uo  bjjy  forces, 
arid  he  then  inquires  what  solutions  of  the  equations  ot  clasticit} 
aie  possible  undei  these  conditions  and  what  bybtem  of  load  the} 
connote  on  the  cyhndiical  boundary  of  the  plate 
With  legard  to  (1)  Clebsch  meiely  writes 

Diese  Gleichungcn  gelten  zunachbt  nur  fur  die  Wei  the  vou  3,  welch< 
den  Gicn^flachen  dei  Plattc  entbpiechen  Ich  werde  abci  riui  diejem 
gen  Zubtande  uuteisuchcn,  fur  welche  diebc  Gleichungen  fur  jcdu 
Punkt  dci  Plattc  eitullt  smd  Man  bieht,  dabb  dann  jedcnfallb  dit 
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auf  die  cylindrischen  Seitenflachen  wirkenden  Krafte  kerne  der  a- Axe 
parallele,  also  zu  der  Platte  normale  Componente  liefern  durfen,  well 
sonst  wemgstens  am  Rande  jene  Spannungen  nicht  verschwmden 
warden  (S  149,  F  E  p  296) 

[1351  ]     The  body  stress-equations  are  now  obviously 

__f  +  ^f  —  o,        ~^-  +  -J^  =  0  (2) 

ux      dy  dx      dy 

Following  Samt-Venanfs  modification  of  Clebsch  and  supposing  the 
plate  to  possess  a  planar  distribution  of  isotropy,  we  have  to  use  the 
stress  strain  relations 

^         du     »t  dv      f  dw    ^       /dv     dw\  \ 
dx        dy        dz  '  \dz     dy)  ' 

^__*tdu        dv     -tdw    _      ,A&0     du\    I  /3\ 

dx        dy        dz '  **        \dx      dz)  '  f 

^  _  /'  f^u     &°\       ^°    ^  —  /  (^u     ^\ 
**~      \dx     dy)        dz9  **""     \dy     dx)  > 

where  a  =  2f+f    see  our  Art  114  and  117,  (5) 
Hence  we  have  by  (1) 

dv     dw         dw     du         du     dv         c  dw 
dz      dy  ~~    '  dx     dz       '  doc     dy         d  dz  ^ 

and  by  (2) 

d  (du     dv\      7/  d  w      _  ^ 
:=0» 


.  ,      ...    d 

^+/) 

From  (4)  and  (5)  by  eliminating  u,  v  we  nnd 


Thus  w  must  be  of  the  form 


where  ^and  f  are  arbitiaiy  functions  ot   L  and  y,  and  the  last  term  is 
taken  out  of  f  foi  the  convenience  of  analysis 

Differentiating  equations  (5)  with  regard  to  L  and  */  respectively, 
adding,  and  replacing  du/dt  +dv/dy  in  it  by  its  value  fioni  the  third 
equation  of  (4),  we  find  by  aid  of  the  fiist  t\\o  of  (6) 

/dw\ 
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Whence  we  obtain  as   the   boundary-conditions   by  Substituting 
(14)  in  (15) 


y  07) 


Here  are  six  equations  with  only  three  functions  $,  i/r,  f,  hence  the  six 
quantities  J5T0,  YOJ  Xlt  Y19  X2,  Yz  cannot  in  general  be  independent 

[1353]    Clebsch  now  proceeds  to   an  analysis  of  these  separate 
results     He  considers  first  the  terms 

These  do  not  change  when  z  is  changed  to  —  z,  so  that  the  boundary 
forces  are  symmetrical  about  the  mid  plane  of  the  plate  The  condition 
of  the  plate  is  thus  stretch  without  flexure  The  shifts  will  then  take 
the  foims 

„._„.     ,  „.  ~2         W  =  -W1Z)  ,,„ 

)  (19) 

Consider  first  the  terms  u0  and  v()  only,  01  let  ?/  —  v,  —  0  ,  these  lead 
us  from  (13)  by  aid  of  (11)  almost  at  once  to 

dd>      d\l/ 


dx      dy      '    dy      di 
where  K  and  K  aie  constants 

Hence  ?/n  =  6 


-KX 


when  U9  I  are  solutions  of 

dU     ilV 
djc       dy 


dU 


(21) 


)  Neglecting  U  and  F  for  a  toae  VB  3*ote  that  in  t^,  ^,  the 
in  K  correspond  only  to  a  slight  rotation,  and  those  in  *  to  a 
m  stretch  =  */2  in  all  directions  parallel  to  the  mid  plane,  and 
since  «»  =  0,  to  a  uniform  squeeze  perpendicular  to  it  equal  to  j«f  /c 
33ie  load  necessary  to  produce  ihjs  is  (H—  /)  K  along  the  normal  at 
each  point  of  the  cylindrical  boundary 

(6)    Neglecting  tin  a  uniform  strain  and  turning  to  that  depending 
on  V  and  F  we  find  from  (21)  that 

U+  Vj=l  =  xi  (*  -  If  V^l), 


Hence  ^i  and  ^2  ^th  *ne  assistance  of  the  K  terms  can  be  so  deter- 
mined as  to  solve  the  following  problem 

A  plate  is  to  be  so  stretched  by  forces  acting  on  its  cylindrical  boundary 
that  the  squeeze  normal  to  its  faces  shall  be  everywhere  uniform, 

i  e.  <fa>/dz=  -  (d<t>/dx+d^/dy)tflc=-KcPlc, 

but  all  the  generators  of  the  cylindrical  surface  receive  arbitrary  shifts 
perpendicular  to  then*  length 

Clebsch  discusses  this  problem  on  S  158-60,  and  investigates  the 
required  values  of  JT0,  F0  for  arbitrary  shifts  when  the  cylindrical 
boundary  is  right  circular  in  §  42,  S  160-4  (F  E  pp  312-16)  The 
problem  is  of  more  analytic  than  practical  interest,  as  it  would  be 
extremely  difficult  to  pull  out  the  edges  of  an  actual  plate  to  any  chosen 
change  of  form 

[1354  ]  The  following  section  is  of  more  practical  value  It  is 
entitled  Anwendung  avf  angenaherte  Losung  allgem&iner  Auf- 
gaben  (S  164-6,  F  E  pp  316-19)  Clebsch  notes  that  the 
general  problem  —Given  the  load  on  the  cylindrical  boundaiy 
to  find  the  shifts  and  stresses  in  the  plate  —  is  not  solvable  under 
the  conditions  (1)  of  Art  1350,  for  the  reason  we  have  gi\en 
immediately  after  equation  (17)  in  our  Art  1352  Let  us,  ho\\  ever, 
suppose  the  plate  to  be  of  small  thickness  h,  and  let  us  apply  the 
principle  of  the  elastic  equivalence  of  statically  equipollent  loads 
(see  our  Arts  8,  9,  21,  100) 

Let  A  and  B  be  the  components  of  the  load  on  a  strip  hds  of  the 
cylindrical  boundary,  where  ds  is  an  element  of  the  contoui  of  the  mid 
plane  Then  by  the  above  pimciple  we  have  horn  (16) 

r+h/2  /,3  r+fi/2  I 

A^i        Xdz  =  XJi  +  X,-     B=\         Ydz=YJi+Y^       (23) 

J-h/2  12  J-  h/2  1^ 
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Hence  we  see  that  Xl  and  Y1  do  not  occur,  and  further  that  the  six 
equations  (17)  reduce  really  to  two,  LO  we  are  thrown  back  on  (15). 
We  have  indeed 


A* 


I 
\    (24)       I 


These  with  equation  (12)  folly  determine  <£  and  ^  u,  v,  w  will 
then  be  found  by  retaining  only  the  terms  in  (13)  involving  <£ 
and  \l/ 

[1355  ]  In  the  following  section  (S  167-81 ,  F  E  pp  319-33) 
Clebsch  solves  the  equations  of  the  previous  article  for  the  case 
of  a  circular  plate  That  is  to  say  he  supposes  the  circular  plate 
stretched  by  any  system  of  load  parallel  to  the  mid-plane  imposed 
on  its  cylindrical  boundary  The  solution  is  only  approximate, 
as  it  proceeds  on  the  assumption  of  the  elastic  equivalence  of 
statically  equipollent  load  systems,  but  it  would  be  more  and  more 
nearly  true  as  the  thickness  of  the  plate  became  small  as  com- 
pared with  its  radius  The  investigation  is  a  very  fine  piece 
of  analysis,  but  the  complexity  of  its  results  renders  it  of  little 
physical  value,  except  perhaps  in  some  one  01  two  special  cases, 
when  the  results  might  probably  be  reached  by  other  and  simpler 
processes  Clebsch  concludes  with  the  remark 

Es  ist  ohne  Zweifel  moglich,  das  entsprechende  Problem  auch  fur 
andre  Formen  dei  Platte  zu  losen,  als  fui  die  hier  angenommene 
Indess  wird  es  genugen,  in  einem  Fall  Weg  und  Aunosung  vollstandig 
dargestellt  zu  haben,  zumal  schon  dicser  emfachste  Fall  nicht  ohne 
Veiwickelung  erschemt  (S  181) 

[1356]  §  45  of  the  treatise  (S  181-4  ,  F  E  pp  334-7)  is 
concerned  with  the  terms  corresponding  to  Xl  and  Yl  in  equa- 
tions (16) 
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We  have1,  retaining  only  these  terms,  for  tfee  shifts 
__    fM  _  c_Cx\ (&  __  c  (7y\ 

^_    C&    +    c  /?#j*j£   I          (25), 

^tere  -=-3  +  -r^  =  0 

dor     <#zr 

tnd  for  the  stresses 

•*-*_      9/»    /^       r"\      —  _      O/  /^       /v\ 

,          (26) 


Here  the  stresses  all  change  sign  with  z,  hence  the  forces  which  act 
m  the  edge  of  the  plate  are  equal  and  opposite  on  either  side  the  mid- 
)lane  Thus  the  character  of  the  above  solution  is  one  of  fl&vwr&  by 
tuples  In  the  mid-plane  itself  there  are  no  stresses. 

Olebsch  treats  (S  183)  a  special  case  of  this,  namely  when  f  =  0  This 
orresponds  to  the  case  we  have  dealt  with  in  our  Art  323  where  the 
Diane  faces  become  paraboloids  of  revolution.  Saint-Venant's  Note 
F  E  pp  337-68)  which  we  have  analysed  in  our  Arts  323-37  treats 
,he  whole  subject  much  more  fully  and  satisfactorily 

[1357  ]  The  values  of  XI  and  Fa  given  by  the  second  pair  of 
equations  (17)  are  not  perfectly  arbitrary,  as  there  is  only  one  function 
f  at  our  choice  Hence  it  follows  that  Clebsch's  investigation  leads  to 
ao  solution  of  the  problem  of  flexure  for  an  arbitrary  system  of  load 
ouples  round  the  boundary  Clebsch  in  §  46  (S  184-9  ,  F  E  pp 
368-74)  mentions  the  following  however  as  one  of  the  pioblems  which 
san  be  solved  by  the  aid  of  (25)  and  (26) 

Durch  passende,  in  der  angegebenen  Weise  wirkende  Kiaftepaare  soil  die 
Platte  so  gebogen  werden,  dass  die  Penphene  der  Mittelflache  nich  der 
Biegung  auf  einer  beliebig  \orgebchriebenen,  der  ursprunglichen  Peiipherie 
^ehr  nahe  kommenden  Oberflache  hegt  (S  185) 


Let  x  (x,  y>  «)  =  0  be  the  given  surface,  then  we  must  ha\  e  in  the 
mid  plane  at  the  contoui  w  x  dx/dz  =  -  X  ^°  soon  as  ^ie  constant  C  is 
chosen,  the  value  of  f  becomes  determinate  Clebsch  woiks  out  the 
paiticular  case  of  a  circulai  plate  (S  186-8,  F  E  pp  371-3) 

1  These  results  differ  from  Clebsch's  The  errors  of  the  latter  are  corrected 
by  Saint  Venant  (F  E  p  334,  footnote) 

10—9 
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He  notes  in  conclusion  that  the  value  of  the  dilatation  deduced  from 
(25)  for  any  form  of  plate  is 


and  thus  is  independent  of  f  Thus  there  is  only  one  way  of  solving 
the  above  problem,  when  we  attach  to  it  the  condition  that  there  shall 
be  no  dilatation  (i  e  (7  =  0) 

The  problem  suggested  by  Clebsch  does  not  seem  one  capable  of 
practical  realisation  in  any  but  a  few  special  cases,  which  are  more 
easily  dealt  with  by  other  processes 

With  this  section  Clebsch's  treatment  of  thick  plates  closes 

[1358]  S  190-355  of  the  Treatise  are  entitled  Theone  elas- 
tischer  Korper,  deren  Dimensionen  zum  Theil  sehr  Klein  (unend- 
hch  klem)  sind  (F  E  pp  407-806)  The  first  separate  portion 
of  this  deals  with  thin  rods,  and  occupies  S  192-263  (F  E 
pp  409-631)  Of  this  S  242-261  deal  with  the  vibrations  of 
such  rods  The  second  separate  portion,  S  264-355,  deals  with 
the  theory  of  thin  plates,  S  331-55  being  especially  occupied 
with  a  discussion  of  their  vibrations 

Clebsch  attributes  the  first  exact  theory  of  bodies  having  one 
or  two  dimensions  very  small  to  Kirchhoff  (see  our  Art  1253),  and 
proposes  to  follow  his  methods  with  certain  modifications  In 
particular  he  deals  only  with  homogeneous  isotropic  material 
This  restriction  is  removed  in  the  Annotated  Clebsch  of  Saint- 
Venant,  where  isotropy  is  assumed  in  the  plane  of  the  cross-section 
only  Clebsch  begins  his  general  investigations  with  the  statement 
of  Kirchhoff  's  principle  which  we  have  cited  in  our  Art  1253, 
and  which  does  not  seem  to  me  so  obvious  as  both  Clebsch  and 
Kirchhoff  appear  to  consider  it 

[1359]  §48  (S  192-7)  of  the  Treatise  commences  the 
discussion  of  the  problem  of  the  thin  rod  of  uniform  cross-section, 
initially  straight  and  acted  upon  solely  by  terminal  loads  Clebsch 
supposes  such  a  rod  built  up  of  small  elementary  cylinders  placed 
end  to  end,  and  only  acted  upon  at  their  terminals  by  the  elastic 
stresses  of  the  adjacent  elements  To  each  such  cylinder  he  applies 
the  formulae  obtained  in  his  solution  of  Saint-  Venant's  problem 
and  m  justification  of  this  he  remarks 

Zwar  waren  jene  Formeln  nur  bei  emer  gewisseii  Vertheilung  der 
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Craffce  gtreng  richtig,  aus  welohen  jeae  Oomponeaiten  und  Dreli- 
ngsmomente  sich  zusaonmensetzen  Aber  die  dabei  eantretende  CFn- 
enamgkeit  wird  offenbar  urn  so  grosser,  je  grosser  der  Querschmtt 
it,  und  wird  versehwmdend  fckm,  wenn  der  Querschnitt  selbst 
erschwindend  klein  ist,  wie  in  dem  vorhegenden  Fall  Wie  also 
ueh  dann  in  Wirkhchkeit  die  eintretenden  Spannuugen  uber  den 
Juerschmtt  vertheilt  seien,  unmer  wird  man  sie  sich  bis  anf  Grossen 
oherer  Ordnung  so  vertheilt  denken  konnen,  wie  die  oben  in  dem  de 
tamt-Venant'schen  Problem  erhaltenen  Formeln  sei  ergeben.  Man 
.a.nn  also  jene  Formeln  sofort  auf  die  klemen  Verschiebungen  anwen- 
en,  welche  im  Innern  euies  der  gedachten  Elemente  autoeten  (S. 
93) 

Now  the  principle  of  the  elastic  equivalence  of  statically  equi- 
K)llent  load  systems  here  appealed  to  depends  for  its  accuracy  on 
tie  smallness  of  the  loaded  surface  as  compared  with  the  other 
[intensions  of  the  body,  Le,  if  I  be  the  length  and  e  a  linear 
imension  of  the  cross-section  of  a  cylinder,  e/l  must  be  small  in 
11  practical  applications  of  Samt-Venant's  results  Hence  when 
)lebsch  applies  these  results  to  an  elementary  cylinder  of  length 
i$,  we  must  have  e/8s  small  in  order  that  the  application  may  be 
egitimate  Now  Clebsch  takes  x,  y,  z  to  represent  the  coordinates 
f  any  point  in  an  elementary  cylinder  referred  to  axes  attached 
o  this  element,  thus  it  is  obvious  that  the  CD  and  y  can  be  of  the 
rder  e,  and  z,  being  taken  in  the  direction  of  the  axis  of  the 
ylmder,  can  be  of  the  order  8$  Thus  z  must  be  capable  of 
akmg  values  which  are  great  as  compared  with  e,  but  on  S  195 
Jlebsch  writes 

Es  ist  vor  allem  wichtig,  sich  ubei  die  Ordnung  der  in  diesen 
I'ormeln  auftretenden  Grossen  zu  onentnen  Bezeichnen  wir  durch 
eine  Zahl,  welche  von  der  Oidnung  der  Quei  dimensionen  des  Stabes 
3t,  so  smd  x,  y,  z  von  der  Ordnung  € 

This  seems  to  me  a  grave  fault  in  Clebsch's  method  of 
pproaching  Kirchhoff's  Problem  He  assumes  x,  y,  z  all  of 
he  same  order  and  this  order  to  be  that  of  e,  but  if  he  is  to 
pply  the  results  of  Saint- Tenant's  problem,  22,  yz  and  xz  can  be 
f  a  far  higher  oidcr  than  of  &y  and  y*  The  teims  retained  on 
ylebsch's  S  197  do  not  thus  seem  necessarily  of  the  same  ordet 

It  will  be  remembered  that  Kirchhoff  himself  adopts  a  diffeient 
aode  of  procedure  He  obtains  equations  (see  our  Ait  1257)  foi 
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the  internal  shifts  of  an  element  u,  -y,  w,  which  are  true  indepen- 
dently of  the  hypothesis 

*****         "~*          *"*          Al 

xx  =  yy  =  xy  =  0 

(such  equations  are  in  part  given  by  Clebsch  on  S  202)  He 
then  states  that  his  equations  agree  with  Saint-Venant's  if  this 
hypothesis  holds,  and  in  his  special  examples  assumes  it  to  hold  see 
his  Gesammelte  Abhandlimgen,  S  301  and  311,  and  the  Vorle- 
swngen,  S  415,  416  and  423  Thus  in  Kirchhoff's  investigations 
we  come  at  the  values  of  u,  v,  w  last,  and  on  a  clearly  stated 
hypothesis,  but  in  Clebsch's  we  have  apparently  perfectly  general 
values  given  for  u,  v,  w,  deduced  by  making  a  cylinder  of  finite 
cross-section  dwindle  to  one  of  infinitely  small  cross-section ,  these 
values,  however,  are  in  reality  only  particular  cases  of  the  equations 
afterwards  given  on  S  202,  and  they  are  obtained  by  diminishing 
indefinitely  the  length  of  the  cylinder,  so  that  their  application 
without  further  investigation  seems  to  me  illegitimate 

In  order  the  better  to  exhibit  Clebsch's  procedure  and  the 
manner  in  which  he  deduces  and  expands  Kirchhoff's  results,  I 
cite  in  the  following  article  Clebsch's  expressions  for  the  shifts 
in  an  element  deduced  from  the  values  he  has  obtained  in  his 
treatment  of  Saint-Venant's  Problem  I  give  them,  however,  in 
my  own  notation  and  with  the  modifications  introduced  in  the 
French  Edition  for  a  planar  distribution  of  isotropy 


[1360  ]  Let  axes  x,  y,  z  be  chosen  m  an  element,  so  that  if  the 
rod  returns  to  its  unstrained  condition  the  z  axis  coincides  with  the  axis 
of  the  rod,  and  those  of  x  and  y  with  the  principal  axes  of  the  cross 
section.  Suppose  for  simplicity  that  the  cross  section  is  symmetrical 
about  these  axes  Then  let  w,  v,  w  be  the  shifts  referred  to  these 
axes  of  coordinates  of  a  point  o>,  y,  z,  m  the  immediate  neighbour 
hood  of  their  origin  Let  P,  Q,  R,  be  the  components  of  the  total 
statical  load  applied  parallel  to  these  axes  on  a  teimmal  cross  section, 
and  P ,  Q ,  R'  the  moments  of  this  load  about  the  same  axes,  let  w  be 
the  cioss  section  and  K19  *2  its  swmg-iadii  about  the  axes  ot  ju  arid  y 
respectively  ;  let  E  be  the  longitudinal  stretch  modulus  of  the  rod,  T?  the 
stretch  bqueeze  ratio  for  a  longitudinal  stretch,  and  //,  the  slide  modulus 
parallel  to  the  cross  section,  then  Clebsch  finds  (S  197) 

1   t  and  z  m  our  notation  are  interchanged  in  that  of  Kirchhoff's  Alhand 
lung en 
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where 


and  -50,  .Z?!  and  JB2  are  to  be  determined  by  the  equations  of 
our  Ait  1338 


Now  Clebsch  notes  that  KI}  *2  an^  x  are  a^  °^  *^e  or<ier  €?  8«nd  he 
says  that  #,  y,  «  are  of  the  same  oidei,  hence  in  the  first  place  he 
neglects  in  u,  *v,  w  the  expressions  in  the  curled  and  in  the  square 
biackets,  i  e  he  retains  only  the  first  hue  of  each  He  remarks  that  if 
E  is  much  greatei  in  magnitude  than  the  other  forces,  then  the  terms 
in  curled  brackets  must  be  retained,  if  P  and  Q  on  the  other  hand 
are  extremely  great  then  the  terms  in  square  brackets  must  be  retained 
(S  197,  F  E  p  415)  It  seems  to  me  that  equations  like  (i)  are 
better  deduced  as  special  solutions  of  the  equations  for  u,  v,  w  obtained 
in  the  following  section  on  the  express  assumption  that 

zx  =  ylj  —  aj  =  0 

[1361  ]  In  the  following  section  Clebsch  deduces  KirchhofFs 
equations  (ix)  of  our  Art  1258  Changing  the  x  on  the  left  hand 
of  these  equations  to  z,  and  on  the  right  hand  side  the  e  to  cr,  aftei 
transporting  it  to  the  third  equation ;  fui  ther  changing  q  to  i  and  p 
to  rl9  we  have  Clebsch's  equations  of  S  202  (F  E  p  421)  in  his 
own  notation 


du 
Z 

dw 
—  = 


dv 
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Now  substitute  the  values  of  u,  v,  w  from  (i)  in  (u),  we  find 
ry  -  ra«  =  -  - 


If  we  neglect  the  terms  in  square  brackets,  we  have  with  Clebsch 

"'}         <iv) 


Here  o-  is  by  previous  assumptions  small  as  compared  with  r^-r^j 
Further  we  suppose  P  and  Q  not  to  be  so  great  that  the  terms  in  the 
square  brackets  need  be  retained 

But  suppose  P9  Q  are  so  great  that  these  terms  must  be  retained , 
then  since  r,  rl9  rz  are  not  functions  of  x  and  y,  it  is  obvious  that  the 
equations  (u)  can  no  longer  hold  But  to  obtain  (n),  Kirchhoff  (see 
our  Ait  1258)  and  Olebsch  (S  202)  not  only  neglect  u,  v,  w  on  the 
right  as  compaied  with  #,  y,  z  but  also  du/ds,  dv/ds,  dw/ds  The  reason 
given  for  this  neglect  is  not  very  clearly  stated  Samt-Venant  however, 
in  a  footnote  (F  E  pp  420-2),  endeavours  to  put  the  reason  for  the 
neglect  of  the  s  fluxions  of  the  shifts  in  a  cleaier  light  He  says  that 
since  the  changes  in  u  are  continuous  and  never  very  lapid,  the  order  of 
du/ds  f  01  example  is  (%  -  uQ)/l  where  Z  is  the  length  of  the  rod  and  %  UQ 
the  terminal  shifts  measured  from  axes  near  these  terminals  3  similaily 
du\dz  is  of  the  oider  (u\  -u'Q)/lf,  where  I  is  the  length  of  the  little 
elementary  cylinder  (i  e  ds),  and  u\  ,  u'Q  the  terminal  shifts  ISTow  the 
numerators,  he  says,  are  of  the  same  order  of  magnitude,  but  I'  is 
infinitely  small  as  compared  with  I,  whence  we  may  neglect  the  s  fluxions 
as  compared  with  the  %  fluxions  of  the  shifts  But  neither  Olebsch 
noi  Saint- Yenant  fully  explains  why,  when  the  tenns  in  P  and  Q  are 
great,  the  above  reasoning  no  longer  holds  and  why  we  must  then 
retain  du/ds,  dv/ds,  dw/ds  in  the  equations  (u)  Clebsch  meiely  says 
that  they  must  be  retained  it  P  and  Q  are  great,  and  that  then  the  terms 
drjds,  drz/ds  m  them  will  be  very  gieat  as  compared  with  r1?  r2, 
whence  he  says  it  follows  that 

^-JL     ^i       Q  M 

ds  ~  £»KJ'      Ts~    £,<*,<?  (  ' 

I  imagine  that  these  equations  are  supposed  to  be  deduced  in  somewhat 
the  following  fashion  Substitute  the  values  of  /*',  Q',  R'  as  a  first 
appioximation  from  (iv)  in  the  last  equation  but  one  of  (i)  and  we  have 

w  = 
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Substitute  tins,  remembering  that  r2,  «\  and  r  are  functions  of  $,  in 
6&0     dw 


and  we  have 

dr 


and  therefore 


-  __  - 

ds"    E<*K?        ds 

These  equations  do  not  seem  to  me  based  on  very  saiasfacfcory 
reasoning,  supposing  the  above  to  be  really  the  method  of  findmg  them 
which  Glebsch  had  m  view  We  have  not  yet  shown  them  to  be 
consistent  with  the  first  two  equations  of  (in)  when  we  introduce  the 
terms  dujds  and  dv/ds  into  those  equations,  but  on  substitution  they 
will  be  found  to  be  so  Kirchhoff  in  his  investigations  does  not  appear 
to  touch  upon  this  point,  although  the  equations  (v)  are  of  real 
importance1 

[1362  ]  Clebsch  gives  the  following  interpretation  of  the  first  two 
results  in  (v)'  (he  does  not  refer  to  the  third  one,  which  obviously 
denotes  the  constancy  of  the  torsion  along  the  length  of  the  rod) 

Diese  Erschemung  hat  eine  einfache  Bedeutung  Man  sieht  daraus,  dass 
der  Stab  im  Allgememen  bestrebt  sein  wird,  eine  Gestalt  anzunehmen,  in 
welcher  fur  kemen  seiner  Querschmtte  die  seitkchen  Gesammtcomponenten 
unverhaltmssmassig  gross  werden  1st  es  ihm  mcht  moglich  eine  derartige 
Gestalt  in  alien  semen  Theilen  anzunehmen,  so  werden  gewisse  ausgezeichnete 
Punkte  auftreten,  in  denen  die  gegen  die  Axe  des  Elements  senkrechten 
Kraffce  P,  Q  vorwiegend  werden,  und  in  denen  danii  zugleich  eine  der  Grosben 
drjdsj  dr2/ds  oder  beide  sehr  grosse  Werthe  erhalten  Urn  die  geometnsche 
Bedeutung  hiervon  emzusehen,  bemerke  man  nun,  dass  fur  z=0,  also  in  der 
Axe  des  Stabes  [lather  for  all  values  of  #,  y,  z]  nach  (i) 

fflu/d*  =  Q'I(E<»KV)  =  -  1  2,        d*v/dS  =  -  PI(E<*Kl*)  =  /!         (vi) 

Nun  ist  bereits  fruher  darauf  hingewieben,  dabb  die  Grobsen  links  bib  auf  sehr 
kleine  Grossen  die  reciprokeu  Krunimungshalbmebbei  deijeuigen  Curven 
bedeuten,  welche  man  aus  der  Projection  der  Sch\veipuuktblime  auf  die 
durch  die  Axe  des  Elementb  und  je  erne  Hauptaxe  des  Querschnitts  gelegten 
Ebenen  eihalt  Eben  diese  Bedeutung  haben  also,  abgesehen  \om  Zeichen, 
?x  uud  r2  Und  m  dei  Nahe  jener  ausgezeichueten  Punkte  muss  also 
wemgstens  einer  dieber  Kiunimungbhalbmebser  bich  behr  bchuell  andern,  da 
einer  wemgstens  von  den  Difierentialquotieuten  d^/ds,  d^jds  verlialtmsb 
masbig  gross  wird  (S  203) 

1  Differentiating  the  first  two  of  (iv)  with  regard  to  s  and  using  (v),  we  have 
—  =  Q  and  -j-  =  -  P  These  express  that  for  the  thin  rod  in  this  case,  the  total 

shear  is  the  fluxion  of  the  bending  moment,  a  well  known  theoiem  for  small  shifts 
which  forms  the  basis  of  a  good  deal  of  the  graphical  treatment  of  buch  lods  see 
oui  Arts  319  and  the  third  equation  of  Art  534 
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It 


to  me  that  perhaps  as  simple  a  meaning  of  the  equations 
hat  given  in  the  footnote  to  our  last  article 

h  section  of  his  book  Clebsch  obtains  equations 

rod,  similar  to  those  of  Kirchhoff  cited  in  our 

ore  generaL—  Let  the  total  stress  across  any 

*  s  from  a  terminal  be  given  in  relation  to  the 

i  our  Ait  1360  by  the  components  P,  Q9  R  at 

cross  section  and  the    couples   I",    Q',   R' ,    let 

•>rces  actmg  per  unit  of  volume  on  the  element 

x',  2/>  «'  fix6^  m  space ,  further  let 

(X'\  U,\      rr  (X'\ 

.  =  |M  T'lvdxdy,  F,U   I     T\ydxdy     (vn), 

-cosine  system  of  x9  y,  z  with  regard  to  x',  y',  z'  be 


x' 

y' 

x' 

X 

<*1 

A 

yi 

y 

02 

A 

72 

z 

a 

ft 

y 

Then  Clebsch  obtains  the  following  system  of  equations1  from  purely 
statical  consideiations 

JTt  v 

'=0, 
'=-0, 
=  0, 

_o,  >      (vm) 

-/IIA   —A 

— - —    Ti/j^.1/     —  i  J.      i   ~r  j.     —  IA.I_/J  —  ^j  r  j  ~~    Y  '"       —  ^ j 
Ctb 

ds 


'  -  tF)  +  P-aU,  -  j 


1  We  use  here  as  in  Ait  1360  P,  Q,  E  foi  Clebsch  s  A   B>  C  to  distinguish  from 
the  A  B,  C  of  our  Art  1265 


1364} 
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Here  P,  Q,  R,  F,  Q',  R  must  be  determined  by  equataas  (iv)  and  (v) 
of  our  Art  1361  and  rl9  ra,  r,  are  given  by 

da.    „   dB         dry     . 


ai  !          y, 

2  =  a  ^j±  +  ft  -jl  +  y  _Q 

ds      ^   ds      *  ds 


Compare  our  Arts  1257  and  1265 

We  see  that  the  last  three  of  equations  (vui)  agree  with 
equations  (xxiv)  of  our  Art  1265,  if  we  put  U,  F,  Wy  U19  7^  W^ 
&z>  Vz>  ^2  zero>  °r  suppose  no  body  forces,  further,  KirchhoiFs  equa- 
tions (xxm)  are  easily  deducible  from  Olebsch's  first  three,  when  we  put 
U,  F,  IF  zero  We  note  that  Kirchhoff's 


Kirchhoff's  equations  are  uideed  Clebsch's  (13)  on  S  205 
(This  section  in  the  F  E  occupies  pp  424-30  ) 

[1364]  The  values  of  the  shifts  u,  v,  w,  and  those  of  r,  rl9 
obtained  in  our  Arts  1360  and  1361  cannot  be  applied  to  the  equations 
of  the  previous  article,  since  they  were  obtained  on  the  assumption  of 
no  body-forces  Clebsch  accordingly  in  the  following  section  deals  with 
the  case  of  no  body  forces }  here  obviously  A,  JB,  C  of  (x)  are  constants, 
hence  by  aid  of  (iv)  Clebsch  puts  the  last  three  equations  into  the  form 

_  dr-i       ,    *  1 


(XI) 


These  agree  in  form  with  Eulei's  equations  foi  the  motion  of  a  heavy 
body  about  a  fixed  point,  and  thus  demonstrate  Kirchhoff's  elastico 
kinetic  analogy  see  oui  Arts  1267,  1270  and  1283,  (b) 

Clebsch  then  solves  in  general  teims  equations  (xi)  on  the  assumption 
that  Ay  B,  C  are  zeio,  or  that  the  terminals  of  the  rod  aie  only  acted 
upon  by  couples  The  geneial  type  of  the  solution  is  well  known  to 
students  of  dynamics  see  Routh's  Tieatibe  on  Rigid  Dynamics,  1877, 
p  404  or  Schell's  Theoiie  der  Bewegung,  Bd  n  ,  1880,  S  437-42  The 
additional  mattei  in  the  case  of  the  elastic  problem  is  the  detei  ruination 
of  the  diiection  cosines  a,  /?,  y,  &c  in  terms  of  the  r's  and  hence  the 
total  shifts  in  terms  of  s  See  Kirchhofl's  discussion  of  the  like  problem 
in  our  Art  1267  This  section  occupies  S  209-15  (F  h  pp  430-7) 
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[13651  §  52  (S  215-218,  I  E  pp  437-40)  deals  with  the  case 
in  which  the  cross-section  possesses  inertial  isotropy  (i.e  K1  =  Ka)  and  the 
terminals  of  the  rod  are  acted  upon  solely  by  couples  Clebsch  obtains  by 
a  simpler  process  than  that  in  the  original  memoir  of  Kirchhoff  (see  our 
Art  1268)  the  equation  to  the  helix  due  to  a  given  system  of  couples 
Compare  the  results  of  Wantzel,  Binet  and  Saint- Yenant  referred  to  in 
our  Arts  1240*  175*  1583*,  1593*-5*  and  1606*-8* 

[1366]  §  53  (S  218-222,  F  E  pp  440-6)  deals  with  the 
practically  interesting  case  of  flexure  in  a  plane  which  contains  a 
principal  axis  of  each  cioss  section.  Olebsch  easily  deduces  the  equation 
of  the  ordinary  Bernoulli  Eulerian  theory  for  the  special  case  of  a  strut 
wtfh  one  end  bwlton  and  the  other,  or  loaded  end,  free 

jEWaa  -T£  =  C  sin  <£  (xii), 

where  <£  is  the  angle  between  the  strained  and  unstrained  positions  of 
the  tangent  at  8,  and  0  is  the  longitudinal  load  He  takes  a  first 
integral  of  this,  and  determines  by  an  ingenious  bit  of  analysis  on  S 
221  (F  If  p  444)  that  if  I  be  the  length  of  the  strut,  we  must  have 


G 


if  there  is  to  be  flexure 

The  section  concludes  with  a  determination  of  the  shift  at  any  point 
of  the  axis  of  the  rod,  by  formulae  drawn  from  elliptic  functions 

[1367]  §54  (S  223-9,  F  E  pp  446-54)  is  entitled 
Zusammenhang  mit  der  gewohnkchen  Theone  Kleine  Verschiebun- 
gen  Clebsch  shows  very  clearly  how  KirchhofFs  theory  leads  to 
results  agreeing  with  the  Bernoulh-Eulerian  theory  when  the 
total  shifts  are  small  In  particular  we  may  draw  attention  to  the 
method  in  which,  a  term  involving  strut-action,  due  to  a  consider- 
able longitudinal  load  (C)  on  the  rod,  is  intioduced  into  the 
flexure-equations  We  do  not  cite  Clebsch's  results  here  but 
refer  to  our  Art  1373  for  the  more  complete  equations,  involving 
accelerational  terms 

[1368  ]  Clebsch  devotes  S  229-42  (F  E  pp  454-468)  to  the 
discussion  of  rods,  which  in  their  unstrained  condition  aic  cuived  He 
deduces  the  requisite  equations  exactly  like  KuchLotf  (sec  OUL  Ait 
1264),  attributing  this  extension  of  the  theory  to  lnm 

His  first  thiee  equations  (S    231 ,    F   E   p    457)  arc  the  same  aa 
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KirchhofFs  (xxiu)  of  our  Art  1265  with  the  introduction  of  the  body- 
force  terms  U9  V,  W  from  (vii),  i  e 

dA     ^    A      dB  dC 

—  +  £7=0,     ~7-  +  F=0,     -7-4-TF^O  fxnik 

ds  ds  ds  \      i* 

where  foi  A,  B,  C  he  substitutes  their  values  from  (x)     These  equations 
hold  for  all  rods  whether  initially  curved  or  not. 

The  next  three  equations  on  the  same  page  are  obtained  from  the 
last  three  of  (viu)  by  substituting 


for  P,  Q',  E  (see  equations  (iv)  of  our  Art  1361),  where  5\,  ra  and  r  are 
the  values  of  rl9  ra  and  r  as  defined  by  (ix)  before  sGrcnn  The  last  three 
equations  of  (viu)  with  these  substitutions1  we  will  term  for  purposes 
of  reference 

equations  (s^) 

[1369  ]  In  §  56  (S  232-3  ,  F  M  pp  457-9)  Glebsch  deals  with 
the  case  of  a  rod,  which  when  unstrained  has  a  curved  axis  lying  in  the 
plane  x'zf,  this  plane  passes  through  a  principal  axis  of  each  cross  section. 
The  rod  is  supposed  to  be  without  body  forces  and  bent  solely  by  terminal 
couples  whose  axes  are  perpendiculai  to  its  plane  <£  being  the  angle 
between  the  tangent  to  the  axis  of  the  rod  and  the  axis  of  z'  after  strain, 
<£  the  value  before  strain,  and  the  terminal  $  -  0  being  fixed,  Clebsch 
easily  deduces  for  the  strained  form  of  the  axis  of  the  rod 


Q'  being  the  resultant  terminal  couple 

[1370  ]  In  §§  57  and  58  Olebsch  discusses  the  small  shifts  of 
originally  bent  rods  and  shows  how  the  equations  are  to  be  integrated 
(S  233-242  ,  F  E  pp  459-68)  This  portion  of  Clebsch's  woik  seems 
wholly  original  and  very  valuable  He  himself  remarks 

Von  der  grossten  Wichtigkeit  fur  die  Anwendung  aber  ist  die  Ausstellung 
von  Formeln,  welche  sehr  kleme  Gestaltsveidnderungen  ursprunghch  krurnmer 
Stabe  darstellen  (p  233) 

Clebsch's  theory  depends  upon  the  recognition  that 
a'  =  a-a,  j8'  =  0-3,  y=y-y,  etc, 

1  In  making  the  substitutions,  it  must  be  borne  in  mind  that  the  r's  which 
appear  in  (vm)  are  not  themselves  to  be  replaced  by  (r  -  r)'s 


150  OLEBSCH  [1370 

small  Quantities,  bars  over  the  symbols  denoting  quantities 
sily  shows  that  the  nine  quantities  a',  ft',  y 
to  the  six  relations  which  hold  between  the 
>e  variables  p1}  p2  and  p  He  obtains  the 


03  =pO!  - 


(XV) 


atuting  a7  +  a,  /J  +  /3,  y  4-  y,  etc  for  a,  &  y, 
neglecting  products  of  the  p's 


Pi 


Pa     Pa 


P  -ft 

Pi     P  ' 


p     ds      J52     p! 


(xvi) 


Here  p1?  /o2  are  the  radu  of  curvature  of  the  rod's  central  line  and  p 
is  its  radius  of  torsion  after  strain,  pa,  p2,  p  the  corresponding  quantities 
before  strain 

Their  differences  are  very  small  and  we  may  neglect  their  squares 
when  substituting  in  (xiv) 

Let  Alt  BI,  GI  be  the  components  parallel  to  the  axes  #,  y\  z' 
(Art  1363)  of  the  forces  acting  on  the  terminal  s  =  l  of  the  rod,  then 
remembering  that  the  shifts  are  very  small,  we  can  easily  see  that 
P,  Q,  R  may  be  calculated  from  the  values  of  the  foices  in  the  unstrained 
position  of  the  lod,  or  they  are  given  by  three  equations  of  the  type 

P  =  ^  f l  Uds  +  fa  f  Yds  +  7!  [ l  Wds  +  A  fa  +  3  fa  +  Cfr        (xvn), 

J8  J8  JS 

where  27,  F,  W  have  the  values  given  in  (vii) 

Substituting  (xvi)  in  (xiv)  Clebsch  obtains  the  following  Imoai 
differential  equations  for  the  />'s,  the  coefficients  being  of  com  so  functions 
of  a 


dv1     v2      v  _ 

~7  •"     "^     "~"  ~" 

ds       p      p 


dv 


(xvin), 
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where  PO/KI*, 
(xvi),  and 


CLEBSCH. 
1  are  i&e  three  differences  on  the  left-hand  stde  of 


To  obtain  the  shifts  u',  v',  w1  parallel  to  the  axes  a/,  y',  d  of  a  point 
on  the  central  axis  of  the  rod,  we  have 


,'=  fa(l  +  o-)cfc-  j°ad8  =  j*(a! 

•r 


with  similar  expressions  for  v'  and  w' 

In  (xx)  we  cannot  neglect  o-,  as  a',  /?,  y  are  themselves  small,  but  its 
value  is  at  once  known  from  tr  =  .T  "  ~ 


[1371  ]     To  integrate  the  above   system   of  equations,   we  have 
evidently  to  deal  with  two  similar  groups  of  the  types 


- 

ds      p      &     Kl* 

Olebsch  solves  these  by  a  remarkably  graceful  analytical  process  If 
the  end  5  =  0  of  the  rod  be  built-in,  and  Mlt  J/o,  M  be  the  moments  of 
the  external  load  at  the  other  end  s  =  I  round  the  axis  system  x,  y,  z 
attached  to  that  end,  then  he  finds  formulae  of  the  following  type 


where 

and  g  or 
pl  or  p2 
a,  yg,  y 

, 
where 

and  b  or 
Vi  or  v2 

s,  ft  7 


/•          a*\y\     <• 
/=      (^T1+-,  +  -3 

Jo    \K1  K2  A 

h  is  to  be  found  f  i  om  f  by  changing  a  to  /?  or  y  respeoti\  ely  ; 
is  to  be  found  from  p  by  attaching  the  subscripts  1  or  2  to 
Furthei 

v  =  aa  +  bft  +  cy, 

f1  ,  .   ,         1     /%!/!      So  J/2      aJA 

a  =  -J^  (a^-^r  +  ar)  cb  -  jr  ^  +  —  ^2  +  -^  J  , 

c  is  to  be  found  from  a  by  changing  a  to  JB  or  y  lespectively  , 
1S  to  be  found  from  v  by  attaching  the  subscripts  1  or  2  to 
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[1372]  S  242-261  of  Clebsch's  Treatise  are  devoted  to  the  equa- 
tions of  motion  of  thin  rods,  especially  to  the  cases  of  vibration  of 
straight  rods  (F  E  pp  468-628) 

In  §  59  Clebsch  demonstrates  that  by  D'Alembert's  principle  the 
general  equations  of  motion  are  obtained  from  (vm)  by  replacing 

u,  r,  w,  uly  vl9  wi,  Us,  F,,  w, 

respectively,  by 


where  A  is  the  density  of  the  rod,  and  &  17,  £  the  coordinates  of  a  point 
on  its  axis  referred  to  the  axes  #',  y,  z'  fixed  in  space 

[1373  ]  On  S  246  (F  E  p  473)  Clebsch  gives  the  complete  equa- 
tions for  the  motion  and  equilibrium  of  an  originally  straight  rod  The 
notation  is  that  of  our  previous  articles  see  in  particular  equations 
(vu),  (vm)  and  (x) 

(a)    For  transverse  vibrations 

*u     nd*u     TT    dWl          d*u     A    a     d*u 

T  =  ^  ~^5  +  ^  +  —  r3  -  Aw  -=3- 
24          6?^  e&  ^2 

^v     ~d*v     -     dW*      .    d\ 


with  the  terminal  conditions  f  or  «  = 


(6)     For  longitudinal  vibrations 


___     A    d  w 
^-  W+  Aco-     , 


with  the  terminal  condition  for  z  =  I 
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(o)     For  torsional  vibrations  {!//>  =  dajds  =  -  dfyjcfo) 


with  the  terminal  condition  for  z~ 


The  last  terms  in  the  four  equations  of  (a),  depending  on  the  rotatory 
inertia  of  the  elements,  are  really  of  the  same  order,  namely  (efTf,  as  the 
terms  which  Clebsch  has  neglected  in  deducing  his  equations  for  tfrrq 
rods  ,  hence  the  method  by  which  he  brings  them  into  these  vibrational 
equations  is  not  wholly  satisfactory 

Of  the  terms  in  the  longitudinal  force  0  in  the  same  equations 
Saint-  Yenant  remarks  (F  E  footnote  p  475) 

Ces  termes  sont  la  seule  partie  reellement  influenteque  Clebsch  alt  ajout^e 
aux  equations  connues  de  vibration  transversale 

It  is,  so  far  as  I  know,  true  that  equations  so  complete  in  form 
as  (a)  were  hrst  given  by  Clebsch,  but  Seebeck  in  his  memoir  of  1849 
introduced  the  term  due  to  longitudinal  traction  and  used  it  to  deduce 
1ST  Savart's  theorem  see  our  Art  471 

[1374]  §  60  (S  247-52,  F  E  pp  475-80)  dealing  with  longi 
tudinal  \ibrations  contains  nothing  of  novelty 

§  61  (S  252-60,  F  E  pp  480^-490)  treats  of  the  transverse 
vibrations  of  stiaight  rods  Clebsch  takes  the  geneial  equations  (a) 
and  starts  by  supposing  the  rod  pivoted  at  either  end  He  discusses  the 
equation  which  gives  the  form  of  the  z  functions  in  the  solution, 
particularly  the  case  when  it  has  equal  roots  (S  256  ,  F  E  p  485) 
Having  retained  the  term  in  M,  he  is  able  to  deal  with  the  cases  of 
a  rod,  a  stiff  string  and  a  flexible  tight  stung  under  the  same  general 
analysis  bee  our  remaiks  on  Seebeck  in  Arts  471-2 

£  62  (S   260-1  ,  F  E  p   628)  briefly  lefers  to  torsional  vibiations 

§  63  (S  261-3,  F  E  pp  629-31)  gives  the  values  of  the  stiesses 
for  the  case  of  a  very  thin  rod  initially  straight  They  are  to  a  fiist 
appioxirnation 


zz  =  — 
CD 


£_£ 
R  I       dB, 


The  fust  stress  agrees  foi  a  special  case  with  the  value  gi\en  l>)  the 
old  theory  see  our  Arts  815*  and  71  ,  the  second  two  stresses  ate 
due  only  to  the  toision,  and  coincide  \\ith  the  \alues  fhfet  gi\en  b} 
Saint  Yenant  see  oui  Arts  17  and  1344 
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[1375  ]  The  next  portion  of  Clebsch's  Treatise  (S  264-355  , 
F  E  pp  632-806)  deals  with  thin  plates  On  S  264  is  the 
footnote  refernng  to  the  services  of  Kirchhoff  and  Gehnng,  which 
we  have  mentioned  in  Art  1293  On  S  271  (F  E  p  640)  Clebsch 
gives  equations  (64)  for  the  shifts  which  are  identical  with  those 
given  by  Kirchhoff  numbered  (ix)  in  our  Art  1294 

]STow  take  fcbe  expressions  (x)  found  by  Kirchlioff  for  the  strains  and 
substitute  them  in  the  values  of  the  stresses  given  in  our  Art  1203  (b)  , 
thus  allowing  the  plate  to  have  three  axes  of  elastic  symmetry,  we  find 
xx  =  a  (q&  -f  01)  +/'  (~p&  +  <r2)  +  e'dwQ/dz,  J*  =  ddv0/dz,         \ 
w  •=/'  (q-p  +  oj)  +  b  (-p&  +  cr2)  -f  d'dw0/dz,  at  =  edu0/dz,         [     (*), 
<rx)  +  df  (-p&  +  <r2)  +  cdwQ/dz,  £$  =f  (- 


Now  substitute  these  in  the  body  stress  equations,  the  body  forces  being 
by  Kirchhoff's  principle  negligible  (see  our  Art  1253),  and  we  find 


Now  u0,  vot  w0  are  independent  of  x  and  y,  hence  ^  is  independent  of 
#  and  y  ,  it  follows  therefore  that 

duQ/dz,  dvjdz  and  IM  are  constants,  or  that  yzt  'zx  and  'zz  are  constants 
But  these  stresses  are  supposed  to  vanish  at  the  surface,  hence 

^  =  ^  =  ^  =  0  (n) 

The  method  by  which  this  conclusion  is  leached  should  be  compared 
with  KarchhofFs  reasoning    see  our  Arts   1294-5 

Further  since  dujdz  =  dvjdz  =  0,  u0  and  VQ  are  constants,  but  they 
are  to  vanish  for  z  =  0,  therefore  we  have  them  both  zero  Next  inte 
grating  "^=0,  to  find  WQ,  we  have, 

1   (  z2} 

%  -  -  -  j^o-x  +  (fcra)  z  +  (efql  -  d'p  ,)  j|  , 

no  constant  being  added  as  WQ  is  to  vanish  with  z 

We  can  now  write  down  the  shifts  and  stresses  completely,  i  ( 


(111) 
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These  equations  agree  with  the  values  given  in  the  French 
(p  643),  if  we  put  therein 


They  are  identical  with  Clebsch's  own  values  (S  273),  if  we  put  his 
^2  =  -#u  8i=-p*9  fi  =  -j0i  and  suppose  umconstant  isotropy,  so  that 
our  /=  his  X/{2(l+iL)},  our  a  -  e**/c  =  &  -  <*»/<?  =  his  #/(!  -jify  our 
/'-d'e7c  =  his  /^/(l-/*2)  (Note  Clebsch's  /*  =  the  stretch-squeeze 
modulus,  our  77  ) 

Olebsch  makes  the  interesting  remark  that  the  values  of  w,  v,  to,  in 
(m)  for  a  thin  plate  are  only  special  cases  of  those  we  have  found  in 
equations  (13)  of  our  Art.  1351  for  the  thick  plate,  if  we  take  in  the  latter 


, 

and  put  for  the  case  of  isotropy  in  the  plane  of  the  plate 

e'  =  d' 

With  regard  to  the  range  within  which  equations  (in)  are  applicable 
Clebsch  remarks 

Das  Element  ist  nur  durch  Spannungskraffce  ergnffen,  welche  der  Ebene 
seiner  Mittelflache  parallel  sind,  und  durch  Kraffcepaare,  deren  Axen  in  jener 
Ebene  hegen  Man  darf  deswegen  nicht  sagen,  dass  die  Spannungen  oder  die 
auf  den  Rand  wirkenden  Krafte,  welche  erne  andere  Richtung  hatten,  absolut 
verschwinden  mussen  ,  dber  sie  nehmen  Werthe  an,  vermoge  deren  sie  nur 
Verschiebungen  hervorbrmgen,  welche  gegenuber  den  andern  Verschiebungen 
von  emer  hoheien  Ordnung  smd  Es  ist  wichtig  dies  zu  bemerken  m  Bezug 
auf  die  Tragweite  der  hiei  zu  entwickelnden  Formeln  Denn  betrachten  wir 
den  Rand  der  Platte,  so  konnen  die  auf  denselben  wirkenden  Krafte  entweder 
im  Stande  sein,  denselben  bo  zu  biegen,  dass  die  aussern  Krafte  wirkhch 
tangential  zui  Platte  wirken  ,  und  m  diesem  Fall  ist  kem  Widerspruch 
\orhanden  Ist  aber  dies  nicht  der  Fall,  so  mussen  entweder  die  Krafte, 
welche  auf  den  Rand  wirken  und  gegen  denselben  senkrecht  smd,  selbst 
ausserst  klem  (Grossen  hoherer  Oidnung)  werden,  oder  e&  mussen  sich 
Ausnahmspunkte  der  Art  ergeben,  wie  sie  hier  nicht  behandelt  wei  den  sollen, 
und  in  welchen  eigenthumliche  grosse  Kmmmmigen  emtieten  (S  273-4) 

[1376  ]  §  67  of  the  treatise  (S  274-282  ,  F  E  pp  645-650) 
shows  that,  when  the  shifts  are  finite,  the  approximate  form  ot 
the  mid-plane  is  a  developable  surface  see  our  Art  1297 
Clebsch  discusses  this  developable  surface  at  considerable  length 
and  shows  that  its  introduction  leads  us  to  three  arbitrary 
functions  £0,  rjQ)  f0,  in  terms  of  which  all  the  other  elements  of  the 
pioblem  (at,  ft,  %,  a,,  ft,  72»  «8>  &*>  %>  ^  *)>  £  in  Kirchhoff's 
notation  see  our  Art  1294)  can  be  expressed  The  problem  then 
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reduces  itself  to  the  discovery  of  these  three  arbitrary  functions  , 
we  require,  however,  in  order  to  ascertain  them  the  equations 
of  equilibrium  of  an  element  of  the  plate 

[1377  ]  These  Clebsch  investigates  by  some  rather  lengthy  analysis 
in  his  §§68  and  69  (S  282-94,  F  E  pp  656-71)  In  the  first  of 
these  sections  he  applies  the  principle  of  virtual  work  to  determine  the 
relations  between  the  stresses  and  the  load  system  at  every  point  of  the 
mid  plane  and  at  every  point  of  its  contoui  (equations  (88)  S  289)  In 
the  latter  section  he  substitutes  the  values  obtained  in  (m)  for  the 
stresses  in  these  equations  For  every  point  of  the  mid-plane  we  have 
three  equations  to  be  satisfied  These  in  Clebsch's  investigations  contain 
two  functions  QI9  Qz  defined  by  two  additional  equations  see  his  equa 
tion  (92),  S  292  These  equations  are  given1  in  the  French  edition 
for  three  axes  of  elastic  symmetry  as  (267)  on  p  668,  and  for  isotropy 
in  the  plane  of  the  plate  as  (267  a)  on  the  same  page  They  involve  first 
fluxions  of  crl9  or2,  r  and  fiist  and  second  fluxions  of  pl9  p^q^  with  regaid 
to  sl  and  83  in  the  notation  of  our  Art  1  294  The  contour  conditions,  five 
in  number,  involve  an  arbitrary  function  A.  (in  Clebsch's  notation)  as  well 
as  the  above  $x  and  Q^  so  that  they  are  really  only  equivalent  to  four 
They  are  given  by  Clebsch  as  (93)  on  S  294,  or  with  a  more  geneial  dis 
tribution  of  elasticity  in  the  French  edition  as  (268)  on  pp  670-1 
These  equations  for  the  finite  shifts  of  thin  plates  are  too  complex  for 
reproduction  here,  and  we  must  content  ourselves  with  merely  referung 
to  them  So  far  as  we  are  aware  there  has  been  hitherto  no  practical 
application  of  them 

[1378]  In§70(S  295-9,  ^  E  pp  671-6)  Clebsch  indicates  the 
general  stages  by  which  the  problem  of  the  finite  shift*  of  thin  plates 
might  be  solved  He  writes  of  it 

Dieselbe  sondert  sich  m  drei  verschiedene  Theile  Dor  erstc  Thcil  hat  /um 
Zweck  die  Bestimmung  dei  ibwickelbaren  Fhehe,  \on  welehu  die  Mittel 
flache  der  Platte  irn  gebogenen  Zustande  nui  schi  weuig  ibwouht  Dti 
zweite  Theil  beschaftigt  sich  sodann  mit  der  Aufsuehun^  dci  Dilititiomii 
0*1  >  02  j  ru  welche  durch  die  aussern  Krifte  hervoiguufni  weidon  du  diitte 
endhch  mit  den  Bestimmungen  der  kluiu  dci  wnkhehcn 

Gestalt  der  Mittelfhche  von  dei  gefundcueii  the  (S 


The  hist  pait  of  this  piobleni,  the  determination  of  the  develop  ibk 
surface  is  the  approximate  foim  of  the  stiamul  inul  plane,  is  <  onsidiml 
m  §  70  In  §  71  the  method  of  dealing  with  this  put  of  tlu  problem, 
when  there  aie  no  bodyfoices  and  the  load  on  uiy  clement  ot  the' 

1  There  are  some  misprints  In  (267)  read  in  thud  equation  7  foi  7,  and  in 
fourth  and  fifth  equations  read  (f  -  d~)  toi  ^f  -  dj  \  In  (267  a)  i  factor  has  tot 
inverted  and  then  tiansposed,  the  teim  in  curved  biackets  should  be 
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contour  depends  only  on  the  magnitude  and  direction  of  the  element, 
is  especially  developed  In  this  section  Olebsch  makes  a  slight  reference 
to  ho-w  the  problem  of  the  finite  shifts  of  a  plate,  whose  mid  surface  in 
the  unstrained  condition  has  the  form  of  a  developable  surface,  might 
be  approached  (S  302) 

In  §  72  Olebsch  indicates  in  the  bnefest  manner  how  the  second  and 
third  parts  of  the  problem  might  be  dealt  with.  He  concludes  with  the 
remark 

Ich  habe  mer  eine  kurze  Skizze  von  der  Reihenfolge  der  Probleme 
entwickelt,  auf  welche  man  bei  der  Behandlung  des  Problems  endlicher 
Biegungen  sehr  dunner  Platten  gefiihrt  wird.  Nur  in  emem  einzigen  Falle 
kann  man  ohne  Weiteres  vorschreiten,  urn  die  vorgefuhrten  Probleme  selbst 
zu  untersuchen ,  dann  namhch,  wenn  die  endlichen  Biegungen  aufhoren, 
und  nur  die  an  die  ursprunghche  Gestalt  der  Mittelflache  anzubnngenden 
Correctionen  aufzufinden  sind.  Dieser  Fall,  in  welchem  alle  Theile  der  Platte 
von  ihrer  ursprungkchen  Lage  nur  sehr  wemg  abweichen,  soil  jetzt  emgehender 
behandelt  werden  (S  305) 

In  concluding  our  remarks  on  this  problem  of  Clebsch's,  it  is  sufficient 
to  note  that  the  elastic  principles  involved  are  simple  and  the  earlier 
part  of  the  investigation  involves  no  great  difficulties,  but  that  the 
analysis  teqmred  to  solve  even  simple  cases  promises  to  be  far  too 
complex  for  us  to  hope  by  aid  of  it  for  any  results  of  physical  or 
technical  value 

[1379  ]  §  72  is  entitled  Kleme  Verschiebungen  and  occupies 
S  305-8  (F  E  pp  684-9,  where  a  more  general  distribution 
of  elasticity  is  dealt  with)  Glebsch  deduces  from  his  general 
equations  the  two  equations  for  tbe  shifts  of  the  mid-plane  in  its  own 
plane  and  the  corresponding  contour-conditions  as  we  have  given 
them  in  our  Arts  389  and  391,  except  that  he  neglects  the  surface 
load  on  the  plane  faces  i  e  the  terms 

(«)+.,  («)-.»  («*)+.  and  («*)-. 

Furthei  he  gives  the  equation  for  the  transverse  shift  of  a  point 
on  the  mid-plane  and  the  t\\o  contour  conditions  such  as  ue  have 
given  them  in  oui  Arts  384-5,  390,  392-4  except  that  he  again 
disregards  the  suiface  load  His  equations  are  thus  moie  geneial 
than  those  of  Kuchhoff,  but  not  so  general  as  those  of  Saint- Venant 
His  method  is  certainly  better  than  Knchhoft's  fhbt  method  it  is 
not  so  concise  but  it  is  more  gener\l  than  Kuchhoff  b  second  method 
As  depending  upon  the  theory  of  the  finite  shifts  of  thm  plates, 
it  is  more  cumbersome  than  the  method  by  which  Saint  Venant 
and  Boussmesq  have  deduced  still  more  geneial  lesults 
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Clebsch  compares  these  equations  for  the  small  shifts  of  thin 
jplates  with  those  he  has  obtained  for  the  case  of  thick  plates  (see 
our  Arts  1351-2),  and  remarks  with  regard  to  the  first  system  of 
equations,  or  those  for  the  shifts  in  the  mid-plane 

dass  es  genau  mit  den  Systemen  (11),  (14),  (15)  [of  our  Art  1351-2] 
uberemstimmt,  nur  dass  hier  nocli  Glieder  auftreten,  welche  von  den 
auf  das  Innere  wirkenden  Kraften  abhangen,  dass  hingegen  diejemgen 
Gkeder  fehlen,  welche  dort  mit  hoheren  Potenzen  von  h  multiphcirt 
erscliienen  (S  307) 

[1380]  In  §  74  (S  309-19,  F  E  pp  753-763)  we  have  the  case 
of  the  small  shif  ts  of  a  thin  circular  plate  in  its  own  plane  completely- 
solved  The  contour  of  the  plate  is  supposed  either  to  be  subjected  to  a 
given  system  of  forces  or  to  be  simply  fixed  Clebsch  includes  body 
forces  acting  parallel  to  the  plane  of  the  plate  Several  serious  errors  in 
Olebsch,'s  equations  (19)  are  coriected  in  the  French  edition 

In  §  75  (S  319-27,  F  E  pp  763-72)  the  small  transveise  shifts 
of  a  circular  plate  subjected  to  any  system  of  body  force  are  dealt  with 

Olebsch's  work  here  amounts  to  the  following  process  Suppose  the 
plate  to  possess  elastic  isotropy  ^n  ^ts  plane,  and  let  it  be  stretched  to  a 
traction  T  uniform  in  all  directions  ,  let  H  be  the  plate  modulus  and  w 
the  transverse  shift  of  the  point  in  the  mid-plane  of  the  plate  denned 
by  r,  <£,  the  polar  cooi  dinates  with  respect  to  the  centre  The  body  shift- 
equation  for  w  is  the  following 


__  _  _ 

dr*  ~  ?  dr      r*~Htfr        ^  dp 

-S(*^?) 

Here,  if  P9  Q,  E  be  the  components  of  body  force  acting  on  the  eleim  nt 
dxdydz  of  the  plate  of  which  the  thickness  is  h,  and  if  a,  and  y  aic 
r  cos  </>,  r  sin  <£  respectively,  then 

/•+7*/2  r+h/2  ,+/*/2 

R'  =          Mdss,  P"  =          Pzdz,  Q"  =  Qzdz 

J~7i/2  J-7*/2  J  -h/2 

(See  S  320,  F  E  p  765,  and  compare  oui  Aits  384-5,  390,  \\hcn 
e  =  ;*/S,  and  Ait  1300  (c)) 

Olebsch   now  supposes   R  +     ,     +  -~     to  be  known  in  sines  and 
1  r  dx        dy 

cosines  of  multiple  angles  of  <£,  and  then  expresses  w  in  like  foim 
This  gives  him  a  differential  equation  for  a  coefficient  of  one  of  the 
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terms  in  w  as  a  function  of  r  alone     To  simplify  this  he  assumes  T=Q9 
and  it  then  takes  the  form 

d*      1  d      *V          12  ,  x 

*  (UX 


where  to<  is  the  coefficient  of  cos  $<£  or  sin  ^  in  tp,  and  y<  the  coefficient 

of  the  hke  terms  in  ^  4-  -=—  +  -^~ 
acc       dy 

Clebsch  then  uses  his  unrivalled  powers  of  analysis  to  find  the  most 
general  solution  of  (u)  for  a  complete  circular  plate  (S  326  ,  F  M 
p  771)  He  detei  mines  the  constants  of  this  solution  for  the  particular 
case  in  which  the  edge  of  the  plate  is  built-in 

[1381]  §  76  is  entitled  Bwgung  emer  am  Eande  ewigespannten 
kreisfarmigen  Platte  dwrch  em  emzelnes  Gremcht  (S  327-31  y  F  E 
pp  772-8)  The  word  evngespannt  is  here  to  be  taken  in  the  sense  of 
eingeklemmtj  "built-in,"  as,  debsch,  puts  47  =  0  in  using  equation  (i)  A 
horizontal  circular  plate  with  built-in  edge  is  supposed  to  be  loaded  at 
any  single  point  Clebsch.  remarks 

Diese  Aufgabe  kann  man  nut  grosser  Annaherung  so  behandeln,  als  ware 
an  Stelle  des  Gewichts  eine  auf  das  Innere  des  betreffenden  Elementes  wirkende 
Kraft  gegeben,  deren  Wirkungskreis  nur  auf  emen  sehr  Meinen  Eaum  be- 
schrankt  ist  Uebngens  ist  der  Fall,  wo  mehrere  Gtewichte  an  verschiedenen 
Punkfcen  angebracht  sind,  ganz  ebenso  zu  behandeln  ,  die  dann  entstehenden 
Verschiebungen  sind  nichts  anderes,  als  die  Summe  derjenigen,  welche  von 
den  einzelnen  Gewichten  herruhren  wurden  (S  327) 

The  solution  is  obtained  as  a  special  case  of  the  results  referred  to 
in  the  previous  article  It  is  somewhat  lengthy,  but  as  being  the 
theoretical  answer  to  a  definite  practical  problem  it  is  given  here  Let 
w  be  the  deflection  at  the  point  r,  <f>  of  the  plate  of  ladius  6,  loaded  at 
rQ,  <£0  with  the  weight  P,  then 


S  wl  cos  ^  (<f>  -  < 


wheie  for  points  for  which  r<r0 
3P 


b  - 1*  /  &2  + 1 02  \ 

~^ 

)log&J, 


-  (o  -M 
3P 


^"^m 
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and  for  those  for  which  r  >  r0 

^ 

^ 


Olebscli  remarks  of  these  results1 

Auf  so  verwickelte  Fonnen  fuhrt  em  Problem,  dessen  analoges,  bei  Staben, 
mit  Eecht  unter  die  elementarsten  gezablt  wird     Und  selbst  dann  nur  gelang 
es,  wenn  die  Penpherie  der  Scheibe  kreisformig  vorausgesetzt  wurde     Inzwi 
schen  muss  auf  die  Wichtigkeit  des  Problems  auch  fiir  Anwendungen  hinge 
wiesen  werden,  so  wie  auf  die  Methode,  mit  deren  Hulfe  es  vielleicht  auch  fiir 
andere  Formen  gehngt,  die  Losung  des  Problems  herzustellen  (S  330) 

[1382  ]    We  may  note  that  the  cential  deflection  ffQ  for  a  load  at  r0 
is  given  by 


which  becomes  for  a  central  load 


These  results  may  be  compaied  with  those  of  our  Art  334 
They  agree  with  the  values  that  Olcb&ch  gives  on  S    331  lor  the 
deflection  at  r  =  r0  due  to  a  central  load  P      This  follows  from  the 
geneial  principle  that  deflection  at  i  -  ?0'  lor  loading   it  ?  -=?0  is  equal 
to  deflection  at  r  =  r0  for  the  same  loading  at  r  -  rfl' 

[1383  ]  Clebsch  m  §  77  (S  331-3  ,  F  E  pp  77S-S1)  next  passes 
to  the  motion  of  plates,  and  finds  by  D'Alcmbcrt'b  principle  tin  t(  uns 
which  must  in  this  case  be  introduced  into  the  gciieril  equations  for 

1  There  are  several  misprints  in  the  reproduction  of  these  formulae  m  the  Fiench 
edition    see  p  776 
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finite  shifts  For  certain  quantities  Pf,  &9  K,  P",  #",  ft'  (the  X,  T,  Zy 
X'\  7",  Z"  of  our  Art  384)  we  must  substitute 

'-*»?.  «•-'«§.  *--5- 

Ms^a      ,*,_*&*&      v,    M*<*V 
12  dt»     V       l2"^r     ^~T2"3?' 

where  A,  is  the  density  of  the  plate,  h  its  thickness,  £,  17,  £  the  co- 
ordinates of  a  point  on  the  mid  surface  referred  to  fixed  axes  in  space, 
and  a,  ft,  y  the  dnection-cosmes  of  the  angles  the  normal  to  the 
mid  suiface  makes  with  the  axes  of  £,  07,  f 

Clebsch  confines  himself,  however,  to  the  case  of  thin  plates  with 
small  shifts,  and  deals  only  with  the  transverse  vibrations  of  these  in 
two  special  sub  cases,  which  form  the  topic  of  the  following  two  sections 
of  his  treatise 

If  £  be  the  transverse  finite  shift,  we  may  in  this  case  clearly  replace 
it  by  the  w  of  our  usual  notation  for  small  shifts. 

[1384]  §78  is  entitled  Elangfiguren  einer  kr&isformigen  freim 
Platte  (S  334-43  ,  F  E  pp  781-93)  Clebsch  shows  that,  when  no 
forces  act  on  the  plate,  we  must  (owing  to  the  conclusions  of  the  previous 
section)  replace 

p,     dP"     dQ"  ,         A .  &  (        h*  /d?w     d*w\] 
R  +  -j—  +  -~-  by  -  AA  -ji  \w-  ^  I  —  ,  +  -~  )  L 
ax        dy     J  at*  (       12  \do^      dy2/) 

but  he  at  once  neglects  the  term  multiplied  by  h  as  very  small  The 
remainder  of  his  investigation  adds,  I  think,  nothing  to  that  of 
Kuchhoff  see  our  Aits  1241—3  On  S  333  he  had  acknowledged 
the  latter' s  sei vices  in  this  matter 

[1385]  §  79  is  entitled  Scliwingungen  einer  Li eisfbrimyen  ye 
t>pannten  Memfaane  (S  344-7,  F  E  pp  793-7),  but  Clebsch's 
treatment  differs  fiom  the  ordinary  one,  in  that  he  does  not  suppose  the 
membrane  perfectly  flexible  His  work  thus  conesponds  foi  membianes 
to  that  of  Seebeck  on  stiings  see  oui  Ait  472  We  must  start  from 
equation  (i)  of  oiu  Ait  1380  and  retain  no\\  the  teims  m  T7,  while  the 
teim  in  bi  icketb  on  the  light  hand  bide  must  be  lepliced  as  in  our  Ait 
1384  by 

d    (        W  fdw      1  dw      1  dw 

~^ldt  r    DvT  +^  &*T  d$) 

Wilting  l2TI(IIh)  =  \ib  and  12A/(//A)  -  I/a4  we  ha\t  Clebsch  s 
equation  of  S  344  (If  E  p  794 ') 

1  Equation  (310)  p  7U3  should  £>ive  l/i»-  and  not  b 
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The  boundary  conditions  become 
2f\/ldw 
~~ 


=  6  the  radius 

The  first  condition  signifies  that  the  couple  round  the  tangent  to  the 
contour  vanishes  at  each  point     See  our  Art  391 

Substituting  w  =  SS^mwy»m  cos  (m<t> +  "m) cos  (Kmaf  +  &w)j  where  y^, 
«m>  AIM  are  constants,  we  have  a  differential  equation  to  determine  Rmn 
as  a  function  solely  of  r  This  can  be  solved  by  expanding  R  in  a  senes 
of  ascending  powers  of  r  in  the  usual  mode  The  solution  is  really 
found  to  be  in  terms  of  the  same  functions,  i.e  Bessel's  functions,  as 
in  the  previous  case,  but  the  coefficients  of  the  arguments  of  these 
functions  are  different  The  transcendental  equation  for  the  frequencies 
of  the  notes  follows  in  the  usual  manner  from  the  contour  conditions 
Clebsch  makes  no  attempt  either  to  solve  this  equation  numerically, 
or  even  to  calculate  the  effect  on  the  pitch  of  the  notes  of  a  slight 
stiffness  in  the  membrane 

He  concludes  this  poition  of  his  work  by  showing  that  the  transcen 
dental  equations  which  occur  in  the  problems  of  both  plate  and  membrane 
have  real  roots,  or  that  the  motion  is  leally  periodic  (S  347-55 ;  F  E 
pp  797-806)  The  method  adopted  resembles  that  of  the  geneial 
problem  of  §  20  of  the  Treatise  (see  our  Arts  1328-30),  and  leads 
to  expiessions  for  the  arbitrary  constants  of  the  solutions  in  terms  of 
the  initial  shifts  and  velocities 

[1386  ]  The  remainder  of  Clebsch's  treatise  is>  entitled  Anwen- 
dungen,  and  occupies  S  356-424  (F  E  pp  807-880)  This 
portion  of  the  work  is  less  exact1  and  more  elemental y  I 
content  myself  with  noticing  anything  that  seemb  of  special 
interest  or  originality  m  the  problems  dealt  with,  not  giving  an 
abstract  of  the  whole 

(a)  In  §  82  Clebsch  investigates  in  an  approximate  mannei  what 
the  cioss  section  of  a  rod  undei  longitudinal  body  foice  ind  load  must 
be,  in  oidei  that  the  stress  may  be  everywhere  unifoim  Let  Z  be  the 
load  pei  unit  volume,  and  w  the  cross  section  at  a  distance  z  from  one 
end,  and  let  P  be  the  total  load  at  %=l  and  T  the  unifoim  trictivc 
stress,  then  appioximately 


? 


1  Clebsch  rightly  insists  on  the  importance  oi  recognising  the  approximate 
character  of  most  of  the  ordinary  practical  formulae 

Es  wird  in  den  betreffenden  I  alien  immer  auf  den  Mangel  an  btrcnge  hinge wiesen 
werden  erne  Gewissenhaftigkeit  welche  ebenso  naturlich  als  nothwendi^  erschemt 
und  welche  dennoch  leidei  in  bchniten  ubei  Anwendungen  dieser  Art  nur  /.u  hauhg 
vernnsst  wird  (S  356) 
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or,  by  differentiation  since  T  is  a  constant^ 


whence  ^  =  -=,6 

Suppose,  for  example,  we  require  the  cross-section  when  Z  is  due  to  a 
centrifugal  force  measured  by  a2£  per  unit  mass.  Let  A  be  the  density 
of  the  rod,  then  we  have 


(S  360-3,  P  E  pp  812-5) 

(b)  In  §  85  Clebsch  investigates  the  fail-point  in  beams  variously 
supported      He  adopts  a  stress-limit,  which  m  the  simple  cases  dealt 
with  does  not  lead  him  to  results  differing  from  those  which  would  have 
arisen  in  considering  relative  strength  from  the  standpoint  of  a  »trairtr 
limit    see  our  Arts  4  (y),  5,  169  (c),  320-1,  and  1327 

(c)  On  S    392-6  we  have  the  case  of  a  uniformly  loaded  con- 
tinuous beam  freely  supported  on  (n  +  1)  equally  distant  points  of  support 
This  problem  had  already  been  dealt  with  by  Lamarle  and  others    see 
our  Arts    576,   947,  949,  etc     The   analysis  is  here  clear  and  the 
results  concisely  given 

(d)  In  §  88  Clebsch  deals  with  the  problem  of  'solids  of  equal 
resistance'  by  what  is  zeally  only  the  appioximate  Bernoulk-Eulerian 
theory     see  our  Arts  4*,  5*,  16*,  915*,  etc,  and  compaie  them  with 
our  Ait    56  Case  (4)      Olebsch  supposes  all  the  cioss  sections  of  the 
rod  to  be  similar  figuies  and  that  the  maximum  stress  in  all  the 
cross  sections  is  the  same      Furthei  he  supposes  the  plane  of  flexure 
to  contain  a  principal  axis  of  each  cross  section      Suppose  h  to  be  the 
distance  of  the  most  strained  'fibre'  fioin  the  'neutral  axis'  and  K  the 
swing  radius  about  its  neutral  axis  of  the  cross  section  distant  z  fioni 
one  end  of  the  lod ,  let  7^  and  K:  be  the  cori esponding  values  when  z  =  Z, 
and  let  T  be  the  given  maximum  stress     Then  Clebsch  finds  the  follow 
ing  differential  equation  to  determine  the  hneai  dimensions  of  successive 

»  sections 

d  /.   dh\ 


where  p  is  the  body  foice  pei  unit  \olume  of  the  lod  at  z 

Clebsch  solves  this  in  two  cases     (i)  when  only  gravity,  i  e   a  con 

stant  p,  acts  on  the  lod  ,  (11)  when  no  body  force  but  a  teimmal  load 

P  at  z  =  I  produces  flexure 
In  the  first  case  we  have 
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In  the  second  case  we  have,  correcting  a  misprint 

pit 

W  -      ^  2  (I  -  z)          a  cubical  parabola 
•^KI 

(S  396-402 ,  F  M  pp  852-8 ) 

(e)  §  89  is  entitled  Biegung  bei  sehr  grossem  Zug  oder  Diuck  in 
der  Ricktwng  der  Langsaxe  Saulenfestigkeit  (S  402-8 ,  F  E  pp 
859-65)  The  equation  for  flexure  now  takes  the  form 

Eu£  -=-%  =  M±  E  (MI  -  u) , 

where  M  is  the  bending  moment  of  all  the  forces  peipendicular  to  the 
axis  of  the  rod,  E  the  component  of  the  longitudinal  force  and  HI  the 
deflection  for  z  =  I  Clebsch  integrates  this  for  R  positive  or  negative 
In  the  latter  case,  which  corresponds  to  the  case  of  a  strut,  Olebsch 
notes  the  inconsistency  of  the  ordinary  theory,  in  which  the  strut  only 
bends  for  certain  definite  values  of  the  load  and  for  no  intervening  ones 
He  attributes  this  failure  of  the  theory  to  the  fact  that  for  long  rods 
the  shifts  become  finite  and  we  must  fall  back  on  the  results  of  our  Art 
1366  This  correction  had  of  course  already  been  made  by  Lagrange 
see  our  Art  110*  But  the  full  theory  of  finite  shifts,  we  have  seen, 
also  leads  to  the  Bernoulli  Eulenan  value  of  the  buckling  load  and  with 
this  Clebsch  seems  to  be  content,  although  that  theory  has  been  by  no 
means  verified  expenmentally  He  indicates  in  brief  teims  the  point  as 
to  the  relative  magnitudes  of  the  buckling  and  compiessive  loads,  whioh 
had  been  previously  worked  out  by  Lamarle  see  our  Arts  1258*-9* 

[1387]  In  §90  (S  409-13,  F  E  pp  866-71),  Glebsch 
discusses  an  important  practical  problem,  namely  the  discovery 
of  the  strains  and  stresses  m  a  system  of  bars  pinned  together 
at  their  terminals,  or  in  a  frame woik  In  this  section  the  body 
forces  are  supposed  negligible  and  the  terminal  loads  in  no  case 
sufficiently  great  to  pioduce  buckling  Thus  the  system  will  be 
without  flexure  If  there  be  no  supernunierai  y  bus,  we  know  that 
in  this  case  the  stresses  m  the  various  membeis  can  bt  easily 
ascei  tamed  by  the  method  of  icciprocal  figuies  ,  if  supeinumei  uy 
bars  exist,  however,  we  are  compelled  to  use  (tb  initio  the  elastic 
properties  of  the  bars 

Suppose  it,  yn  zt  to  be  the  cooidmates  of  the  ^th  node  of  sueh  i 
fiame  befoie  strain  uid  ut  ox,  wl  its  shifts  iftei  sti  un,  these  lattoi 
quantities  being  veiy  small,  further  let  Lik  be  the  stretch  modulus  of 
the  bar  joining  the  nodes  ^  xnd  A,  rlL  its  uiistiamcd,  t^  +  p^  its  str  lined 
length,  w^  its  ci oss  section  ;  let  X19  Yt,  Zl  be  the  components  of  the 
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load  at  the  ^th  node     Then  we  must  have  for  the  equilibrium  of  that 
node 

) 
=  V, 


Mfc 


n? 


where  the  summation  is  to  extend  for  all  nodes  k  united  by  bars  to  the 
node  i 

If  there  be  n  nodes  we  have  thus  3^  equations ,  there  are  also  3^ 

unknowns,  namely  the  u,  v,  w  for  the  n  nodes    (  Obviously  P&  is  given  by 

<-Mfc)  +  (y<-yt)(pt-*fr)  +  (g*-3fe)K-g0A 


But  of  the  Bn  equations  6  must  be  the  equations  of  statical  equilibrium 
between  the  external  loads  X,  F,  Z  Hence  there  are  6  of  the  shifts 
undetermined  by  the  above  equations  This  is  what  we  should  expect, 
as  we  might  give  the  system  any  displacement  of  translation  or  rotation 
as  a  whole  without  affecting  the  elastic  equations,  and  such  displacement 
involves  six  arbitrary  constants  As  a  rule  certain  nodes  and  directions 
ot  rods  will  be  fixed,  and  these  will  give  the  additional  conditions 
sufficient  to  solve  the  pioblem,  even  when  there  are  also  unknown 
reactions  at  some  of  the  nodes  to  be  detei  mined  Clebsch  works  out 
this  solution  by  solving  for  u,  v,  w,  in  the  special  case  when  a  loaded 
node  is  supported  by  any  number  of  bais  attached  to  fixed  points 

[1388  ]  The  problem  of  the  preceding  article  becomes  more 
complex  when  there  are  joints  or  nodes  attached  to  points  in  the 
bars  themselves  as  well  as  at  their  terminals,  so  that  flexure  takes 
place  Clebsch's  §91  (S  413-20,  F  E  pp  872-79),  entitled 
Stabsysteme  mit  Eiegung,  deals  \\ith  this  problem  He  supposes 
the  bais  to  be  pin-jointed,  the  cross-section  of  each  to  be  uniform 
and  their  weight  to  be  negligible  His  method  is  indicated  in 
the  following  sentence 

Das  allgememe  Prmcip  wild  auch  hier  claim  bestehen,  dass  man 
die  Veischiehungen  dei  Knotenpunkte  zunach&t  wie  Lekannte  Giossen 
behandelt,  aus  ihnen  die  emtretenden  elastischen  Kr  ifte  bestimmt,  nut 
welchen  die  Stabe  in  ihren  Knotenpunkteii  reagiren,  und  endlich  die 
Gleichgewichtsbedmgungen  fui  die  in  den  Knotenpunkteii  \\ukenden 
aussern  und  elastikchen  Krafte  aufstellen  ,  Gleichungen  die  schhesshch 
genau  himeichen  um  aus  ihnen  die  eingefuhiten  \7er&chiebungen  /u 
bestimmen  (S  413) 
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Thus  we  see  that  Clebsch's  equations  are  really  rari  constant,  and  the 
fact  that  there  are  relations  among  his  elastic  constants  would,  I  think, 
considerably  modify  the  rest  of  his  investigations 

For  double  refraction  Olebsch  obtains  conditions  identical  with  those 
of  Cauchy  and  Saint-Tenant  Thus  in  other  notation  his  relations  (44) 
and  (46)  (S  21-2)  agree  with  (xxxix)  of  our  Art  148,  if  we  put 
d=d',e  =  e'  and/=/  therein 

Much  of  the  pamphlet  contains  extremely  interesting  analysis 
to  which  we  may  draw  the  attention  of  those  interested  in  optical 
theories  We  have  referred  above  to  all  that  directly  concerns  us 
when  we  are  dealing  with  elasticity 

[1392]     Ueber  die  Reflection  cm  einer  Kugelflache  Journal 

fur  die  reine  iwd  angewandte  Mathematik,  Bd    61,  8  195-262 

Berlin,  1863     This  memoir  is  dated  October  30,  1861  It  opens 
with  the  following  paragraph  explaining  its  object 

Obgleich  das  Problem,  der  Eeflexion  von  Lichtstralen  an  einer 
gegebenen  Flache  langst  die  Aufmeiksamkeit  der  Geometer  in  vielfacher 
Hinsicht  auf  sich  gezogen  hat,  so  ist  doch  memals  der  Versuch  gemacht 
worden,  aus  den  Bewegungsgleichungen  selbst  die  Gesetze  dieser  Erschei 
nungen  zu  deducnen,  und  so  theoretisch  eine  sichere  Basis  fur 
TJntersuchungen  diesei  Art  zu  gewmnen  Dei  einzige  Fall,  den  man 
betrachtete,  war  der  einer  uneiidlich  ausgedehnten  biechenden  Ebene, 
auf  welche  ebene  Wellen  fallen ;  und  so  kam  eb,  dass  die  geometrischen 
Sat/e  der  Dioptrik  und  Katoptnk  mit  dem  was  man  hente  eigentlich 
Optik  zu  nennen  gewohnt  ist,  nur  durch  einige  Betrachtungen  der 
Enveloppentheone  lose  und  gewaltsam  veiknupft  sind 

[1393  ]  Clebsch  attempts  in  this  memoir  to  investigate  the 
motion  of  an  isotropic  elastic  medium,  when  the  disturbances  aic 
totally  reflected  from  the  surface  of  a  sphere  contained  in  it  He 
deals  in  fact  with  a  special  case  of  an  extension  of  Lantfs  Pi  Mem 
(see  our  Art  1111*)  to  media  in  vibratory  motion  In  oidei 
to  simplify  the  surface  conditions,  which  lie  remiiks  110  still 
both  theoretically  and  physically  somewhat  obscuie,  he  takes 
the  simplest  hypothesis  possible 

dass  namhch  die  Kugel  vollstandig  reflectiic,  und  dass,  bci  Abw(sou 
herb  gebrochenei  Wtllen,  die  emfallenden  und  di<  relic  ctncndcn 
Bewegungen  an  doi  Oberflache  der  Kugel  sich  in  ilini  Sumim  <r<nm 
aufheben  (S  195) 

The  last  avoids  aie  somewhat  obscure,  but  what  Clebsch  le  illy 
does  is  to  put  the  total  shift  (due  to  incident  arid  reflected  dis- 
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turbances)  at  the  surface  of  his  spherical  reflector  zero  In  other 
words,  he  fixes  his  ether  at  the  smfaoe  of  a  totally  reflecting  lody\ 
With  tlys  simplification  Clebsch  remarks  that  the  problem  becomes 
a  purely  mathematical  one,  namely  to  develop  lie  differential 
coefficient  of  a  function  of  at,  y,  #,  with  regard  to  one  of  these 
variables  in  a  senes  of  spherical  harmonics,  if  the  development  of 
the  function  itself  in  spherical  harmonics  be  given  The  solution 
is  obtained  simply  and  symmetrically  by  replacing  the  spherical 
harmonic  by  the  corresponding  homogeneous  function  of  the  ftth 
degree 

The  results  of  the  investigation  are  exceedingly  complex  for 
the  optically  important  case  of  a  wave-length  very  small  as 
compared  with  the  radius  of  the  reflecting  surface,  but  they  are 
capable  of  being  easily  dealt  with  approximately,  if  the  wave- 
length be  large  as  compared  with  this  radms 

[1394  ]  §  1  of  the  memoir  is  entitled  ZwnMkfuJwnmg  d&r  Oleich- 
ung&fi  d&r  JSlasti&itat  a/uf  getrennte  pa/rtwlle  ^Jferentwlglewhungen 
and  occupies  S  196—9  Olebsch  adopts  as  his  equations  for  an  isotropic 
medium  the  type 


so  that  his  62  =  JLI/P,  and  his  a2  =  (A.  +  2^)/p  of  this  History  He  then 
gives  a  demonstration  that  the  most  general  solution  for  the  shifts  is  of 
the  form 


_^  _ 

~~  dx      dy       dz* 

dP     dU    dW 
tf=-r-+-i  ---  -T- 
dy      dz       dx  > 

dP     dV     dU 

w=  —  +  —  -  -- 

dz      dx      dy 


where  P  is  a  solution  of 


1  This  fixing  of  the  boundary  as  a  condition  for  total  reflection  is  interesting  in 
the  light  of  Sir  William  Thomson  s  hypothesis  that  the  ether  may  be  treated  as  an 
elastic  solid  fixed  at  infinity  (and  I  suppose  at  totally  reflecting  surface^  placed  in 
it)  See  the  Philosophical  Magazine,  November  1888  Is  it  possible  in  thib  case 
to  absolutely  neglect  the  waves  '  reflected  '  from  the  infinite  boundaiy  as  Helmholtz 
asserts?  Must  not  the  steady  motion  be  considered  to  have  existed  from  an  infinite 
time9  If  we  cannot  neglect  the  reflected  waves  -what  becomes  ot  them  and  ho\v  do 
they  affect  the  problem  of  cosmic  temperature  ? 
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and  V,  F,  W  are  solutions  of 

g-W  ^       (XT) 

Compare  these  results  with  those  of  Lam£  and  Kirchhoff  re 
ferred  to  in  our  Arts  1078*  and  1309 

[1395  ]  §  2  entitled  Entwickefang  von  P,  Z7,  F,  W  nach  Kuget 
fwicfoonen,  occupies  S  200-2  In  this  section  Olebsch  introduce 
a  function  Mn  which  may  be  considered  as  consisting  of  two  parts 
Mn  is  a  solid  sphencal  harmonic  of  the  nth  degree,  i  e  a  homogeneou 
function  of  the  rcth  degree  m  x,  y,  z  which  satisfies  VWW  =  0,  but  it 
arbitrary  coefficients  are  functions  of  r  and  t,  where  r  is  to  be  put  equal  t« 
r,  i.e  Jo?  +  y2  +  z2,  after  all  differentiations  have  taken  place  Thu 
if  V2  be  taken  in  its  most  general  sense  to  operate  on  Mn=f(r,  x,  y9  % 
we  have  to  take  into  consideration  the  differentiation  of  Mn  with  regar< 
to  the  r  which  occurs  in  the  coefficients  of  Mn  treated  as  a  solu 
harmonic  m  #,  y,  »  Thus  we  find,  if  A2  be  used  instead  of  V2  to  denot 
>ecial  sense  of  an  operator  on  x,  y,  z  only 

dMn 


-r          ^-       »  -7 
dx  dy  dz  J 


rfr  r       er 

Hence  we  shall  obtain  a  solution  of  an  equation  of  the  type 


if  we  take  <£  = 

o 

and  determine  the  coefficients  of  Mn  as  functions  of  r  and  t  from  th< 
equation 


<Mftt      0/^2^ 
^2    "C  V  &' 


[1396]  A  method  based  upon  this  property  of  the  functioi 
Mn  for  solving  the  body-shift  equations  (i)  and  (11)  is  developed  bj 
Clebsch  m  the  following  sections  (§§  3  and  4,  S  202-8)  Many  o 
the  fundamental  properties  of  solid  spherical  harmonics  were  hcr< 
published,  I  believe,  for  the  first  time 

On  S  208  Clebsch  gives  the  following  expression  foi  the  type  o 
shift 

w  =  SMtt  (v), 
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C* 


and  where  Mn,  Mnf,  Tn  are  arbitrary  solid  spherical  harmonics  of  the 
nth  degree  Their  coefficients  are,  however,  fonctions  of  r,  t  Those  of 
Mn  satisfy  the  equation 


and  those  of  J/»'  and  Tn  satisfy  the  equation 


-?^-  =  t)  M  -=-=•  4-  --  =-  ["  (Vlll)j 

cfe2          Ic^r2          r      dr)  v      7> 

with  the  condition  that  Jf0'  is  to  be  zero 

[1397  ]  In  the  particular  case  when  the  motion  is  not  vibratory 
we  must  put  cZ2</>/d^2  =  0,  we  then  obtain  a  solution  in  solid 
spherical  harmonics  of  the  equations  of  elasticity  for  a  medium 
subjected  only  to  surface  forces  Results  for  this  special  case  of  an 
elastic  solid  in  equilibrium  were  given  by  Sir  William  Thomson 
in  a  paper  published  in  the  same  year  as  Clebsch's,  but  read  on 
November  27,  1862,  a  year  later  than  Clebsch's  was  written 
Sir  William  Thomson's  conclusions  will  be  dealt  with  in  our 
Chapter  XIV  They  differ  considerably  in  form  from  Clebsch's 
as  cited  above  When  <£>  is  independent  of  t,  we  have 


where  Hn  and  Hn'  are  solid  spherical  harmonics  of  order  n 
Substituting  we  ultimately  obtain  the  shifts  in  a  form  \vhich  is 
explicitly  free  from  the  somewhat  complex  coefficients  involving 
the  elastic  constants  a2  and  i2  [i  e  (m  -f  n)/p  and  n/p]  which  occur 
in  Sir  W  Thomson's  form  of  the  solution 


[1398]  In  the  fifth  section  (S  209-11)  Clebsch  integrates  the 
equations  of  types  (vn)  and  (vm),  and  shows  that  <j>  in  (vn)  is  of  the 
form 
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1    2     2n/(r-a$)+.y(i+gg) 

"     +     ±2r  4    2w  r*1*1  'tt'' 

where  a  must  be  changed  to  6  in  the  case  of  (vui),  and  the  indices 
attached  to  /and  J*  denote  denvatives  of  those  functions 

[1399  ]  To  complete  the  solution  it  is  necessary  to  determine  from 
the  surface  conditions  the  arbitrary  functions  /and  F9  which  it  must  be 
remembered  are  to  be  solid  spherical  harmonics  in  x,  y,  z  of  the  order 
n.  This  Clebsch  achieves  very  ingeniously  He  demonstrates  on  S 
206  that 


dwn 

--~  -j--  -r 

dy       dzjy\dz       dx 


Now  on  the  right  there  are  no  differentiations  with  regard  to  r 
Hence  if  u,  v,  wt  the  shifts  over  two  given  concentnc  surfaces,  say  of 
radu  rx  and  r2,  be  given  as  functions  of  two  position  angles,  we  can 
express  them  by  surface  spbencal  harmonics  and  by  dividing  or 
multiplying  at  the  same  time  by  the  proper  power  of  ^  and  r2  replace 
these  surface  harmonics  by  solid  harmonics  Now  un9  vn9  wn  are 
known  as  the  nth  solid  harmonics  in  u,  v,  w  respectively,  and  these 
results  may  therefore  be  directly  substituted  in  (x),  as  there  is  no 
differentiation  with  regard  to  r  Thus  by  aid  of  (vi)  and  (x)  we  can 
deteimme  the  six  arbitrary  functions  which  occur  in  Mm  M'n  and  Tn 
as  exhibited  in  (ix)  It  might  seem  from  this  that  the  motion  was 
fully  determined  when  the  arbitrary  shifts  over  two  concentric  spherical 
surfaces  are  given  at  each  instant  of  time,  but  Cltbsch  guaids  himself 
against  this  assumption  by  the  remark  that  though  the  sui  faces  of  a 
spherical  shell  were  fixed,  its  material  could  still  move 

[1400]  §  6  is  entitled  Vollstandige  Behandluny  des  Falle^  wo 
eine,  auf  einer  bestimmten  Kugdflache  gegebene  Beweyuny  kick  ^ns 
Unendhche  ausbreiten  Jcann,  and  occupies  S  211-15  Suppose  a  number 
of  centres  of  disturbance  of  given,  character  to  be  at  finite  distances 
apart  in  an  infinite  medium  ,  then  the  shifts  U9  F,  W  which  they 
would  produce  at  any  points  of  the  medium  arc  known  Now  intro 
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duce  into  the  medium  a  spherical  surface  of  no  disturbance  and  let  the 
additional  shifts  be  represented  by  w,  v,  w,  then  the  conditeons  to 
be  satisfied  over  the  surface  are 


These  will  suffice  to  determine  u,  v,  w  m  the  manner  suggested  in  the 
previous  article  The  shifts  at  any  point  of  space  will  then  be 

u  +  U,    v+V,    w+W 

It  must  be  noted,  however,  that  there  is  an  additional  feet  to  be 
taken  into  consideration  One  of  the  rigid  spherical  boundaries  has 
really  been  taken  at  an  infinite  distance,  hence,  CHebsch  asserts,  there 
can  be  no  inward  bound  wave  or  the  terms  in  equation  (ix)  involving 
the  function  F  (r  +  at)  and  its  derivatives  cannot  exist.  This  con- 
clusion Clebsch  attributes  on  S  211  to  Helmholtz. 

Now  U,  F,  W  may  be  expressed  over  the  surface  of  the  given  sphere 
in  terms  of  spherical  harmonics  and  hence  quantities  like 

6n-l>      -*n+li      ^w 

corresponding  to  them  found  from  equations  similar  to  (x)  But  these 
lead  us  to  the  values  of  Qn,  Pw  Tm  for  we  must  clearly  have 

Q«=-Qn,   P»—  P*    T%=-T* 

at  the  spherical  surface  In  this  manner  Clebsch  finds  linear  differential 
equations  with  constant  coefficients  for  the  arbitrary  functions  which 
occur  in  the  values  of  Pn,  Qn,  Tn  Clebsch  notes  the  following  facts 
with  regard  to  these  equations 

(i)  If  the  incident  disturbance  be  periodic,  the  reflected  motion  (i.e 
one  corresponding  to  the  particular  integral)  will  also  be  periodic,  i  e  the 
shifts  will  not  contain  the  time  outside  the  arguments  of  sine  or  cosine 

(11)  A  free  motion  of  the  system  (i.e  one  corresponding  to  the 
complementary  function)  is  possible,  even  when  there  are  no  external 
centres  of  disturbance,  and  a  spherical  surface  is  rigidly  fixed  in  the 
medium  But  this  motion  cannot  contain  any  periodic  terms  except 
foi  special  values  of  a/6,  and  these  values  of  a/b  appear,  to  judge  from 
the  equations  in  the  case  of  the  smallest  values  of  n,  to  be  negative  and 
therefore  impossible  A  general  proof  of  this  Clebsch  has,  however, 
been  unable  to  find  (S  215) 

These  two  results  are  of  considerable  interest  ,  in  particular  the 
free  motion  of  a  mass  of  elastic  material  hxed  to  two  rigid  enclosing 
surfaces  is  deserving  of  closer  investigation  It  may  possibly  be  found 
that  some  such  masses  aie  incapable  of  isochionous  vibrations  The 
impossibility  of  free  vibrations  in  Clebsch's  case,  however,  is  solely  the 
result  of  his  neglecting  the  mwaid  bound  wave 

Since  the  fiee  vibration  in  the  case  (u)  of  a  fixed  spherical  surface 
is,  according  to  Clebsch,  non  periodic,  so  every  peiiodic  disturbance  will 
be  duly  reflected,  foi  the  only  possible  case  of  failure,  that  of  equality 
between  the  periods  of  forced  and  of  free  vibrations,  cannot  occui 
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[1401  ]  In  §  7,  entitled  Einfachste  Bewegungen  Evnfuhrwng  der 
Fumfaonen  /,  <£  (S  216-21),  Clebsch  deals  with  the  special  case  m 
which  the  incident  disturbance  is  given,  by  a  single  term  of  the  period 
2ir/4,  or  where  Pn,  Qn,  Tn  are  of  the  form1 

P»  =  PJ«-*,     Q«  =  Q'^-\     ^  =  ZV*-«  (xi) 

But  these  lead  at  once  to 


and  thus  to  determine  Mn  and  M'n  we  have  from  (vii)  and  (vm)  the 
equations 


r  r 

hen  shows  that 


where  Hn,  Hn'  etc  are  sohd  harmonics  of  the  nth  ordei,  and  Fn  (s),  ®n  (s) 
are  solutions  of  the  equation 


-TJ-     -  -r- 
as3          s       as 

These  solutions  are  as  follows 


*.(•)-{/.  (•)-*,  W^-i}'-*", 

where 

/»W  =  ^Ti-  2~T>+3  +  ~2  ~4~6~8~^+6  '        ,      x 

>     (xm)j 
(n-2)     (»  +  3)     (w-^4)         (w+5)_ 

246   sw+4    +  ~2"4     10   6»+8 


1  To  avoid  the  confusion  of  the  symbol  t  being  used  with  two  different  meanings, 
I  have  slightly  changed  Clebsoh's  notation  throughout 


1402—1403]  CJ.IBSCH.  175 

are  the  consecutive  numerators  and  denominators  respectively  of  the 
convergents  to  the  continued  fraction 


[1402  ]  From  the  values  of  M^  M*  and  Tm  Qebsch  finds  those  of 
Cn_!  and  Pn+1,  and  ultimately  UM  vn  and  «?n  (S  220)  He  thus 
reduces  the  problem  to  the  determination  of  Hnf  Hn™9  which  will 
follow  at  once  from  (xi),  since  Qm  Pn  and  Tn  are  known  in  terms  of 
6n,?n,  5UyArt  1400 

In  the  case  of  a  single  spherical  surface,  over  which  there  is  no 
shift,  no  function  of  r  +  at  can  occur  (Art.  1400),  so  that  the  terms  in 
Fn  disappear,  and  Clebsch  easily  finds  Hn"9  Hn™  and  Hj1  as  functions 
of  the  given  quantities  Pw,  Qn  and  I\ 

[1403  ]  §§  8-18  (S  222-62)  deal  with  the  case  of  a  single  centre  of 
disturbance,  and  like  previous  portions  of  the  memoir  are  very  charac- 
teristic of  Clebsch's  remarkable  power  of  analysis. 

In  this  case  the  solution  of  the  equation 


for  a  disturbance  symmetrical  about  the  source  a?0,  y^  #0  consists  of 
terms  of  the  form 

fc  k 

sin  -  (R  -  at)          cos  -  (R  —  at) 

.  Qt 

and  -   - 


where  R  =  \f(x-xoy  +  (y  -y0)°  +  (*  —  zof 
These  may  be  replaced  by  the  exponential  term 

jc 

and  the  shifts  due  to  a  distuibance  of  the  kind  consideied  will  be  of  the 
type 


__ 
R  dR\     R 

by  our  Art   1394,  the  C"t>  being  constants 
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If  #i  be  the  first,  Uz  the  second  term  of  U,  we  have 


and  Z7i2  +  Fi2  +  W^2  is  a  function  only  of  R  and  tf     Thus  the  total  shift  is 
in  the  direction  of  motion  of  the  wave,  and  is  a  function  only  of  the 
distance  from  the  centre  of  disturbance  and  of  the  time       We  are 
therefore  dealing  with  a  sphencal  wave  of  longitudinal  vibrations, 
For  the  second  terms  we  have 

Z72  (os-av)  +  F2(y->2/o)+  JF2  (z-*0)  =  0, 


while  U£  +  F22  +  TF22  is  not  independent  of 


^    '  IT' 

or  the  direction-cosines  of  the  line  from  the  centre  of  disturbance  to 
the  point  disturbed  We  see  that  the  shifts  Z72,  Fg,  TF2  aie  peipen 
diculai  to  this  line,  and  are  also  parallel  to  the  plane 


They  correspond  therefoie  to  a  wave  of  transverse  vibrations 

[1404  ]     The  next  stage  in  the  problem  is  to  find  the  value  of 

1      W.BV-I          -COSW.Z?       ..  smraJ? 
j^e  ,  or  of  —  -£—  and  —  ^  —  , 

in  solid  sphencal  harmonics,  m  being  a  constant  This  is  accomplished 
by  Clebsch  in  §  9  (S  224-7)  Although  it  is  impossible  to  leproduce 
the  whole  of  the  analysis  of  this  special  case,  these  expansions  may  be 
given  heie  as  they  seem  likely  to  be  serviceable  m  a  number  of 
problems  quite  independent  of  the  present  one  I  may  cite  them  as 
follows 


1  fcosmJI]  r  fcos(mr0)]  fsm  (mr0)l  "I 

R  in  «*J  =  ™7«  L/0  ^  ism  (M  j}  +  *»  <«*•)  {cos  U])/  J 

x  [/o  (ww)  fein  (mi)  4-  <^>0  (r^r)  cos  (/>«)] 

/       \  fsmimro)l    ,    ,    / 
(mi,)  \       )     °'L  +  £  (?Mi 

lcob(mi())J  -^] 

x  [/!  (wi)  cos  (7;ir)  -  ^  (//a)  sin 


cos  mi 
x  [y  (7/41)  sin  (mr)  i  </>  (»/r)  cos 


x  [/,  (mr)  cos  (mr)  -  ^  (mi)  sin  (?> 
etc  (xv) 
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Here  fn  and  <j>n  are  given  by  our  (xru),  and  Yn  is  Hie  solid  spherical 
harmonic 


and  J?  =  jji*  +  r£  —  %rrQ  cos  $. 

As  an  identity  we  may  of  course  put  on  the  rjgbt-handside  of  (xv) 
r  =  r  and  r0  =  r0,  but  the  form  in  which  we  have  left  it  shows  us  at  once 
how  to  apply  the  operators  A*  and  V2  of  our  Art.  1395  to  it.  This 
application  is  required'in  the  further  course  of  Clebsch's  analysis. 

[1405  ]  In  §  10  (S  228-9)  Olebsch  expands  U,  V,  W  in  sohd 
spherical  harmonics  by  the  aid  of  (xv)  He  thus  obtains  the 
disturbance,  due  to  the  source  at  #e,  y0,  #0,  at  any  point  &9  y,  z  on 
a  spherical  surface  of  radius  r  with  centre  at  the  origin  In  §  11 
(S  229-33)  he  deals  with  the  case  of  an  incident  wave  of  purely 
longitudinal  vibrations  (U^  Viy  TTJ  and  he  shows  that  such  a 
wave  always  produces  reflected  waves  of  both  longitudinal  and 
transverse  vibrations.  In  §  12  (S  233-6)  we  have  the  case 
of  an  incident  wave  of  purely  transverse  vibrations  (U9,  F2,  TF2), 
it  is  shown  that  with  one  exception,  the  reflected  wave  consists 
partly  of  longitudinal  and  partly  of  transverse  vibrations.  §  13  (S 
236-40)  deals  with  the  exceptional  case  of  no  reflected  longi- 
tudinal vibrations  This  case  occurs  when  the  resultant  of  the 
shifts  U2>  F2,  TT2  is  parallel  to  a  plane  which  is  perpendicular  to 
the  line  joining  the  centre  of  disturbance  to  the  centre  of  the 
reflecting  spherical  surface,  i  e  in  the  notation  of  our  Art  1403, 

we  have 

C'    G"    C'"     x,    y0    z, 

[1406  ]  So  far  Olebsch  has  confined  himself  to  a  single  centre 
of  disturbance  In  §  14  (S  240-6)  and  §  15  (S  247-50)  he  deals 
with  the  special  problem  of  determining  the  system  of  centies  of 
disturbance  which  if  distributed  over  a  spherical  surface  inside 
the  reflecting  sphere  would  pioduce  the  reflected  motion  (see 
our  Art  1400  and  compare  Art  1312)  A  different  system  is 
necessary  for  the  two  types  of  vibration,  and  what  is  more  the 
distribution  of  systems  of  disturbance  is  quite  different  for  waves 
of  different  periods  The  whole  investigation,  although  the  results 
are  very  complex,  is  of  interest,  especially  when  we  compare  it  T\ith 
similar  investigations  dealing  with  fluid  motion  m  and  about 
spheres  by  the  method  of  images 
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'[HOT  ]  §  16  (S  250-4)  is  entitled  Untersuchtmg  des  Folks,  wo  fa 
massig  grosser  Wellenlange  der  Radius  der  reflectirenden  Kugel  sehr  blew 
ist  Clebscji  commences  by  lemarking  that  the  case  in  which,  e  being 
the  radius  of  the  reflecting  sphere,  kc/a  and  ke/b  are  very  large,  —  a  case 
of  great  importance  in  the  application  of  elastical  theory  to  optics,  — 
does  not  admit  of  any  great  simplification  in  the  formulae  On  the 
Other  hand  the  case  in  which  these  quantities  are  small,  or  the  radius 
of  the  reflecting  sphere  is  small  as  compared  with  the  wave  length, 
admits  of  great  simplification  We  can  in  this  case  for  the  incident 
motion  replace  for  points  in  the  neighbourhood  of  the  reflecting 
sphere 


e 

-  -  —  and  -  -  —  by  -  and  -  respectively 
JK  JK  TQ  r0 

Starting  from  these  Olebsch  determines  the  principal  terms  in  the 
various  functions  on  which  the  values  of  u,  v,  w  depend  He  shows 
that  it  is  only  in  the  immediate  neighbourhood  of  the  reflecting  sphere 
that  its  influence  is  of  large  magnitude,  but  that  at  greater  distances,  it 
is  of  the  order  of  the  radius  of  the  sphere  (e)  see  his  S  254  He  divides 
his  investigation  into  two  parts  The  iirst  occupies  t$  17  (S  2o4-9) 
and  deals  with  the  reflected  disturbance  at  points  i  emote  from  the 
reflecting  sphere  but  not  necessarily  from  the  disturbing  centre  The 
approximate  results  are  given  on  S  256,  but  they  aie  too  long  to 
be  cited  here  On  the  other  hand  they  take  simpler  forms,  when 
the  disturbed  point  is  at  a  great  distance  alike  from  the  centre  of 
disturbance  and  from  the  reflecting  sphere  In  this  case  the  type  of 
shift,  due  to  the  reflected  motion  only,  is  given  by 


r      r0\ 

----  ) 

a      aj 


+  aC  (L  - 1  cos  <f>)  sm&(  t  -  7  -  - 
\      6     a 

+  &#£  sm  <^>  cos  x  sin  A  (fl  -  -  -  ^° ) 
\      a      o/ 

+  b 


where 


is  the  penod  of  the  disturbance, 
C,  C",  C",_C"f  deteimme  its  amplitude  as  in  oui  Art   1403, 

G  =  *Jc  ~+cft  +7r*, 

r  =  distance  of  distmbed  point  fiom  centre  of  icflectmg  &pli(i(, 

r0  =  distance  of  centre  of  distui banco  fiom  the  centie  of  bphcrc, 

I,  m,  n  are  the  direction  cosines  of  ?,  and  £0,  m^  n0  of  r0, 

^  is  the  angle  between  r  and  r0, 

X  is  the  angle  between  the  planes  rr0  and  C'&  +  0"y  +  C'"z-Qt 

i/^0  is  the  angle  between  the  perpendiculai  pQ  to  the  lattei  plane  and 
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r0,  while  IQ,  WQ,  n^  are  the  direction  cosines  of  the  perpendicular  to  p$ 
and  r0 

Obviously  it  is  only  r,  I,  m,  n,  <f>  and  %  which  change  with  the  posi- 
tion of  the  disturbed  point, 

Clebsch's  results  on  S  257  do  not  all  agree  with  the  above    He  gives 


. 

for  his  constants  n  and  q  the  values  —  -j  and  =  —  ,  where  I  find  in  his* 
*  a 


notation  the  same  values  multiplied  by  the  factor  7=  —  5-3 

0     +  £td 

On  S  257-8  Olebsch  draws  a  number  of  conclusions  as  to  the 
general  character  of  the  vibrations.  These  follow  at  once  from  the 
trigonometrical  form  in  which  we  have  displayed  his  results  in  (xvi), 
Indeed  in  that  form,  they  are  obvious  on  inspection. 

[1408  ]  The  second  part  of  Clebsch's  investigations  deals  with  the 
disturbance  at  points  very  close  to  the  reflecting  sphere,  when  the  centre 
of  disturbance  is  supposed  to  be  at  a  considerable  distance  This 
occupies  the  final  section  §  18  (S  259-62)  In  the  notation  of  the 
preceding  article  Clebsch  finds  shifts  due  to  the  reflected  motion  only, 
of  the  type 

r2      A  /7      07        ,N)         7  /      r<\ 


x  sin  *«- 
\ 


Thus  in  the  neighbourhood  of  the  reflecting  sphere  we  have  only  to 
deal  with  two  waves,  one  of  longitudinal  and  one  of  transverse  vibra- 
tions 

Clebsch  instead  of  discussing  the  motion  as  given  by  (xvn)  adds  to  it 
the  shift  due  to  the  direct  action  of  the  disturbance,  i  e  the  real  part  of 


(x\m), 
so  far  as  terms  of  the  order  l/r0  are  concerned 

The  only  difference  this  makes  is  that  we  must  read  -  -  1  for  - 

in  the  first  term  within  each  pan  of  cm  led  brackets  in  equations  of  the 
type  (xvii),  so  that  u9  t>,  w  now  \anish  for  9  =  e,  as  of  couise  they  ought 
to  do 

[1409]     From   the  values  of  the  shifts  as  expressed  m  the 
above  manner  Clebsch  foims  expressions  for  the  amplitude  of  the 
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longitudinal  and  transverse  vibrations  in  the  immediate  neigh- 
bourhood of  the  reflecting  sphere     He  concludes 

(i)  That  the  amplitude  of  the  longitudinal  vibrations  will  be 
greatest  for  points  whose  directions  from  the  centre  of  the  reflect- 
ing sphere  are  nearly  perpendicular  to  the  line  joining  that  centre 
to  the  centre  of  disturbance 

(n)  That  the  amplitude  of  the  transverse  vibrations  will  be 
greatest  for  points  whose  directions  from  the  centre  of  the  reflect- 
ing sphere  lie  neai  the  plane  which  passes  through  the  line 
joining  the  centre  of  the  sphere  to  the  centre  of  disturbance  (r0) 
and  the  line  pQ  perpendicular  to  the  plane  C'x  +  C"y  4-  Q'"z  =  0 
(termed  by  Clebsch  the  Axe  der  Bewegiwg,  Axe  der  einfallenden 
Schwingungen  and  also  Axe  der  Sohwingungeri) 

(m)  That  as  the  values  of  u,  v,  w,  do  not  alter  when  x,  yt  z 
are  changed  to  -#,  —  y,  —5,  respectively,  the  foimulae  to  this 
approximation  give  no  trace  of  a  shadow 

It  would  be  interesting  to  know,  if  this  result  be  true  for  other 
than  elastic  media.  We  might  easily  place  in  the  electro-magnetic 
field  a  non-conducting  sphere  the  radius  of  which  would  be  small  as 
compared  with  the  wave-length  of  a  possible  disturbance  Would 
such  a  sphere  have  a  shadow  ? 

[1410  ]  Although  Clebsch,  as  usual,  seems  more  interested  in 
his  analytical  processes  than  m  their  physical  applications,  and 
makes  no  attempt  to  deduce  numerical  results,  there  is  still  so 
much  of  physical  suggestion  in  his  memoir,  that  quite  apart  from  the 
analytical  merits,  it  will  repay  close  study  Special  applications  to 
several  simple  physical  problems  appear  to  be  placed  by  it  within 
reach  of  ordinary  calculation,  while  the  contributions  it  offers  to 
the  theory  of  solid  sphencal  harmonics  are  of  wider  physical  value 
than  is  suggested  by  the  title  of  the  memoir 

[1411  ]     It  seems  well  to  considei  in  this  chapter  the  memoir 
by  Gehring  to  which  we  have  had  occasion  to  refer  in  our  Arts 
1292-3  and  1375  and  which  is  closely  related  to  the  researches  of 
Kirchhoff  and  Clebsch     It  was  published  at  Berlin  in  1860  as  a 
dissertation  for  the  doctorate  and  is  entitled     De  aequatiombus 
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qwbus  aequdibnum  e£  motius  lammae  crysfallinae 
It  contains  30  quarto  pages,  and  is  dedicated  to 
Kirchhoff 

[1412  ]  The  object  of  the  memoir  is  stated  in  the  following 
introductory  paragraph 

In  problemata  aequilibrn  et  motus  laminae  elasticae  tractando  cl  Sophie 
Germain,  Jjagrange,  Poisson  conjecturas  fecerunt,  quas  falsas  ease  cL  Bjrclmoff 
in  diarn  Crelliam  tomo  XL  demonstravit  Qui  novam  theonam  dednxit  ex 
pnncipus,  quae  quidem  non  minus  sunt  hypothetiea,  quae  tamen  samiha 
sunt  us,  quibus  cL  Jac  Bernoulli  usus  est  ad  baculi  elastici  aequihhrram  efc 
oscillationes  defimenda  et  quae  theonam  praebuerunt  satis  experiments 
congruentem.  In  recentiore  commentatione  (Diar  CrelL  LVI)  cL  KirchhofF 
theorema  proposuit  generale,  cujus  ope  fere  omma  eksticitafas  problemata 
accuratissime  solvi  possunt  Unde  nmm  liceat,  nulla  facta  conjectura  physica, 
solum  mathematicis  dekberatiombus  utens,  aequationes  deducere,  quarum 
mtegraiaone  aeqmhbrium  et  motus  laminae  elastieae  crystalhnae  vel  non 
crystallmae  definiuntur  sub  ea  conditione,  ut  tantum  infinite  paullum  (*w?/)  ex 
aequilibm  statu  lamnia  progrediatur  Quae  theona  a  me  consiatuetur,  in 
casu  laminae  non  crystalhnae  easdem  praebet  aequationes  ac  mventas  a  cL 
Kirchhoff  et  confirmat  igitur  conjecturas,  quibus  usus  est  Sed  non  minus 
facile  casus  laminae  crystalhnae  ea  continetur  (p  5) 

One  or  two  remarks  may  be  made  on  this.  The  historical  reference 
is  evidently  based  on  the  statement  in  ELirchhofF  's  memoir  on  plates 
see  our  Art  1234  But  it  is  very  inexact  Lagrange  so  far  as  he  went 
made  no  false  conjecture,  and  Poisson's  work  ought  not  to  be  placed 
on  the  same  footing  with  that  of  Sophie  Germain  The  cuticism  of 
ELirchhoff's  first  hypothesis  as  hypothetical  is  just  (see  our  Art  1236), 
but  the  author  can  hardly  mean  that  he  has  really  deduced  the  plate 
equations  nulla  facta  conjectura  phy&ica,  solum  mathematics  dehbe- 
rationibu*  utens  1  That  would  indeed  be  a  feat  equally  brilliant  with 
the  discovery  of  the  whole  theory  of  elasticity  in  Taylors  Theorem 
see  our  Arts  928*,  299-300  The  general  theorem  of  Kirchhoffs 
which  is  refened  to  is  that  of  our  Ait  1253  Finally  by  a  "crystalline 
body"  the  author  means  one  having  21  independent  elastic  constants  , 
the  two  things  are,  however,  by  no  means  necessauly  identical 

[1413]  Pages  5-12  determine  in  a  general  manner  the  value  of 
the  shifts  for  a  plate  of  isotropic  material  and  coi  respond  to  our  Arts 
1293-4  Gehimg  does  not  define  what  he  means  by  a  lamina,  but  his 
method  shows  that  so  far  his  results  are  only  true  for  a  plate  of  in- 
definitely small  thickness  The  reason  for  neglecting  certain  teiras  and 
retaining  others  is  rather  vaguely  based  (p  10  of  the  memon)  on  a 
reference  to  a  similar  neglect  in  KirchhofFs  memoir  on  thin  rods  see 
our  Art  1258  So  fai  Gehrmg's  results  would  appear  to  be  true  for 
finite  shifts,  and  they  agiee  with  those  given  by  Clebsch  on  S  270-1 
of  his  Treatise  or  by  Kirchboff  in  his  Vorlesungen  see  om  Art  1294 
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[1414  ]  Gehnng  next  proceeds  to  find  an  expression  for  the  elastic 
potential  of  the  plate  This  is  still  I  think  true,  admitting  Kirchhoff's 
assumptions,  up  to  p  14  for  finite  shifts,  and  the  result  on  that  page 
agrees  with  Kirchhoff  s  Vorlesungen  S  455  (see  our  Art  1294)  We 
have  then  (pp  15-18)  the  equations  for  the  longitudinal  and  transverse 
shifts  of  the  plate  supposing  it  to  be  only  infinitely  little  displaced  from 
the  position  of  equilibrium  The  final  results  ought  to  agree  with 
equations  (13)  and  (14)  of  Kirchhoff's  S  459  (see  our  Art  1296),  but  they 
do  not  To  begin  with,  the  value  of  f%  given  in  equation  24  (b)  is  quite 
wrong,  and  the  value  for  k  given  on  p  17  is  likewise  wrong  To  bring 
Gehnng's  results  into  unison  with  Kirchhoff  s,  it  is  necessary  to  replace 
the  coefficients  1  +  ®  in  equations  (28)  and  (29)  by  £  (1  +  ©),  but  far 
more  consideiable  modifications  would  have  to  be  made  in  the  steps  by 
which  these  equations  are  reached  It  is  to  be  noted  that  Gehrmg 
works  out  fully  only  the  equations  of  the  shifts  in  the  plane  of  the. 
plate  3  for  the  transverse  shift  he  cites  Kirchhoff's  results  see  our 
Arts  1298-9  Gearing's  d£/da  is  the  I+du/dx  of  Kirchhoff,  and 
his  dhj/db  the  1  +  dvjdy  of  Kirchhoff 

[1415  ]  The  second  part  of  Gearing's  paper  occupies  pp  18-30  and 
deals  with  the  equations  for  the  longitudinal  and  ti  ansverse  shifts  of  a 
thin  plate  whose  elastic  material  has  twenty-one  constants  The  results 
ought  to  be  of  importance,  for  few  plates  possess  elastic  isotropy,  and 
foi  testing  various  physical  theories  it  is  often  desirable  to  deal  mathe- 
matically with  material  possessing  considerable  elastic  complexity 

We  have  here  to  determine  the  value  of  the  elastic  potential  subject 
to  the  relations  (see  our  Art  1294) 

'zx  =  yz  =  *zz  —  0, 

z  being  the  direction  of  the  normal  to  the  plate 

These  relations  enable  us  to  expiess  cr^,  o^  and  <?/  as  functions  of 
the  three  remaining  strains  cr^,  sx  and  sy  and  thus  to  express  the  elastic 
potential  per  unit  volume  as  a  function  of  o-^,  sx,  sy  and  the  21 
constants  This  is  done  by  Gehimg  on  pp  18-21  His  icsults  thus 
far  appear  to  be  correct,  but  I  think  might  be  somewhat  simplified 
The  next  stage  is  to  substitute  the  values  of  these  strains  (e  g  those 
of  our  Art  1294)  in  the  elastic  potential  and  integiate  it  through  the 
thickness  of  the  plate  But  Gehrmg  makes  eirors  in  the  value  of  all 
three  of  the  expressions 


f+o  r+c  r+c 

I      xjdz,       I      o,yd%,  ytl  dz, 

J—c  J—o  J-c 


which  he  gives  towards  the  bottom  of  p  21  (2c  is  here  the  thickness  of 
the  plate,  and  xm  yy,  xy  correspond  m  our  notation  to  *#,  ^  and  cr^) 
The  denominator  3  in  the  last  terms  of  the  values  of  those  exprcs 
sions  ought  not  to  be  there  The  terms  thus  wiong  involve  only  the 
first  power  of  the  thickness,  and  therefore  their  error  ought  only  to 
affect  the  equations  foi  the  shifts  in  the  plane  of  the  plate 
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Gehnng  gives  the  equations  for  ihe  transverse  vibrations  (one 
equation  for  the  shift  at  any  point  of  the  nud  plane  and  the  boundary- 
conditions)  as  (43)-  and  (44)  on  p  28,  and  the  equations  for  the  co-planar 
vibrations  of  the  plate  (two  for  the  shifts  at  any  point  of  the  mid  plane 
in  the  plane  of  the  plate  and  tbe  two  bonndary-eondifeions)  as  (46), 
(47)  and  (48)  on  p  29  He  then  remarks  that  these  equations  agree 
•with  those  for  an  isotropic  plate  if  we  make  the  proper  assumptions 
as  to  the  relations  of  the  21  elastic  constants  which  he  gives.  But 
ti  will  be  found  that  this  ts  not  the  fact  for  the  last  set  of  equa&ons 
(46-48),  or  Gehring's  results  for  the  longitudinal  vibrations  are 
erroneous  The  first  set  of  equations  (43-44)  do  give  the  correct 
results  for  the  case  of  isotiopy,  or  pro  tanto  we  have  confirmation  of 
the  correctness  of  Gehnng's  equations  for  the  transverse  vibrations  of  a 
21  constant  plate 

In  conclusion  Gehring  remarfes  of  these  equations 

Integratio  aequationum  (43)  et  sequentium  tarn  difficihs  videtur  esse,  ut  in 
hodierno  scientiae  analyticae  statu  fieri  non  possit  (p  30) 

Nor  is  the  difiiculty  confined  only  to  the  21  constants,  even  the 
equations  for  a  thin  plate  of  isotropic  material  had  up  to  that  time  only 
been  solved  for  the  special  case  of  a  circular  boundary 

[1416  ]  Summary  The  three  German  elasticians  with  whose 
researches  we  have  dealt  in  this  chapter  mark  a  very  great  advance 
m  the  mathematical  treatment  of  elastic  problems  Franz  Neu 
mann  stands,  however,  on  a  somewhat  different  footing  from 
Kirchhoff  and  Clebsch  His  style  is  clearer  and  he  keeps  more 
in  mind  the  physical  bearings  of  his  analysis  He  possesses  much 
originality  and  in  his  investigations  on  photo  elasticity  and  the 
elasticity  of  crystals  he  breaks  almost  untrodden  ground  which 
both  physicists  and  mathematicians  have  hardly  yet  exhausted 
Clebsch,  while  by  far  the  greatest  analyst  of  the  three,  puts  physics 
(and  the  technologists  for  whom  he  is  professedly  writing)  in  the 
background  Stimulated  by  Samt-Venant's  woik,  he  has  not 
Saint- Ven ant's  practical  experience,  and  in  simplifying  the  latter's 
results  for  prisms  and  in  extending  his  piocesses  to  plates,  he  is 
guided  rather  by  love  of  the  analytical  processes  involved  than  by 
their  practical  applications  No  mathematician,  howevei,  can  read 
Clebsch's  Treatise  without  recognising  the  suggestive  charactei  of 
its  analysis,  and  appreciating  the  mental  po\\ei  of  its  authoi 
Kirchhoff's  researches  in  the  field  of  elasticity,  like  Lame's,  suffer 
to  some  extent  from  being  out  of  touch  with  physical  experience 
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This  is  markedly  the  case  in  those  contributions  to  our  subj 
which  border  on  electro-magnetism  and  optics  But  Kirchhc 
treatment  of  both  the  rod  and  plate  problems,  if  it  cannot  be  c 
to  have  been  final,  still  advanced  those  problems  a  long  sti 
Future  discussions  will  probably  serve  to  define  better  the  1m 
within  which  Kirchhoff's  assumptions  are  legitimate,  and 
possibly  add  further  terms,  of  minor  importance  except  in  spe 
cases,  to  his  expression  for  the  strain-energy,  they  will  han 
however,  displace  Kirchhoff's  investigations  as  the  latter  h 
done  Poisson's  and  Cauchy's  In  our  chapter  on  Boussinesq 
shall  endeavour  to  give  some  general  comparison  of  the  Frei 
and  German  methods  of  dealing  with  rod  and  plate  problems 


CHAPTER  XIII 

BOTJSSmESQ. 

SECTION  I 
Memoirs  dealing  directly  with  Elasticity  and  Molecular  Acfaon. 

[1417  ]  ONE  of  the  most  distinguished  of  the  pupils  of  Saint- 
Venant  is  M  J  Boussmesq,  member  of  the  Institut,  and  at  present 
Professor  of  the  Faculty  of  Science,  Pans  A  Notice  sur  les 
ti  avaux  scientifiques  de  M  J  Boiissinesq  (Notice  I )  was  published 
at  Lille  in  1880,  when  Boussmesq  was  a  candidate  for  membership 
of  the  Institut,  and  an  Esctrait  de  la  Notice  sur  les  titres  et  travau^ 
sci&ntifiques  de  M  J  Boussinesq  et  supplement  a  cette  Notice  pouj 
les  travail®  publics  depuis  cette  6poque  (Notice  II )  was  published 
in  1885,  also  at  Lille,  when  Boussmesq  was  again  a  candidate 
In  1880  Saint- Venant  made  an  Analyse  succmcte  des  tmvaux  de 
M  Boussmesq,  professeur  a  la  Faculte  des  sciences  de  Lille,  which 
appeared  m  a  lithographed  form  The  Notices  I  and  II  as  \\ell 
as  the  Analyse  succmcte  foim  a  very  useful  bibliographical  guide  to 
Boussmesq's  researches  pnoi  to  1885,  but  my  i&ume  and  criticism 
of  his  \\ork  m  the  present  chaptei  aie  based  on  the  perusal  ot 
the  memoirs  themselves  Boussmesq's  investigations  extend  fai 
beyond  elasticity,  dealing  in  paiticular  uith  light,  heat  hjdro- 
dynamics  and  the  philosophical  basis  of  the  fundamental  pimciple<* 
of  dynamical  science 
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[1418  ]  fitude  nouvelle  sur  Mquilibre  et  le  mouvement  des  corps, 
solides  6lastiques  dont  certaines  dimensions  sont  trbs-petites  pat 
rapport  d  d'autres  Journal  de  mathtmatiques,  2e  S&ie,  T  xvi 
pp  125-274  Pans,  18*71  This,  the  Premier  Memoire  with  the 
above  title  and  with  the  sub-title  Des  tiges,  was  presented  to  the 
Academie  April  3,  1871,  and  analysed  in  the  Oomptes  rendus 
T  LXXII,  pp  407-10 

Let  #  be  the  direction  of  the  tangent  at  any  point  to  the 
central  line  of  a  bar,  beam  or  rod,  and  let  y,  *,  two  lines  at  right 
angles,  be  taken  in  the  plane  of  the  cross- section  Then  Saint 
Tenant  in  1853-6  (see  our  Arts  1  and  69)  had  obtained  twc 
solutions  of  the  general  equations  of  elasticity  on  the  assumption6 
that  yy  =  **  =  v*  =  0,  and  that  the  central  line  is  initially  straight 
These  solutions  were  shewn  on  the  principle  of  the  elastic 
equipollence  of  statically  equivalent  load  systems  (see  our  Arts 
8,  21,  100)  to  correspond  to  the  torsion  of  a  prism  about  its  axic 
and  to  the  flexure  of  a  prism  either  under  an  isolated  central  loac 
or  as  a  terminally  loaded  cantilever  In  obtaining  these  solution1 
Saint- Venant  had  not  supposed  elastic  isotropy,  but  merely  thai 
the  elasticity  was  the  same  in  all  planes  perpendicular  to  the 
central  axis  He  applied  his  results  to  a  great  variety  of  cross 
sections,  and  shewed  that  they  did  not  justify  the  earliei 
hypotheses  of  Cauchv  and  Poisson  see  oui  Arts  29  and  75 
With  regard  to  Saint-Venant's  solutions  there  is  an  importanl 
distinction  between  that  for  the  case  of  torsion  and  that  for  the 
case  of  flexure  In  the  former  case  the  shears  *?  and  x*  an 
fundamental,  and  their  values  must  be  ascertained  in  order  tc 
calculate  the  torsional  resistance  of  a  rod,  howevei  small  the 
dimensions  of  its  cross-section  as  compared  with  its  length  Ir 
the  latter  case  the  shears  xy  and  M  are  shewn  to  be  practically 
negligible  whenever  the  dimensions  of  the  cross-section  ue  small 
i  e  in  the  case  of  what  is  really  a  rod,  and  the  discovery  of  thei 
values  is  only  needed  as  a  step  towards  shewing  that  they  ai< 
negligible,  and  so  justifying  the  Bernoulh-Eulenan  theory 

Clebsch  in  his  Treatise  (see  our  Art  1332)  had  sought  the 
most  general  solution  of  the  equations  of  elasticity  subject  to  tin 
conditions  yy  =  ««  =  7*  =  0,  and  had  thus  i  cached  a  solution  of  thos< 
equations  embiacing  both  the  flexure  and  torsion  problems  o 
Sam t- Venant  But  as  in  all  Clebsch's  \vork  this  icsult  was  onb 
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obtained  for  the  case  of  bi-constant  isotropy  He  dealt  also  with 
the  case  of  rods  of  double  curvature  Kirchhoff  in  a  memoir  of 
1858  (see  our  Art  1251)  had  endeavoured  to  give  a  complete 
theory  of  strain  in  thin  rods  with  an  initially  curved  central  kae 
But  a  defect  of  Kirchhoff's  theory  has  been  pointed  out  by  Sarnt- 
Venant  (see  our  Art  316),  and  the  objections  against  it  axe  again 
raised  by  Boussmesq  in  the  present  memoir  (pp  127-9  and  §  vn 
pp  176-81)  In  the  equations  (vn)  of  our  Art  1257,  Kirchhoff 
neglects  the  terms  du/ds,  dv/ds  and  dw/ds  Now  Boussinesq 
points  out  (p  179)  that  this  assumption  has  no  A  prwri  justifica- 
tion, but  that  the  terms  neglected  appear  to  be  of  the  same  order 
as  those  retained  He  cites  cases  in  which  the  assumption  would 
not  be  true,  but  remarks  that  it  is  satisfied  in  general  when 
Saint- Venant's  hypothesis,  Jy=^=y£  =  0  is  fulfilled  Thus  it 
is  satisfied  in  Saint-Venant's  cases  of  flexure  and  torsion  but 
not  when  there  is  an  appreciable  longitudinal  or  buckling  load 
(see  our  Arts  911*  and  1361) 

En  resume,  la  theorie  de  M  Kirchhoff  conduit,  dans  le  cas  de  tiges 
dont  la  contexture  est  symetrique  pai  rapport  a  leurs  sections  nonnales, 
aux  vraies  formules  approchees  d*>  la  flexion  et  de  la  torsion ,  mais  elle 
me  parait  reposer  sui  une  hypothese  douteuse  &  pmori,  consistant  a 
admettre  que  les  sections  normales,  pnmitivement  e*gales  entre  elles,  sont 
encore,  sur  une  longueur  time,  e*gales  apres  les  de*placements  Elle  a 
aussi  I'mconve'nient  de  laissei  parini  les  quantites  qu'elle  ne*ghge  com  me 
tiop  petites,  les  actions  tangentielles  exerce*es,  dans  le  cas  de  la  flexion 
megale,  a  travers  les  divers  elements  plans  d'une  de  ces  sections,  forces 
qu  il  est  cependant  inteiessant  d7e*tudiei,  puisque  leui  ie*sultante  est  egale 
et  contiane  a  celle  des  actions  exterieures  qui  produisent  la  flexion 
(PP  128-9) 

[1419]  Boussinesq  in  the  present  memoii  endeavoms  to 
amplify  the  labours  of  pievious  <  .  i  by  a  discussion  of 
the  following  topics 

(a)  HL  seeks  to  denionstiate  that  Saint  Venaiit's  assumption 
(JJ  =  T  ~  ^  -  0)  is  legitimate  and  necessary  foi  thin  lods  This  is 
sumption  \mounts  to  saying  that  the  mutuil  action  of  the  fibies  at  a 
fmite  distance  from  their  evtiemities  is  nnambly  dnected  along  then 
tangent?  The  demoiistiation  (and  the  lesultmg  equitions  foi  a  tmn 
rod)  Boussmesq  considds  the  fundamental  pait  of  his  memoii 

Jo  le-s  tvpose  poui  lo  c\s  gLiiu  il  on  dt^  \ctions  quelconques  sei  \ient 
apphqutes,  non  seulement  pi6^  des  e\tieiniteb,  mais  encoie  ^^^^l  li  rnissi 
entitle  <le  li  tige,  et  ou  cello  ci  scint  httuoauie  nm«»  Ho  ^A  t«  *  « 
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tnque  par  rapport  k  ses  sections  normales,  et  fonne'e  de  fibres  qui,  Isoldes, 
subiraient  les  mimes  deformations  lat&ales  si  on  les  soumettait  &  de  simples 
tensions,  produisant  sur  toutes  la  m&ne  dilatation  longitudinale  (p  127) 

(6)  The  general  equations  for  the  stiain  of  a  thin  rod  are  given. 
These  correspond  closely  to  Olebsch's  results  for  Saint-  Tenant's  problem 
dealt  with,  however,  on  the  supposition  that  the  elasticity  is  not  iso- 
tropic  but  the  same  for  each  cross-section  see  our  Arts  1332  and  1360 

(c)  Boussinesq  points  out  a  certain  analogy  between  hydrodynamics 
and  the  torsion  of  pnsms     Another  hydrodynamic  analogy  had  been 
previously  noticed  by  Thomson  and  Tait  m  their  Treatise  on  Natural 
Philosophy,  Art  705     Oxford,  1867 

(d)  He  discusses  (from  the  general  elastic  equations  however)  a 
problem  already  dealt  with  more  fully  by  Seebeck,  namely,  the  influence 
of  rigidity  on  the  transverse  vibrations  of  a  string    see  our  Arts  471-2 

We  will  now  consider  these  points  in  some  detail 

[1420]  After  the  introduction,  which  deals  with  the  histoncal 
aspect  of  the  problem,  Boussmesq  passes  in  §§  I  and  n  (pp  130-44)  to  a 
general  discussion  of  the  equations  of  elasticity  and  the  expressions  of 
the  stresses  in  terms  of  the  strains  for  various  types  of  elastic  media 

In  the  first  section  (pp  132-5)  Boussmesq  gives  a  proof  of  the 
relations  of  compatibility  of  the  types 


dydz     2  dx  \  dy        dz        doc  J  ' 


•  -r-  + 

dycfe     <afe       dy* 

first  stated  by  Saint  Venant    see  our  Aits   112  and  190 

In  the  second  section  two  special  cases  of  distribution  of  elastic 
homogeneity  aie  considered,  (a)  when  the  medium  is  symmetrical  about 
the  plane  yz  see  our  Art  78 ,  (5)  when  the  medium  is  iso tropic  round 
the  axis  of  x  In  the  latter  case  we  may  write 


'ZZ    ="    X0    +    VSy,    +     2/ASg,  £]/   —   (jd'CTtfy        j 

Boussmesq  by  aid  of  these  equations  expresses  the  stiams  in  terms 
of  the  stresses  (p  140)  He  fuither  shews  that  if  TFbe  the  strain  energy 
per  unit  volume 

_     dW      _     dW 

XX  =  —j ,         yz—         —  , 

(in) 

'     J— -     J          °V  =       7<— s 

ttxx  dyz 
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[1421  ]  §  in  (pp  144-50)  is  entitled  tffade  dune  t%ge  de 
pefate  section  Considerations  prGkmmatvres  Boussinesq  takes  for  hxs 
elastic  body  one  which  is  sensibly  cylindrical  for  a  length  comparable 
with  its  transverse  dimensions,  the  total  length  besng  much  greater  than 
these  latter  dimensions  He  supposes  the  total  shifts  to  be  as  consider 
able  as  one  pleases,  but  the  strains  at  each  point  to  be  small  «&,  v,  w 
represent  the  small  shifts  relative  to  some  chosen  point  of  any  point  of 
the  small  element  of  the  rod  bounded  by  two  adjacent  cross-sections. 
The  plane  yz  is  taken  parallel  to  the  unstrained  position  relative  to  the 
element  of  some  cross  section  of  the  element  All  this  is  in  practical 
agreement  with  Kirchhoff's  treatment  see  our  Art  1257  Boussmesq 
considers  the  cross-section  (o>)  to  have  any  number  of  cavities  and  that 
the  contour  of  the  cross  section  (s)  may  thus  consist  of  several  closed 
curves.  Fuither  the  constitution  of  the  material  of  the  rod  is  supposed 
to  vary  from  one  point  to  another,  very  gradually  along  the  axis  of  x, 
but  rapidly  and  even  abruptly  if  desued  along  certain  lines  in  the  plane 
of  the  cross-section  No  load  is  applied  to  the  curved  surface  of  the 
rod,  but  only  to  the  terminal  cross-sections 

Boussmesq  then  proves  the  following  identity,  U,  V9  W  being  any 
functions  of  #,  y,  2,  which  are  continuous  over  o>,  and  the  same  statement 
holding  for  then  first  derivatives,  except  along  lines  at  which  the  material 
abruptly  changes  its  constitution 

n^dU    ^dU    ^dV    ^dW    _  /dV     dW\\   , 
xy  -=  --  1-  zx  -7—  +  yy  -j-  +  zz  -=—  +  yz  [  -r-  +    -=—  }  >  ao) 
dy          dz          dy          dz          \dz       dy  J) 


the  integrations  extending  all  ovei  the  cross  section  <o,  and  JT,  Y9  Z 
being  the  body  forces  This  result  easily  flows  from  multiplying  the 
body  stress  equations  by  U,  V,  W  and  integi  ating  by  parts  ovei  the 
area  of  the  cross  section  the  sum  of  the  lesults  so  obtained 

[1422]  We  no\v  come  to  the  fundamental  pait  of  Boubbinesq's 
aigument  (pp  148-53)  I  must  confess  that  it  by  no  mcaub  caines 
conviction  to  my  mind  Boussmesq  aims  at  demonstrating  that 
Saint-  Venant's  assumption 

JJ"  =  ^z  =  Jp  =  0  (#) 

is  practically  true,  or  that  these  stresses  aie  negligible  as  compaied 
with  the  remaining  three  when  no  load  is  applied  to  the 
surface  of  the  rod  except  near  its  extremities  The  assumption 
(a)  may  possibly  be  incoirect  for  the  parts  of  the  lod  very  ntai 
the  extiemities 

Boussmesq  's  aigument  beems  to  be  of  the   following   kind 


190  BOUSSINESQ  [1422 

Considering  only  portions  of  the  cross-section  where  the  elastic 
constitution  of  the  material  of  the  rod  is  continuous,  it  is  natural 
to  suppose  the  stresses  here  are  also  continuous  But  where  the 
axis  of  y  meets  the  surface  9  =  IS  =  ^  =  0,  hence  by  Maclaunn's 
Theorem  (Boussmesq  does  not  appeal  to  this  theoiem,  but  I  think 
there  is  an  implicit  assumption  of  it)  we  must  have  results  of 
the  type 

Sy=fi/  —  v'}  ( —  |  +#[~rH  +  terms  involving  the  square  of  the 
\*     y  '  \dy  J0      \dz  JQ 

linear  dimensions  of  the  cross-section 

Here  y1  is  the  distance  of  the  origin  of  coordinates  from  the 
point  at  which  the  axis  of  y  cuts  the  contour  of  the  cross-section 
Similar  results  will  hold  for  all  the  other  stresses  ^,  £*,  «yt  *?, 
which  vanish  at  certain  points  of  the  contour  But  to  quote 
Boussmesq's  words 

Done,  la  section  o>  ayant  toutes  ses  dimensions  tres  petites,  les  forces 
Jy,  **,  yx9  *x,  xy  ne  peuvent  qu'etre  fort  petites  dans  toute  son  e*tendue 
par  rapport  aux  valeurs  absolues  moyennes  de  leurs  de'rive'es  premieres 
en  y  et  z  (p  148) 

It  seems  to  me  that  this  argument  fails  because  it  does  not 
state  what  are  the  quantities  relative  to  which  the  y  and  z  of  the 
cross-section  are  small,  y  and  z  cannot  be  absolutely  small  In  othei 
words  exactly  the  same  objections  apply  to  Boussmesq'b  theory  as 
to  Cauchy's,  Poisson's  and  Neumann's  expansions  of  the  stresses 
m  terms  of  the  coordinates  of  a  point  in  the  plane  of  the  cross- 
section  see  our  Arts  466*,  618*,  29,  75  and  1225-6  Boussmesq 
continues 

D'ailleurs  la  continuity  sui  une  longueur  time  de  la  tigc,  des 
77,  JT,  et  de  leurs  de"rivees  en  y,  z,  exige  que  les  ddrivt  es  en  x  de 
toutes  ces  quantities  ne  soient  pas  d'un  oidre  de  giandeui  plus  clevc  que 
Pordre  de  ces  quantit^s  elles  memes,  si  ce  n'est  toutcfois  aux  points 
voibins  des  exti Smites  de  la  tige,  on  plus  gdne'ialemcnt,  d(  coux  on  la 
constitution  de  la  uiatieie  et  les  conditions  dans  lesquclles  cllc  he  trouvc 
varieiaient  brusquement  dans  le  sens  des  x  Si  1'on  fait  abstraction  de 
ces  points  tout  paiticuhcis,  les  deux  deimcres  cquitiona  (e)1  pom i out 
§tre  reduites  a 

~T  +  * H*  =  °»     C 7*  +  (  r  =  °  (v) 

dy       dz  dy       dz  v   ' 

1  This  symbol  refeis  to  the  body  stress  equations     see  foi   example  0111  Ait 
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En  effet,  si  nous  conside'rons,  pai  exemple,  la  seconde  des  Equations  (e), 
les  termes  dw/dy,  d^/dz  pourront  £tre,  soit  de  1'ordre  de  d^/dx,  soit 
incomparablement  plus  petits,  soit  incomparablement  plus  grands. 
Dans  les  deux  premiers  cas,  Jy  et  J?  seront,  d'apres  ce  qui  pr£c£dey 
negligeables  par  rapport  &  5y,  et  Ton  pourra  poser  en  comparaison  yy  =  0, 
J£=0,  dans  le  troisi&me  cas,  la  seconde  equation  (c)  se  r6duua 
sensiblement  aux  deux  termes  dyy/dy,  dyejdz,  car  le  dernier  pY  n'est 
jamais  que  de  Tordre  de  dxyjdx  Done  on  pourra  poser  toujours 
/dz  =  Q(vp  U8-9) 


The  argument  here  is  that  yy  and  dyyfdy  are  of  very  different 
orders  of  small  quantities,  while  w  and  dxy/dx  are  of  the  same 
order  I  do  not  see  what  step  in  the  reasoning  hinders  yy  from 
being  a  function  of  the  form  c  sin  y,  say,  which  vanishes  for  y  =  ±  TT, 
the  units  of  the  linear  dimension  of  the  cross-section  being  taken 
as  small  as  we  please  In  this  case  w  and  dyy/dy  do  not  seem  to 
be  of  a  totally  different  order,  and  it  would  therefore  appear  that 
Boussmesq's  argument  is  not  sufficient 

[1423]  Assuming  Boussmesq's  conclusions  as  to  the  order  of 
quantities,  it  follows  that  wnen  the  elastic  distribution  is  symmetrical 
with  regard  to  the  plane  of  yst,  the  second  fluxions  with  regaid  to  x  of 
the  slides  crvss,  o-^,  cr^  and  the  stretches  sy,  sz  will  be  negligible  as 
compaied  with  their  second  fluxions  with  regard  to  y  and  z  This 
follows  at  once  from  the  expiessions  for  the  strains  in  termb  of  the 
stretches,  if  we  remember  the  above  relations  between  the  ordei  of  the 
fluxions  of  the  stresses  Hence  fiom  the  lelations  of  type  (i)  we  have 


or,  if  Xi>  X^>  Xa  ^e  Arbitrary  functions  of  x 

*»  =  Xi  +  Kf  +  Xs2/  (vu) 

Putting  C7  =  0,    V=v,    W  =  w  in  equation  (iv),  Boussinesq  obtanib 
(p   149)  by  aid  of  (v) 

f  "  — 

I    (yvt>y  +  '™8sl+w<ryZ)d<ti=Q  (vm) 

Further  by  putting 


CM?  ±C*  T  +  C^)  s^dw  =  0  (ix), 

\vheie  Clt  C  ,  03  ait  any  constants  whatevei 

Bv  substituting  for  the  shams  in  (vm),  txpiessmg  the  integral  as 
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the  sum  with  positive  coefficients  of  the  integrals  of  the  squares  of  four 
expressions  linear  im  the  stresses  yy,  ***  and  £*»  a  result  obtained  by  aid 
of  (ix),  Boussmesq  deduces  that  for  a  thin  rod  loaded  only  at  the 
terminals  _  ^  _ 

yy='z*  =  y*  —  Q  (x), 

or,  Saint-Yenant's  assumption    see  our  Art  1422 

[1424]  Boussmesq  in  a  later  memoir  has  again  returned  to 
this  point  as  to  the  relative  magnitude  of  the  fluxions  of  the 
stresses  see  our  Art  1433  The  supposition  he  makes  in  that 
memoir,  namely  that  the  variation  of  the  stresses  parallel  to  the 
axis  of  a  rod  or  to  the  mid-plane  of  a  plate  is  very  small  as 
compared  with  their  variation  in  the  plane  of  the  cross-section  of 
the  rod  or  perpendicular  to  the  mid-plane  of  the  plate,  does  not 
seem  to  me  established  by  the  arguments  used 

Si  done  on  fait  abstraction  de  ces  regions  restremtes,  I'Squilibre  d'un 
croncon1  quelconque  a  fort  peu  pres  prismatique  pre*sentera  cette  circon 
stance,  que  les  composantes  des  pressions  et  les  cUfoimations  y  seront 
sensiblement  les  m£mes,  soit  tout  le  long  d'une  m§me  fibre  long^lud^nale 
perpendiculaire  aux  bases  du  prisme,  s'll  s'agit  d'une  tige,  soit  sur  toute 
l'e*tendue  d'une  couche  quelconque  parallele  aux  bases  du  prisine,  s'll 
s'agit  d'une  plaque  Au  contraire,  lea  me*mes  pressions  et  deformations 
vaneront  en  general  d'une  maniere  tres  notable  dans  les  sens  des 
dimensions  transversales  d'une  tige  on  dans  celui  de  Fepaisseur  d'une 
plaque  II  est  d'ailleurs  Evident  que  les  actions  exterieures  dn  ectement 
applique"es  a  la  masse  du  trongon  (y  compris  1'mertie  dans  le  cas  d'un 
e"quihbre  dynamique),  et  celles  qui  le  sont  a  la  portion  de  la  supeificie 
du  corps  qui  fait  partie  de  la  surface  du  trongon,  n'ont  qu'une  influence 
minime  sui  les  forces  xx,  *yz,  toutes  ces  actions  n'etant  piebque 
nen  en  comparaison  de  celles  qui  agis&ent  sur  le  reste  du  coips  et  dont 
1'ensemble  donne  lieu  aux  reactions  mttoeuies  ;*"?,  yzt  (p  164  of 

the  memoir  cited  in  our  Art  1433) 

Foi  the  case  of  a  rod  this  supposition  leads  to 

(xx,  M)  **,  5«,  £*,  w}  =  0  (A) 

But  Boussmesq  shews  that  the  nanower  assumptions 

^(9,  «)  =  0,     dx(™>™>  ^)  =  0  (B) 

are  sufficient  to  lead  to  the  same  solution  is  that  which  we  aie 

1  A  small  pii&inatic  element  of  the  rod  bounded  by  two  adjacent  cross  sections, 
01  of  the  plate  bounded  by  the  faces  and  two  pairs  ot  planes  at  light  angles  per 
pendicular  to  the  plane  face  of  the  plate 
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discussing  from  the  first  memoir  In  fact  they  lead  us  to  the 
results  (6)  of  our  Art.  317,  and  these  last  results1  give  us  with 
some  easy  analysis  (pp  166-172  of  the  second  memoir)  the  results 
(vu)  and  (x)  of  the  last  article 

Saint-  Venant  has  reproduced  Boussmesq's  argument,  and  in 
our  Art.  318  we  have  already  cited  his  version  of  it,  expressing  at 
the  same  time  our  doubts  as  to  its  sufficiency 

[1425  ]  Changing  the  notation  of  Art  317  to  that  of  our  present 
discussion  the  last  two  conditions  of  (b)  become 

&i. 

dx 

dsx__ 

or'  dz  ~"  "  dot?  '     dy 

Hence  by  (vu) 


or  since  %»  and  ^s  are  independent  of  y  and  #,  the  second  fluxions  with 
regard  to  x  of  w  and  v  may  be  supposed  to  be  taken  at  the  point 
y  =  z  =  Q  In  the  case  where  the  curvatuie  is  small,  we  see  that  xs 
and  —  Xs  represent  the  changes  in  curvature  of  the  central  line  in  the 
planes  zx  and  xy  respectively  Thus 

_JL  ___  \_  1         1 

Xs~  Ry      RyQ*        X*~~Rs      R&°  (Xl) 

(see  p  185  of  the  memoir  of  1879),  where  Rv,  R^  aie  the  radii  of  curva 
ture  in  the  planes  »&,  xy,  aftei  strain,  and  RJ*t  R*  those  befoie  stiain 

Further  ^i  is  e\  idently  the  stietch  of  the  central  line  of  the  rod,  01  aa°, 
say  Hence  we  liave  obtauied  a  physical  interpietation  of  the  as  yet 
undetermined  functions  in  (vu)  Consideiing  the  portion  of  the  lod  on 
one  side  of  any  cioss  section  co,  let  the  moments  of  the  applied  load 
and  the  body  forces  on  this  portion  lound  the  axeb  of  x,  y  and  s  be 
lespectively  MX9  My,  M^  then  since  (x)  holds  we  have 


/"; 
-f, 

!\ 


(Ml) 


1  In  the  present  investigation  it  is  r    in  the  investigation  ot  Ait    317  it  is 
.  which  is  the  pusmatic  axis 

The  axes  aie  supposed  to  be  taken  so  tbat  a  light  handed  bcic\\  motion  in  the 
positive  diiection  of  #  turns  ?/  towards  z,  and  so  with  cyclic  interchange  foi  each  axis 
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The  conditions  (x)  lead  us  as  in  oui  Art  78  at  once  to 

*v  =  Esx,      8y  =  -  Ifc&B,       8Z  =  -  1]SSX, 

•whence  from  (vii)  we  nnd 


and  if  F  be  the  component  parallel  to  the  axis  of  a?  of  the  whole  system 
of  load  and  body-forces  acting  on  one  side  of  to 


/*< 

I 

J 


Hence  fc  =*/*«,     X*  =  ^B^V     Xs  —  MJ^^n         (xm) 

These  determine  the  value  of  ^  and  give  in  fact  the  elements  of  the 
solution  of  the  problem  of  the  thin  rod  so  far  as  they  are  due  to 
extension  and  flexure  Here  Boussmesq  has  followed  Bresse  (see  our 
Art  515)  and  treated  the  cross  section  as  having  a  density  equal  to  the 
variable  stretch  modulus  Thus  the  centroid  is  found  from  the  con 
ditions 


=  j 


1£o>/c/  =  f^aWa),     3Eco*a2  =  ^ 
define  S,  Ky  and  /cg 

[1426  ]     If  we  seek  -y  and  w;  from  equations  (8)  of  oiu  Art  78,  we 
determine  them  to  be  of  the  following  foi  m 


=  X6  +  X^/  +  i(€Xi2/  +  (^iX«  +  %)  y'}  ~  ^  (Xi^  +  X*y*  +  ix2^)  J 


wheie  X4>  Xe»  Xs  are  undetei  mined  functions  of  a;  only 

Now  the  equations  which  still  lemam  to  be  satisfied  aie  the  first 
body  stress  equation,  01 


and  the  equation 

wdz-  ^xdy=  0,  o\er  the  contour  of  the  section 

If  the  values  of  cr^5  cr^  be  calculated  in  teims  of  the  fluxions  of  u 
and  of  the  values  of  v  and  w  given  m  (xiv),  and  then  77/,  7T  be  detc  i  mined 
from  then  values  in  (7)  of  our  Art  78,  we  nnd  a  putial  differential 
equation  for  u  involving  only  u  and  x±,  \5»  X<»  simple  iunctions  of  a?,  as 
unknowns,  together  with  a  surface  condition  involving  th<  same  quan 
titles  Now  these  equations  will  not  sufQce  to  determine  the  four 
unknowns,  but  Boussmesq  on  pp_^  1GO-1  shews  that  they  completely 
determine  the  values  of  ^  and  *a 
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[1427  ]  In  the  special  case  where  the  elasticity  and  density  are 
everywhere  uniform  and  the  body-force  X  is  constant  over  the  cross- 
section,  Boussinesq  works  out  completely  the  equations  to  determine  *J 
and  zx 

The  load  being  applied  only  at  definite  points  of  the  rod,  F  of 
equation  (xiii)  is  only  a  function  of  x  in  so  far  as  it  involves  the 
body  force  JT,  and  thus 


or  i          - 

Further  if  Sy  and  SK  be  the  total  shearing  loads  on  o>  parallel 
to  the  axes  of  y  and  z 

Sv  =  -dMJdx  and  Sz  =  dMy/dx  (see  our  Art   1361,  jfoa.) 
Hence  dx^/dx  =  SJE&Ky\         dx$ldx=SyIEuK*          (xvi) 

Thus  equation  (xv)  becomes 

dw     dTx      Szz      Syy     n 

~T  --  r   —7  --  i  --  «,  -r   -  r  =  U, 

ay       dz       OK/     <OK/ 

d  /_       5^\       c?  /_       fi^°\ 
or  ,-    ^  +  «-^-2  )  +  -j-  \  zx  +  ~  —  9  )  =  0, 

dy  \         2o)ic//      c^?  \         2<»icyV 

whence  we  cau  take,  if  <£  be  an  arbitrary  function  of  y  and  % 

_     cty      5^'  _        64      Sj?  (        . 

W—   T    ~   «i"3»  «*  =  --  7  --  o"      9  (XVll) 

dz      2o)Ks  dy     2o>/f/  v       f 

Tuimng  to  equation  (7)  of  our  Ait  78,  we  nnd 

^-"^  l>rll'~** 

&a.il  —  fl    za, 

(T^"  ef-h'h"  J 


But  d  fa-          dV  \~     d 

ou-w  T~  I  o .LII  ~~  ~  i  —  ~  i  ^&.i,  ~~  ~r 

CKC 

Hence  by  aid  of  (xvi)  and  (xvii)  we  find 
dy  dydz         dz? 


This  result  is  in  agreement  with  Boussmesq's  (44),  p  162,  except  that 
he  uses  thhpsinomic  while  we  aie  using  tasmomic  constants    see  Ait  445 
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The  second  equation  of  (xv)  gives  us  for  the  contour  condition 


Finally  from  (xu)  we  have 


On  pp  162-5  Boussinesq  considers  the  case  of  a  section  containing 
one  01  more  holes  The  problem  here  involves  the  usual  modifications 
due  to  cyclosis  in  dealing  with  the  function  ^> 

It  will  be  noted  that  (xvni)  and  (xix)  above  aie  more  general  than 
Saint-Tenant's  results  given  in  oui  Art  82  as  equation  (19) 

It  will  be  remembered  that  Saint-Tenant  finds  for  his  flexural 
moment  M,  d*M/dx*  =  0  see  our  Art  80  This  follows  at  once  from  the 
second  and  third  body  stress  equations  which  give,  since  Saint-  Venant 
supposes  no  body-forces  dxy/dx^O,  d'zacjdz  —  Q  see  our  Art  79, 
equation  (11)  Boussinesq  neglects  the  terms 

dxy/dx  +  pY  and  dw/dx  +  pZ, 

&  &econd  and  third  body  stress  equations,  for  he  says  pY,  pZ  are  of 
same  order  at  most  as  d'xy/dx  and  dw/dx,  and  these  he  holds  to  be 
oa^gjgible  as  compared  with  terms  like  d'yy/dy  +  d*ys/dz  see  his  p  149 
and  our  Art  1422  Now  his  analysis  leads  to  yp=«?=y«  =  0  Hence  I 
find  it  difficult  to  understand  how  d'xy/dx  +  pF  can  be  small  as  compared 
with  dyy/dy  4-  dyz/dz  unless  we  have  absolutely 


o  (xxl) 

If  we  take  the  exact  assumptions  of  the  second  memoir  (Ait   1424) 
d'xyjdx  =  d'zxjdx  =  0, 

then  7=^  =  0,  and  Boussmesq's  apparently  more  geneial  solution  leadb 
us  again  to  Samt-Venant's,  involving  d*M/dx~  =  0 

But  if  F  and  Z  be  not  zero  then  it  is  impossible  to  put 

2/J  =  "zx  =  ye  =  0, 

foi  these  quantities  can  (foi  example  at  certain  points  of  a  heavy  beam 
othei  than  those  of  external  loading)  be  infinitely  gi  eater  than  w 
01  ^  see  a  paper  by  the  Editor  On  the  Flexure  oj  Heavy  Beams, 
Quarterly  Journal  of  Mathematics,  Vol  xxiv  ,  p  106  Tlmb  so  fai  as 
Boussme&q's  theoiy  is  tnoie  geneial  than  Saint  Tenant's,  in  that  it 
appears  to  allow  of  body  foices,  I  doubt  its  accuracy  Let  us  make  the 
additional  assumption  of  the  second  memoir  that  such  body  forces  have 
only  a  vamshingly  small  influence  on  the  sti  esses  (p  164  of  the  second 
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memoir)    We  easily  find  by  diffeientiating  the  first  body  stress  equation 
with  regard  to  x  and  using  (xxi) 


'dT    dZ    dX\     _  ,       x 

~*  "1"  *      ~~"       i  i  ss        -  ( xxn  j 

Now  if  the  body  forces  are  to  be  wholly  neglected  we  have 
<faa/dJcP  =  0,  which  leads  to  Saint-Venant's  lesults,  or  Xi>  Xs»  Xs  must  be 
all  linear  functions  of  x,  whence  by  (xi)  and  (xui)  the  axial  shifts  can 
only  be  algebraic  functions  of  the  third  degiee  in  x,  and  either  the  load 
system,  or  the  original  form  of  the  rod  must  be  extremely  limited  If 
on  the  other  hand  the  body  forces  are  not  zero,  it  appears  that  a  certain 
i  elation  must  be  satisfied  between  them  and  the  surface  load  For  the 
surface  load  and  the  body  forces  fully  determine  &,  Xa>  Xs?  anc^  hence 
(xxn)  and  (vu)  give  a  relation  between  them,  which  as  a  rule  will 
not  be  satisfied 

If  we  do  not  take  dzxxjdaP  =  0,  but  extremely  small,  then  it  seems 
necessary  that  x1?  Xs  Q^^  Xs  should  be  extremely  small,  or  the  total 
longitudinal  load  and  the  changes  of  curvature  very  small ,  but  it  must 
still  be  remembered  that  in  this  case,  even  at  points  distant  from  the 
points  of  application  of  the  external  load,  #J,  **£  and  ^,  although  absolutely 
small,  are  not  at  every  point  necessarily  small  relatively  to  xy  and  *£ 

To  sum  up  this  part  of  Boussmesq's  investigation  It  does  not  seem 
to  sufficiently  justify  the  ordinary  assumption  of  the  Bernoulli-Euleiian 
hypothesis  (zz  —  *yy  =  yz  =  0)  foi  the  cases  either  of  a  sensible  continuous 
loading  or  of  body-forces,  while  in  the  cases  in  which  continuous  loading 
and  body  forces  produce  insensible  effects,  it  does  not  bring  out  clearly 
that  the  stresses  neglected  can  at  certain  points  be  of  the  same  oider 
as  some  of  those  retained ,  further  it  does  not  fully  solve  the  difficulties 
involved  m  the  result  d?xx/doc?  =  Q,  or  what  leally  amounts  to  the  same 
thing 

d?My/dx*  =  d*Mz/dx~  =  d  Fjdx*  =  0 

[1428  ]  Pp  165-76  of  the  memon  are  occupied  with  a  discussion  of 
the  shape  of  the  distorted  rod  aftei  the  stiain  This  is  obtained  by 
combining  the  shifts  of  shoit  prismatic  elements  and  should  be  compaied 
with  the  similar  investigation  due  to  Kirchlioff  see  oui  Arts  1257 
et  seq 

Pp  176-81  contain  the  cuticism  of  Kirchlioff  s  treatment  of  lods,  to 
which  we  have  already  lefened  sec  oui  Ait  14 IS 

[1429]     §vni,  which  occupies  pp    181-94,  is  entitled     De 
composition  de  V action  totale  e<ieicee  sin   un  tionfon  de  la  tig e  en 
six  actions  elemental!  es   qui  pioduisent  7  espectivement  une  eaten 
swn  ou  une  contraction,  deiuc  flexions  egales,  deu&  flexions  inegales 
et  une  torsion     This  is  an  analysis  into  its  component  parts  of  the 
solution  we  have  sketched  in  the  above  pages,  and  it  resembles 
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Clebsch's  treatment  of  Samt-Venant's  problem  in  S  85-94  of  his 
Theme  der  Elastwitat  (see  our  Arts  1333-9)  except  that  Olebsch 
dealt  only  with  the  equations  for  bi-constant  isotropy  and  with 
the  simple  case  of  an  initial  straight  central  line 

Boussinesq  points  out  that  m  the  case  of  the  flexure  problem 
the  dxddx  of  our  equation  (xviu),  Art  1427,  is  zero,  when  either 
(1)  the  cross-section  has  a  centre  of  figure,  or  (2)  the  axis  of  g 
(or  y)  is  an  axis  of  symmetry  and  the  elastic  structure  is  sym- 
metrical about  the  plane  of  zoo  (or  ocy)  (p  188) 

Further  since  dw/d%  and  d^/doe  are  either  zero  or  negligible, 
it  follows  from  (xvn),  that  d^jdz  and  d<j>/dy  are  sensibly  indepen 
dent  of  #,  if  Sy  and  Sz  the  total  shears  are  constant  ,  and  hence 
from  (xvm)  that  the  like  holds  for  dx*/da;,  which  is  therefore 
essentially  a  constant  Thus  for  flexure  in  the  cases  of  symmetry 
mentioned  above  d^jdx  is  zero,  and  for  torsion  since  Sy  and  Sz 
are  then  zero  d%Jdic  may  be  treated  as  practically  a  constant 

Boussinesq  remarks  that  the  case  of  torsion  is  the  only  one 
which  requires  us  to  integrate  (xvm),  for  in  the  case  of  flexure  the 
slides  o-yyy  and  CM  are  negligible  (pp  174,  186  and  194) 

[1430]     The  next  section  of  the  mention  (pp   194-204)  deals  mou 
especially  with  the  general  laws  of  torsion      In  this  case  ov,/  and  a 
have  always  to  be  found  by  the  integration  of  a  diffiiential  equation 
Putting  the  total  shears  Sy  and  S?  zeio,  and  d^jdx  ~  a  const  in  t  -  r,  \u 
ha\e  from  (xvu)  and  (xvm) 


dz  '  dy  ' 

/•/.i  /fJ-L  x?J      \ 

while  from  (xx)  M  =.  - 


(xxiu), 


fo> 
2    I 


as  is  eisily  seen  by  im<  <ri  miiir  by  pirts  nicl  usin^  (MX),  whicli  no\\ 
gives  <f>  a  constant  foi  the  contoui  ,  but  tins  const  ml  in  i>  b<  suppost  <1 
include  din  tht  vihu  of  <£  so  th  it  <f>  Oovcr  tin  (ontoiu  Uoussiiu  s<j 
shews  tint  in  the  sptu  il  cis(  wlifu  h'  -\  k  0  t([uitH>ns  (\\iii)  ind 
(xxiv)  lie  ulitul  to  those  for  tlu  stc  idy  motion  of  i  viscous  fluid  in  i 
tube,  the  cross  section  ot  the  tulx  being  in  oithoiron  il  pioj«hon  ot  (hat 
of  the  icd,  at  le  ist  foi  the  t  ise  wh(  n  tlu  ciobs  s<  ction  consists  of  an  u  <  a 
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without  cyelosis  (pp    195-9)     The  steady  velocity  of  tiie 
corresponds  to  the  <£  of  the  torsional  problem 

Boussmesq  proves  the  following  proposition  (p.  199) 

Les  forces  exerc^es  aux  divers  points  d'une  section  sont  psatoiifc 
suivant  les  courbes  <f>~ const,  qui  seraient  celles  d'egale  Vitesse  daaas 
tubes,  et  elles  sont  e*gales  en  chaque  point,  par  unite  de  surface,  &  k 
de  <£  suivant  la  normale  men^e  en  ce  point  k  la  courbe  $=&)%& 
passe ,  elles  ont  la  m&ne  expression  que  le  glissement  relati^  etas  un 
de  deux  couches  hquides  adjacentes 

If  then  the  curves  <£  =  const  are  constructed  for  equal 
ments  of  the  constant,  this  family  will  in  a  manner  reproduce  the 
peculiarities  of  the  contour,  but  members  of  the  family 
in  general  be  closer  together  along  a  short  than  a  long 
Hence  the  stress  which  varies  as  the  constant  increment  of  ^ 
divided  by  the  perpendicular  distance  (dri)  between  two  adjacent 
members  of  the  family  will  in  general  be  a  maximum  upon 
the  shorter  diameters  of  the  cross-section  Further  $  is  in 
general  a  maximum  at  the  central  parts  of  the  section  (hence 
d<f>/dy  =  0,  d^jdz  =  0  there),  and  thus  at  these  parts  the  stress  is  a 
minimum,  so  that  we  should  expect  d<j>/dn  to  reach  its  maximum 
value  at  points  on  the  contour,  but  by  what  precedes  these  will  be 
the  points  on  it  nearest  to  the  centre  Boussmesq  goes  further 
and  demonstrates  on  pp  200-2,  that  the  components  dfyjdy  and 
d(j>ldz  of  d(f>/dn  cannot  be  maxima  or  minima  in  the  interior  of  the 
cross  section 

Boussmesq  terminates  this  portion  of  his  memoir  by  a  discus- 
sion of  the  modifications  introduced  into  the  torsion  moment  when 
theie  is  cyelosis  of  the  cross-section,  le  when  the  rod  contains  a 
hollow  This  case  is  of  special  interest  from  its  application  to  the 
theory  of  flaws  m  bars  see  our  Ait  1348,  (e) 

On  pp  204-9  he  records  the  cases  in  which  solutions  of  the 
torsion  or  flexure  equations  have  been  obtained,  citing  the  results 
of  Saint- Venant  see  our  Aits  18-42  and  83-97,  and  referring  to 
that  of  Clebsch  for  a  section  bounded  by  confocal  ellipses  in  a 
footnote  on  pp  209-10  see  our  Art  1 348,  (e) 

[1431  ]     §  xi    of  the  memoii   (pp    210-26)  is  entitled     Sample* 
divers  cVequihbrp  et  de  mouvement  d'une  tige  oectihyne  dont  le*>  dejui 
mations  Males  sont  tt  eb  petites      In  this  section    Boussmtsq    deducts 
fiom  the  geneial  equations  of  the  earlier  part  of  his  memon  the  special 
equations  for  the  longitudinal,  tiansveise  and  toi&ional  \  ibiation-s  oi  iods 
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He  deals  also  with  cases  in  which  a  mass  or  masses  are  attached  to  a 
vibrating  rod  He  does  not  integrate  these  equations,  but  refers  on 
this  t>omt  to  the  special  investigations  of  Navier,  Poisson,  Poncelet, 
£tPY^nant  and  Phillips  see  our  Arts  272*-3*,  466*-71*  577*-81* 
988*-92*,  104,  203-23,  and  680 

[1432  1  §  xir  of  the  memoir  (pp  226-40)  is  entitled  J&tude  dime 
tiqe  rectihgne  soumuse  &  une  tractton  antineure  awe  deplacements 
Mirations  des  cordes  en  tenant  compte  de  la  ngidite  Boussmesq  cites 
from  his  memoir  on  liquid  waves  (see  our  Art  1442)  the  results  he  has 
obtained  for  the  body-stress  equations  when  there  exists  a  considerable 
initial  stress  He  works  out  the  particular  case  of  a  single  initial 
traction  ^0,  and  develops  at  considerable  length  the  form  taken  by  the 
equations  of  the  earlier  part  of  the  memoir,  when  this  initial  stress  ^0 
exists  in  the  diiection  of  the  axis  of  a  rod  He  applies  his  general 
results  to  obtain  the  equation  due  to  Seebeck  for  the  vibiations  of  a 
slightly  stiff  string  (see  our  Art  471),  and  he  deduces  the  result  (n) 
of&our  Art  472  for  the  case  a=l  with  a  slightly  different  form  of 
statement,  mz  the  effect  of  the  stiffness  of  a  string  upon  its  fundamental 
note  is  the  same  as  if  its  total  tension  P  weie  increased  from  P  to 


p  +  ^  ^K2,  or  the  stiffness  produces  a  constant  increase  in  the  apparent 

tension  Since  E  is  not  sensibly  changed  by  large  tensions  approaching 
even  the  rupture  stiength,  we  see  that  this  law  of  increase  holds  for  all 
variations  of  P  which  do  not  produce  great  changes  in  w 

[1433  ]  The  above  memoir  by  Boussmesq  is  by  no  means  easy 
reading  and  it  doeb  not  appear  to  me  to  possess  the  clearness  and 
conclusiveness  of  parts  of  his  latei  work  It  seems  well  to  take 
in  conjunction  with  it  i  supplement  written  in  1<S76,  but  first 
published  in  1879  It  is  entitled  Complement  a  une  dude  de 
1871  snr  la  tldone  de  Veqmlibie  ct  (hi  inoitvement  de<>  Bolides 
elastiqms  dont  cet  tames  dimenwon^  wit  tors  pttifa  IHII  HtppwtA 
d'autres  The  first  section  of  this  pipei  cent  lining  some  general 
remarks  on  the  negligible  terms  in  the  <  <|uilibnuin  iqu  itions  foi 
plates  and  rods,  and  the  second  ind  thud  M<  turns  <1<  iling  with 
rods  only  were  published  in  thi  Join  mil  (It  »i<tt/i<  matn/tiL^  T  V 
pp  1GJ-94  Pans,  1S79 

[1434]  The  first  two  sections  (])p  lbi-Sl)wt  li  ive  pi  u  tic  ally 
dealt  with  in  our  (  onsidciation  of  the  c  uh<  i  nu  m<m  s<  c  oui  Art 
1424  We  nuy  note,  however  two  01  thue  iddilioml  point4- 
which  occur  on  pp  17()-<S1 

(a)     To  i  first  appioximation,  01  on  tin   supposition  (A)  of  oiu  Ait 
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1424,  dw/dx  =  Q,  and  thus  the  slides  o-^  cr^  depend  entirely  «m 
torsion,  or  on  tie  existence  of  the  couple  M^  For  m  tlus  case 
functions  Xi,  Xa>  Xs  Become  absolute  constants  and  thereto  ty  (m\ 
Sg  and  8V  are  zero  This  should  be  compared  vA  tfee  *alfer  'wigner 
statements  referred  to  in  our  Arts  1427  and  1429 

(b)  The  strains  sy,  sa  and  <ryx  are  entirely  independent  ef  JQ,  or  the 
torsion  while  altering  the  form  of  the  cross  section  does  not  alter  H&e 
form  of  the  projection  of  the  cross  section  on  a  plane  perpendicular  to 
the  central  line 

(c)  From  a  slight  extension  of  (b)  Boussinesq  proves  geome&icallf 
the  theorem  demonstrated  in  our  Art  181  (d),  namely    that  tfce  same 
amount  of  torsion  is  produced  when  the  same  couple  twists  the  rod  or 
pnsm  round  any  axis  whatever  parallel  to  its  central  axis. 

[1435  ]  Section  in  of  the  memoir  (pp  181-94)  is  entitled 
Application  d  la  throne  des  tiges  Boussinesq  remarks  that  tbe 
theory  in  which  the  relations  ^  =  ^  =  ^=0  hold,  applies  in 
absolute  rigour  only  to  prismatic  rods  of  length  infinitely  greater 
than  the  linear  dimensions  of  their  cross-sections  It  may,  in 
practice  however,  be  applied  with  considerable  exactness  even  to 
rods  the  central  line  of  which  is  a  cuive  of  double  curvature 
and  this  application  Boussinesq  proceeds  to  make  in  the  following 
manner 

Let  y  and  z  be  the  pimcipal  axes  of  any  cioss  section,  and  x  the 
tangent  to  the  central  line  at  this  cross  section  }  let  s  measure  an  arc  of 
the  central  line  from  some  fixed  point  up  to  this  cioss  section,  and  s  +  8$ 
to  an  adjacent  cioss  section  ;  let  a0c&>  be  the  angle  between  the  principal 
axis  y  in  the  cioss  section  at  s  and  the  projection  upon  this  cioss 
section  of  the  pimcipal  axis  y  in  the  cross  section  at  s  -!-  85  3  let  Ry°  and 
RZ  be  as  before  (see  oiu  Art  1425)  the  radii  of  cur\ature  in  the  planes 
of  zx  and  &y,  all  befoie  strain  Let  the  coi  responding  quantities  after 
strain  be  a,  Ru  and  E^  and  let  s  °  be  the  stietch  of  the  cential  line  at  6 
Then  a  -  a0  ih  veiy  nearly  equal  to  T  the  \ngle  of  torsion  at  6,  and  if  Q 
be  the  total  thiust  on  the  cioss  section  at  *,,  Mc  be  the  torsional  couple, 
My  and  Mz  be  the  bending  moments  in  the  plane^  ^  and  iy  lespectiveh 
\\e  have  (see  out  Ait  142*5) 


where  v  is  a  constant  to  be  determined  from  the  solution  of  equations 
(xxiu)  and  (xxiv)      To   descube  the  whole  system  of  foice   upon    t 
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particular  cross-section  we  require  besides  these  quantities  to  know  tl 
total  shears  Sy  and  S9  parallel  respectively  to  the  axes  of  y  and 
(p   185)     Boussinesq  further  subjects  the  elementary  prism  of  lengi 
ds  to  certain  external  forces 

J'appellerai  p  la  densite*  moyenne  primitive  du  troncon,  dont  la  mas 
vaudra  par  suite  pads,  et  je  de"signerai  par  pX&ds,  p  Y&ds,  pZads  les  comp 
santes  totales  des  actions  extetaeures  dont  il  s'agit  Quant  k  leurs  momen 
par  rapport  &  Oy,  Oz,  les  deux  forces  pYads,  pZa>d8>  dont  les  bras  de  leva 
seront  comparables  a  ds,  n'en  donneront  que  de  neSgligeables,  et  ceux  de  pXa> 
seront  en  ge'ne'ral  insensibles,  surtout  si  les  composantes  longitudmales  < 
Faction  extefrieure  ne  sont  pas  distributes  trop  me"galement  de  part  et  d'aut 
du  centre  de  gravite*  des  sections  L'autre  axe  Ox  e'tant  parallele  a  la  for 
pX&ds,  il  y  aura  settlement  a  compter  le  moment  des  actions  exte*rieur 
transversales  par  rapport  £L  Taxe  Ox  ou  a  reltoent  ds  de  fibre  moyenn 
j'appellerai  fipafids  ce  moment,  dont  £</«>  sera  en  quelque  jsorte  la  valeur  p 
unite*  de  masse,  valeur  comparable  a  la  force  qui  le  produit  multiplied  par  i 
bras  de  levier  de  Tordre  des  dimensions  transversales  de  la  tige  ou  de  1'ord 
de  V®  (P  187) 

The  general  equations  of  Statics  will  then  give  us  relations  betwe< 
the  values  of  M^  My,  Mz,  Q,  Sy,  and  Sg  corresponding  to  the  cro 
section  at  s  and  those  corresponding  to  that  at  s  +  8s  Boussine 
confines  his  attention  to  the  following  cases 

(a)  Slightly  strained  rod,  originally  without  tortuosity  and  stiaigl 
i  e  a0  =  0,  fty°  =  RZ  =  0  Boussmesq  finds,  pp  189—90 


-£-,««., 

$  __        *  ;s^  rr       a  (XXM) 

ax  <n 

dSt  =iQ__  ^y       fW  =  Q         % 

dx       H~  *        dor       ft.. 


These  lead  to 

Q  V        A  <IM 


. 
dxr 


V        A  H  /A 

\-    ~  -pa>7=0,         ,  /  -  .     \  ^     0       (\x\ii) 
H  dt         '«,/ 


Tn  the  case  of  a  negligible  total  tlnust  Q,  tin    list  foui    K  suits 
(xxvi)  give  us  the  well  known   lesults   ot   (li  ipliK  il   Stitus,  th  it  t 
sheai  curve  is  the  sumcuive  of  th<   loulcuivt,  xnd  tin  IK  ndin<f  moim 
cuivc  tlu    sumcuive  of   the    sh<  u  cuiv(       Tli<    t<nns  Ct>///     UK!   Qj 
will  not,  how(\er,  as   Doussincsq  uinaiks,  lx    in   LJ<  n<  »  il   n<<^li^i))l( 
compiled    with    tl^Jdx     iiid    dti  fdn      Th<  \    (  innoi,    f<»    (xnnph, 
iKgUctf  d  in  cases  of  lougitndinil  tension,  01    i^un  in  those   of  l>uckl 
iction 

(b)     The  loel    is    symnutncal    with    Hgaul    to    a    plux      ind    s\ 
inctucally  strximd  with  icjjpiei  to  this  pi  me 


1436—1437]  BOTTSSINESQ 

Let  the  plane  be  that  of  ccy,  then  09  =  0, 
£,==(),  ^==0,^=0,  and  we  find 

£->•*  -i-   *- 

U,      Q 

-d?=Trl 

These  give 


„ 

-7"  ""  ~n  --  7  --  /O  L  =  U 
ds      Ry    ds      ^ 

The  results  (xxv)  substituted  in  either  (xxvu)  or  (xxix)  detennme 
for  cases  (a)  or  (b)  the  form  of  the  strained  central  line,  Le.  the  so-called 
elastic  line 

Boussmesq  remarks  (p  192)  that  the  thrust  Q  and  the  bending 
moment  Mz  enter  into  both  the  equations  (xxix),  and  in  such  fashion 
that  one  cannot  be  made  zero  without  the  other  being  in  general  com- 
pelled to  satisfy  two  incompatible  equations  It  is  usually  impossible 
to  set  up  longitudinal  without  transverse  vibrations  or  wee  versd  in  a 
curved  rod  This  point  had  already  been  noticed  by  Eesal  for  the 
case  of  a  lod  with  a  cucular  central  line  in  his  Tra^te  de  Mecanique 
generate,  T  n  p  153 

[1436  ]  The  above  investigations  only  determine  the  total  shears 
S]f  and  Sj  If  it  be  required  to  determine  the  sti  esses  w  and  £r,  then, 
for  a  rod  only  moderately  bent,  the  foimulae  and  equations  of  our 
Arts  1425-7  may  be  safely  applied  to  a  second  appioxnnation,  — 
the  nrst  approximation  being  considered  as  that  m  which  these 
stresses  are  neglected  altogether  As  a  case  in  which  the  flexure 
slides  <Twy,  cr^o  could  be  worked  out  Boussmesq  suggests  the  problem 
of  a  small  torsion  applied  to  a  lod  under  considerable  flexuie  (p  194) 

Boussmesq's  results  for  lods  of  double  cm  \ature  should  be  compaied 
with  those  of  Saint  Yenant  and  of  Biesse  discussed  in  oui  \rts 
1584*~1592*,  1597*-1608*  and  534 

In  a  footnote  at  the  conclusion  of  his  niemoii  Bonssmesq  lefers  to 
Thomson  ind  Tait's  Treatise  on  Natuial  Philosophy  ^  Arts  702-3 
wheie  they  deal  with  the  case  of  a  constrained  toision,  \\hich 
term  simple 


[1437  ]  (i)  Etude  nouvelle  SM?  Vequihbie  et  le  mouvement  de 
cojps  solides  eltistiques  dont  ceitames  dimensions  \ont  tif"s  ]>etiti 
pai  tappoit  a  d*  duties  Second  Menwne  Des  plaques  plane** 
foinnal  de  mathematiquestT  xvi  pp  241-274  (see  aKo  (Wy;te 
tendui  T  IXXIT  pp  449-52)  Paris,  1871 
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(11)  Complement  d  une  tiude  de  1871  sur  la  tMone  de  I'tqui- 
hbre  et  du  mouvement  des  solides  tlastiques  dont  certames  dimen- 
sions sont  trls-petites  par  rapport  A  d'autres  Suite  iv  Equations 
d'Jquihbre  d'une  plaque  Journal  de  mathtmatiques,  T  v  pp 
329-44  Pans,  1879 

These,  the  second  parts  of  the  memoirs  of  1871  and  1879 
respectively,  deal  with  thin  plates,  the  results  of  the  first  are 
apparently  supposed  to  hold  only  for  plane  plates,  but  those  of 
the  second  are  considered  to  be  true  also  for  curved  plates  or 
shells  The  two  papers  are  best  dealt  with  together 

[1438  1  If  the  axes  of  a;,  y  be  in  the  tangent  plane  to  the  mid 
plane  of  the  plate  at  any  point,  then  Boussinesq  takes  in  his  first 
memoir  (p  246) 

^  =  ^  =  ^  =  0  (i), 

so  obtains  the  remaining  stresses  as  linear  functions  of  aB,  sy,  o-^ 
takes 


where  ft  jB1,  /3",  ft,  ft7,  ft",  7,  /,  y"  are  independent  of  z  but  can 
vary  with  x  and  y,  while  K  is  a  function,  continuous  01  otherwise,  of  % 
and  may  vary  very  slightly  with  x  and  y 

The  general  investigation  ib  similar  to  that  adopted  by  Saint  Ytnint 
(see  our  Arts  384-9)  In  the  case,  however,  of  elastic  isotropy 
paiallel  to  the  mid  plane  of  the  plate  the  //  of  equation  (vi)  of  our  Ait 

o/D    r  +  e 

385  is  equal  to    5  I       Kz*dz  in  Boussmesq's  notation,  wheie  -  €  ,  €"  are 

2i^  J  —e 

the  values  of  z  at  the  suifaces  of  the  pi  ite,  and  an  supposed  to  be 
slightly  variable  with  x  and  y 

The  contour  conditions  at  the  edge  of  tlio  pi  ito  IK  reduced  to  two 
(pp  250-1,  257-8)  in  the  same  manner  is  hid  bu  n  previously  adopted 
by  Thomson  and  Tait,  although  Boussincsq  indepc  lukutly  discoveied 
the  method  see  our  Aits  488*,  394,  1440-1  ind  lr>Jj  4 

[1439]  Boussinesq  on  pp  268-74  of  tin  lust  indnoii  consideis 
the  effect  of  great  initial  stiebscs  pualkl  to  th<  innlplim  of  a  plane 
plate  He  cleils  especially  with  the  ease  ot  i  tightly  ind  uniformly 
sketched  membiane,  the  notes  of  which  aie  influenced  by  its  stillness 
His  results  in  ly  b(  easily  deduct  d  fiom  oui  Aits  ^S4-r)  and  i(J()  In 
Art  390  put  r<0  =  wtt=Q/(2c)  and  ^()-  0,  tlun  (vi)  ot  Ait  38r),  having 
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regard  to  (111)  of  Art  384,  may  be  written  for  the  case  of  a  vibrating 
plate  of  density  p 


Assuming  the  last  term  on  the  right  in  the  case  of  a  slightly  stiff 
membrane  to  be  small  as  compared  with  the  first,  we  may  suppose  ibe 
solution  still  to  be  of  the  membrane  type 


where  a2  =  Q/(2€p)  and 


Substituting  in.  small  terms  we  find  (11)  may  be  written  so  far  as 
terms  in  r»»  are  concerned 


or,  the  effect  of  a  slight  stiffness  in  the  membrane  is  to  increase  the 
apparent  tension  in  the  case  of  a  note  of  penod  27r/mta  by  the  amount 
3  s^  our  Art  1300,  (c) 


[1440]     The  most  unsatisfactory  part  of  the   investigation 
undoubtedly  lies  in  the  assumption  (i)  of  our  Art  1438 

Z  —  &  =  yz  —  0, 

and  this  point  is  discussed  more  at  length  in  the  second  memoir 
The  investigation  of  the  second  memoir  has  been  reproduced  by 
Saint-Venant  in  a  somewhat  modified  and  simplified  form  see 
oui  Arts  385-8  Neither  the  arguments  of  the  original  memoir 
nor  of  Saint- Venant'b  modification  seem  to  me  convincing,  especi- 
ally for  the  c\se  of  cuived  phtes  01  shells  see  in  particulai 
oui  Ait  1296  bis  Boussmesq  in  the  course  of  his  memoirs  refeis 
to  the  researches  of  Navier,  Poisson,  Kirchhoff  and  Gehnng  see 
our  Arts  258*,  474*,  123*,  1292  and  1411  In  a  footnote  at  the 
end  (p  344)  of  his  second  inemon  Bou&smesq  acknowledges  that 
Thomson  and  Tut  had  pieceded  him  in  giving  a  tine  t \phnation 
of  the  difficulty  as  to  the  contour  conditions  in  the  c  tse  of  a  phte 
(see  our  Aits  488*  and  394)  He  further  lefeisto  hi*  contro\  erv> 
with  Levy  (see  oiu  Art  397),  which  would  haidl}  ha\c  dii&tu 
had  Thomson  and  Tait's  jTieati&e  been  bettei  known  in  fiance 
see  our  Arts  1441,  1522-4  and  Ohaptei  \i\ 
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On  the  last  pages  (pp  342-4)  of  the  second  memoir  are  some  ( 
interesting  remarks  upon  Samt-Venant's  principle  of  the  elastic  j 
equivalence  of  statically  equipollent  systems  of  loading  see  our  * 

Arts  8,  9,  21  and  100 

j 

[1441  ]  In  the  Journal  de  matUmatiques  (T  in  pp  219-306, 
Pans,  1877)  will  be  found  a  long  memoir  by  Maurice  L^vy 
entitled  Mtmoire  sur  la  thdone  des  plaques  dlashques  planes,  in 
which  the  author  questions  what  I  have  termed  the  Thomson- 
Tait  reconciliation  of  Poisson's  and  KirchhofFs  contour-condi- 
tions for  a  thin  plate,  attributing  that  reconciliation,  however, 
to  Boussinesq  see  our  Arts  488*  and  397  The  authoi  works 
out  with  considerable  fulness  of  analysis  a  solution  for  plates  of 
finite  thickness,  and  endeavours  to  shew  by  means  of  his  solution 
that  three  contour-conditions  are  m  general  necessary  for  every 
elementary  stnp,  and  that  the  terms  neglected  by  Poisson  involving 
cubes  and  higher  powers  of  the  thickness  (see  our  Arts  477*-9*) 
cannot  in  general  be  neglected  What  Ldvy  does  is  practically 
to  introduce  terms  into  the  sti  esses  which  in  certain  cases  may  be 
made  to  allow  for  the  local  perturbations  produced  by  the  replacing 
one  statical  system  of  contour-load  by  an  equipollent  one  This 
replacement  is  essential  to  the  Thomson-Tait  reconciliation  and 
is  legitimate  for  thin  plates  owing  to  Saint-  Vcnant's  geneial 
principle  of  the  elastic  equivalence  of  statically  equipollent  load 
systems  But  it  is  certainly  of  importance  to  measure  the  amount 
of  the  local  perturbation  due  to  the  replacement  This  had  been 
practically  done  by  Thomson  and  Tait  in  their  Tieatiw  in  1867 
(see  our  Art  488*),  an(i  theiefoie  a  icdiscussion  of  the  Kirchhoff- 
Poisson  boundaries  conditions  in  1877  was  sotnewh  it  late 

Levy's  memoir,  however,  led  to  a  eontroveisy  with  Boussmesq, 
which  will  bo  found  in  a  series  of  articles  in  the  Conipteb  leudus, 
as  follows 


(I  )  J  JBoussiHCb(j[  Sti)  If  •>  <  ontlittuiM  atjut  ttniitt^  d<ti^>  /i  i 
d^  i>luqu<*  da^tiqwb,  T  Sr),  pp  llr)7-9  1*11  is,  1^77  (Points  out 
tint  Levy's  teinis  give  only  certain  local  pufiMbaUou**,  K  UK  not 
s(  naible  far  f  i  cm  the  contoui  ) 


(FT)  M  Levy  Qu<l(jm*>  obw  vttiton*  <ic  s?/y,/  tFtrn?  Noh  d<  W 
Bouwntoq  Ibul  pp  1277-bO  (As&cits  th  it  tin  contour  lo  id  might 
pioducc  lupture  m  one  Cd^e,  though  it  might  not  wlu  LI  it  was  replaced 
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by  an  equipollent  statical  system,  and  that  therefore  the  replacement 
cannot  be  elastically  legitimate  ) 

(III )  J  Boussinesq  Swr  la  question  des  conditions  sp&yudes  <w 
contour  des  plaques  Zlastiques,  T  86,  pp  108-10  Pans,  1878  (Poan&3 
out  very  forcibly  that  both  Le*vy  and  Poisson  have  already  reduced 
their  contour  conditions  to  three  for  each  generator  of  the  edge  instead 
of  three  for  each  point  of  the  generator,  and  so  have  already  applied 
that  very  principle  of  the  elastic  equivalence  of  equipollent  loads  the 
truth  of  which  LeVy  is  disputing ) 

(IY )  M  Le*vy  Quelques  observations  sur  une  nowoeUe  Note  de 
M  Boussinesq  Ibid  pp  304-7  (Accuses  Boussinesq  of  "obscuring 
by  empirical  considerations  an  extremely  clear  question"  and  asserts 
that  "his  'incontestable  principles'  cannot  prevail  against  the  funda- 
mental principles  of  mechanics  "  The  statement  is  repeated  that  the 
so-called  perturbations  are  not  local  to  the  edge,  but  occur  throughout 
the  plate  ) 

(V)  J  Boussinesq  Sur  les  conditions  speciales  au  contour  des 
plaques  Ibid  pp  461—3  (A  temperate  reply  to  IV  pointing  out 

that  the  terms  introduced  by  Levy  are  of  the  order  e  **,  where  2c  is 
the  small  thickness  of  the  plate,  and  n  an  element  of  normal  to  the 
contour  Hence  they  vanish  at  a  small  distance  from  the  contour 
Further  these  terms  would  vary  with  every  distribution  of  the  load 
along  a  generator  of  the  bounding  cylinder  of  the  plate  Thus  there 
would  be  an  infinite  number  of  solutions  satisfying  Poisson's  three 
conditions  and  yet  differing  from  each  other  as  much  as  they  differed 
from  Kirchhoffs  solution  Thus  Poisson  s  conditions  do  not  really 
suffice  to  determine  LeVy's  teims.) 

The  whole  controversy  might  have  been  avoided  by  an  early 
investigation  of  the  order  of  Levy's  terms,  such  an  investigation 
had  been  given  ten  yeais  previously  by  Thomson  and  Tait  see 
our  Arts  1522-4,  and  Chaptei  xiv 

[1442]  Theoiie  des  ondes  hquide&  peuodiques  Memoues 
ptesentds  d  I'Acadenue  des  Sciences  Sciences  matkeinatiqueb  et 
physiques,  T  xx  pp  509-615  Parib,  1872  This  memoir  ^a& 
presented  to  the  Autdeinie,  April  19,  1869,  with  additions  of 
Novembei  29,  1869  and  September  5  1870  Poitious  only  tun 
cein  our  present  inquiry  and  we  will  lefer  to  them  briefly  here 

[1443  ]  §  1  (pp  513-7)  is  entitled  Equation*  des  mouieinentb 
continus  d'un  milieu  quelcorique  Here  Boussinesq  consideis  the  t^pe  of 
body  stiess  equation  which  anses  when  the  squares  and  pioductb  ot  the 
shift-fluxions  cannot  be  neglected,  see  our  Artb  1617*  aid  234 
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He  shews  that  if  0  be  given  by 


[1444 


then  H  being  any  element  of  volume 


01 


i  e  0  is  the  dilatation 

The  body  stress  equations  are  then  shewn  to  be  of  the  type 


dxx  dO      dxx  d&      dxx 
~dx  dux      dy  duy      dz 


d& 


dxy  dO        dxy  dO        dxy  dO 
H-  -T^~  -T-  +  -7 7—  +  -j-  ^~ 

6^5  aww      ay  oi?y      dz   dVz 

dx  dwx      dy  dwy      dz  dwz  ^ 

p  being  the  primitive  density 

If  the  squares  and  products  of  the  shift-fluxions  cai]  be  neglected, 
this  becomes 

xy     d'xz 
jy       dz 

dx, 


(d"xx          dxx          dxx     \ 
~dw     x      dy    x      dz      y 


j~ 
dx 


\dx  U* 


d*i 

d'xz 

dy  { 


d 


cy 


d'xz 

r 
dz 


>  =  t 


wheie  6  —  uv  +  vv  +  w 

If  the  fluxions  of  the  stiesses  aie  themselves  so  sm  ill  th  it  then 
pioducts  with  the  shift  fluxions  may  be  mgltcted,  we  obtuu  the 
body  sti  tbb  equations  of  elasticity 

[1444]  Note  3  (pp  r)S4-601),  011  wiit  ffttb/if*  ^/cs 
yenoaleb  et  nuuvelleb  eutte  Feiieiytt,  intent?  (Ciui  <o?/^s,  fluid?  on  bolide, 
et  566  JM  et>bio)ii>  ou  foitek  ela&tiquet>  This  Note  <^ivos  tin  geueial  ida 
tions  between  the  stiam  energy  and  tlie  stiesses  of  i  medium  In 
a  footnote  (pp  585-6)  Boussme&q  refeis  to  Rankinc's  introduction  of 
the  term  potential  energy  and  discusses  the  uttei  tia/  potndial  uwiqy  oj 
a  medium  The  object  of  the  Not?  is  iceited  in  the  following  words 

Li  methode   employee  an   puigiaphe    1    no  domic    pis    seulemont    les 
equations  exaetes  dcs  mouvements  eontmus  dts  eoips  elastiques,  isotiopes  on 
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he'te'rotropes,  solides  ou  fluides  ,  elle  permet  encore,  lorsque  la  temperature  de 
ces  corps  est  suppose'e  assez  voisine  du  zero  absolu  pour  qu'on  ptusse,  dans  ie 
calciil  des  actions  mutuelles  de  leurs  molecules,  &ire  abstraction  des  mouve- 
ments  vibratoires  d'amplitude  insensible,  on  calonjGiques,  et  aussi,  dans  an 
autre  cas  tres  ge'ne'ral  dont  nous  allons  parler,  d*exprimer  compietement  leors 
forces  elastiques  en  fonction  des  d&ive'es  partielles  des  defacements  u,  v  w 
par  rapport  aux  coordonne'es  primitives  #,  y,  s,  et  de  eelks  de  lear  feergie 
interne  par  rapport  &  six  variables  dont  cette  6nergie  depend  En  suppoeaat 
tres-petites  les  d^nv^es  partielles  de  w,  «?,  w  en  x^  y,  z,  les  r&ultats  an^i 
obtenus  sont  d'accord  avec  ceux  que  foiirnit  une  m^thode  basee  sor  le  cabal 
des  vanations,  et  que  M  de  Saint  Tenant  a  employee  (p  584) 

See  our  Arts   127  and  237 

The  otber  very  general  case  referied  to  above  is  that  in  which  the 
elements  of  volume  into  which  the  medium  may  be  divided,  have 
primitively  any  temperatures  whatever,  are  rendered  afterwards  imper- 
meable to  heat,  and  have  their  temperature  a  function  at  each  instant 
only  of  the  actual  form  and  dimensions  of  the  element  at  that  instant. 

[1445  ]  Boussmesq  represents  the  internal  potential  energy,  Le. 
strain  energy,  by  $  and  obtains  nine  relations  typihed  by  the  following 
three 

_  d6      ^  dO      ^  d6      a& 

xx  -3  --  \-  xy  -j—  +  xz  -j  —  =  -=  —  , 

dum         dvx         dWy,     duy. 
^  de      ^  dO      _  dO      d$> 

xx  -=  --  H  xy  -j  --  H  xz  -j  —  =  -y—  . 

dUy  WVy  dWy  titty 

^  dO     _  d6      _  M      d$ 

xx  j  --  h  ^y  j      +  xg   ,  —  =  -y— 

du4         dVj         dws     dUj 
Solving  these  equations  for  £r,  ^J",  ^,  we  have 

-.        1      f/t         \  *  *  ^1 

jcx=  -,  —  2  H1  ^  ux)  T~  +  un  T—  +  u<  -j—  r  » 
1  +  6  [^          '  duA       a  duy       *  duj 

d$     n       xd*          rf*i 

o      1~    +(l   +V!l)  J~    +    l      -J~fj 

du^     ^        ]U  du,,          du  j  ' 
d$>     X1         x  d& 

i  -J-  +  (1  +  ^  )  T- 

v  ; 


J 

no\v  lemaiks  that  4>  does  not  in  ictlit}  depend  upon  the 
me  shift  flux  ioiib  but  on  the  three  sti  etches  and  three  slide  cosine^ 
ee  our  Art  1621* 

These  are  given  by  the  typeb 


_      UVU         "f     (1      +      ly)     Vj     +      (1       +     i 

cy   -  (1  +  s  )(1  +  S  ) 
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Boussinesq  now  introduces  a  new  set  of  vanables  counected  with 
the  stretches  and  slides  by  relations  of  the  type  (see  our  Art  1622*) 


$a»=-l  +N/l  +  2€a3,        cyz  = 
He  then  finds  sti  esses  of  the  types 


n  -  ,~         .      n 

H-  2  -=—  UyUfi  +  2  -=  —  uz  (1  +  ua)  +  2  -j  — 
y  ^          *' 


^—  {(l+«jf)(l+^)+«^  +  ^ 


wheie 


d®         I      d&  1        /      cfo  d® 

-7—  =  ^  -  -j  --  7j  ---  TO  1  c^aj  7  —  i-  cxu  7  — 

dea      1  ^  ^  ^       (1  +  ^)2  V  ^^        ^  cfc^ 


On  the  substitution  of  these  latter  lesults  in  the  foirner  we  have 
expiessions  for  the  stresses  in  terms  of  the  differentials  of  <E>  with 
regaid  to  the  six  stiains 

[1446  ]  Suppose  the  shift-fluxions  aie  so  suull  that  their  pioducts 
may  be  neglected,  then  the  slide  cosines  G  become  the  blides  o-  and  the 
equations  reduce  to 

v       "   d^       ""  do-  "         "    dv  „ ' 

(l<£>  tl<&  (£<$>  (t<$>  f/c]> 

yz  —  ( 1  —  6^  —  &  „  —  b^  —,       +  W..  — —    \-  v  +  v          -  -\  w 

Boussinesq  next  issunu  s  <£  to  be  of  tin   iollowin^  loim 

4>  -  coiibt  +A^    +A  s^  +  yijs     |  7>Vr/y    I   />'  <r      I    11  <r  f/  |  <I>, 

wlieu  <J>,  is  a  homogi noons  function  of  tlu    second  <I(gr«    in  UK   sti  im 
coinpont nts,  and    4n  A  ,  AltJJlt  Jj  ,  J^  an    UK    pnrnUiv<    dilh  n  nti  ils 
ot  4>  with  icsjHct  to  ^,     ,  o-^,     ,ie   its  difh  K  nti  ils  W!K  n  UK  i<   j 
btiam      We  find 


>,  (I -it  -  v,,  -  iv  )  +  A  wv  4  A  v  +  Z?  v   + 
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These  results  agree  with  those  obtained  by  Saint-  Venaut,  if  it  be 
noted  that  he  takes 


$  =  const  +  Afa  +  %sx*)+  A2  (sy  +  faf)  +  ^3  (sm  + 

+  V»(l  +  **  + 
which  gives 

$>  =  KJi**B  +M2M^)  +  ^^^ 

and  leads  to  his  formulae    see  our  Arts  237-9 

In  §  6  (pp  594-7)  Boussmesq  gives  a  geometrical  interpretation  of 
the  derivatives  of  <f>,  which  he  considers  renders  his  mode  of  dealing 
with  the  problem  more  satisfactoiy  than  those  of  Saint-  Venant  and 
Oauchy  (p  599) 

A  somewhat  different  mode  of  investigating  the  same  problem  is 
given  on  pp  599-604  Boussmesq  assumes  that  the  stresses  are  linear 
functions  of  the  nine  strain  fluxions,  and  then  investigates  what  form 
they  can  possibly  take  so  that  the  motion  of  the  body  as  a  whole  shall 
not  produce  stress  across  any  plane  within  it 

[1447  ]  Recherches  sur  les  pnncipes  de  la  Mioamque,  sur  la 
constitution  moUculaire  des  corps  et  sur  une  nowvette  th&me  des 
gaz  parfaits  Journal  de  mathJmatiques,  T  xvm,  pp  305-60 
Paris,  1873  This  memoir  was  presented  to  the  Acad&me  des 
Sciences  et  des  Lettres  de  Montpelher  on  July  8,  1872,  and  published 
in  the  Mtfmoires  for  the  same  year,  T  vm,  pp  109-56  See 
Notice  I  pp  62-31 

There  is  much  in  this  memoir  which  is  suggestive  with  regard 
to  the  molecular  and  atomic  constitutions  of  bodies  and  the 
relations  of  these  to  thermal  and  cohesive  properties  The 
paiticulai  molecular  hypothesis  adopted  by  Boussmesq  embodies 
the  assumption  of  modified  action  (p  307  see  our  Arts  276,  305), 
but  it  supposes  that  the  accelerations  of  the  various  material  points 
of  an  isolated  system  are  solely  functions  of  their  actual  mutual 
distances  Boussmesq'b  irgmiiuiib  in  favour  of  this  do  not  seem 
to  me  at  all  conclusive  (p  313)  It  does  not  appear  how  far  he 
mtcndb  to  take  the  ether  into  account  in  hib  isolated  system  ot 
material  points,  but  I  have  indicated  elsewhere  that  at  le  ist 
one  moleculai  hypothesis  leads  to  mtermoleculai  action  being  a 
function  of  the  velocity  of  the  molecukb  lelative  to  the  ether,  and 

1  In  the  Analytic  ^ntcincte  bamt  tenant  wntes  of  this  mernoii 

Cest  une  synthese  que  M    Boussintsci  a  entiepiise  coinme  ont  fut  tl  auties 

e  -sprits  Sieves     II  en  tut,  unt  foule  d  explications  de  jndicieuses,  distinctions,  U  une 

theone  des  j,az  parfaits      Maib  la  nccebsite  ou  il  est  de  lane  qucliiues  h\potheses 

nous  ddteimme  ^  nous  ab&teun  d  ajouter  ce  vafatee&sai  a  ses  nonibieux  titles  ip  18) 
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thus  the  accelerations  of  the  material  points  being  functions  c 
the  velocities  or  indirectly  of  past  relative  distances  (see  Lond  Mat) 
Soc  Proceedings,  Vol  xx,  p  297,  1888)  Further  Boussmes 
supposes  (p  327)  that  the  action  between  two  atoms  of  the  sam 
molecule  does  not  depend  in  an  appreciable  degree  on  the  distance 
between  atoms  belonging  to  other  molecules,  but  this  again  seem 
to  me  doubtful  in  the  case  of  'km '  atoms  in  different  molecule 
the  equality  of  the  free  penods  of  which  renders  it  very  probabl 
that  they  largely  influence  each  other's  action  (see  America 
Journal  of  Mathematics,  Vol  xm ,  p  361,  1890) 

With  suppositions  such  as  the  above,  Boussmesq,  starting  fror 
the  principle  of  energy,  deduces  various  principles  of  thermo 
dynamics,  elasticity,  fluidity  and  melting  Thus  laws  attribute* 
to  Gay-Lussac,  Manotte,  Joule,  Eegnault,  Delaroche  and  B&an 
are  deduced  without  appeal  to  the  kinetic  theory  of  gases  a 
propounded  by  D  Bernoulli  and  developed  by  Clausius 

J'espere  que  la  theorie  nouvelle  paraitra  6taye"e  sur  des  supposition 
en  moindre  nombre  et  plus  vraisemblables  (p  310) 

It  does  not  appear  that  Boussmesq's  theory  would  admit  c 
that  interchange  of  atoms  between  the  molecules  oi  a  soln 
which  has  been  supposed  by  Maxwell  and  other  physicists  to  b 
continually  taking  place 

Je  supposerai  1'etat  chimique  du  corps  assez  stable  pom  que  le 
positions  lelatives  moyennes  des  atonies  qui  composent  une  mem 
molecule  restent  a  peu  pies  les  inemes  durant  tons  Its  phcnomine 
etudies  (p  327) 

Thus  in  this  theory  the  cncig}  of  atomic  movement  is  inde 
pendent  of  intermoleculai  distances,  while  the  enei^y  of  moleeula 
movement  depends  solely  upon  intcimolecul  n  distmc<s(pp  S2S  9 

[144-h]  Hie  pait  of  the  inemoii  most  closely  eoiiincttd  \vitli  on 
subject  is  ^  vni  (pp  350-5)  entitled  Action  niolu  ii,/(ui<  cAtus  nn  (uip 
i^otoope,  \ohdite  ct  fluidite  This  in  itt<  i  is  ilso  discuss(d  in  i  p  ipt 
entitled  Note  SIM  I  action  tecipioque  <le  <l?tix  inu/(cii/c*  ('oiupte 
tendus,  1  LXV  ,  pp  4-i-G  Pans,  1^67 

Boussinesq  stutb  with  the  axioms  that  inti  imoh  eul  u  foi<(  inus 
depend  (i)  on  the  initial  distance  between  t\\o  inohiulcs  ind  it 
duection,  (n)  on  the  inaiuui  m  which  itlili\(  molteulu  displ  u<  incut 
vary  thioughout  a  small  legion  enclosing  th<  two  niolr eules  Tlio  1  ttte 
condition  is  that  which  we  have  calhd  the  /ti/j>oth<  \ik  of  mndijinl  (t<tiot 
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(see  our  Arts  276  and  305)  and  leads  to  Inconstant  formulae  in  $& 
case  of  elastic  isotropy  Boussrnesq  obtains  a  type  of  intemofecular 
force  fiom  his  axioms  which  would  lead  to  bieonstant  formulae  and  to 
constant  initial  tractions  "qui  repre*sente  chez  les  fluides  k  preesaon 
dans  Pe*tat  pumitif  "  (C  R  p  46)  He  does  not  discuss  their  meaning 
in  the  case  of  an  ordinary  elastic  body 

The  type  of  intermolecular  action  found  for  two  molecules  whose 
distance  r  has  been  increased  by  a  small  distance  Sr  is  of  the  form 


, 

P  r> 

where,  p  being  the  density,  -Sp/p  is  the  dilatation,  A,  3  and  G  are 
functions  of  r      This  he  considers  can  be  thrown  into  the  form 


where  F  and  FI  are  certain  functions     Of  this  result  he  writes 

Ainsi,  dans  un  milieu  isotrope  peu  e'carte'  de  son  e*tat  pnmitif  d'equilibre, 
Taction  mol^culaire  se  compose  de  deux  forces  Tune,  que  j'appellerai  de 
premiere  espece,  ne  vane  qu'avec  la  distance  actuelle  des  deux  molecules 
conside're'es  et  la  densite'  actuelle  du  milieu  ,  la  seconde,  que  j'appellerai  de 
deuxieme  espece,  depend  de  la  distance  pnmitive  des  deux  molecules  et  du 
petit  e'cartement  qu'elles  ont  subi  &  I'e'poque  actuelle  (p  352) 

The  *  actions  of  the  first  kind;  Boussmesq  considers  build  up  the 
elasticity  of  fluids  The  'actions  of  the  second  kind  *  aie  what  constitute 
solidity  Boussmesq  appeals  to  expeiience  (p  353)  to  shew  that  the 
actions  of  the  second  kind  vanish  for  tatios  of  &  to  r  exceeding  certain 
very  small  positive  values  The  disappeaiance  of  the  second  term  con 
stitutes  the  transition  fiom  the  solid  to  the  fluid  state  Boussmesq 
attiibutes  the  fact  that  NaMei,  Lame  and  Clapeyion  arrued  in 
their  earlv  investigations  at  umconstant  isotiopy  to  their  neglect  of 
the  fiist  term  in  the  above  value  for  <j>  He  seems  to  indicate  that  the 
addition  of  the  fluid  teim  will  lead  to  bieonstant  formulae 


On  trouvei  ut  en  effet  celles  ci  en  ajoutant  aux  expievsions  anuennes  et 
mcompletes  des  actions  normale^  N  li  preshion  con^tante,  fonction  de  la 
densite  actudle,  quedonnent  le^.  lotions  cle  piemiere  e^pece,  et  qui  intiodiurait, 
outre  line  pirtie  principale,  anteiieuie  iu\  deplicements  ob^ei\ts,  nn  temie 
propoitionnel  \  la  ]>etite  dilitition  6  (p  3oB) 

This  appeals  to  be  the  same  idea  as  had  uccimed  to  Rinkme, 
but  the  tiuth  of  which  we  have  seen  leason  to  call  in  question 
see  oui  Aits  424,  429  and  431 

[1449]  Note  complementer  e  au  Memoue  precedent  —  /S///  les 
ptincipes  de  la  tlidone  des  ondes  lummeuse^  qui  ie^nlte  des  idee* 
ejiposees  au  §  T7/  foui  nal  de  mathematiqiies  T  \vm  ,  pp  361-90 
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Paris,  1873  This  al$o  appears  in  the  Annales  de  chimie,  T  xxx , 
pp  539-65  Pans,  1873  It  is  a  general  explanation  and  a  reply  to 
certain  criticisms  of  the  principles  involved  in  Boussinesq's  elastic 
theory  of  waves  of  light  The  author  puts  extremely  clearly 
the  arguments  in  favour  of  his  hypotheses  and  shews  that  his 
theory  is  really  based  on  physical  conceptions,  le  does  more 
than  substitute 

&  Panalyse  m^camque  des  ph&iom&nes  une  sorte  de  symhole  analytique 
d'une  g&i&alitd  telle,  qu'ils  y  soient  tons  compns  (p  361) 

I  have  made  use  of  this  Note  in  explaining  the  hypotheses  of  the 
memoir  of  1868  see  our  Art  1478  It  would  carry  us  too  far  into  the 
subject  of  light  to  even  briefly  analyse  its  contents  here  It  concludes 
with  two  supplements  to  the  memoir  of  1868  dealing  with  more 
appioximate  formulae  than  those  there  given  for  the  aberration  of  light 
(pp  383-90)  Compare  the  Comptes  rendus,  T  74,  pp  1573-6,  1872, 
and  T  76,  pp  1293-6,  1873 

450  ]  Swr  deuce  lois  simples  de  la  resistance  wve  des  sohdes 
wtnptesr&ndus,  T  79,  pp  1324-8  and  1407-11  Pans,  1874  This 
memoir  contains  a  general  proof  of  the  hypothesis  first  adopted 
by  Homersham  Cox  in  1849,  when  dealing  with  the  transverse  re- 
silience of  bars  (see  our  Art  1435*)  and  afterwards  shewn  by 
Saint- Venant  to  hold  for  a  considerable  number  of  special  cases 
(see  our  Arts  368-9)  By  means  of  thik  hypothesis  we  are  able  to 
determine  very  approximately  the  maximum  shift  (or  deflection) 
and  the  penod  of  the  principal  vibration  for  a  consideiablc  range 
of  problems,  but,  as  we  have  pointed  out  earlier  in  this  Histoi  y, 
the  expression  for  the  maximum  strain  obtained  in  this  mannei  is, 
as  a  rule,  not  sufficiently  approximate  to  bo  of  pnctienl  value  sc  c 
our  Art  371,  (m)  Boussmesq  attributes  the  first  stitemcnt  of 
the  hypothesis  to  Saint- Venant,  but  this  is  incoriut  (see  our  Art 
201)  although  the  deduction  of  the  period  of  the  pimeipil 
vibration  and  the  legitimxtc  use  of  the  hypothesis  (i  i  UK 
demonstration  of  its  applicability  in  \  consider  ihlc  i  ui#<  of 
special  eases)  is  certainly  due  to  th<  French  scientist 

Suppose  a  mass  P  of  elastic  matciul  to  li  iv<  «  it  tin  poitioiis  of  its 
external  surf  ice  fite  aid  others  ugidly  fixed,  and  It  t  i  in  iss  Q  of  v<  ly 
small  volume,  bat  possessed  ot  a  considerable  velocity,  stnke  tin  rn  iss 
Pin  a  definite  point  and  become  fixed  to  it  without  how(  vei  modifying 
its  elasticity,  then,  we  require  some  hype)thesis  by  which  w<  e  in  e  isily 
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approximate  to  the  motion  after  the  impact  of  the  system  consisiiag  of 
the  concentrated  mass  Q  and  the  extended  mass  P 

When  the  mass  P  is  so  small  as  compared  -with  Q  that  ibe  edlect  of 
its  inertia  may  be  neglected,  the  problem  reduces  to  a  simple  statical 
one,  but  when  the  masses  P  and  Q  are  comparable  the  problem  beeoros 
more  complex,  for  the  total  motion  of  the  system  must  then  be 
consideied  as  the  lesultant  of  an  infinite  series  of  simple  harmonic 
motions  and  it  is  necessary  to  calculate  the  amplitudes  and  periods  of 
these  motions  Saint-Yenant  had  been  led  to  the  following  approximate 
laws  (which  are  practically  an  extension  of  Cox's  hypothesis)  by  the 
exact  calculation  of  a  number  of  special  cases 

If  in  any  problem  the  expressions  for  the  shifts  are  reduced  to  tibesr 
principal  term  (or  term  of  longest  period),  and  if  the  ratio  of  P  to  Q  does  not 
exceed  a  certain  limit  (which  can  be  $3  great  as  2,  3  or  sometimes  even  4) 
then  the  square  of  the  reciprocal  of  the  period  of  vibration  and  that  of  the 
amplitude  of  the  oscillations  of  the  concentrated  mass  Q  are  both  inversely 
proportional  to  the  sum  of  this  mass  Q  and  of  the  products  obtained  by 
multiplying  each  element  dP  of  the  extended  mass  by  the  square  of  WB 
ratio  of  its  statical  shift  to  the  analogous  shift  of  the  concentrated  rnggg. 


These  aie  the  simple  approximate  laws  which  Boussinesq  proposes 
to  demonstrate  in  the  present  memoir 

[1451  ]  Let  u,  v,  w  be  the  shifts  of  any  point  of  the  elastic  body 
P  after  impact,  then  with  the  usual  assumptions  the  stresses  will  be 
linear  functions  of  the  first  space-fluxions  of  the  shifts  Hence,  if  the 
shifts  be  represented  by  the  expressions 


/A  \    \ 

(  —  sin  nt  +  Z?  cos  nt  J  , 

fA.  \ 

f  -  sin  id  +  B  cos  nt  J  , 


w  =    <£3  f     sin 


f 


(1)1 


where  <£1?  c£3,  <£,  ire  functions  of  x,  y,  z  the  space  coordinates  only  then 
the  stresses  will  be  gi\  en  by  equations  of  the  type 

T7  -  Sau0  (—  sm  nt  +  B  cos  nt\  ,  | 

(n) 
~~^~  (-mint     //co  nt] 

"~  "  ^  'x  °  \^  sm  ;i      J  °<>s  7?  y 

where  £?„,        ^0,       aie  functions  of  x,  i/  «  only      Hence,  if  we  suppose 
no  body  toices  to  act  on  P,  the  body  bhift  equations  become  of  tht.  t\pe 

,  °  +  ~i— °  -I-    j-Q -f  pn  0i  —  0  (in I 

<??          at/         az 

foi  each  }>aiticulai  value  of  n 
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Equations  (m)  shew  that  any  individual  set  of  the  functions 
0i>  <ta  0s  are  th0  slllfts  tliat  would  *>e  produced  by  applying  to  the 
mass  P  body  forces  n*<t>lt  w302>  ^203  parallel  to  the  three  axes  of  x,  y,  % 
respectively  For  each  such  set  we  must  have  at  points  of  the  external 
surface  which  are  rigidly  fixed 

01  =^02  =  08  =  0?  ] 

and  at  points  which  are  free  I  (iv), 

££0  cos  a  +  WQ  cos  ft  +  S0  cos  y  =  0,1 

with  two  similar  equations,  where  a,  £,  y  are  the  direction  angles  of  the 
normal  to  the  surface-element  at  the  free  point  These  results  are 
sufficient  to  give  the  <£'s  and  it  remains  to  be  indicated  how  the  A*B 
and  .5's  would  be  determined  from  *he  initial  conditions  of  the  system 

[1452  ]  Let  0/,  02',  08'  and  n'  be  a  second  system  of  values  of 
<£1}  <£2,  <£8  and  w,  satisfying  equations  like  (m)  Multiply  the  three 
equations  of  type  (HI)  by  0j',  02',  0s'  respectively,  add  and  integrate 
ovei  the  volume  U  of  the  whole  system,  P  and  Q  ,  we  find  integiatmg 
by  parts  and  using  the  surface  conditions  (iv) 


jj/(010l'  +  0202'  +  0803')  pdU 


Now  we  have  seen  that  av?0,  "J50,  and  <£15  <f>2,  fa  are  the  stresses 
and  shifts  due  to  a  ceitam  elastic  system  in  equihbuum,  hence  these 
stresses  will  be  linear  functions  of  the  space  fluxions  of  the  shifts 
involving  the  usual  21  coefficients,  i  e  they  will  be  differentials  of  a 
quadratic  function  of  the  space  fluxions  of  the  shifts  It  follows  then 
that  the  expiession  on  the  right-hand  side  of  (v)  uudei  the  sign  of 
integration  is  symmetrical  with  legard  to  <£p  <£  ,  <£j  ind  <£/,  <£  ',  <£{)  01, 
we  must  have 


/  +  020  '  +  030/)  pdV  -  n'V//(*i*i'  +  0  0  '  H  0  { 
whence,  if  n  be  not  equal  to  n' 


Equation  (vi)  enables  us  to  deUrmim  the  valm  s  ot  A  and  H  from 
the  initial  conditions  at  time  £  =  0  Thus  if  */„,  /?„,  w{}  be  the  initnl 
shifts,  and  MOJ  v0,  «/;„  be  the  initial  spteds,  we  hive  from  (i)  m<l  (vi) 


+0          i  (vn) 


n  =  'oi      ^(, 

0 
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the  integrals  being  extended  throughout  the  whole  system  U    Returning 
to  equation  (v),  let  n  ?=  n  and  therefore  $  =  $,  we  thea  have 


where  TT  is  the  quadratic  function  of  the  space  fluxions  of  the  <£'s 
which  would  be  the  strain  energy  for  the  shifts  <^,  <£g,  <£, 

So  far  Bouss-mesq's  investigation  is  practically  identical  witfe  that  of 
Clebsch  given  in  oui  Arts  1329-30,  but  the  form  of  his  results  readers 
them  immediately  applicable  to  the  problem  of  resilience. 

[1453  ]  In  the  problem  of  resilience  at  the  instant  of  the  blow 
u0l  i?0,  WQ  are  zero,  and  so  also  are  the  speeds  u^  %,  t05  except  at  the 
elementary  volume  immediately  surrounding  the  point  #,  y,  z  at 
which  the  impact  of  Q  takes  place  Now  the  values  of  <^,  $3,  <j^  are 
clearly  such  that  they  leave  undetermined  an  arbitrary  constant  factor, 
and  we  can  so  choose  that  factor  that  <tf  +  <j>£  +  <^2  =  1  at  the  point 
x,  y,  z  But  $!,  <£2,  <£3  will  then  represent  the  direction-cosines  of  the 
shift  of  the  point  x,  y  z  for  a  simple  component  vibration.  Thus 
the  numerator  in  the  value  of  A  is  the  momentum  of  the  impinging 
body  Q  resolved  in  the  direction  in  which  Q  makes  the  oscillation  of 
period  2v/n  If  this  momentum  be  represented  by  Q  V  we  have 

5=0>    4 


Further,  if  f  be  the  amplitude  of  the  vibrations  corresponding  to  n, 
we  ha\e/=  A/n,  or  by  (vm) 

/-      ® 

J 


[1454  ]  When  Q  is  \ery  great  as  compared  with  P,  we  can  suppose 
p  =  0,  except  at  the  point  x,  y,  z  of  the  total  system  In  this  case  equations 
of  the  type  (in)  shew  us  that  only  one  mode  of  \ibrition  is  possible 
which  is  that  coi  responding  to  a  statical  system  <j>^>  $  °,  <£°  in  \vlach 
there  ib  no  suppositions  body  foice  pn  ^j0,  pn  <^>  °,  p?4  <fr"  on  am  element 
dU  of  the  system  except  on  the  concentrated  mass  Q  at  i,  y,  z,  \\heie 
there  is  a  force  Qn  ,  the  diiection  of  which  is  gnen  by  ^^  <f>  °,  ^  " 

Cox  and  Saint-Venant's  liypothebit*  \\ould  thus  Le  exacth  tiue,  if 
we  might  neglect  the  meitia  of  P  Supposing  we  cannot  neglect  this 
inertia  theie  will  then  be  several  systems  of  \alues  for  <^15  <^  ,  <f>  But 
\\e  shall  now  shew  that  the  expressions  for  u^  v,  w  im>  still  bt  i  educed 
\\ith  a  certain  degiee  of  approximation  to  then  principal  terms,  that 
is,  to  those  winch  concspond  to  values  of  <f>l9  <^>  ,  <£  close  to  fy,  </>  (,  <£ 
Let 
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and  let  us  calculate  the  value  of  fffWdU     We  find,  since  W  is  a 
quadratic  function  of  fa,  fa,  fa 


wheie  F0  and  JFA  are  the  same  functions  of  j*f,  <£2°,  <£3°  and  A^0,  A<][>20} 
3°  lespectively  as  TPis  of  <j^,  <j(>2,  <£8 
Now  wo  have  three  equations  of  the  type 


Tf  these  he  multiplied  respectively  by  A^0,  A<£o°,  A<^°,  added  and 
integrated  hy  parts  over  the  volume  £7,  we  find  that  the  last  integral  of 
equation  (xi)  is  zero,  because  over  the  surface  of  the  system  either  (a)  the 
surface  stresses  are  zero,  or  (b)  at  fixed  points  <£  and  0°  vanish,  or 
(c)  at  the  element  round  the  point  x  y,  z,  A*^0,  A<£2°,  A<^°  are  zero 
smce  the  direction  of  the  statical  displacement  is  taken  to  agree  with 
that  of  the  dynamical  and  these  have  <£u  <£2,  <£3  and  c^0,  <£0°  ^>3°  respec- 
tively for  direction-cosines  Hence  (xi)  reduces  to 


f[fWdU-ffJWJU+  fffW^dU  (xii) 


Now  A^0,  A^>°,  A^>3°  are  clearly  of  the  oidei  P/Q  as  compared  with 
</>°,  for  thev  vanish  with  P  and  the  sti  esses  must  be  Imeai  in  teims  of 
the  applied  load  Thus  it  follows,  since  TFA  is  of  tho  order  (A<£°)  ,  that  it 
is  of  the  older  (P/QY  as  compared  \vith  Wn  Honce  if  (P/Q)  is  negh 
gihle  we  may  neglect  the  second  term  in  [flWdT7t  and  wo  accordingly 
find 


^          _ 

Q  +7f/{(*ir  +T*  7 


since 

f/f{(*i°)  +(*°)  i  (*°)}p^^-  Q+  fl 

remeinhenufij  the  viluo  of  (<£/')  -^  (<^  (1)  +  (c/>{°)     it  (i,  //  -)      Tin  s<   are 
tho  inalytical  expressions  of  th<  1  iws  stxhd  al)ov< 

[1455]  Boussmesq  shews  in  tho  pcimltirnitc  ]>ai  igiaph  of 
bis  memoir  how  the  above  results  an  c  isily  (  xt(  ndod  lo  tli<  ease 
when  the  blow  of  the  impinging  body  is  not  concent  i  i1(  d  on  a,  veiy 
small  region,  but  theie  aie  sever  il  coiiccnti  ttcd  misses  pioducnig 
impacts  it  the  s^irne  instint  (pp  1410-1) 

He  conclndtb  the  memon  with  tbe  following  \\ouls 
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Remarquons  enfin  que,  dans  les  problemes  les  pins  usuels,  le  monve- 
nent  vibratoire  Studi!  est  de  m£me  sens  pour  tons  les  points  du 
ysteme  alors  les  merties  des  diverses  parties  dP  de  la  masse  di&- 
,e"inine*e  agissent  a  chaque  instant  de  mamere  &  acerottre  leurs  d&- 
>lacements  dus  aux  merties  des  masses  beurtantes  on  eoncentr6es,  efc  la 
aleur  V^2  +  <t>*  +  <t>*  de  l'e*cart  proportionnel  de  chaeune  de  ees  pasfees 
•st  plus  grande  qu'elle  ne  serait  sans  cela,  c'est  a  dire  pour  P=0 
bnsi  le  de*nommateur  de  Texpression  (xm)  de  n*  est  apf>rodi£  par 
le*faut  Mais,  vu  la  formtile  (xn),  Pmtegrale  fffWdUy  est  aussi  ^valti^e 
>ar  de"faut  dans  le  numerateur  Oes  erreurs  se  compensent  par  suite 
in  partie,  et  Ton  conqoit  que  la  formule  (xm)  de  nz  soit  encore  assez 
pproch^e,  comme  lja  reconnu  M  de  Saint-Yenant,  ra§rae  pour  des 
-•aleurs  assez  grandes  du  rapport  de  P  &  Q  (p  1411)  See  our  Arts. 
;66-69 

[1456]  Sur  la  constr^t»ct^m  ff6om&r%que  des  presswns  qua 
upportent  les  divers  Jtements  plans  se  cr&tsant  en  un  mSme  powt 
Fun  corps,  et  sur  celle  des  deformations  qu%  se  prodmsent  awtour 
I'un  tel  point  Journal  de  mathtmatiques,  T  in,  pp  147-152 
^ans,  1877 

This  paper  contains  an  elegant  and  simple  method  of  proving 
he  fundamental  theorems  in  stress  and  strain  without  using  any 
>f  the  properties  of  surfaces  of  the  second  degree  It  might 
idvantageously  be  followed  bv  elementary  text-books  on  Elasticity 
tnd  Geology 

Let  T^  T ,  TI  be  the  principal  tractions  and  sl9  s  ,  9,  thf>  principal 
stretches,  each  set  in  descending  order  of  magnitude  Instead  of 
onsidermg  these  two  systems  as  they  stand,  Bou^mesq  first  subtracts 
rom  the  members  of  eithei  half  the  sum  of  the  greatest  and  least 
ractions,  or  of  the  greatest  and  least  stretches  respecti\ely  He  thus 
>btams,  if  E  =  \  (Ti  -  T^  and  8=  J  (sl  -  sj,  the  systems 

lt,T9-R    and     S,  s,  -S, 

yheie  T  and  s  are  what  the  mean  pimcipal  tiaction  and  stietch  become  , 
karly  T  and  &  have  values  lying  lespectively  between  J?  -  R  and 
S,  -  S  These  second  systems  evidently  only  diffei  from  the  fiist  b} 
he  supei  position  of  eithei  a  uiiifoim  piessuie  01  a  unifoim  stret-ch 
espectivelv  in  all  directions,  and  consequently  the  maximum  ind 
iimimum  values  of  stiess  and  stiam  obtained  from  the^e  t\vo  i  educed 
systems  will  have  the  same  dnection  as  those  of  the  t\\o  pnmitne 
systems 

[1457  "|  Let  the  dnection  cosines  of  any  plane  o\er  ^hich  the 
atiess  is  F  be  cos  a,  cos/3,  cosy,  then  for  the  i  educed  system 

F=  Jti  (Zos~a  +  cos  y)  +  T~~^Tp  =  s/ff  -  (P  -  T  )  cos  p 
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and  F  will  have  direction  angles  a',  /3',  y  such  that 


nr     j.  wo  u  .        R  cos  v 

COS/8  = rT"^>      COSy  = — i 

From  these  results  Boussmesq  easily  deduces  the  following  co 
struction 

A  partir  de  1'origme  et  dans  le  plan  des  deux  plus  grandes  forces  prin 
pales  R,  T,  on  menera,  d'un  m§me  c6teS  de  la  force  prmcipale  moyenne 
deux  droites  inchne'es,  sur  cette  force  moyenne,  Tune  de  Tangle  donneS  ft  q 
fait  avec  elle  la  normale  £L  l^ldment  superficiel  proposed,  1'autre  de  Pangle 
dont  le  cosinus  vaut  (T/F)  cos  j3,  en  donnant  k  celle  ci  la  longueur 


puis  on  impnmera  &  ces  deux  droites  deux  rotations  eSgales  et  contrai 
autour  de  la  force  prmcipale  moyenne  T  &  Tmstant  ou  la  premiere  drc 
viendra  coincider  avec  la  normale  a  Me'ment  plan,  la  seconde  repre&entera 
pression  qui  lui  est  appliqude  (pp  148-9) 

[1458  ]  Clearly  the  maximum  value  of  F  is  leached  in  the  pis 
of  xz  (or  that  of  J£,  -R\  and  it  then  has  the  value  E  The  angl< 
between  F  and  the  normal  to  the  plane  across  which  it  acts  is  given  1 

R  (cos2  a  -  cos2  y)  +  T  cos0  8 
cosx  =  —  *  -  -j^  -  -, 

and  therefore  when  /3  =  7r/2,  cosx  =  cos2a  Thus  the  traction  < 
shear  components  of  F  for  the  plane  xz  are  iespecti\ely 

F  cos  2a     and     F  sin  2a 

We  see  then  that  (for  the  primitive  as  well  as  the  reduced  syst< 
the  maximum  shear  is  across  a  plane  the  noimal  to  which  Insects 
angle   between   the   greatest    and   least   ti  actions    iud   its    migmt 
=  R  =  \  (T^  -  T  )      This  is  Hopkins'  Theoiem     s«  e  oiu  Ai  t   1  ^68* 

Thus  the  gicitest  ind  least  total  stresses,  the  peitcst  md  1< 
tiactive  stresses  and  the  gieatest  shear  all  IK  in  OIK  plain  ,  i  <  tli  it  of 
greatest  and  least  pimcipal  ti  actions  (p  150) 

[1459]  If  the  stretches  are  small,  —  so  that  then  squans,  i 
usually  the  case,  may  he  neglected,  —  then  jnmsdy  snnil  u  us 
follow  for  the  distribution  of  strain  Tn  tin  iulu«<l  syst<  in  tli(  <• 
of  one  teiminal  of  i  line  of  unit  length  iditive  to  tin  other  tmn 
gives,  if  it  be  measured  per  pendicul  u  to  th<  Inn  itstlf,  the  ch  i 
in  diiection  of  the  given  line  Tins  chang<  of  ingli  is  nuiiKnt 
grextest  foi  the  bistctois  of  the  dnections  of  gu  jtcst  md  1<  ist  sti 
and  is  then  equ  il  to  S  ind  -  >V  Kspcctively  Hence  the  clung 
angle  between  these  two  bisectois  will  be  the  in  iximmn  slide  and 
for  its  value  2/?  tl-sjfoi  the  diffeie  nee  l)etween  the  %u  it<  st  ind  ] 
sti  etches 


1460—1462]  BOUSSINESQ 

[1460]  Sur  les  pioblemes  des  temperatures  stationnaires,  de 
la  torsion  et  de  Fecoulement  bien  continu,  dans  les  cyhndres  ou  les 
tuyaucc  dont  la  section  normale  est  <m  rectangle  a  c6t£s  courbes 
ou  est  comprise  entre  deux  lignes  fermees  Journal  de  matM- 
matiques,  T  VI,  pp  177-186  Paris,  1880  This  memoir  is  really 
a  discussion  of  the  solution  of  the  equation 

d*u     d?u  __ 

dtf  +  dtf-"' 

by  conjugate  functions     It  refers  to  Thomson  and  Tait's  solution 
of  the  torsion  problem  in  terms  of  such  functions  and  to  the  hydro- 
dynamic  analogies  of  those  authors  and  of  Boussmesq  himself 
see  our  Art  1430  and  Chapter  xiv 

[1461]  Oalcul  des  dilatations  lineaires  dprouvees  par  les 
Elements  mat^riels  rectilignes  appartenant  d  une  portion  inftniment 
petite  d'une  membrane  ttastique  courbe,  que  Von  dtforme,  et  d&non- 
stration  trbs  simple  du  theor&me  de  Gauss  sur  la  deformation  des 
surfaces  mextensibles  Hecueil  de  la  Sovidte  des  sciences  de  Lille 
T  vin  ,  pp  381-90  Lille,  1880  See  also  the  Gomptes  rendus, 
T  LXXXVI  ,  pp  816-8  Paris,  1878  This  is  a  geometrical  investi- 
gation of  the  stretch  of  an  element  at  the  origin  on  the  surface 

2#  =  ra? 
when  this  surface  is  strained  into 


Bousbinesq  obtains  a  general  expression  for  the  stietch,  which 
he  then  supposes  to  be  zero,  —  01  applies  to  the  cabe  of  an  mex- 
tensible  membrane  In  this  case  Gausb's  theorem  as  to  ciu  \ature 
follows  at  once,  and  expressions  for  the  shifts  of  any  point  in  the 
neighbourhood  of  the  origin  are  obtained 

The  analysis  is  easy  xnd  the  results  are  not  veiy  complex  m  foim 

[1462]  Foimules  de  la  di^timnatwn  du  maun  nit  nt  tiam>itu>al 
dans  une  plaque  plan^  uidcjinie  Coinpte^  iendut>,  T  CMII  ,  pp  639-45 
Pans,  18b9  Founei  in  his  Tlitone  aualytiqup  do  la  chaleui  (^  411-2) 
gives  an  inttgi  il  of  the  equation  foi  the  tiinsverbc  vibiations  of  in 
infinite  elastic  plat  _,  sec  also  oin  Ait  207*  buppobe  tlit  mid  pi  me 
of  this  plate  to  coincide  with  tht,  plane  of  iy,  then  the  equation  to  be 
solved  is  of  the  foiin 


d  w        (  d        d 


7//M  /  / 

d  (bt)        \<U       dy 


\          A 

)    U   "° 

y  J 
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where  b  is  a  constant  for  the  plate  and  may  be  taken  as  a  factor  of  t 
see  our  Art  385 

Fourier's  solution  of  1818  applied  only  to  initial  shifts  Bousbinesq 
proposes  in  the  first  place  to  generalise  it  by  considering  also  initial 
velocities  He  does  not  seem  to  have  noticed  that  this  more  general 
case  had  also  been  dealt  with  by  Fourier  in  his  T'heoru  analytique 
of  1822  Thus  he  gives  a  solution  of  (i)  subject  to  the  conditions 
for  2  =  0,  that 


at  the  point  f,  rj  of  the  plane  #,  y  Here  /and  f:  are  two  functions  of 
f,  y  which  vary  gradually  from  point  tp  point  of  the  plane  and  vanish 
at  an  infinite  distance 

Boussinesq  further  discusses  what  he  holds  to  be  the  delicate  and 
rather  obscure  point  as  to  the  real  value  taken  by  Fouriei's  solution 
when  £  =  0 

The  solution  obtained  by  Boussinesq  is  given  by 


w  =  -  /  \f(x  +  2a,yfo,  y  +  Zfitjbt)  sin  p  cZac^S 


(x  +  2a>/6i,  y  +  Zftjbt)  sm  p  dadp, 


where  p  =  a.2  +  ft*,  and  the  limits  for  the  integrations  with  legard  to  a 
and  ft  are  determined  by 


£  and  77  being  taken  over  the  whole  area  of  the  initial  distuibance 

This  should  be  compared  with  Poisson's  bolutiun  given  in  our 
Art  425 

[1463]  Lemons  synthdtiques  de  Mecanique  yeneiale  servant 
^introduction  au  cows  de  Mdcamque  physique  de  id  FauUte  des 
Sciences  de  Paris  Pans,  1689 

This  work  of  132  pages  dibcu^tb  the  guici  il  mcchdmcal 
principles  which  may  be  supposed  to  govern  the  systems  ot 
molecules  by  aid  ol  which  the  physicist  conceptualises  the  iction 
of  physical  bodies  As  m  the  note  ot  181)1  (see  our  Art  1404) 
JBou&smcsq  diaws  the  important  distinction  betv\ecn  the  dctual 
velocities  and  accelerations  of  individual  molecules  and  the  mean 
local  velocity  uid  local  accelci  ition,  \vhieli  uc  those  of  i  puticle 
conceived  to  consist  of  an  infinitely  #i<  it  numbei  ot  individual 
molecules  (pp  72-7)  rlhe  seventh  lecture  deals  with  geneial 
notions  as  to  sticss  and  leads  up  to  the  topics  ot  the  eighth  which 
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contains  some  judicious  remarks  on  the  physiological  and  psy- 
chological aspects  of  force  Boussmesq  holds  that  the  only  in- 
telligible conception  of  force  is  the  mass  product  of  acceleration 

Et  gardens  nous  de  confondre  cette  quantite  precise,  oonstttnant  le 
seul  sens  positif  ou  demontre*  des  forces  mScamques,  avee  la  signification 
relatrvement  vague  ff  effort  musculaire  mais  surtout  avec  celle,  encore 
moms  defime,  de  cause  physique,  que  le  mot  force  rappelle  ^galement , 
notions  qu'il  faut  laisser  a  d'autres  champs  d'etude,  ou  notre  espnt  ne 
peut  malheureusement  pretendre  qu'£  un  degre  de  clarte  mediocre 
(P  89) 

Boussmesq  divides  the  total  internal  energy  of  a  body  into  two 
parts,  namely,  an  elastic  and  a  thermal  energy  (pp  105-6)  He 
demonstrates  that  the  former  or  strain  energy  (Ven&rgie  de  ressort, 
Cdnergie  potentielle  d'&asticiti  etc )  depends  only  on  the  initial  and 
final  configurations  of  the  system,  provided  the  system  be  in  space 
of  uniform  temperature,  and  the  changes  of  configuration  be  made 
so  slowly  that  the  equilibrium  of  temperature  is  infinitely  little 
destroyed  at  each  instant  see  our  Chapter  xiv 

[1464  ]  In  a  note  in  the  Comptes  i  endus  (T  cxn  ,  pp  1054-6,  Paris, 
1891)  entitled  Theorie  elastique  de  la  plasticite  et  de  la  frayihte  des 
cwps  sohdes,  M  Bnlloum  starts  from  the  hypothesis, — that  to  any 
definite  homogeneous  strain  of  a  body  corresponds  always  an  absolutely 
unique  system  of  elastic  stresses,  but  to  a  definite  system  of  elastic 
stresses  there  does  not  necessarily  correspond  a  definite  strain.  This 
leads  him  up  to  some  remarks  on  the  Poisson  Navrer  hypothesis 
of  mtermolecular  foice  He  holds  that  this  hypothesis  is  not  funda 
mentally  erroneous,  but  requires  modification  owing  to  the  fact 
that  individual  molecules  are  in  motion  This  motion  may  be 
oscillatory  and  of  small  amplitude  in  the  case  of  a  true  solid,  but  it 
may  still  be  suthcient  to  modify  mtermoleculai  action  Great  pressures 
convert  the  movement  of  oscillation  into  one  of  tianslation,  and  this 
f 01  ins  the  explanation  of  set,  rupture,  flow,  etc 

1ms  note  of  Bnlloum  led  to  the  publication  by  Boussmebq  of 
another  entitled  tin?  V explication  physique  de  la  fluidity  (Canutes 
icndu*,  T  c\n ,  pp  1099-1102,  Paris,  1891)  referring  to  sinnlu 
opinions  expressed  by  himself  in  his  Le^ous  synthetique*  (see  oui  Vit 
1403)  and  in  still  unpublished  lectures  delivered  it  the  bor bonne  in 
1687-9  Boussim  sq  cites  from  the  manuscript  of  his  lectures  \  geneial 
description  of  how  he  his  ipphod  ickis  simihr  to  tho^e  of  Bnlloum  to 
throw  hght  on  tlio  disticity,  viscosity  mcl  intpinil  tiiction  of  Hinds 
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SECTION  II 

Memoirs  on  Wave  Motion  and  the  Elastic  Theory  of  itie  Ether 

[1465]  Essai  sur  la  thdorie  de  la  lumi&re  Comptes  rendus, 
Tome  LXI  ,  pp  19-21  Pans,  1865  This  is  an  abstract  of  a  memoir 
by  the  author  It  commences  with  the  following  \\ords 

Le  Meinoire  que  j'ai  Thonneur  de  soumettre  &  PAcadSmie  des  Sciences 
est  relatif  &  la  theorie  de  I'&asticite  (p  19) 

It  does  not  appear,  however,  to  have  been  ever  published  in  its 
entirety,  although  doubtless  portions  of  it  were  incorporated  in 
the  memoirs  of  1867  and  1868  see  our  Arts  1467  and  1478 

The  first  part  of  the  memoir  appears  to  have  contained  the  deduction 
of  the  equations  of  elasticity  for  an  isotropic  medium,  when  terms  ot  the 
second  older  in  the  shift  fluxions  are  retained  The  second  pait  of  the 
memoir  applied  the  theory  developed  in  the  hist  to  the  vibrations 
which  constitute  light  The  theories  of  double  retraction  of  Fiesuel, 
MacCullagh  and  Neumann  were  deduced  as  special  cases,  but  the 
author  appears  to  have  met  with  the  difficulty  th  it  the  explanation  of 
the  dispersive  power  m  this  manner  involves  a  pouvoir  considerable 
d'extm^on  Boussmesq  merely  suggests  that  in  tiauhpuuit  bodies 
there  may  be 

une  action  spccnlo,  destinco  i  ooutio  bilinoci  ce  poimm  d'evtmUion,  ot 
par  suite  &  dimimier  I'opiuto  (p  21) 

[1466]  Equations  det>  petifo  iituiiuuncnfa  r/cs  uulietn  iwttopeb 
coHipiiinei*  Comptes  icndm,  T  ixv,  pj>  167-70  Pins,  LS67 
This  is  an  abstract  of  a  munon  ifUiwucls  published  it  length 
in  Liouvillc  &  Joui  nal  bcc  out  Aits  14<)7  71  rl  lu  uniitions  uc 
licic  obtained  by  a  piocoss  slightly  (hittii  nt  lioin  tlut  of  the 
jneniou  in  the  Join  nal 


[14b7  ] 

Join  nal  de  mathemutiqui'*,  T   \ui,pp  20()  41       Pius, 


btudies    111    this    menion    the    vibi  1(01^    motion  of 
in  isotropie  medium  which  has  b(  en  subjected  to     iniinl  sticsb" 
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(see  our  Arts  616*,  1210*  and  129)  This  initial  stress  may  be 
of  two  kinds  (i)  a  traction  uniform  in  all  directions  which  doss 
not  change  the  isotropy  of  the  medium  to  aeolotropy  ami  whack 
may  be  represented  by  K,  and  (11)  a  system  of  initial  pnocipal 
tractions  A,  B,  0,  pioducing  aeolotropy  symmetrical  with  rasped 
to  three  planes  at  right  angles  in  an  element  of  the  elastic  sofad 
Of  these  latter  tractions  Boussmesq  writes 

Nous  admettrons  que,  dans  la  portion  considered  da  ewrps,  les 
elements  plans  norraalement  presses  ou  tires  par  les  actions  deformafcnces 
gardent  la  m£me  direction  a  tous  les  instants  consecutifs,  et  que  oes 
forces  -4,  j#,  C  vanent  avec  le  temps  de  maniere  a  conserver  entre  elks 
les  m£mes  rapports  E/A,  GjA  Si  nous  d^signons  par  a^  bt  c  treas 
noinbres  constants,  proportionnels  &  A,  B,  (7,  et  du  m&ne  ordre  <te 
petitesse  que  les  dilatations  lineaires  eprouvees  par  le  corps  pendant  sa 
deformation,  les  rapports  A/a,  JB/b,  C/c  seront  egaux  entre  eux,  et  a  une 
m&ne  fonction  F  du  temps  t  La  fonction  F (t)  peut  d'ailleurs  §tee 
quelconque  elle  se  r6dmt  a  une  constante,  si  les  actions  d^formatnces 
restent  les  m&nes  toujourb;  elle  seia  nulle  ou  constante  a  parior  d'une 
ceitaine  valeur  de  t,  si  A,  JB,  G  deviennent  elles  memes  nulles  ou 
constantes  au  bout  d'un  certain  temps  Quoi  qu'il  en  soit,  cette  foaction 
etant  supposee  conuue,  la  constitution  du  corps,  a  chaque  instant,  ne 
dependra  plus  que  de  at  b,  c  (pp  211-2) 

This  quotation  indicates  Bous&mesq's  assumptions 

[H68  ]  Eeferrmg  back  to  our  Art  231,  we  see  that  the  €,  e,  e" 
of  that  article  might  have  been  taken  equal  to  the  a,  6,  c  of  Boussmesq 
He  assumes  the  sti  esses  to  be  linear  functions  of  the  shift-fluxions  and 
the  coefficients  of  these  functions  to  be  linear  functions  of  a,  bt  c 
Ihen  by  coiibidei  ations  (i)  of  symmetry  with  regaid  to  the  planes  of 
tlie  initial  principal  tractions,  (11)  of  the  initial  isotropy  which  must 
continue  to  exist  in  whole  01  pait  accoiding  as  a- b  -c,  or  two  of  them 
are  equal,  and  (111)  of  the  invai  lability  ot  the  stresses  ^vhen  the  body 
is  lotated  is  i  whole,  expressions  aie  deduced  toi  the  stresses  as 
functions  of  «,  b,  i ,  A  ind  eiykt  constants  p,  I,  I ,  I  ,  m,  m ,  in  and  ;t 
(pp  212— b)  Ihe  method  idopted  involves  no  appeal  tithei  to  the 
lari  constant  moleculai  theoi)  01  to  the  principle  of  woik  If  the  lattei 
be  adopted  an  additional  relation  is  found  between  the  constants  of 
the  form 

I" -  n—  p  (i) 

Heie  p  is  the  i  itio  Ata-J>/b~Oic  Thus  independently  of  <*,  6,  c 
there  will  be  A  and  t>even  othei  const  ints 

[1469]  We  can  easily  deduce  Boussmesq's  lesults  fiom  those 
of  the  memoir  of  Saint- Venaut  discussed  in  oui  Aits  23U-2  Tins 
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memoir  immediately  follows  Boussmesq's  in  the  same  volume  of 
the  Journal  But  the  functions  of  the  initial  stresses  which  occur 
m  the  expressions  for  the  elastic  stresses  are,  it  must  be  remem- 
bered, quoted  by  Saint-Venant  from  a  memoir  which  proceeds  on 
rari-constant  lines  (see  our  Art  232)  Boussmesq  reaches  less 
general  expressions,  but  they  are  not  open  to  a  criticism  of  the 
same  kind  fits  method  is  however  too  long  for  reproduction  here 

rrmg  to  Art  232  let  us  take 


J^0  =0,  WQ  =  0,  xyQ  =  0 

n  form  with  Boussmesq's  values  for 
the  following  types  of  traction  and  s 

=  (T+  Pe)  (!+««,-*„-  8.)  +  {a  +  fc  +  m  (c1  +  c")}  ^ 


These  agree  in  form  with  Boussmesq's  values  for  the  initial  stresses 
We  then  have  the  following  types  of  traction  and  sheai 


,  v 

\    /9 


wheie,  as  is  shewn  in  Art  231 

a  =  28  +  8',     m-2r+2}9     l  +  m>  =  ±s  +  2q  (m) 


Here  there  aie  fourteen  constants  m  the  expressions  foi  the  btiesseb, 
but  the  three  lelations  (in;  reduce  them  to  eleven,  which  exactly  agues 
with  Boussmesq's  number  (twelve)  when  the  icl  ition  (i),  dm  to  the 
principle  of  work  (and  tacitly  assumed  by  Saint-  Vcnanb  in  the  fonn  of 
equations  (11)  of  oui  Ait  231)  is  adopted  Hie  cquitions  (11)  aie 
exactly  Boussmesq's  in  form,  although  he  Ubes  diilcicnt  const  mts1 

[1470]  Substituting  m  the  body  sticks  (  quitions  w(  iind  ib  i  type 
ol  the  body  shitt  equ  itions 

d  u,     .  .      «      ,          .  ,  .      .  .    .  </0 

p  dt  ='  6  +  S  +0;+7)(€  +  ^  +c  )  I  (<7  '  s~^~0€!f^ 


da        d  u 

6        €  M    6  I    € 


1  The  following  £,ive  the  change  in  iiotition  liom  oui  K  suits  (u)  to  lioussimsq  H 
on  his  p  21H,  oui  constants  bcin^,  on  tin  Icit  oi  tin  (quulitus  /  A  /  />, 
e  =  <(}  e  -  /;  t  -(  a  M  2///  A  5  —  //A  A  o  /  I  A  /  /  (  2  (//  |  ///  »t  ) 
)ii~l  +  n  h2(»H  -\  m  )  y  —  l  </  ~  I  I  /  i  j>  >  in  \  IIL  s  y//  Lint)  i(i  among  the 
constants  of  oui  equation  (v)  compared  \vitli  bou^smcsii  s  equation  (h)  p  JJ1  p  o, 
X-^X^,  X  =  X  5,  //,|  —  yLto  (j  ~  p8  (jj  —  (rS  X  j>5 
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Put 


then  we  have  for  the  type  of  shift-equation 


x    d  (  du      ,dv      „  dw\ 

i    Ao  ~~~~  I  €       '  -{-  g    — —  4-  ^    — _ ,  I  i\r  j 

CMC  \   Cv£t/        CuU         dz  J 

Boussinesq's  equations  (p  221)  agree  with  this,  excepting  that  A,  is 
not  necessarily  equal  to  Aa,  unless  appeal  be  made  to  the  principle  of 
work 

The  constants  A1}  A.2J  (A^),  /^,  p^  o^  are  independent,  but  if  the  initial 
tractions  A,  B,  C  as  denned  in  our  Art  1467  are  zero,  then  P=0,  and 
we  have  QI  =  fa 

[1471  ]  Boussmesq  now  supposes  the  quantities  A,  B,  C  (or,  PC, 
Pe',  PC")  to  become  after  a  given  epoch  constant,  and  investigates  the 
motion  of  a  plane  wave  in  the  medium  whose  vibrational  shifts  satisfy 
equations  of  the  type  (v),  the  quantities  «,  c,  e'  being  very  smalL 
He  shews  (pp  222-3)  that  there  will  be  waves  of  vibrations  (a)  almost 
in  and  (b)  almost  normal  to  the  wave  front  (qua&i  transverse  and  qua&b- 
long^tud^nal  waves),  the  divergence  depending  on  terms  of  the  same 
order  as  e,  c',  c"  There  will  be  exactly  transverse  waves  if  ju-j  ->-  A,  =  0, 
and  exactly  longitudinal  if 

(/A,  4-  A,,)  €  =  (//->  +  Ag)  e'  =  (//-j  +  Ao)  € ', 

or,  in  general  if  p^  +  A  -  0  Thus  if  the  principle  of  work  hold  the 
conditions  i  educe  to  the  single  one  /x2  + A.  =0,  which  will  be  found  by 
(m)  to  i  educe  to  l  =  m  In  the  case  of  lari  constant  isotropy  \ve  ought 
to  have  in  equations  (n)  of  oui  Ait  231,  d—d^  e  =  e,  j—J  ,  or  ^  =  7, 
q  -  s ,  whence  it  follows  that  I-  m  involves  p  =  q  and  r  =  s,  or  a  perfectly 
isotropic  medium  Hence  no  exactly  trans \ erse  waves  can  be  propa 
gated  in  a  ran  constant  isotiopic  medium,  howevei  initially  strained, 
unless  the  medium  lemam  isotropic 

[1472]  Boussmesq  next  proceeds  to  discuss  the  quasi  tians\cise 
ind  quasi  longitudinal  waves,  but  to  do  moie  than  indicate  Ins  lesultb 
would  lead  us  too  far  into  the  theoiy  of  light  On  pp  223-37  lie  dt  Us 
with  the  directions  of  vibration,  plane  of  polansation,  ^a\e  surface,  etc 
of  quasi  tiansveisc  w  ives 

In  the  cist  of  <TI  -  0  Boussmesq  obtains  exictl}  Iresntlh  \\i\e 
suiface,  when  crl  is  uot  zeio  he  shews  (p  229)  ho\\  in  tins  case  to 
deduce  the  wive  surface  from  iiesnel's  In  the  iormei  case  the  pi  me 
of  polansation  is,  as  m  Fiesnel's  theoiy,  perpeudiculai  to  the  diiection 
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f  vibttk&oou  It  is  ®dy  possible  for  <r  ,  to  be  zero,  without  at  the  same 
a»  1%  being  waro,  if  P  be  not  zero,  or  since  double  refraction,  then 
qpwm  o&  the  finiteneee  of  P,  it  is  only  possible  in  an  isotropic  medium 
I  vhioh  the  initial  strains  are  different  iu  different  senses,  i.e  A,  JB,  C 
Ml  not  ust  this  oau&o  be  z«ra  If  <TI  =/£,,  but  differs  fiom  zero,  which 
dm  vi&&  P*0,  or  the  initial  stresses  reduce  to  a  uniform  traction  T 
I  *W  directions,  then  the  wave-surface  IB  exactly  that  of  Fresnel,  but 
fc*  <ftm&oa  of  vibra&on  has  in  the  plane  of  polarisation,  or  Boussmesq's 
wxy  agrees  with  that  of  Neumann  and  MacCullagh  Thus  the  multi- 
Hkrtftttt  equations  of  an  laotropic  medium  subjected  to  initial  tractions 
UL  be  mm  to  cover  the  theories  of  both  Fresnel  and  Neumann  as 


£1473.]  In  tibe  discussion  of  the  qvw^longvtudinal  vibrations  (pp 
57-8}  BoasBHweq  shews  that  if  the  medium  be  such  that  it  can 
«xactiy  traBsverse  and  exactly  longitudinal  vibrations,  then 
of  th«  longitudinal  waves  will  be  the  same  whatever  be  their 
He  considers  it  very  improljable  that  this  manner  of  propa- 
longitudinal  waves  can  be  characteristic  of  any  but  an  exactly 
w  indium  Such  laofcropy,  however,  he  holds  to  be  inconsistent 
fcfea  pfayatoai  properties  of  a  doubly  refracting  medium,  or  he  con- 
wlee  that  euch  a  medium  ought  not  to  have  the  power  of  propagating 
of  exactly  transverse  or  exactly  longitudinal  vibrations  in  all 
&.  This  argument  Boussiuesq  suggests  may  be  taken  in  con- 
.  with  the  others  raised  by  Saint-Venant  against  Green's  theory  , 
«  our  Arts.  147,  229  and  265 

H74  ]  The  memoir  concludes  with  a  General^sat^on  (pp  238-41), 
which  Boussmesq  supposes  the  tractions  A,  B,  0  to  lemain  for  a 
rtam  time  proportional  to  one  set  €,  e  ,  €  '  of  deformations,  and  aftei 
e  lapse  of  this  time  to  become  proportional  to  another  set  He  shews 
at  the  general  results  of  the  memoir  still  hold,  and  in  particulai  that 
e  distribution  of  elasticity  is  still  ellipsoidal  see  oui  Aits  139  and 
2i  •> 

[1475  ]  Etude  i>iu  les  ubnttioub  rectihgnes  et  stu  la  dijfi  action 
ins  le*  milieu  L  iwttope*  et  dun*  letho  de*  cnstaiu  Journal  de 
tithtiuatHiuto,  I  \m,  pp  340-71  Pans,  18bS  Oumptei* 
ndtu>,  T  L\\  ,  pp  b72-3  1807  Thib  memou  starts  in  the  iiibt 
ace  hum  tht  cqiutioiib  toi  the  vibrations  of  au  ibotiopic  elastic 
tdium  ut  tht  tjpt 

dd 


pport  tht  vibrations  to  he  (//)  itctilineai  and  (b)  of  very 
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short  period.    It  supposes  the  amplitude  and  direction  of  the 
vibrations  to  vary  from  point  to  pomt  of  the  mediunj,  and  then 

investigates  their  laws. 


If  x  and  <£  he  functions  of  as,  y,  a,  and  Z,  TTI,  n  be  the 
of  the  rectihnear  vibration  of  penod  r,  Boussinesq  seeks  solutions  of  Hie 
system  of  equation  (i)  of  the  types 


;-=*xeoe~( 

2-s- 
?  =  mxoos —  ( 

2r 

7  =  W^  COS i 


<*>, 


where,  o>  being  the  velocity  of  the  wave,  the  terms  im  (T»)*  are  supposed 
negligible  in  the  final  equations  as  a  result  of  (b) 

Obviously  <£  =  a  constant  is  the  equation  to  Hie  TOTO-frout 

In  the  case  of  the  above  isotropic  medium,  it  is  found  that  the 
rectilinear  vibrations  are  either  accurately  longitudinal  or  ac- 
curately transversal,  i  e  are  either  perpendicular  or  parallel  to  the 
wave-front  (pp  342-5)  Boussmesq  finds  that  for  longitudinal 
vibrations  only  three  surface&  are  possible  wave-fronts  namely 
parallel  planes,  coaxial  circular  cylinders  and  concentric  spheres 
(pp  348-9)  and  the  same  is  true  for  transverse  waves,  if  the 
vibrations  be  supposed  limited  in  direction  to  the  lines  of  curvature 
(pp  351-3)  In  the  case  of  longitudinal  vibrations  however  the 
amplitude  has  the  same  value  for  all  points  of  the  same  wave-front 
(pp  S48-9),  while  for  transverse  \\aves  the  amplitude  varies  from 
one  point  to  another  of  the  same  cune  ofmbiatwn  in  the  inverse 
ratio  of  the  distance  of  this  curve  from  the  neighbouring  curve 
of  vibration  Boussmebq  terms  a  cune  of  ubtatwn  the  cnr\e 
the  tangent  to  \\hich  is  the  direction  of  vibration  uf  the  particle 
at  the  pomt  of  contact  Thiib  in  tiansver^e  \ibrations  the  curves 
of  wbiation  are  a  famil}  of  cimes  lung  in  the  fiont  of  the  \\i\e 
(pp  S50-3) 

Pour  etahlii  toutes  ces  lois  nous  <v\ons  suppose  qut  it  v  w  \  inutnt 
dune  maiutie  contmut  cl'iin  point  iu\  points  \oisins  cf  nt^t  qu  i 
cette  condition  que  Ion  pent  posei  Its  equations  (i),  tt  m0'hgti  thus 
(3)  [equations  obtained  from  oiu  (i)  b\  substituting  (n;  in  tin  in  ind 

equating  to  /eio  the  coefficients*  of  the  cosint    uid  suu 
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m  rV     Or  oette  oouditeom  a'eat  pas  satisfaite  a  une  trop 
<twtepofr  4$  centre  de  f&r&nJexneat,  dans  les  ondes  spbenques, 
ta&tt  fa*  Jois  oHa&oee  ne  sent  vraies  qu'i  partir  d'une  onde  sphe"rique 
,  ctoot  BOOS  appellerons  plus  loin  f  te  rayon,  qm  est  tr&s-petit  et 
(p  353), 


the  next  place   (pp    353-65)  discusses 
vibrations  m  a  medium  of  which  the  elastic  equations 
r*  of  the  form 


>  ^  *nd  c  being  small  as  compared  with  unity 

These  are  of  the  same  type  as  those  Boussmesq  deduces  from  his 
hrtfeO  tbeory  of  light  (see  our  Art.  1480)  for  a  doubly  refracting 
i«JiBm.  Taey  are  also  practically  identical  with  those  of  Sarrau  and 
fcbers.  BouRsmefiq  considers  only  the  quasi  transverse  vibrations  corre- 
pooding  to  ^aves  propagated  from  the  origin  of  coordinates  and  his 
MM&mcms  are  indicated  m  the  following  words 

Ges  ondes  sont  celles  de  Fresnel,  et  les  vibrations  sont  dingoes  sensible 

lent,  en  chacun  de  leurs  points,  suivant  la  projection,  siir  le  plan  tangent  k 

oode  en  oe  point,  du  rayon  qui  y  aboutit     Les  hgnes  de  vibration  sont 

s  ellipses  sphe'riques,  ayant  leurs  foyers  sur  les  axes  opti 

fcoires  orthogonales  sont  des  courbes  spheYiques  de  mdme 

Ajamputude  est  soumise  k  trois  lois,   elle  \arie     1°  suivant  un 

~&&  rayon,  en  raison  m\  erse  de  la  distance  a  1'ongine  ,  et  de  plus,  sur  une 

i&me  onde     2°  sun  ant  une  ni&ne  ligne  de  vibration,  en  raison  m\erse 

e  k  distance  de  cette  ligne  a  la  ligne  de  vibration  voisme ,  3°  suivant  une 

•ajectoire  orthogonale  aux  hgnes  de  \  ibration,  en  raison  inverse  de  la  distance 

e  oette  trajectoire  a  la  trajectoire  voisme     En  appelant  r  le  rayon  men^  de 

ongine  a  un  point  quelconque,  U,  U'  les  angles  qu'il  fait  avec  les  deux  ases 

ptiques,  ces  trois  lois  reviennent  a  dire  que  le  carr^  de  1'amplitude  est  ^<^al 

une  constante  divis^e  i)ar  le  produit  r^in  Usm  I       C'est  la  fornmle  qu'ob 

lent  M  Lam<?,  dans  ses  Lemons  sur  Matin tt/,  §  126,  pai  une  tout  autre  \oie 

fc  i>our  de«  miheut  >>ir^frmgents  d'une  autre  e&p&ce  (p  341) 

[1477  ]  The  ahove  results  hold  generally  for  elastic  media  of  the 
ype  611)  On  pp  365-71  Boussmesq  applies  the  laws  he  has  deduced 
3  the  special  optical  pioblems  of  diffraction  and  of  the  definition  (lu 
limitation)  of  rays  of  light  To  discuss  his  lesnlts  would,  however 
*ad  ns  l>e\ond  our  pioper  neld  ' 

[1478]     Theoue  now  elle   de<t  ondes  hmineutes     Jowml  de 
i  T   \iu    pp    K^W     Pans    1868      This  memoir 


1479] 

was  presented  to  the  Acadfiwe  OB  August  5, 186?,  and 
of  the  theory  appeared  in  the  Comptes  rendvs,  T  txv^  pp. 
1867     Various  additions  to  the  memoir  containing  expansions  of 
the  theory  will  be  referred  to  in  the  sequel 

[1479  ]  Boussmesq's  theory  is  an  elasbcal  one  aod  therefor 
must  be  referred  to  in  this  History,  but  the  details  of  its  applica- 
tion to  the  phenomena  of  light  he  outside  our  field  aod  we  must 
refer  the  reader  to  the  original  memoirs  for  them 
makes  the  following  assumptions 

(a)    The  free  ether  may  be  regarded  as  an  isotropic  elastic  sohd 

(6)  Its  density  and  elasticity  inside  and  outside  transparent  bodies 
is  sensibly  the  same 

(c)  The  velocity  of  wave  motion  in  the  eHier  of  space  us  so  different 
from  the  velocity  of  sound  in  solid  bodies,  that  it  is  reasonable  to  suppose 
that  it  is  the  ether  in  transparent  bodies  and  not  the  material  medium 
of  those  bodies  which  transmits  light 

(d)  The  vibrations  of  the  ether  produce  vibrations  of  the  same 
period  in  the  molecules  of  the  transparent  body,  but  the  amplitudes  of 
these  are  so  small  that  they  do  not  produce  any  sensible  dastic  action 
between  the  particles  of  the  body 

(e)  The  displacements  of  the  molecules  of  the  body  are  functions 
of    the    shifts    of    the    ether    in    the    immediate    neighbourhood    of 
those  molecules  and  in  certain  cases  of  the  shift  speeds.     Boussinesq 
expresses  this  analytically  by  saying  that  to  a  nrst  approximation  we 
may  assume  the  shifts  of  a  particle  of  the  body  to  be  linear  functions 
of  the  shifts  and  shift  fluxions  \vith  regaid  to  space  (and  in  some  cases 
also  with  regard  to  time)  of  the  ether      If  w,  ?,  w  be  the  shifts  of  the 
point  #,  y,  z  of  the  ether,  he  writes  (Note  of  1872,  pp  364-5    see  our 
Ait   1449) 

Les  defacements  w/,  v^  i/Y  d'une  molecule  ponderable  de\  icnuent  done 
des  fonctions  de  ?/,  *,  ?r  et  de  leurs  demies  pirtielles  des  dueis  ordres, 
fonctions  qu'on  pent  supposei  lint  ures  (\  u  la  |>etitesse  excexsu  e  de^  \  iri  ililesS 
et  sins  teimes  constants,  comme  on  le  fait  toujouis  en  c%s  pareil  i^ar  1  eniploi 
de  la  sene  de  Ta\loi,  quind  on  ttudie  mie  fonction  iu\  en\ irons  dun  point 
pom  lequel  elle  s'annule,  et  qu'on  n'apei^oit  lutune  i  UMHI  de  suj»jM^er  ses 
d6ii\ees  piemicies  milles  ou  discontinues  en  ce  point  les  dtpl  ueinents 
mojens  w1?  /n  ^,  simint  leb  i\es  de  h  nntihe  ^ndei  ible  umteime  \ 
1'intuieiir  d'un  petit  \olume  quekonque  s'obtiendiunt  en  multiph  Uit  1 1  m  isxe 
de  chieune  des  molecules  qui  en  font  putie  pu  son  deplicenunt  puilkl* 
\  1'ixe  consideiL4  et  en  dmsint  U  sonmie  des  piodmts  pneils  pu  h  ni  t^t 
totale  ties  mokcxiles  ces  dtphcementb  nlo^ens  seiont  done  tu^i  \  f*  it  \*>n 
pies,  des  fonctions  lint \iies,  sxm,  teimes  const intb,  ties  dtplutinents  ?/  / 
de  I'e'thei  en  un  point  pus  \  linttneiii  du  \olurm  tonsultu  <  u  t  ut  p  -  «r 
de  lenis  den\*es  pu  ia]>])ort  \  i  // 


[1480 

4f)  Hue  prodoct  of  ti*e  density  (p)  of  the  ether  into  the  com 
poaoat  of  ite  skift  parallel  to  any  axis  is  of  the  same  order  as  the 
pwdoot  of  tibe  <Ieosity  (/>J  of  the  body  into  the  component  of  its  shift 
f&  $6*  8ftx&e  direction.  Bonssmesq  in  reality  bases  this  upon  (d)  ,  he 
msoidtors  tfee  vibrations  in  the  ether  only  to  produce  discordant  actions 
boim&ei  the  ponderable  molecules,  actions  incapable  of  continuing  in 
•ttl  fee  tkemsalvee,  i.e.  giving  nse  to  no  elastic  forces  in  the  material 
bocly,  In  tills  oas6 

I&L  0u*atit46  de  mouvement  prises,  suivant  trois  axes  rectangulaires 
dft  awrooaa&B,  par  la  JO&ti&re  ponderable,  ne  peuvent  grandir  d'un  instant 
fc  ftuztre  qu'aut&Bt  que  oeDee  de  rather  grandissent  elles-m^mes  Phypothese 
la.  plus  nafcurelle  qu'on  puisse  faire,  sur  les  rapports  qu'ont  entre  elles  les 
precoj^ree  et  lee  seooadee  da  cee  quantise  de  mouvement,  consiste  k  admettre 
qar^Jbe  eo«ti  da  mtoe  <atire  de  grandeur  (#ote  of  1873,  p  363  see  our  Art 

[1430.]  Hie  resultant  per  nmt  volume  of  the  elastic  forces  parallel 
$$  toe  axis  of  m  due  to  the  ether  is  of  the  form 


m  .  ,        .  u       dl^M 

or  ifl  of  the  order,  c  x  P  3-1  ? 

p        oar 

/T^/ 
Le.  (velocity  of  light)0  x  p  -^ 

Similarly  the  elastic  forces  parallel  to  the  axis  of  jr  due  to  the  elasticity 
of  the  material  body  will  be  of  the  order 


(velocity  of  sound)2  xPl 

($&> 

Hence  it  follows  from  (/)  that  the  ratio  of  these  forces  is  of  the  same 
order  as  the  ratio  of  the  square  of  the  velocity  of  light  to  that  of  the 
velocity  of  sound,  and  accordingly  the  lattei  force  may  be  neglected  as 
compared  with  the  former  in  dealing  uith  the  motion 

If  the  transparent  body  has  no  velocity  of  tianslation  as  a  whole 
comparable  with  the  velocity  of  light  vibrations,  the  mean  acceleiations 
of  its  ponderable  particles  will  be 

<Fi<i          cTil          d  wl 

dt   '         dt   '         ~dT' 

and  consequently  itb  components  of  meitia  pei  unit  ™lumo  clue  to  the 
\ilnatoiy  motion  mil  be  the  products  of  the^e  quintitios  and  Pl9  01 
wlmt  is  tht   same  thing    the  total  leactions,  ]>ei   unit   \ohime  of    tho 
ethn,  ext  it«d  on  tht  ethet  b>  tla  pondei  ible  p  irticles  of  the  body  will  bo 


tit   ' 
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because  the  sole  force  acting  on  the  ponderable  particles  is  due  to  the 
impulse  of  the  ether  upon  them 

Hence  the  equations  for  the  motion  of  the  ether  HI  a 
body  are  of  the  type 


(p.  31  Softie  Memoir  of  186$). 


[1481  ]  Boussinesq  now  makes  i^  a  fusetioB  of  tt> 
their  fluxions  and  retains  only  the  first  powers  of  these  quantities 
see  (e)  of  our  Art  1479  The  nature-  of  this  function  will  depend 
on  the  ae&lotropic  or  isotropic  character  of  the  medium  (pp. 
319-21)  From  the  equation  which  results  by  substituting  %  m 
(i)  Boussinesq  deduces  the  laws  of  dispersion  and  of  rotatory 
polarisation  (pp  321-7),  of  double  refraction  (pp.  S28-31),  and 
of  'elliptic*  double  refraction  with  application  to  the  case  of  quartz 
(pp  331-38)  He  makes  on  pp  338-9  a  few  penmate  on  the 
conditions  at  the  interface  of  two  media  He  points  out  thai  if  the 
shifts  in  the  two  media  along  the  interface  be  made  equal  and  the 
stresses  across  the  interface,  then  the  elasticity  of  the  ether  in  both 
media  being  the  same,  all  the  first  space-fluxions  of  the  shifts  will 
be  equal  at  the  interface  The  latter  condition  of  continuity,  which 
does  not  hold  in  the  case  of  unequal  elasticities,  seems  needful 
in  order  to  obtain  expressions  for  the  intensities  of  the  reflected 
and  refracted  waves,  which  will  agree  with  experiment 

C'est  pomquoi  nous  avons  cm  devoir  admettre  la  Constance  d'e"las 
ticitg  de  1'ether  dans  deux  milieux  adjacents  Quant  a  la  Constance  de 
sa  densite,  elle  n'est  pas  necessaire  a  notre  theone  ,  nnis  elle  noiib  parait 
une  condition  natmelle  de  la  Constance  d'elasticite  et  nous  la  regaidons 
comme  viaisemblable  (p  339) 

[1482]  Addition  an  memoue  intitule  fheone  no  fn  elle  de^ 
ondes  luimneuses  foin  nal  de  matheinatiqnes,  T  Mil  pp  425-43N 
Paris  1868  This  papei  extends  Bousbinesq'b  thec»r\  to  tin 
explanation  ot  the  la^b  of  the  following  phenomLiia  ^  I  tlu 
lefractive  and  rotatoiy  po\\ers  of  a  mixtine  ot  \aiious  tiinspaient 
substances,  —  the  theoiy  easil}  loads  to  the  usual 
coiiect  la\\^,  —  ^  II,  the  magnetic  ictation  of  the  plint  c»t 
light,  and  §  III  the  aberiation  of  light  \\hen  the  transmitting  bo<l\ 
ib  in  motion,  —  Fresnel  b  foimuh  for  the  \elocit>  ui  tlu  \\  I\L  i»l  lisrht 

T   E    PT    II  10 
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10  terms  of  the  velocity  of  the  medium  and  its  refractive  index 
being  deduced.    A  more  complete  consideration  of  the  problem 
of  a,b«rra&OB  will  be  found  in  the  Note  CompUmentaire  of  1873 
866  our  Art 


[1488]    Bwr  le$  lots  qui  rtgissent,  &  une  premiere  approxi- 
les  onds$  lumtneuses  propag^es  dans  un  milieu  homog&ne 
&  £m»Mpar0ni  dune  oonte&ture  guelconque     Journal  de  math6- 
wfrquss,  T  xvn,  pp  167-76     Paris,  1872 

lyoag  the  equations  of  his  memoir  of  1868  (see  our  Art 
1480)  of  the  type 


Boufisaoeeq  neglects  the  rotatory  and  dispersive  powers  of  the 
medium  and  supposes  HI,  tfi,  and  w1  to  be  linear  functions  of 
u,  «,  ta  He  shews  that  by  a  proper  choice  of  axes,  they  can  be 
given  by 

U,  =  CM  —  %V  +  €W, 


Wl  =  yW  —  €16  -f    V, 

where  a,  &  7,  S,  e,  %  are  constants  depending  on  the  nature  of  the 
medium  All  known  transparent  bodies  are  but  slightly  aeolo- 
tropic  from  the  optical  standpoint  and  hence  a  -  ft  /3  —  7,  7  —  a, 
S,  €,  f  are  very  small  quantities  Boussmesq  on  this  assumption 
m\i-n.rau.->  the  motion  of  plane-  waves  in  such  a  medium  If 
8,  e,  £  be  zero,  he  deduces  formulae  agreeing  with  those  of  Fresnel 
for  double  refraction  If  they  be  not  zero,  there  are  two  waves 
whose  vibrations  are  very  nearly  but  not  accurately  transverse  Bous- 
smesq studies  the  laws  of  these  quasi-  transverse  waves,  and  she\\s 
that  they  may  be  enunciated,  like  those  foi  the  accuiately  transveise 
waves  of  Fresnel  by  the  use  of  the  optic  ellipsoid  of  elasticity'  with 
the  aid  of  a  certain  right  line  of  given  length  or  '  optical  axis 
of  abymmeti}  ',  which  pabbes  in  a  given  direction  through  the 
centre  of  the  ellipsoid  Foi  crystals  which  have  one  of  their 
i  nit  it^.l  axes  perpendicular  to  the  plane  of  the  others, 
Bousfciue^q's  results  agree  \\ith  those  of  Fiesnel  For  crystals, 
\\herc  this  perpendicularity  does  not  hold,  this  agreement  is  not  a 
necessity  ot  BUUSSIIK-UIS  mil}&is,  and  special  expeiiments,  Bous- 
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sinesq  considers,  would  have  to  be  made  to  determine  whether 
these  crvstals  also  may  be  considered  as  having  three  rectangular 
planes  of  optical  symmetry  (FresBeFs  hypothesis)  or  whether  they 
obey  the  more  general  laws  possible  according  to  the  present 
memoir 

[1484  ]  There  can  be  little  doubt,  having  regaid  both  to  iba 
comprehensiveness  of  its  results  and  to  the  clearness  of  its  hypo- 
theses, that  Boussinesq's  elastic  theory  of  light  is  in  most  respects 
superior  to  the  elastic  theories  proposed  by  MacGullagh,  Neumann, 
Green,  Lam6  and  others  Should  elastic  theories  be  destined,  as 
seems  probable,  to  be  replaced  by  an  electro-magnetic  theory,  there 
are  yet,  probably,  many  points  of  Boussmesq's  mves&gatioBfi  which 
might  be  usefully  transferred  from  the  one  theory  to  the  other1 


SECTION  III 

The  Application  of  Potentials  to  the  Theory  of  Elasticity 

[1485]  Les  dtplacements  quenti  ainent  de  petites  dilatations 
ou  condensations  quelconques  pioduites,  dans  tout  milieu  hoinogbie 
et  isotrope  indefim,  sont  calculdbles  a  la  manuie  dune  attraction 
neiutomenne  Comptes  tendus,"!  xcrv  ,  pp  1648-50  Pans,  1882 

The  body-shift  equations  for  small  vibrations  may  be  ^ntten 
in  the  form 


where  62  =  /M/p  and  a°  =  (X  +  2/*)  p    see  our  Ai  t   1  394- 
We  have  at  once 

d0'df  =  a*0  (ii) 

Let  6  at  the  point  /4  ylt  :1  be  gntn  b)  0(jlt  yl  ^  0  and  let 
us  considei  mittei  distnbutccl  thioughout  ^pace  of  \\hich  tht 
density  at  time  t  equils  6  4?r  thus  this  <1«  n^it\  \\ill  \  ^n  \\ith 

1  That  tbc  m\ Litigations  ot  the  thi  tu  theoi>  of  h{»ht  art  not  lendeied  uturh 
u»eless  b>  tht,  adoption  of  othei  constitutions  foi  the  ethei  hats  been  3  united  in 
by  bii  William  Thomson  in  a  papu  published  toi  the  tii^t  time  in  \  1  in  f  In 
M<.ithtiiiati(.al  and  Physical  Pupa  pp  4H> — <>"  Cimbrid^e  1s*  <0 
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the  tame    lie  potential  at  a  point  x,  y,  z  distant  r  from  wl9  ylt  ^ 
mil  be 


where  <fer  is  an  element  of  volume  at  a?,,  yt,  #, 

Then  V*<E>  =  -  6  («,  y,  0,  0  (iv), 

by  Poissoa's  Theorem 

now  puts 


referring  to  equations  (i)  and  (11)  His  first  equality  seems  to  me 
legitimate  oaly  if  we  suppose  0  and  dBjdac,  dOJdy,  ddjdz  to 
ro&ifiik  at  an  infinite  distance  For,  I  presume,  it  is  obtained 

by  putting  j~  (-}  =  - 3—  ( -J  and  integrating  by  parts  Whence 
if  do-  be  an  element  of  an  infinite  bounding  surface  we  must  have 

1 1 *-JLi — - —  da~  and  I  / 7  / 1? — — — Mr —  dcr  zero 

JJ  r  JJi     d(xvyl)zl) 

Thus  we  find  that  0  and  <I>  are  to  be  found  from  the  equations 

d?$>/df  =  a*V*<I>,    and     V2*  =  -  0, 
while  (i)  gives  us  for  the  corresponding  parts  of  the  shifts 

Thus  the  shifts  are  equal  to  the  Newtonian  attractions  due  to 
a  distribution  of  matter  of  density  varying  with  the  time  and 
proportional  to  the  con  espon  ding  dilatation 

In  addition  to  the  above  there  may  be  parts  of  u,  v,  w  foi 
which  0  =  0,  they  are  evidently  given  from  (i)  by  sohmg  the 
equations 

—  (w  v  w)  =  VV>(<i 

If  we  integrate  both  sides  of  equation  (n)  over  the  volume 
of  a  surface  so  large  that  dO/dx,  d6/dy,  dOfdz  vanish  at  its 
boundar},  \ve  ha\e 

d* 


or  Jfj0cfo  is  constant  thiough  the  motion      Thus  the  total  mass 
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of  which  <I>  is  the  potential  is  constant  aod  finite  if  6  initially 
does  not  differ  from  zero  except  in  limited  regiona  From  tints 
result  Boussinesq  (p  1650)  easily  deduces  fcbat  the  potential 
<£>  due  to  6  tends  to  zero  as  the  time  rneareasea 

[1486]  Application  des  p^K^is  d  F^&de  de  F4gwMre  ^  ^ 
mouvement  des  sol^des  &a$kque$,  prin&palement  au  ccdcul  des 
deformations  et  des  pressrons  que  prodms&ti,  dans  oes  solidss,  des 
efforts  quelconques  exercte  swr  une  pefate  portoe  de  four  &vrfi*06  0m 
de  leur  intfrieur,  Memoire  suim  de  nates  ^endues  sur  dwerspomti 
de  physique  matfidmafoque  et  dwM&yse.  Pans,  18&5  This  wodk 
of  722  pages  is  the  most  considerable  contribution  of  BooseaBeeq 
to  the  theory  of  Elasticity 

This  volume  also  forms  T  xin  of  the  Recw&de  faSo&f&dte  &x9*ass 
deLitte  Lille,  1885  Porkons  of  its  <x>ntentB  appeared  in  sejpara 


contributed  to  the  Comptes  rendus  for  the  years  1878-83  see  T 

pp   1260-3,  T    LXXXVIL,  pp    402-5,  519-22,  687-9,  978-$, 

T  LXXXVIII,  pp   277-9,  331-3,  375-8,  701-4,  741-3,  T  xcm.,  pp*. 

703-6,  783-5  ,  T  xcv  ,  pp  1052-4  ,  1149-52  ,  T  xcvi  ,  pp.  245-8     In 

addition  certain  results  of  the  theory  were  published  by  Saint-  Venant 

on  pp  374-407  a  and  pp  881-8  of  the  French  edition  of  Cl&b&b    see 

our  Art  338 

The  object  of  the  work  is  summed  up  on  pp  15-19  of  the 
Introduction  But  et  resume  de  ce  it  avail  It  is  to  discuss  the 
solution  of  the  following  three  problems 

(a)  A  small  portion  of  the  surface  ol  a  large  mass  of  elastic 
material  is  subjected  to  local  stress,  it  is  required  to  find  the  strain 
at  other  points 

(b)  A  small  portion  of  the  surface  of  a  laige  mass  of  elastic 
material  is  subjected  to  a  gi\en  deformation,  to  tind  the  stresses 
due  to  this  defoimation 

(c)  A  small  portion  of  the  interior  of  a  large  mabs  ut  elastic 
material  is  subjected  to  a  given  bod\  foice  (eg  magnetic  action) 
to  find  the  sti  mib  pioduced  b}  thib  both  foue 

In  sohiug  thebe  pioblems  Boiibbiiii  sq  um^ukrs  tht  *>hiit>  oi 
the  mateiial  to  bt  zuo  at  an  inhnitt  dibtanct  truin  the  bimll 
portion  subjected  to  locd  loid,  but  lu  lemnk^  that  thi^  n»nditioii 
ib  only  intioduud  to  h\  oiu 
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lee  pii&Lom^aee  produits  dans  cette  region  resteraient, 
i  peu  pres  les  mtoes,  $1  le  corps  Stait  entierement  libre 
Fespaoe,  cor  ses  parties  eloignees,  vu  la  grandeur  relative  de  leur 
due  «fc,  par  suite,  de  lenr  masse  totale,  seraient  maintenues  sen- 
eiblemeat  immobiles  par  lenr  mertie,  durant  bien  plus  de  temps  qu'il 
4cai  Mlot*  a  la  petite  partie,  de  masse  insignifiante,  qui  est  con- 
in  region  d'&pphcation  des  forces  exerc^es,  pour  suivre  les 
ns  qa'on  Im  impnme  et  se  mettre  dans  un  e"tat  quasi-permanent 
d^orma&on  at  de  tension,  c'est-a-dire  a  fort  peu  pres,  dans  Petat 
£*$$tti!ibrfc  oorreapondant  a  ia  fixation  de  Tensemble  du  corps  et  a 
%it»&8iM  acfenelle  effeefeve  des  actions  exte*neures  qu'il  supporte  a 
1'sadroit  que  1'on  ooBsidfere  (p.  19) 


The  woark  -will  thus  be  seen  to  deal  with  the  influence  of  local 
sfcreas  or  sfcram  in  producing  stress  or  strain  at  other  parts  of  an 
ekekc  solid 


We  need  not  stay  long  over  pp  15-49  of  the  work, 
which  give  a  brief  rfaumi  of  the  conclusions  reached  in  the 
remainder  of  the  volume  We  may,  howevei,  just  refer  to  one  or 
two  points  m  these  pages 

S)     L&m£  and  Clapeyron's  solution  of  the  pioblem  of  an  infinite 

B  solid  bounded  by  a  plane  subjected  to  an  arbitrary  distribution 

.  .active  load  (see  our  Art  1018*)  is  noticed  on  pp   19-23      Boussi- 

neeq  remarks  on  the  extreme  difficulty  of  obtaining  physical  results 

from  a  solution  in  quadruple  integrals 

Further  with    regard    to    Lame",    Boussmesq    points   out   that   if 
U  —  fdm/r  be  the  ordinary  potential  of  a  mass  m9  then  just  as 


p  being  the  density,  so  if  V=fidm  be  the  'dnect  potential/  then 
X^V  F--87rp  and  is  not  zeio  as  Lame  supposes  see  our  Ait  1062* 
Lamp's  solution  thus  applies  only  to  elastic  cases  \\heie  thcie  is  no 
internal  action  (repiesented  by  p),  but  the  'direct  potential'  has  most 
\alue  m  exactly  the  le  verse  case,  where  there  is  mteinal  action  or  p 
cannot  be  put  zero  (pp  31-3) 

(b)  Pp   23-36  give  an  iceount  of  the  action  of  local  stresses  which 
deserves  very  careful  study  by  those  who  asseit  that  the  m  \thema 
ticians  have  failed  to  peiceive  the  influence  of  surface  loading  111  pro 
ducing  local  strain      The  sever  il  points  of  this  leswnt  are  discusbed  at 
greater  length  in  our  tieatment  of  the  body  of  the  book  itself 

(c)  On  pp   35-6  Boussmesq  points  out  that  a  "  local  peitiubation", 
or  local  strun  pioduced  by  the  local  application  of  a  load  system  in 
statu  il  equilibrium,  decreises  less  rapidly  with  the  distance  in  the  case 
of  i  body  vMth  its  tlnce  dimensions  compaiable  among  themselves,  than 
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when  one  or  two  of  its  dimensions  are  email  as  compared  wifcfe  *  tfaird. 
For  example  the  influence  of  toraonal  couples  applied  round  tfcte  nonaa! 
to  the  contour  of  a  plate  has  been  shewn  by  Thomson  and  Taii  (see  our 
Art  1523)  to  be  practically  insensible  at  twice  the  thickness  of  the 
plate  from  the  edge,  but  the  strain  produced  by  a  eunilar  local  appli- 
cation of  forces  in  equilibrium  to  the  surface  of  an  infinite  elastic  maos 
only  decreases  as  we  depart  from  the  centre  of  application  inversely 
as  the  cube  of  the  distance  see  our  Art  1521 


(d)  §  8  of  the  Introduction  (pp   36-41}  contains  some 
remarks  on  the  difference  between  solutions  by  'potentials'  and  by 
Fourier's  series,  the  former  tending  in  many  cases  to  exhibit  and  tbe 
latter  to  obscure  the  physical  laws  of  the  phenomena  investigated-    To 
obtain  the  physical  characteristics  of  a  phenomenon  we  want  to  ascertain 
how  a  small  action  at  one  point  influences  the  condition  of  affairs  at  a 
second,  and  we  shall  rarely  be  able  to  ascertain  this  from  a  Fourier's 
senes  when  we  increase  indefinitely  the  dimensions  of  a  medium  in  two 
or  more  directions.    The  Fourier's  senes  will  then  m  general  be  replaced 
by  a  multiple  integral,  and  the  evaluation  of  this  integral  with  respect 
to  certain  auxiliary  variables  leads  to  a  simpler  sola&on,  which  it  wiH 
generally  be  needful  to  further  integrate  over  the  region  to  which  tb& 
action  has  been  applied      This  simpler  solution  is  what  is  more  directly 
obtained  by  the  method  of  potentials. 

(e)  Finally  we  may  note  that  pp   42-9  give  a  restwie  of  some 
interesting  general  properties  of  the  potential      One  of  these   is  of 
considerable  mteie&t  and  simplicity,  and  accoiding  to  Boussinesq  it  had 
not   yet  been  noticed      It  consists  in  the  following  statement     The 
Laplacian  V    of  any  function  at  a  point  is  equal  to  one  third  of  the 
mean  value  of  the  second  denvative  of  the  function   taken  for  all 
possible  diiections  lound  the  point  (p  44) 

[1488]     Boussmesq   next   discusses  and   defines  the  \arious 
types  of  potential  with  which  he  is  about  to  deal 

Let   dm  be  the  element  of  a  masb  in  situated  at  the  point 
et  the  integration  be  o\er  the  \\hule  of  the  mabb  in 


Then,  if  ?  =  \f(j  -  ^)  +  (y-yj  +  (2  -  *i)  >  *t  ha\e  the  lolloping 
types  oi  potential  at  the  point  d,  y}  z 

the  oidmaiy  or  invei  se  potential  U=     —  (in) 

the  dii  ect  potential                       V  =  /  ?  dm  ,  (  n) 

(^ec  ma  An   1002*) 
the  loganth  nut,  potential  with  tluee  laiialle* 

^  =  |  loo  (  z  -  zl  +  /  )  dm  (  \  > 
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l&fcfeer  Will  be  called  the  first  logarithmic  potential ,  Bous- 
smeeq  rn&xxfeuses  the  words  'with  three  variables'  to  distinguish 
ifc  from  the  oykndncal  potential  or  logarithmic  potential  with  two 
wnaUes  gwea  by  flogrdm,  where  r  =  A/(tf-<*a)2  +  (y--y1)2 

Finally  we  have 
fee  s&xmd  loff&ntfumc  p&tenfaat  wtih  three  variables, 

W  =/[-  r  4- (*  -  ^t)  log  (s  -  £1  +  r)]  dm,  (vi) 

If  $j  =  0,  or  the  matter  be  spread  over  the  plane  xy  we  have 
f»»/log(*-f-r)<£m,  which  is  the  form  in  which  we  shall  generally 
tore  to  deal  with  it 


(vn) 


Hence  rf  V8Z7  =  0,  we  have  at  once  V-i/r  =  0  and 
Further,  as  in  our  Art  1062*  V2VJF=  2V2 /7=  0  These  relations 
are  deduced  on  the  supposition  that  none  of  the  matter  m  lies  in 
the  space  wvthin  which  we  are  considering  the  values  of  these 
potentials  (pp  57-61) 

[14*89  ]  The  most  general  types  of  solution  by  aid  of  potential 
functions  are  given  by  Boussmesq  in  a  memoir  of  1888  entitled 

ffdasticite  d'un  solide  sans  pesanteur,  homogbne  et 
e,  dont  les  parties  profondes  sont  maintenues  fixes  pendant 
que  sa  surface  dprouve  des  pressions  on  des  deplacements  connus, 
s'annulant  hors  dune  region  restreinte  oh  ils  sont  arbitraires 
Gomptes  rendus,  T  cvi  pp  1043-8  and  1119-23  Parib,  1888 

I  propose  to  indicate  Boussmesq's  solutions  at  this  stage  and 
return  for  the  discussion  of  special  cases  to  the  Application  des 
potentiels 

Boussmesq's  problem  is  described  in  the  following  woids 

Comme  k  coips  dont  il  sagit  n'est  a  consideier  que  dans  IP  voisinage 
de  sa  region  superfacielle,  sensiblement  plant,  assujettie  aux  piessions 
ou  aux  deplacements  de  \aleurs  auties  que  zeio,  Ton  peut,  en  adoptant 
poui  plan  des  iy  le  pi  in  tangent  en  un  point  cential  de  cette  legion  et 
poui  i\e  dt  z  la  noumle  conespondinte  dmgee  vers  linterieur,  le 
regaidei  commc  lunitc  dun  cote  pu  ce  pi  in  et  indefim  dans  tous  les 
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autres  sens,  ou  comme  remphssant  la  moitt6  de  I'espaee  oi  les  onloaudcB 
#.sont  positives  (p  1043) 

Boussmesq  supposes  biconstaat  isotropy     He  wntee  at  the 
surface  #  =  0 


where  p*,  jfy,  pZ)  u^  VQ,  WQ  are  functions  of  x  and  y  only  Further 
he  considers  u,  v,  w  and  u,,  vf  ,  w9>  to  vanish  at  infinity  He  thea 
proposes  to  solve  the  body-shift  equations  of  type1 

dff 


(where  A  =  1  —  2ij,  y  being  the  sferetch-squeeze  rataoX  adbjeei  to  one 

of  the  following  conditions 

(a)  u0,  v0  and  w0  are  known  functions  of  a?  and  y  , 

(6)  pxi  py  and  pg  are  known  functions  of  x  and  y  , 
(c)     MO>  ^o  and  ^}w  are  known  functions  of  x  and  y  , 

(cZ)  #r,  py  and  wa  are  known  functions  of  x  and  y 

The  sub-case  of  (6)  where  pz  is  arbitrary,  but  px  =  /)(/  =  0,  had 
been  solved  in  1828  by  Lame  and  Clapeyron  by  aid  of  quadruple 
integrals  see  our  Art  1019*  A  simplified  form  of  this  case  had 
been  given  by  Boussmesq  in  1878,  and  the  complete  solutions  ot 
(a)  and  (6)  before  the  end  of  1882  In  (a)  and  (6)  howexer  he  had 
been  preceded  by  V  Cerruti  (Riceiche  intoino  all9  equihbno  de 
cot  pi  elastici  isottopi  Reale  Accadeima  dei  Lmcei,  Seine  3fl, 
Memone  della  Classe  fa  scienze  faiche  T  \in  pp  bl-122 
Roma,  1882)  In  the  memoir  ol  ISbb  Boussmesq  sohe&  for  the 
hi  bt  time  (c)  and  the  most  general  form  of  (d) 

[1490  ]  Let  U,  V,  W,  <£,  ^,  0>  be  functions  of  /;  //,  z  which  ha\e 
then  Laplacian  V  zero,  and  then  dematnes  in  JL,  //,  ;  hnite  \nd 

1  He  states  this  pioblem  in  a  slightly  diffeient  form  on  pp  ^0—  3  of  hib 
Application  dts  pottntich  and  sho\\&  on  pp  o4  -b  that  the  solution  i  uniqut 
foi  the  case  (b)  lefeiied  to  belo\\  His  method  is  simikr  to  that  of  Kiichhoff 
and  Clebsch  see  our  Aits  1278  and  1331 


8*2 


Ibar »»  0,  then  if  &' 
systems  of  solutions  for  (m) 


[1491 
we  have  the  following  two 

dU     z  d  fdU    dV    dW\    \ 


d*      K  dy  \dx      dy  ^  dz  )  > 
dW     z   d  fdU     dV     dW\ 
dz      k'  dz  \dx      dy      dz  ) 


d<f>     *  cfe    Oc^ 

s-~  -Tt-r-x-Tp, 

dx     k  dx        dy 


Tfeese  results  may  be  easily  verified  by  substitution  in  (111) 
solution  (v)  leads  at  once  by  (i),  for  *  =  0,  to 


dxdz' 


d 


(VI) 


By  aid  of  (iv)— (vi)  we  can  now  indicate  the  method  of  solving  the 
several  cases  (a),  (6),  (c)  and  (d) 


[U91  I  Case  (a)  Take  U,  V,  W  the  potential,  due  to  distil 
butions  of  matter  of  densities  -  UJ2*9  -vjfr,  -w^  respectively 
over  the  plane  xy,  then  t*,  w,  w  will  satisfy  the  body  shift  equations 
vanish  at  an  infinite  distance  from  the  oiigm  of  distuibanoe  and  be 
equal  to  «0,  v0,  u0  at  the  plane  xy  Thus  we  ha\e 
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where  r  is  the  distance  between  the  point  of  the  plane  a  =  0  at  which 
the  shift  is  %0,  «?0,  WQ  and  the  point  of  the  mass  at  which  the 
is  w,  v,  t0 


[1492  ]     Cose  (6).     We  may  divide  this  into  two  sab^aaes, 
combined  will  give  us  the  general  solution  lor  the  case  of  any  sorfwae 
loading 

Subcase  (i)     px=p1/-&,  ;?a  =  any  arbitrary  function  of  *  and 
This  is  Lame  and  Clapeyron's  case 

In  equations  (vi)  put  ^  =  0  and  #c&£/dk-f  &#  =  0,  aad  we 
=  1apz,  when  «=0 


Assume 


^  ff 

^g^  // 


whence 


(TOl). 


Let  po  l»  the  trae  iw>rmal  pressure  =  2^>«  then  by  aid  of  (v)  and 
(viu)  we  find  the  following  general  expressions  for  the  shifts,  etc. 


where  da>  is  an  element  of  the  plane  xy 

[1493  ]     Boussmesq  in  his  Application  des  poteiriwk     (pp    65-6) 
obtains,  for  2  =  0,  the  values  of  fj(zpdu)lr3)  and  Jj(sWo>  r5),  where  f*l<*>  is 
an  element  at  o^,  fa  of  a  mass  distributed  ovei  the  suiface  ;=  0,  and 
?  ib  the  distance  of  #,  y,  ~  fiom  this  element      He  writes 
a*  -  *  +  R  cos  x ,     yi  -  ^  -r  R  &m  x, 

and  therefoie  >-  -  »  +  ^? 

Whence,  it  we  put  R  -=  ^7,  ^  -  ^  (-  constant),  \v  e  ha\  e,  it  p  ( > , ,  z/i) 
be  the  value  of  p  at  als  y^ 


,  \\  hen  *  =  0 


(X) 


biuiihrly 


f/^ 
H 


-       p 
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Tkm  wefiaa  lor  the  value  of  0in  (ix)  when  z  =  0,  0  =  -#,/(*•  +  A*) 
&sr  we  liave  (dwjd*)»+  =  -  ip«/(x  +  A1)     Tiius  ^^  the  Dilatation 
(Le.  m  tins  case  negative,  or  a  rarefaction)  and  the  squeeze  at  the 
are  proportional  to  the  normal  pressure     The  former  of  these 
b$en  previously  obtained  by  Lame"  and  Olapeyron    see  our 


It  will  be  noted  that  in  this  subcase 

£-£»0,    and    %*-$*=0  (xi) 

efy     da?      '  dy      da  ^    ' 

Tbe  first  of  these  equations  expresses  that  the  twist  about  the  axis 
of  «  is  zero, 

[1404]    Subcase  (u)      Let  us  take  <f>=  -  j—  -  ^  -^  m  (vi),  then  we 


33AT6  besides  «>, 

.       *    ,      ^i    1 
Aas  ^  ,     . 

(xu)  * 


whence,  remembering  V4<^  and  V^  are  both  zero,  we  have  foi  z  =  0 


Boussinesq  now  takes  for  $  and  ^  second  logarithmic  potentials 
(see  our  Art  1488),  for  which  we  have  the  second  differential  in  z 
equal  to  the  ordinary  potential 

Let  /Si  and  #2  be  the  shearing  loads  applied  to  the  sui  face  s  =  0 
parallel  to  the  axes  of  x  and  y  ,  then  &\  =  2  ftp*,  S  '  =  2/x,^,  and 


^*  =  l~"rl  (&*i     dS\      <?<t>i-_L  (d$±  _  <ti>\ 
dtf        p.     \dx  +  dy)  '    ~dzs  ~     2p.  \dy  ~  dx)  ' 

whence  we  can  satisfy  all  the  conditions  by  taking 


(xiv) 


Equations  (vin)  ueie  fust  obtained  b}  Bousbinesq,  and  aie  given  011 
|>  60  of  his  Ijijjfictttion  </ts  pvttntiel*  Then  solution  (xiv)  ig»  due  to 
Cerniti  the  above  method  of  reaching  tint  solution  is,  however, 
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Boussmesq's     We  have  only  to  sabBktste  (xiv)  IB  (v)  to  completely 
solve  this  Subcase.     Thus  we  have  obtained  solutions  of  Case*  (a) 


(&)  m  terms  ©^generalised  potentialfi.     Similar  mveetagationfl  ooeopy 

*-6  oflha  Ztafi&L 


pp    62-80  of  Boussinesq's  Treats    On  pp.  182-6  w 

however,  Boussmesq  puts  into  a  slightly  more  compact  form  the  rescdtB 
of  Case  (b)     Let  us  re-wnte  our  conclusions  in  the  following  j 

Subcase  (i) 


— . 

tic     kdxdz' 


_ 

""  %     kdydz3 


Here,  if 


Subcase  (11) 


(*  T  r)  -  r 

jL^? 

4fur   cfo 


1  ^ 
]feS? 

we  have 


u  =  V-  + 


<&e      1  +k  dxdz 


__  __ _ __»       i 

' ""     1  +  k  dz 


O        T*l  jgj    __ 


dy' 


yz 


2ft 


l+kdycb     dxds' 


Here,  if 


and 


(\M) 

Hence  \\e  fand  foi  (\v)  ind  (\M)  combined  the  stiesses  across  ai 
plane  parallel  to  the  boundary 

_   _   _        1    d  ~ 


Foi  a  single  element  of  suiface  stress  /v 
deduce  lemembeiiug  the  relations  (MI)  of  Ait 


„.  .  C/-»tt  Ul 

)=r"  2W3 


(\\lll) 
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How  ttae  ksfe  faofcor  in  each  case  is  the  direction-cosine  of  the  ray 
joining  the  elementary  area  parallel  to  the  surface  at  a  point  P  with 
sfe  which  the  load  is  applied  ,  further,  the  factor 


is  the  component  of  the  load  parallel  to  OP ,  hence  Boussmesq  (p  187) 
propounds  the  following  law 

Toute  action  ext&ieure  eaterc6e  en  un  point  de  la  surface  d'un  sohde  se 
tewwaaaet  fc  Pint&ieur,  sur  las  couches  mat^nelles  parall&les  &  la  surface,  sous 
1*  fbrn>e  <ita  preseions  dingoes  exacteinent  a  Fopposd  de  ce  point,  et  qui  ^galent, 
pour  Piaiut^  d'tee,  te  proauit  du  coefficient  3/2?r  par  la  composante,  suivant 
mm  propre  secfl,  de  !a  force  ext^neure  donnee,  par  Tinverse  du  carr^  de  la 
cbsfcaioe  r  au  mtoe  point  d^apphcation  et  par  le  rapport  de  la  profondeur  z 
da  k  oooobe  k  oette  distance  r 


(c)     *%,  v0  and  pz  given  over  z  =  0 

e  can  oombnie  (iv)  and  (v)  of  Art  1490  in  the  following  manner 
IF=0,  ^  =  <h  =  0     We  have  at  the  surface1  z  =  0 

dss  dz  k'  \  dx      c 

These  lead  us  at  once  to 


k        f  d  [fuQd<i>       d   ffv^d^ 


'•!] 


we  find  finally 


(xix) 


dV 


[U96]    C«se  (</)      ;/,  and  ;i  ,  ^  gnen  ovei   ~  =  0      In  this  case 

1  \\  e  easilj  deduce  the  last  of  these  equations  from 
„/„  /,j  ),     =  -]  f'llL  +  -£.\    and  „         /  - 

'     V/(       ''«//  ' 


1496] 
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combining  (iv)  and  (v)  we  take  U=  7=0  and  d$/dz -f  ^= 0,  wkeaee  at 
the  surface  z  -=  0  we  have 


(xxi). 


F» — ;~52r5£~P93i  J 

From  the  last  two  equations  we  find  over  z  »  0 


<^<k^    /dpm__ 
d?P        \  dy 


Whence 


where 


dx> 

Pc  =  fj(z  log  (*  +  r)  -  r 
Py  =  //(« log  («  +  r )  -  r 


(zm) 


I**.. 


Substituting  these  values  of  <^>,  <^  and   IT  m  (iv)  and  (\  ),  we  find 
aftei  some  reductions 


1 


7          2ir(l+k)dy* 

l  a  rr«6rfai          1 


whei  e 


?t\  c 


(\\m) 


This  completes  the  set  of  solutions  pioposed  1>\  Boussinesq  is  tht 
subject  of  his  in  em  on  We  \vill  no\s  letinu  to  his  -I//;  Ittaftt  n  d^^ 
potentietb,  leternng  \\heie  necessii)  to  the  \bo\e  ecju-ition^  (i) — (\\iii) 
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In  the  j4j?pJtca&0?*  (fes  pvtentwls  Boussinesq  discusses 
(b)  above  by  constructing  it  from  three  simpler  types  of 
(pp  62~80>  For  each  of  these  three  simpler  types  he 
analyses  the  nature  of  the  shifts,  strains  and  stresses  due  to  a 
element  of  the  potential  expressions  (pp  81-98,  and  107-8). 
Tlteeee  investigations,  interesting  as  they  undoubtedly  are,  have  still 
not  the  same  practical  importance  as  that  which  corresponds  to 
on*  Case  (i),  Subcase  (i),  for  a  simple  pressure  upon  a  small 
element  of  ihe  surface  This  occupies  pp  99-107,  and  we  must 
90i0e  further  space  to  it 


Referring  to  our  equations  (ix)  let  us  consider  only  the  element 
^  w  Z»  of  Boroal  pressure  on  the  surface  Let  U  represent  the  shift 
parallel  to  the  surface  at  a«ny  point  distant  r  from  the  loaded  element  in 
it  direction  making  an  angle  a  with  the  direction  of  the  pressure,  and 
let «?  be  the  shift  perpendicular  to  the  surface,  then  we  easily  find  foi 
points  outside  d& 


jjJP^v  Jcosa-- i-j-sina, 

•'  I  1  +cosaj 

(xxiv) 


Z7  is  obviously  zero  for  a  =  0,  and  again1  foi  a  =  cos~1J(>/5  —  807—  1) 
Between  these  values  ?7  is  positive,  while  between  the  lattei  value  and 
90°  it  is  negative  For  a  =  90°,  we  have 

i_2l?)     and     TF 
" 

or  we  see  that  each  circle  on  the  surface  is  depiessed  moie  than  its 
radius  is  diminished 

Although  the  formulae  (xxiv)  do  not  hold  when  ?  is  vanishmgly 
small,  they  still  do  not  give  infinite  values  foi  U  and  w,  for  du  will  be 
of  the  order  r3  and  theiefoie  ofo/?  \anishes  for  an  infinitely  small 
element  \\e  are  obliged  in  fact  for  the  shifts  near  7  =  0  to  retuin  to 
the  more  complete  foimula  (ix)  On  the  othei  hand,  if  pti  and  du  he 
V>oth  nnitc,  (\\iv)  \nll  hold  foi  all  points  of  the  body  sufficiently  distant 
from  this  region  (p  104) 

Turning  to  the  sti  esses,  Bous&mesq  detei  mines  what  is  the  total 
stress  across  an  eltmentu\  plane  perpendicular  to  the  axib  of  z,  in  othei 
\\oids  \\e  ha\e  to  detei  mine  ~  and  Tf,  wheie  R  =.  N/>  -  z  is  the 

i  If  i  vanes  from  i(i  e  foi  M  =  0)  to  }  (i  e  foi  x  =  /i)  this  angle  decieases  from 
MU  to  by  3Z  about 
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dislaaoe  from  the  axis  of  #  to  the  point  at  which  we  are 
tbe  streea     By  the  aid  of  0  as  given  in  (ix)  we  easily 


honr), 


Thus  the  stress  across  any  elementary  plane  parallel  to  the 
bounding  surface  =    f**  ~~~$    sad  is  du^cted  fiom  the  point  at 


winch,  the  elementary  pressure  p&a  is  applied1     From  the  result 
Botissmesq  draws  the  following  conclusion  (pi.  105) 

Throughout  the  whole  surface  of  a  sphere  touching  tks  a&rfacs  of 
the  ff&wn  plane  at  thepcmt&fappkcakonofiken^^ 
the  stress,  which  cm  elementary  plane  parallel  to  tke  svrfcux  of  Ae 
subjected  to,  is  oomstoit  It  mrt^  farecdy  w  ike  /on» 
ckreded  along  the  chord  from  $&  pomt  of  applwcfatm  and 
for  different  spheres  vanes  inversely  OB  their  surfaces 

This  result  is  independent  of  the  elastic  constants  of  the 
material,  thus  we  see  that  the  distribution  of  stress  over  any 
plane  parallel  to  the  surface  is  the  same  for  all  isotropic  bodies 
(p  106)  see  our  Art  1494,  Subcase  (i) 

[1498  ]  Botissinesq  next  proceeds  to  discuss  the  depressions 
upon  the  plane  surface  of  an  indefinitely  great  elastic  solid  due 
to  various  distributions  of  normal  pressure  (pp  109-201) 

The  \alue  of  w{))  or  the  surface  depression,  ib  given  \try  easily  b} 
(ix),  it  is 


Now  suppose  JP,,  taken  as  a  sin  face  density,  ind  let  u>>  choose  as 
origin  of  cooi  dilutes  the  centioid  and  as  \xes  ot  L  ind  y  tlu  piuicipil 
ixes  of  this  distubution  of  matter  If  P  be  tla  totil  pitssur*  iml 
A,,  A  the  s\\ing  iicln  of  p^  lound  the  ixes  ol  L  ind  y  Kspectmh, 
fuithei  if 


1  Bous«iinc«?q  has  applied  this  result  to  an  interesting    pecial  ca^e  bcainv  on 
the  influence  ot  suiface  loading  in  the  piublem  of  beam-    1  luh  ophtt.  */  MH  n  </ 
Vol  82  pp    163-4      London   1S01 

T   E  PI    II  1" 
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<mi  fcbeorejn  in  potentials  due  to  Poisson   (see 
o*»  SMtcs,  Yol  n  ,  p  307,  1889)  we  have  approxi 


Hus  may  bo  written 


— 
l&e  BEtaxnatim  value  possible  for  the  term      *        *coB2x  is 


act  gre§#$r  fcban  unity  and  JTj*  +  ^82  must  be  less  than  the  square  of  the 
greatest  radius-vector  of  the  area  to  which  the  pressure  is  applied,  hence 


.    ,  .     /maximum  radius  vectory 

W6  we  ft&  most  neglecting  only  (  — _ — — ^ =-  1  ot  the  : 

\  distance  from  centroid  / 

Thus  m  the  case  of  pressure  applied  to  an  area  the  depression  at  a 
distance  ten  times  the  maximum  radius-vector  would  be  given  with 
lees  than  1  p  c.  error  by  (xxvm)  It  is  often  much  less  than  this,  thus 
for  uniform  pressure  over  a  circular  area,  the  depression  at  4  times  the 
radius  is  given  by  (xxvm)  with  less  than  8  p  c  error 

We  may  note  another  point  with  regard  to  the  above  result 
Suppose  the  total  force  PQ  to  be  zero^  then  it  does  not  follow  that 
P0  (-£7  -f  Rf)  will  be  zero,  but  we  see  that  a  system  of  pi  essures  in 
statical  equilibrium,  if  applied  to  a  small  region  on  the  surface  of  the 
body  will  not  produce  a  sensible  depression  at  a  small  distance  from 
that  region,  i  e  the  depression  diminishes  as  the  m\  erse  cube  of  the 
distance  (pp  118-9) 

[1499  ]  Returning  to  (xxvi)  -we  can,  either  by  direct  expansion  01 
by  an  easy  application  of  Legendre's  coefficients  (see  Ferrers'  Sphemcal 
Harmomcs,  Chapter  III),  find  WQ  foi  a  distribution  of  pies&ure 
symmetrical  round  a  point  of  the  surface  We  should  have  p0  =f  (p), 
if  p  be  the  radius  vector,  and  if  pl  be  the  limiting  radius  of  the  area  to 
which  we  apply  pressure,  R  the  distance  from  its  centie  of  the  point  on 
the  surface  at  winch  the  depression  is  w0  we  obtain 

Wu=1-'?  f./fi  .  fl\  &  .  /!   ^   #  .  /I   3 


(xxix) 
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Boussmesq  gives  &  number  of  Hiteresiiag  eases  of  fefcaa  Par  example, 
at  a  great  distance  from  the  loaded  area*  only  the  eariy  terns  of  tbe 
second  integral  are  required,  azni  we  have 


/* 

which  agrees  with  (zxvm). 

Further  the  depression  «?,at  t&e  centre  of  ifafe  1 
the  first  term  of  the  first  integral  and  equals 


This  shews  us  that  all  surface  anxmh  of  the  same  small  breadth 
whatever  be  their  radii,  will  when  subjected  to  the  same  sfaneas  per  umt 
area  produce  the  same  central  depression. 

Boussinesq  finds  the  value  of  tibe  cental  depression  for  _p»  oc  p*'1, 

P*  *>  Pi*'1  -  P*"1  *&&  PtK&f-ffy"*  (PP-  H$~$0).  Tlie  first  two  cues 
correspond  to  distributions  of  pressure  vanishing  at  the  centre  and  at 
the  edge  of  the  loaded  area  respectively  For  the  same  total  pressure 
the  depression  in  the  second  case  is  doabk  thai  IB  tfce  first ,  the  mean 
depression  in  the  second  case  is,  however,  only  £  that  in  the  first 
(pp  125-6)  On  pp  121-6  Bonssmesq  gives  expressions  for  the  de- 
pression at  the  edge  of  the  loaded  area  and  for  the  mean  depression 
over  that  area 

[1500  ]  On  pp  126-139  an  interesting  proposition  is  proved,  and 
its  relation  to  a  corresponding  proposition  in  the  case  of  a  circular 
plate  is  discussed  at  some  length  Consider  two  pressures  p9  and  pi 
applied  to  the  plane  face  of  an  infinite  elastic  solid  uniformly  round  t*  o 
circumferences  of  radii  p1  and  p/  so  that  the  total  loads  1vpldplp&  and 
27rp1Wp1^0'  are  equal,  then  by  (xxvi)  the  depiession  due  to  the  first  load 
at  a  point  on  the  second  circumference  is  gi\  eu  by 

Flit 


f2 

Jo 


+  Pi   -2p 
and  this  is  exactly  equal  to 


Npi   +pi  -2PlPlcosX 
or  to  the  depiession  at  the  first  circumf ei ence  due  to  the  load  on  thf 
second,  since  the  total  loads  are  equal      Now  suppose  the  load  on  one 
en cu inference  not  to  be  uniformly  distributed,  then  it  \\ill  pioduce  the 
same  mean  depletion  lound  the  second  ciicumftuncc  \\heu\ti  it  In 
placed      Hence  the  mean  depression  lound  the  second  ciiuimferena 
must  be  the  same  foi  the  same  load  on  the  first  cncumfeience,  \\liatt\er 
the  law  of  distribution  be      Hence  we  conclude     That  two  Pfpud  Ion  / 
thstnbuted  tound  (he  penmetPis  of  (no  concent/ ir  cndc^  juoJti^    th 
wtmf>   mean   d?pi p^on*    at    each    otheis'   cvciurtj?i?ncfs       \    pit«.is«l\ 
identic* il    \\\\    holds   foi   t\\o   loidod   cncumfen  ncos   toiunitnc   \\ith    ^ 
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[1501 


catmkr  pia*e  tfee  6<%e  of  wktda  is  either  built-in  or  supported     see 
c«r  Arta  336  and  13S2 

[1§01  ]  Boussinesq  next  deals  (pp  1  S9-42)  with  the  case  in 
which  tbe  pressure  is  uniformly  distributed  over  the  loaded  area. 
W$  m®&  fast  notice  a  method  by  which  the  equation  (xxvi)  may 
fee  easily  transformed  into  an  integrable  form,  when  the  pressure 
oufy  with  the  distance  from  the  centre  of  the  area 


Sfcfe©  tfee  poiBt  P  at  wbich  the  depression  is  to  be  found  outside  the 
loaded  sLpeaand  let  it  be  the  origin  of  polar  coordinates  r  and  <£,  0  being 
from  tfee  line  JS  Irom  the  point  P  to  the  centre  0  of  the  disc 


-07  [ 
JJ 


Now  traBsforming  the  yanables  to  p  and  the  angle  marked  \j/  in 
tfee  figure 


ve  easily  find 


-to  V^a-pjsm3 
This  may  be  expressed  in  the  form 

=o 


7T/X    JQ   JQ 


Now  let  the  point  P  he  inside  the  loaded  aiea,  the  notation  remain 
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ing  the  same,  then  for  />  =  0  to  J2,  tfee  integral  may  be  expreeaed  in  the 
form(xxx),  but  f or  p  =  5  to />,  a  siigh^ij  d 
As  bef ore,  but  tafaoag  B0w  &e  aamaltiB 


or  since  it  involves  osaly  sia*^  we  Iiave 


Whence  we  have  far  a  point  inside  tfee  loaded  area 


See  Boussinesq's  pp  113—7 

[1502  ]     For  the  case  of  pe  constant  we  can  throw  the  above  into 
the  simple  forms 


and     ^  =  :^  - 


o  I 

JQ 


(xxxn) 


Hence,  if  wc  be  the  central  depression,  wt  that  at  the  edge  of  the 
loaded  area  and  p0  =  PJ(vp^)  we  have 


TTfj.    Pl  TT/I    Pl  r 

Thub     (wc  -  Wt)'ioc  =363  about 

Values  of  w0  for  othei  ponitb  may  be  obtained  dnectlv  fiom  (v\\n) 
01  fiom  the  stues  expression  in  (x\i\)  Hie  mean  \alue  ot  v  o\er  tin 
loaded  nea  or  wm,  is  eabily  found  from  the  second  result  in  (\\\n) 
by  the  consideiation  that 

P  v  RdR 

'o 

1  -  -n  i\,  b     4        b 

=  -  i"  =  )  H  ~  T"  ?/ 

TTjU,       /3j    O7T  O7T 

bee  Boiibsmc&4\  pp   125  ind  140 


[1505—1506 
tbe  *M0  of  t&0  loaded  area  is  equally  depressed     Since  for  a 

o 

loaded  area  the  mean  depression  =oZ^  (Art  1502),  we  see 


for  tfee  spae  total  load  the  equally  depressed  area  has  a  slightly 
Isas  depression  than  the  mean  of  the  equally  loaded  area,  the  ratio  of 
&*  two  &PWESSODS  beuag  3**  32 

On  pfL  159-42  Bofissiifcesq  extends  the  case  of  equal  depression  to 
preesttre  applied  over  an  elliptic  loaded  area  with  principal  axes  2a,  25 
He  shews  that  if  the  pressure  be  applied  according  to  the  law 


tfe$  aOip&c  area  will  be  equally  depressed1 

Pp.  167-81  of  the  work  are  occupied,  partly,  with  a 
*$  some  problems  on  the  potential  due  to  Beltrami,  and 
partly  with  the  application  of  the  principle  of  inversion  as  in 
electricity  to  obtain  the  depression  due  to  other  distributions  of 
papeesaxe.  One  special  case  of  inversion  is  worked  out  on  pp  177-8 
aad  on  pp  180-1  Boussmesq  points  out  how  a  distribution  of 
pressures  may  be  obtained  giving  no  depression  at  all  outside  a 
given  contour,  although  the  pressures  themselves  extend  to  regions 
beyond  this  contour 

[1506  ]  Pp  182-9  relate  to  Cerruti's  solution  for  the  case  of 
any  surface  stress  whatever  over  the  plane  boundary  of  an  other- 
wise infinite  solid.  The  results  are,  however,  easily  obtained  by 
Boubsmesq  in  terms  of  the  second  logarithmic  potential  see  our 
Art  1488  Boussmesq  on  pp  188-9  discusses  an  interesting 
bpecial  case  which  may  be  just  referred  to  here 

Suppose  a  single  shearing  force  Sl  applied  to  the  suiface  element  dto 
at  the  origin  TheQ  referring  to  our  Equations  (xv)-(xvn)  we  have 

*v  -  #.  =  0,     Vx  =  {zlog  (»  +  r)  -  r} 
Hence  we  find  for  the  depiession  WQ  at  the  surface 


_      _ 

/i)  ajs  +  y 

The  contoui  and  the  maximum  blope  lines  of  tins  surface  aie  obviously 
given  by  &)  stuns  of  circles  lying  in  the  plane  3  =  0,  passing  thiough 

1  On  pp   162-0  Boussmesq  m\  estimates  the  value  of  the  depiession  outbid*,  the 
uniformly  depressed  area  i  e  m  the  last  case  of  the  above  table      He  finds 
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the  oiigin  and  having  their  centres  on  the  axes  of  m  and  $  rapeettfttij 
In  front  and  behind  the  point  of  application  of  like  shear  ibere  will  lie 

congruent  mound  and  hollow 

[1507  ]  On  pp  190-201  Boasra^aq  deals  mtik  ?*&**&  forma 
of  the  potential  solution  which  are  embraced  IB  those  we  b»vB 
already  discussed  m  our  Arts*  1490-6  He  pouate  out  &a&  as  a 
rule  the  depression  produced  in  the  plane  sur&o©  of  *et  fpfi^fo 
solid  is  not  proportional  to  the  pressure,  La  w<  does  not  at  each 
point  vary  as  ^  (2=^  ,  and  he  indicates  that  for  pressures  applied 
over  limited  portions  of  the  surface  this  proportionality  cannot  hold 

It  is  easy,  however,  to  find  distributions  of  normal  preestune  wbkli 
will  give  a  depression  proporfeonaJ  to  that  pressure  at  each  potafc. 
Looking  back  at  equation  (XT)  we  ind  iar  s  =  0,  »  proporiaonaLl  10 
^/db3,  and  t0e  to  ^/dk  He®&&  if  we  w^re  to  take  $***~**x(n*  f), 
we  should  have  achieved  our  object  provided  V^>  =  0,  or 


A  solution  of  this  is 

X  =  C  cos  (wa  +  ft)  cos  (m'y  -f  jS'), 
provided  m2  +  m  *  =  a3 

'"*  v  8 

Thus,      ~  =  -  y  (as  -i-  1)  e'**  C  cos  (HKB  +  j8)  cos 

Ji^L  rC 

and  we  notice  that  the  mean  pressure  over  the  plane  xy  is  zero,  and 
that  the  effect  of  this  pressure,  owing  to  the  factor  e"**,  gets  very 
small  at  distances  from  the  surface  which  are  only  a  few  times  the 
dimensions  of  the  iectangle&»  within  which  the  surface  pressure  is 
alternately  positive  and  negati\e  A  pressure  of  this  kind  seems  to 
be,  however,  of  purely  theoretical  interest 

[1508  ]  Boubsiuesq  next  turns  to  the  extremely  important 
problem  of  determining  the  stresses  \\hen  a  ngid  bud}  ot  kno\\n 
shape  is  prebbtd  with  a  gi\en  force  upon  au  tla&tu,  intdiuin 
bounded  by  au  mhnitt  plant  The  dibuib&iuii  under  it&  gtntral  or 
special  aspects  occupies  pp  2U2-5j  and  713-9  ui  the  \olumc 
Bousbincsq  deals  on  pp  202-10  and  713-15  \\ith  the  general 
statement  of  the  problem  He  biippo^efe  that  the  bodies  in  umtut 
ire  binooth,  le  "*  audT=0  at  the  biniaee  uf  contiet  Ne\t  tht 
total  prewsiirt  between  the  bodies  i-s  given,  and  hnallv  it  a,  lx 
the  central  deprebbion  w<,  —  w>  ib  gi\eii  o\er  the  bUif  tee  ui  eontaet 


I 
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re  are  dkefly  concerned  with  the  case  in  which  the 
i  of  ooat&ct  1$  &  small  area  only  in  the  plane  xy,  and  it  is  easy  to 
fes  case,  that  were  the  elastic  body  to  have  even  a  slight 
i  expressed  by  %  =  £  (as,  ^),  and  the  rigid  body  a  form  given  by 
* 9^(05,  y),  TO  afecmld  have 

*«>,-*0o=<M#,  y)-\ 


or,  yie  Beu»6  condition  as  if  we  had  supposed  the  elastic  body  plane  and 
ifce  form  rf&e  isgid  body  given  by 

3  =  ^(0;,  y)-<t>(x,y) 

Further  srnoe  the  surfe.ce  of  contact  is  small  the  part  of  any  convex 
la  9Q&ta#k  with  the  ekstic  medium  may  be  taken  as  an  elliptic 
If  MI  and  J^  be  its  principal  radii  of.  curvature,  and  the 


axs&  of  a;  and  y  be  taken  in  these  directions,  we  shall  have 

#<**)-»(£+£), 

and  in  the  special  case  of  a  plane  elastic  surface 


It  is  obviously  necessary  for  the  equilibrium  of  the  system  that 
y&e  resultant  pressure  should  be  in  the  normal  to  the  rigid  body  at  the 
origin,  or  that,  if  the  pressure  be  due  to  the  weight  of  that  body,  its 
cenkoid  should  he  on  the  normal  Boussmesq  considers  on  pp  204-6 
the  more  general  case  in  which  the  exact  orientation  of  the  rigid  body  in 
the  position  of  equilibrium  is  one  of  the  unknown  quantities  of  the 
problem.  He  points  out  how  the  problem  breaks  up  into  simpler 
problems  of  which  the  solution  may  be  obtained,  but  he  does  not  solve 
these  problems  for  any  special  case 

[1509]  Besides  the  conditions  we  have  considered  in  the 
previous  article,  there  are  certain  others  to  be  fulfilled  at  the 
contour  of  the  surface  of  contact  This  contour  will  itbclf  have  to 
be  determined  by  the  total  amount  of  pressure,  and  along  this  at 
firbt  undetermined  contour  we  must  have  **  =  0,  or  zero  pressure 
This  condition  ib  discussed  at  some  length  by  Boussmesq  on 
pp  208-10,  and  the  reader  is  referred  to  oui  Art  1503,  as  an 
indication  to  the  sort  ot  considerations  which  aiise 

[1510]  Turning  to  various  special  cases  we  may  note  the 
followin 


Gate  (a)      Th  uyid  body  i*  a  sohd  of  i  evolution^  the  end  of  the  axi<> 
<jj  which  i*  DI  contact  with  the  plane  boinidai  y  of  an  infinite  elastic,  6ohd 
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The  solution  of  tins  case  is  indicated  by  Bouseaneeq  la  *  footnote  <** 
pp  206-7,  and  it  may  be  obtained  by  aid  of  formulae  4m  *o  Bdfewti* 
and  discussed  at  some  length  by  Bonsaanasq  on  pp.  L  67-71  Tlwse 
formulae  are  the  following  Let  *  circular  «rea  be  arrowl  witfe  a 
surface  density  A(p),  wh*sh  is  a  ftmdaoa  <»%  of  fefee.  disfcaaoe  ^  fcm 
the  centre,  then  if  F(p)  be  the  potanfa&l  of  tha  are*  aad  ft  its  IB&B^ 
we  have  for  the  density,  p  <  ^ 

d 


and  for  the  potential  at  a  point  in  the  plane  of  the  area,  ft 


Now  bj  our  equation  (xx.n)  t^  is  the  poteotul  4m  to  a 
of  density  (1  -  rj)  pj^r/j.)  ever  the  pressed  ana.  Heaee  ««  IMTO  Oto 
fallowing  values  for  tie  pressure  prodnoed  by  »  depressioa  «c^(p)  matie 
the  circle  and  for  the  depresswa  «^(p>)  ontsade  the  earcie 


(xxxvu) 


It  must  be  remembeied  (see  our  Art  1508)  that  tt?c  — wt(p)  is  the 
quantity  which  is  a  given  function  -«^(p)  of  p,  and  that  wc  will  then 

[pi 
have  to  be  determined  so  that  I  2yrppfy  equals  the  total  load  P+  This 

7o 
gives  us  after  some  changes 


(xxxvui) 


The  labb  integiul  can  bt  evaluated  if  ij/(p)  Ixj  kno\\n,  ind  thiib  wf 
may  be  tound  ,  />0  and  w\,(p)  cau  tnen  ^e  ascti  taint  d  by  (xxxvii) 
These  mtegnlb  hive  been  e\aluated  by  Ceiruti  for  the  case  of  a 
paraboloid  of  revolution,  01  \vhen  ty(p)  is  of  tht  foim  Cp  see  pp  43—4 
of  the  menioii  uttd  in  out  Art  HbO 


(b)      Genet  al  Co  ?      A   mjid  bohd  of   any  t>haj^   i*    y»>  \  e  I 
tJte  jjltuie  binjact  vj~  an  mjinit^  da*tn.  tvhd      B\  oin 


1  These  foiniulae  NV  ere  first  tlven  fy  Beltrami  in  18*1  see  hib  niLmuir  s////</ 
theona  delle  jun~ioni  pott,n  tali  *immetrn.h  Mtinorit  dell  l^md  <M/t  s  it  ft  t 
<li  Buloyna  Sei  i\  T  n  pp  41)2-3  Bolonna  Issl 


[1511 
Z2  Jl^:^  >  and  thus  w6  is  the  potential  due  to  a  surface 


—  17 

&sfcribafeLon  ~~Hpt     Hence  we  may  state  the  most  general  problem  in 

&e  following  manner    *Fhe  potential  V  at  all  points  of  an  area  in  the 
e  &l  &#m  given  =  «fy,  what  is  tlie  distribution  of  density  over  this 
which  would  produce  this  potential  ?     We  have  the  following 
to  solve 

V1  F  =  0,  lor  all  points  in  space  lying  outside  the  given  area , 

dV 

—  =  0,  outside  the  given  area  for  z  =  0  y 

and  F~  «0ft  within  the  given  area 

shews  (p    223)  that  the  solution  for  V  is  unique,  and 
ree[nia?©d  pressctre  is  that  given  by 


See  his  pp  221-4 


(c)  Case  of  a  flat  rigid  disc  pressed  on  tlw  plane  surface  of 
an  %nfcnde  elastic  solid  In  this  case  WQ  must  be  constant  over  the 
area  of  the  disc,  if  we  suppose  the  load  to  be  so  applied  that  the  face 
of  the  disc  remains  parallel  to  the  initially  unstrained  surface  of  the 
elastic  solid  F  is  therefore  constant  (=  WQ)  over  the  area  covered  by 
the  disc  Hence  the  law  of  distubution  of  load  over  the  area  is 
precisely  the  same  as  that  of  the  electric  chaige  upon  the  same  disc 
supposed  to  be  a  conductor  insulated  and  charged  with  electucity 
(p  225)  For  the  case  of  a  loaded  elliptic  disc  we  have  seen  that 

P0  /      or     y-\"* 

p0  =  0-    1 £  (see  our  Ait  1504) 

2w  \      a      tfj        x  ' 

Boussmesq  now  shews  that  the  depression  is  given  by 

7^-,—r//.-,    .x  (xxxix) 


where  foi  pomts  insult,  the  aiea  coveied  by  the  disc,  the  lower  limit  of 
mtegi  ttion  v  equalb  7eio,  while  foi  the  points  (a,  y)  outbidc  thit  aiea  v 
is  dekinnntd  hy 

«"TT  +  6/b=1      (See  pp  226-9) 

[1511  ]     The  case  of  rigid  dibcs  pressing  upon  elastic  surfaces 
Itads  Boussmesq  on  pp   213-21  to  some  discussion  of  the  diffi- 
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eultaes  arising  from  -discontnmity  at  the  contour  of  these  c& 
and  then  to  some  general  remarks  on  the  nature  of  socfa  discon- 
tinuity in  a  vanety  of  problems  la  mathematical  phystea 

The  values  we  have  obtained  for  the  pressure  afc  the  edges  of 
circular  and  elliptic  discs  shew  that,  if  they  remained  absolutely 
rigid,  the  pressure  at  their  edges  would  becoaa&e  iofiniia 
either  the  elastic  solid  would  be  raptured  at  the  edge,  or  the 
itself  would  be  broken  away  Generally  of  coarse  the 
pressure  over  the  face  of  the  disc  will  cause  the  disc  itself  to  bead. 
These  remarks  seem  to  throw  considerable  light  npo&  the  pheno- 
mena of  punching  In  particular  if  we  can  apply  sach  reeuite 
for  "infinitely  thick  plates"  to  the  pktes  dealt  with  by  Treeca1, 
we  find  it  intelligible  why  the  portion  of  an  elaefec  stir&oe  imder 
a  punch  curves  itself  to  avoid  an  infinite  carvafcare  at  the  edge  of 
the  punch,  and  why  if  the  punch  be  forcibly  pressed  upon  the 
surface,  it  sets  into  a  concavity  winder  the  punch.  A  netrork  of 
lines  across  the  area  covered  by  the  punch  remains  unchanged 
after  set  has  been  produced  ,  this  is  explained  naturally  enough 
by  the  concave  form  taken  by  the  surface  beneatih  the  punch 

II  est  bon  toutefois  de  remarquer  qu'il  ne  sufErait  pas  completemeat, 
par  lui  m&ne,  a  la  faire  admettre  ,  car,  la  region  p€nphe*nque  e"tant 
incontestablement  d'apres  la  loi  de  repartition  obtenue,  beauooup  plus 
press6e  que  le  centre,  nen  ne  dit  qu'un  ^crasement  doive  se  produire, 
a  aucun  moment,  dans  la  region  centrale  suppose*e  meme  ^tre  rest£e 
plane,  ni,  par  suite,  que  les  caractfcres  de  structure  qu'elle  presente 
doivent  disparaitre,  alors  que  le  contour  eprouve  au  contiaire,  des 
alterations  profondes  (p  215) 

In  discussing  the  general  occurrence  of  discontinuity  m  mathe- 
matical physics  Boussmesq  lefers  to  discontinuous  solutions 
obtained  by  Thomson  and  Tait  and  b>  St  Yenint  in  the  case  of 
re-entering  angles  of  prisms  under  torsion  (ste  our  Art  2^0)  b> 
himself  in  \anous  h}drod-\namical  probkm*  b\  Rankmc  ami 
himself  in  the  case  of  pulverulent  misses  (set  our  Arts  161  V13) 
and  by  Tresca  in  the  case  of  the  ikrvv  of  plastic  solids  (pp  217-21) 


[1512  ]     CW  (d)      Casp  of  any  ngid  wfacfi  pi^^sinq  at  a  jtcmtt  of 
cla*>tic  cm  latui?  upon  tit?  /Jftn?  s?/?/r/t^  of  «n  infinite  da^tH     nh<l 
If,   \s  in  our  Ait    150t>,  A',  and  7?    In    tht  principal  mln  «  f  LUI\^ 

Renal  <1?    Vaunit   thanqti       T   \\    p  1^1      Piri     1^72 
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and  F  tlie  fcofcal  pressure  in  the  direction  of  the  normal,  we  have 
to  determine  w$  from 


*V  being  tfe§  potential  due  to  some  distribution  of  density  (1  —1 
tW  &«  anaa  of  contact,  which  we  shall  assume,  pending  justification, 
%o  be  an  ellipse  of  serai-axes  a  and  b  At  the  contour  of  this  ellipse 
if*  jaost  have  J9*-0,  to  avoid  discontinuity  Boussmesq  proceeds  as 
($.  231).  He  divides  the  ellipse  into  a  number  of  concentric, 
and  similarly  situated  ellipses  of  semi-axes  fa,  £5,  where  £  vanes 
to  1  Over  each  of  these  ellipses  he  distributes  as  a  density  the 
B  $PJ?dt.  according  to  the  law  of  electrical  distribution  on  an 
eHiptae  conducting  disc.  After  some  slight  algebraic  changes 
inds  from  the  results  m  our  Art  1510  Case  (c),  that  the 
at  «,  |^,  due  to  one  of  these  discs,  will  be 


n-^^t 
V  4      a8     62 


Integrating  from  f=  Va?/o?  +  #*/&2  to  1,  we  1m  e  for  the  actual  density 
of  the  entire  system  of  discs 


Hence  we  find  for  the  potential  of  the  system 


where  the  limit  of  integration  v  is  zero  for  points  inside  the  ellipse  of 
contact,  and  is  determined  by 

rt2^5  +  b*~+  0=  ^  (x^n)  bis 

for  points  outside  the  ellipse  of  contact 

Comparing  (xln)  with  (xl)  we  see  that  the  latter  will  be  satisfied  if 

«      ^-<>/>. 


1513]  BOOSSIHESQ. 

Boussinesq  skews  (pp.  234-5)  that  there  are  always  uatqw  real 
values  of  a  and  &  to  be  found  from  the  two  last  of  these  equa&ODB  if  J2, 

and  &t  are  positive     He  easily  demonstrates  &&t 


whence  we  find 


the  integral  vanishing  for  points  inside,  and  its  hnjit  *  being  given  by 
(xln)  frw  for  pomts  outside  the  ellipse. 

He  further  shews  that  tins  solution  gives  continuity  ua  tbe  slope  of 
the  tangent  plane  to  the  elastic  surface  along  the  boundary  of  tta  a 

a-,*  Art 

of  contact,  i  e  along  the  curve  winch  projects  into  Hie  eilipee  -j  -i-  ~* 

This  might  have  been  expected  from  the  &ct  tha*5V  =  ^  *>7  (xl 
that  curve  Thus  all  Hie  necessary  condifeoos  sune  satefied  bj  tfee 
solution  (xh)-(xhv),  and  as  the  solution  mast  be  unique  (aee  owr  Art 
1489,  fin  )  this  is  the  solution  sought  Thus  we  eee  that  tbe  surface 
of  contact  is  really  limited  by  an  ellipse,  the  principal  axes  of  winch 
are  tangents  to  the  principal  normal  sections  of  tbe  rigid  body  Tl*e 
pressure  at  any  point  is  proportional  to  the  ordinate  through  th&t 
point  of  any  ellipsoid  having  this  elhj>se  for  its  section  by  a  principal 

flane       Further    the   mean    value    of   «?0    within    the    elliptic   area 
=  fjwvdxdy/(7rab)]  is  found  to  be  f  we  or  |  of  the  constant  depression 
(see  our  Equation  xxxix)  which  would  be  produced  by  a  flat  punch 
bounded  by  the  ellipse  of  contact  and  subjected  to  the  same  normal 
pressure  (p  240) 

By  adding  any  arbitrary  additional  pressure  distributed  o\er  the 
ellipse  according  to  the  law  discussed  in  Case  (c),  and  therefore  giving 
only  a  uniform  additional  depression  o\er  the  surface  of  contact,  we 
have  a  solution  of  the  impoitant  case  of  a  cylmdiical  punch  with  anj 
elliptic  ci  oss  section  and  a  face  curved  to  an  elliptic  pinboloul,  the 
punch  being  subjected  to  any  aibitrir)  pressuie  ilong  its  ixib  i*q*n 
dicular  to  the  sin  face 

[1513]     It  onl}    remains  to  indicate  hou   a  and  I  mav  l>e  detei 

mined       Let  -  -  I  *-    (?\  ;1,     \  -  1    ,,    '  '  .  r}    ^d    *  -  1  -  I  a  , 

a       /  o  (a  +  v  )  u       /?       I  »  (b   -  i  )  J' 

then  yS/a  =  A*  IR1,   \nd  if  E   aid   F  lu    the  umipktt    elliptic  mt^riK 
of  the  nrst  and  second  oulcis,  \\o  ha\o  to  hnd  e  fiom 

£>_{*      (l-r)(l-Ef)  (xK) 

^      a         t   -(\-F  7) 
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expands  the  nght-hand  side  in  powers  of  e  and  s^ews 

^4 

tfc&t  tf  «  be  tfee  usually  saaaaU  quantity,         +  higher  powers  of  e>  theta, 


For  TO!*U»  of  Ji^#i  <  1,  ^e  may  take  very  approximately  e  =  0 
v$l*w  immencal    tables    coujd    easily   be  prepared  from 
Table*  by  aid  of  (xlv)     For  e  =  0  to  1,  €  passes  from  0  to  1, 
feom  the  |  to  the  J  power  of  RJR^     To  find  a  and  ft, 


IiaT6  <^ly  to  remark  that  -  ,  ar3n_  Cp  »  1S  a  ^nown  quantity, 


which  accordingly  determines  a   and 
amoe  0  and  with  it  F  and  ^  are  known      Bonssinesq 
very  approximately 


«'  is  of  the  form  y^  + 

Approximately  therefore  when  R±  and  jR2  are  not  too  widely  different 
w$  may  determine  a  and  5  from 


Seepp  241-8 

On  pp  249-55  Boussmesq  proves  certain  properties  of  the  potential 
having  relation  to  the  distribution  of  electricity  on  elliptic  discs  and 
ellipsoids,  but  with  no  special  reference  to  elastic  pioblems 

[1514]  On  pp  715-9  of  his  volume  Boussmesq  makes  an 
extension  of  the  above  results  to  the  case  of  two  smooth  elastic 
bodies  pressed  normally  against  each  other  at  any  point  He 
remarks  that,  \\hen  a  rigid  body  of  svnclastic  curvature  presses 
against  an  elastic  bod}  also  of  s}nclastic  curvature  the  pioblem  to 
be  solved  is  the  bame  as  when  a  rigid  paraboloid  of  reduced  foim 
(see  our  Art  150b)  presses  upon  a  plane  elastic  suiface  This 
auxiliary  paraboloid  produces  in  the  plane  an  indent  of  definite 
elliptic  contoui  and  -Kith  a  definite  piessure  at  each  point  given  by 
(xh)  If,  thert  foic,  \\  hen  t\\  o  elastic  surfaces  of  synclastic  curvature 
press  against  each  other,  we  choose  two  auxiliary  ngid  paiiboloids 
vhich  under  the  sime  total  pressures  pioduce  in  planes  surfaces  of 
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the  same  materials  respectively  as  the  two  elastic  bodies  mdenta 
of  the  same  elliptic  contours,  there  will  be  the  same  normal 
pressures  at  corresponding  porote  m  the  two  caaee>  and  these 
normal  pressures  will  be  the  aoraal  p&smra  for  Ae  unreduced 
surfaces.  Accordingly  to  sc^ve  the  problem  we  have  OB!J  to 
choose  two  auxiliary  rigid  paraboloids  gmog  $h$  6am  e!Kpte 
contours  of  contact  with  planes,  and,  before  reduction,  the  atine 
surface  of  synclaBtic  curvature  ae  the  sarface  of  contact  of  the  two 
elastic  bodiea  Taking  the  common  normal  to  theae  bodies  as  sne 
of  z,  we  should  satisfy  ail  conditions  by  taking  the  sror&ee  of 
contact  of  the  form 


The  constants  aly  a,,  %  most  then  he  determined  from  tine 
three  conditions  involved  in  the  elliptic  areas  of  contact  having 
the  same  position  and  dimensions  of  principal  aies  for  both 
bodies.  For  in  this  case,  smce  the  pressures  as  gi*en  by  (xb)  will 
be  the  same  for  the  two  solids,  and  since  the  shearing  stresses 
are  zero  at  the  surface  of  contact,  all  the  conditions  of  the  problem 
will  be  fulfilled 

[1515]  Boussmesq  remarks,  p  719,  that  this  important 
property  of  the  form  of  the  elementary  surface  of  contact  of  two 
elastic  bodies  pressed  normally  against  each  other  was  first  recog 
nised  by  Hertz  in  his  memoir  Ueber  die  Beruhrunq  fester 
elastischer  Korper,  Journal  fur  MathematiL,  Bd  xcii  &  156-71 
Berlin,  1882  Hertz  recognised  that  the  la\\s  of  this  contact  are 
appioximately  true  for  the  impact  of  smooth  elastic  bodies  and 
applied  it  especially  to  the  case  of  the  impict  of  n\o  solid  spheres 
Bousbinesq  discusses  Hertz's  problem  at  length,  and  \\e  shall 
consider  it  here,  as  it  belongs  essentially  to  the  thcon  oi  the 
application  of  the  potential  to  clastic  problems 

[151G]  Let  r,  and  /  l>o  the  ladn  of  tin  t\\o  split  its  md  /  tin 
ladms  of  then  sphencal  suiface  of  contict  consult  ltd  p<Mti\e  \\hni 
it  is  of  tht  sxme  sign  is  ?  and  opposite  to  /t  Tluii  it  7t  1«  tin 
radius  of  cui  \atuie  at  the  \trttx  ot  tht  hi^t  iu\ihir\  iuid  pu  »l»  1«  id 
\\hich  under  the  same  pressuie  \\onld  nnkt  thf  sum  u  nti  il  d«  ]  n  s 
sion  and  same  art  i  of  contact  in  a  phne  hound  n\  is  tint  m  td>  in  tli« 
fiist  splifrf  !,/!  =  !  Tij-1// 

T  L  PT  II  1^ 


BOUSOTESQ.  [1517 

(xta)  and  (xliv)  we  easily  find 
*>£ ,    and    WQ  =  oP/1%1 


sphere,  if  -Z^  corresiKmd  to  JRX,  and  17'  and  // 


,    and 


l/r.-1/J?,  +  !/»', 


~~2Vn 

for  the  special  case  when  the  spheres  are  of  the  same  elastic  material 

The  total  approach  f  of  the  centres  of  the  two  spheres  and  the 
radius  of  the  circle  of  contact  are  given  by 


It  follows  fiom  these  equations  that  P0oc  |  ,  or  the  piessure  vanes 
as  the  square  loot  of  the  cube  of  the  approach  of  the  centres 

The  strains  will  be  the  greatest  at  the  centre  of  the  aiea  of  contact, 

3P 

\\heie  we  find  for  the  normal  squeezes  the  values    . — r ° ind 

^  4  (X  +  p.)  TTCI? 

3JP 
-  — -2-r —   ,  i especti\ ely,  \vhile   the   lateial   squee?es   aie  just   half 

•T  (  A.    "j-  UL  )  TT(L 

these  \  lines     see  Lame  and  01  xpey ion's  result  in  oui  Ait   1493  and 
equition  (\h)  of  oui  Art   1512 

[1311?  ]  To  justify  the  application  of  these  foimulae  to  the 
collision  of  two  spheres,  Boussmesq  mikes  (p  717)  the  following 
rem  \\  ks 
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Qu&nd  le  rapprochement  des  ctagx  sph&ree  act  dA  i  un  efcoo,  lee 
settles  deformations  percepiablee  ont  k&n  prfee  die  Ja  sar&oe  de  contact, 
dans  dee  parties  dont  la  maeae  to&ak  efc  lee  iBerfefie  eoak 


eu  egard  4  leurs  tensions.  Ain^sa  r^qoibbra  mt6n*mr  rfigi  p*r  lee 
formules  (in  Art  1516)  j  exisfce  ae^W<*w*it  *  tout  instant  &  cfeoc. 
Le  syst&ne  6lastique  de  deux  sph^re^  on  plus  gfe^raJksiaeat  de  dear 
corps  eontigas  i  formee  mass±t««  ct  arrrmdiefi,  eet  4oac  de  oevcr  o^  1^ 
/arc«  mve  se  trouve  stfpwae  presque  entiferemaafc  de  laybrw  A  nwwri,  6e 
mam^re  H  n'en  twmbler  qua  ^m  tes  Ida,  «i  la  nSacfaon  mufcoelle  Py 
est,  mdme  it  l^tat  de  mouveBaect,  stmple  fo&c&oa  do  rap|HtxikeBQ«Dt  f 
des  parties  en  presence  non  encore  d6formee»  seoisibkiOkeQiL  CT«t  bwa 
oe  qua  suppose  la  throne  6l4mentaxre  da  choc  direct  dee  corpe  £b8&|BQ% 
confirmee  par  I'exp^neaoe  daas  oe  CAS  de  corpe  msass&k 

It  must  be  remarked  that  ibis  assumption  sappoees  the  reUiiTe 
velocity  of  rebound  equal  to  tie  relative  Telocity  of  impact,  or 
Newton's  coefficient  of  reetitufioii  e=l  This  certainly  does  Hoi 
hold  in  tbe  case  of  Large  masses  of  metal,  where  6  is  more  nearly 
zero  The  assumption  sappoees  no  energy  to  be  lost  m  the  form  of 
elastic  vibrations  and  of  course  none  in  the  form  of  permanent 
changes  of  shape  see  our  Aria  209-10  and  217 

Following  Hertz  and  Boussmesq,  we  have  if  1^  and  tn,  be  tbe 

masses  of  the  spheres 


, 


r\     r 

(d£\      32?M1  +  »/2     /?'*     .  *      , 

whence  I-,-)  -  1K  /*,      «,-v(f    -c  )j 

\dtj       15    ?>?!?«     (4,  +  c  ) 

\vhere  £(>  is  the  maximnm  appioich 

If  ^  bo  the  velocity  of  impact  we  hv\e  to  tltttrniine  « 

32//i1  +  //z     /3"1 


__ 
"15 


Henco  tht  nnxinmm  \alue  of  the  i  idius  oi  tho  MCI  of  L outlet,  u 

"   C> //r^r^1^  ?  ^  m 


is—  2 
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V   ^^  _«_  V    ^^ 

^LI      7       T~    XT    — S~    T   - 

CMC        *  #y 


*I 


-•    +  7, 

da: 


(Iv) 


Tlws  solf  tion  is  really  due  to  Sir  W  Thomson    see  our  Chapter  XIV 
pscusses  vanous  nnxles  of  reaching  it  on  pp  284-91  oi  his 

{<?)     Consider  a  single  force  Z±  applied  to  a  small  volume  dm 
be  taken  at  the  ongm     We  nnd  that,  if  U  denote  the  shift 
r  to  the  force  at  a  point  distant  ?    from  its  point  of 
r  making  an  angle  a  with  the  positive  direction  of  the 


-77)     r 


0 
sin  2a, 


w  =  ?s rq \  ~ —  (7  -  8w  +  cos  2a), 

B^TTfjt.  (I  -  77)     r     v          '  /} 


cos  a 


(Ivi) 


From  these  shifts  the  stresses  can  easily  be  found  and  the  solution 
analysed  after  the  method  of  our  Ait  1497  see  Boussme&q's  pp  81-92 
and  291-5 

Gate  (d)  Take  X  =7=^  =  0,  A=B  =  0,  and  C  a  function  for 
which  V2V3(7=  0,  then  we  ha\e  as  a  solution,  if 

^_  x  +  ^n 


dydz  ' 


:  +  ^Lfe^,) 

A.  +  JU       r> 


\v  her*. 

Fiuthtr 


-- 
A  -4-jW,  rf^J 


,  and 


-     (Ivi)  bi* 


tis\ 


1520—1521]  BOUSSIHBBQ. 

Stnee  <£  satisfies  an  equation  of  tfee^/bwi*  order  Booaonceq  i 


that  it  might  be  possible  to  find  &  valuo  of  <&  f  or  which  S  =  5i 


and  «//t  =  a  given  faaet&m  of  oj  asd  fwtwfc  *»£<*,  Th«fl  wo  fifcould 
solve  the  problem  of  an  infinite  plate  of  any  tbidrneeB  satptttad  to 
any  given  system  of  purely  normal  loading  on  its  faoea.  T!ue  problem 
had  been  solved  by  Lam6  and  Clapeyroa  by  aid  of  quadruple  mfaegml% 
but  their  solution  does  not  really  exhibit  any  laws  of  tke 
shewn  by  such  a  plate  (pp,  278-281)  see  our  Arts. 


[1520]    We  now  pass  to  the  last  section  of  the  text  of 
Boussinesq's  Treatise.    Tim  is  entitled     Sur  les 
locales  dans  la  ik&me  de  r&ashc*t£,  ei  swr  la 
geom^tre,  de  remplacer  des  forces  donn&s,  s'ssxrfoait 
pariie  (fun  solide,  par  fautres  forces  8ta&queme*i 


appliquees  a  la  mSme  rfywn  trte  pehie  en  torn  sens.  It  occupies 
pp.  296-318  and  deals  with  the  important  principle  of  the 

elastic  equivalence  of  statically  equipollent  systems  of  loading  at 
small  distances  from  the  loaded  element  of  surface.  We  have 
frequently  had  occasion  to  refer  to  this  principle,  remarking  how  it 
is  practically  assumed  in  all  the  usual  solutions  for  torsion,  flexure 
and  even  extension,  and  appealing  to  Saint-  Venant's  experimental 
arguments  in  favour  of  it  see  our  Arts.  8,  9,  21,  etc 

The  principle  to  be  demonstrated  is  stated  bj  Boussmesq  in 
the  follow  in  jf  words  (p  298) 

DCS  foices  exteneuies,  qui  se  font  equilibre  sur  un  solide  elabtique 
et  dont  les  points  d  application  se  tioiuent  tous  a  linttneur  dune 
sphere  donnee,  ne  produisent  pis  de  dtfoi  mat  ions  bcnbibles  a  des 
distances  de  cette  sphere  qui  sont  d'une  cciUme  grandeiu  par  rapport  a 
son  lay  on 


There   aie    t\\u   cli^stb    oi   external    tort(.b    to  be  co 
nameh  bod}-  and  suiface-fuiceb 

[1321]  Bod*fFo)c^  CW  (i)  Let  tlun  be  two  jkinlkl  uul 
opposite  foicts  Z{l-&  and  -  /^fe,  iiul  let  t  IK  tht  dist  HILL  ln.t\\ttn 
then  points  of  i})phe  ition,  supposed  bin  ill  Let  the  tii^t  l*t  sii]»pOM,d 
to  \tt  at  the  ongin,  and  kt  the  pol  u  eooulinitt  s  /  a  dt  t»  iinin*  th« 
position  ot  an)  point  \\ith  legnd  to  it,  but  kt  the  second  ut  it  tin 
poi  it  0,  0,  c  Oil  the  l\l&  of  ~,  Hid  kt  /  ,  u  be  the  Loniilm  ite-  of  i  p  lltt 


1 
[B21 


with  wewd  to  0,  0,  cl     Tfeeoa  far  points  not  m  the  immediate  neigh- 
of  tike  origin  wa  have,  if  n  be  any  integer 


*  »  JL  A  4,  ~  CAS  a \    oosa'  =  cosa —  sin3 a,    sm  of  =  sin  a  +  jr-  sin  2a 
75     t-*^*  r™*v>j,  T  fr 

Heno©  bf  aid  of  (Ivi)  w«  easily  find,  U  and  «P  being  the  radial  and 
l-Sco^a 


^ 

l-2>7)_ 
cos  a 


obtained  from  these  values  of  the  shifts  and 
vary  inversely  as  r8,  or     the  stresses  decrease  ^nversely  as 
iff  &M  d&fance  from  the  centre  of  the  regwn  of  perturbation, 
compare  our  Art  1487,  (c), 

Oase  (n)  Let  there  be  two  parallel  f  orces  Z^dts  and  -  Z^dta  acting 
*%  tfee  pcmit^  0,  0,  0  and  c,  0,  0  or  a  couple  of  moment  C  =  cZ^ 
We  have  then  to  consider  the  influence  of  a  couple  of  binall  arm  applied 
fco  an  infinitely  great  elastic  solid  Let  ft  be  the  angle  U  makes  with 
tiie  plane  of  the  couple,  and  let  F  be  the  shift  tending  to  increase  ft  and 
perpendicular  to  both  U  and  w  ,  then  we  find  from  (Ivi)  by  a  method 
similar  to  that  of  Case  (i), 


C          sm  a  cos  ft  .  ,      .        .      0    . 
-  %  -  i  —  ~  (3  -  4w  +  3  cos  a), 
-  s         \  /  n 


n  __         C         3  sm  2a  cos  yS 


(Ivii)  6^s 

We  see  that  the  stresses  produced  by  such  a  couple  again  deciease 
inversely  as  the  cube  of  the  distance  from  the  sphere  of  perturbation 
(pp  303-4) 

The  results  ot  thtse  two  cases  compared  with  those  ot  om  Ait  1441 
bhtw  us  that  the  mthitnce  of  buch  body  forces  in  an  infinite  elastic 
medium  does  not  pioduct  stresses  \vhich  decrease  with  the  distmce 
mything  like  bo  lapidly  as  m  the  case  of  bodies  having  one  01  two 
dimension^  bmall  and  subjected  to  buifice  loading  \Mth  a  zeio  statical 
resultant  lo  buch  bodies  Bousbinesq  now  tuins 

J  The  tvso  forces  are  clearly  pishing  and  not  pulling  with  the  sign  we  have 
chosen  for  Z\ 


BOUSSUHE3Q.  f|f 

[1522.]  Surface-Forces.  Boussuweq  pomte  mi  that  m  As 
case  of  surface-forces  we  may  «x|p&efc  a  solution  involving  expo- 
nentials with  negative  radioes  aod  refers  to  the  problem  cbscosaed 
in  our  Art  1507  as  suggesting  £&&  The  eadieefc  aoiuiaoa  for  a 
system  of  forces  in  equilibrium  on  the  edge  of  «  plate  is  doe  to 
Thomson  and  Tait1,  and  somewhat  later  a  more  ooxnplete  aoinfeou 
has  been  given  by  Maoxioe  L&ry  *  see  our  Aria.  385T  and  I4IL 
Boussmesq  discusses  the  work  of  these  authors  en  pp.  305-18, 
and  we  will  indicate  the  general  hues  of  his  mvesfcgiOaoBL  here. 

Consider  a  plane  plate  whose  faces  are  given  by  5  =  0  aad  5=0, 
and  let  it  be  bounded  laterally  by  any  cylinder  whose  generator  are 
parallel  to  the  axis  of  &  We  shall  suppose  the  radius  of  corvsiore 
of  this  cylinder  at  any  generator  to  be  very  large  as  compared 
with  the  thickness  of  the  plate  a,  s&  thai  the  tangent  plane  to  tfae 
cylinder  at  any  generator  may  be  taken  to  coincide  with  the 
boundary  of  the  {date  for  a  distance  considerably  greater  than  & 
This  tangent  plane  will  be  taken  as  the  plane  of  y*,  the  generator 
of  the  cylinder  being  taken  as  axis  of  5,  ami  y  being  the  tangent 
to  the  contour  of  the  lower  face  of  the  plate.  To  the  faces  of  the 
plate  we  shall  suppose  no  load  applied,  or 

(««  ,  «r,  Jz)  =  0,  for  z  =  0  and  5  =  0. 

On  the  lateral  boundary  of  the  plate,  we  have  the  stresses  £r, 
jcv  and  'zx,  which  it  is  proposed  to  analyse,  subject  to  tht.  condition 
that  their  tiiean  values  from  z  —  0  to  z  =  a  shall  be  zero  or  that 
the  surface  load  has  a  zero  statical  resultant 

A  bolution  of  the  body  shift  equations  suitable  to  thib  cat>e  is 
given  by 


and  theiefore  6=0,  where  if/  is  a  function  satibftiug  tht  tquUiun 

Vi^  =  U 
\\e  takt  with  Lc\> 


;i  is   in  inttgti,  then  the  conditmns    it  tht  iiteb  ot  th 

1   Inati^  on  ^ntnml  Philovyhy      ^  724-  >      Oxf<  rd   1**  7 
*  Jouinttl  dt  nMthematHine*      T   in    pp   Jly-^0*j      Ian     1?>7< 
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sotafied,  and  further  tlie  mean  values  of  the  stresses  over 
$&  lateral  boundary  will  also  be  zero     "We  must  have 


as  an  equation  to  determine  <£„ 

For  tib®  sferesses  owr  «-«,  we  bave 


/d?tyn\ 

\($K<tyJt 


COS 


(lix) 

wr% 
sin- 

7  these  equations  will  enable  us  to  give  xy  any  value  we  please 
...— „  generator  from  s=0  to  3  =  a,  that  is  to  say  they  allow  us  to 
select  at  our  will  the  shearing  stresses  on  the  edge  of  the  plate  which 
produce  a  torsional  couple  M  round  the  normal  to  the  plate  They 
"  "  "  w  of  this  couple  or  system  of  shearing  forces  varying  from 
»  generator,  since  <f>n  is  also  an  undetermined  function  of  y 


[1523  ]  If  we  take  <£*  independent  of  y,  we  have  £x  and  7x  both 
zero  and  we  have  Thomson  and  Tait's  solution  foi  a  distribution  of 
shearing  stress  along  the  edge  of  a  plate  parallel  to  the  contour  of  the 
face  and  the  same  along  each  generator 

In  this  case  (Ivni)  gives  us 


and  therefore  tor  the  given  distribution  of  shearing  stiess  over  x  =  0 

n  V 


cos 
a  a 


If  ^J  =  x(s)  be  the  given  distribution,  we  find  at  once  by  Fouiiei's 

n  7T2     2    a  nwz  .      _ 


Tht  only  fanite  btrtbbts  will  then  be 


-«*        mrz 
ne    *   cos—    , 
a 


a  sin 


Thomson  and  Tait  have  shewn  (Tieatibt  on  Natural  Philosophy, 
^  729)  Uiat  for  ^-2«,  or  at  a  distance  equal  to  twice  the  thickness 


t 
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from  the  edge  of  the  plate,  the  values  of  these  stream  are  oaly  about 
•Q02  of  their  values  at  the  edge,  or  we  see  thai  the  local  perfciHwUa«i 
has  small  influence  at  slight  distances  firom  the  edge,  supposing  th* 
distribution  of  shearing  stress  to  be  tfee  same  akrag  every  generator  01 
the  bounding  cylinder  Bee  our  Aria  1440-1 

[1524  ]     Returning  to  L6ry*s  more  genera!  aofo&oB,  we  nofcoe  *g 
before  indicated  that 


Farther  we  have  for  the  moment  of  fiexwr*  M'  round  the  taagofct  to 
the  contour  of  the  face  3  =  0,  and  for  the  moment  <tf  torsion  if  about  i&e 

normal  to  that  contour 


(II). 


The  total  shearing  action  F  on  the  edge  parallel  to  a  generator 
per  unit  length  of  run  is  given  by 


-£»)     _<l-COB»r) 
But  by  (Iviu)  we  may  write 

M  =  —  /x^  ( <£tt  —  ^—-^   T;       (1— cosnir) 


Hence,  if  s  be  an  element  of  the  contour  of  the  edge  of  the  plate, 
we  have,  since  ch  =  dy 


~a-         *          (1  -  cos  «r)  (Ixi) 

nir  Jy  /X»0X 

Now  in  this  second  appioximation  <£,  \\ili  dej>end  ujton  y,  but  \j  $& 
variation  oj  the  edye  t>tret>t>e*  with  //  bt  sluu,  it  is  clear  thit  ilthough 
we  do  not  as  in  Thonibon  md  Taits  hrst  approximation  takt  t%  dy 

ztio,  still  ^?  will  be  small  as  comi)  iicd  NN  ith  (  f  '  ,  and    *  (  as  compaud 

5         dtf  uy          «'/ 

with  <f>,  Henct  wt  set  fioui  (1\)  thit  I/  the  moment  of  nexurt 
is  negligible  is  compiled  with  I/  the  moment  of  torsion  unl  fiom 
(Ki)  thit  \eiy  ip})ro\inuteh 

.=-'  ,Kn) 
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IB  4h*  isafce  the  r&agmtude  of  the  shifts  and  stresses  in 
&fe  material  of  &&  pl&fce  will  decrease  a$  we  pass  from  the  edge  at 
least  as  rfrpicHy  as  in  the  first  approximation  (Art  1523),  we 
conclude  with  Boussinesq  that  If  the  edge  of  a,  thin  plate  be 
t$  shearing  forces  F  perpendicular  to  the  faces,  and  to 
&w$les  M  rw&nd  normals  to  the  edge,  the  relation  (Ixn) 
b&ween  them,  then  these  actions  neutralise  each  other  at  a 
small  distance  from  the  contour  In  other  words  torsional  couples 
M  md  dwcvnng  fortes  dM/ds  perpendicular  to  the  faces  produce 
tike  mme  effqd$  at  a  very  smaM  distance  from  the  edge  of  the  plate 


Has  is  Thomson  asnd  Tait's  reconciliation  of  the  Kirchhoff  and 
Poissoa  Ixmadary-Gonditions  for  thin  plates  It  was  first  given  by 
them  m  1867  aad  independently  by  Boussmesq  in  1871  see  our 
Asfe.  488*,  394,  14^8  and  144*0  The  above  investigation  shews 
wry  dearly  the  nature  of  the  local  action  at  the  edge  of  the 
a&<!  measures  the  area  over  which  that  action  ib  sensibly 


Boussmesq  concludes  his  discussion  by  remarking  that  it  does 
not  seem  probable  that  the  local  perturbations  which  present 
themselves  in  other  cases,  in  which  the  principle  of  the  elastic 
equivalence  of  statically  equipollent  loads  is  applied,  will  allow  of 
being  investigated  \\ith  the  same  ease  as  m  this  particular  case 
of  the  boundary  conditions  at  the  edge  of  a  thin  plate  (pp  317-8) 

[1525  ]  The  remainder  of  Boussmesq's  volume  is  occupied 
with  Notes  compUmentaires,  several  of  which  are  concerned  with 
results  of  great  value  for  the  theory  of  elasticity  We  will  briefly 
refer  to  those  of  importance  for  the  history  of  our  subject 

[1526  ]  Note  I  (pp  318-56)  deals  with  a  potential  of  foin  variables, 
or  what  Boussmesq  tenns  a  tpkeucal  potential  It  contains  some 
interesting  results  toi  tin  theory  of  potentials,  but  its  only  value  for 
elasticity  is  the  mte^iatiou  of  the  equations  for  the  vibiation  of  an 
ibotiopic  elastic  medium  (pp  351-6)  The  solution  takes  the  form 
prt\ioubly  guen  by  fetokes  see  our  Aits  1268-75  The  substance  of 
thib  ^ute  appeared  in  the  Compte*  lendu*,  T  xcn  pp  H65-8  ind 
1046-50,  1  \c\  pp  479-b2  Pu is,  1882 

[15J7]  +\ute  II  (pp  3J7-604)  cleils  with  a  new  method  of 
mtegiatmg  an  nnpuitint  chss  of  paifcial  ditfeiential  pquitions,  and  with 
applications  of  the  method  to  elastic  and  othei  problems  Portions  of  this 


1528—1529] 

Note  were  published  m  the  Comptes  rmdw,  T  xcr?  pp,  $3-6,  71-4, 
127-30,  514-7,  1044-7,  1505-8,  T  x<nr  pp.  123-6,  T  icmi,  pp. 
154-7,  pp  843-4,  897-900,  1131-&  Pfcrfe,  1883  and  188$ 

[152a]    §  I   (pp  357-40% 
integrating  the  differentia]  equation 


by  means  of  definite  integrals  of  arbitrary  farM&ona.  The 
is  obviously  an  extremely  general  one  and  the  solution  admits 
modified  so  as  to  suit  various  types  of  "  initial  eooditaoEBi*  Tfce 
can  be  applied  to  a  great  variety  of  physical  problems,  of  which  for  o«r 
present  purposes  it  suffices  to  note  tte  transverse  vibrations  of  bus  «»d 
plates.  Space  does  not  admit  of  our  reproducing  in  general  ociUxae 
Boussinesq's  suggestive  analyse  aad  con^iMftona,  but  QOIBC  of  hk  reavltB 
will  be  indicated  in  our  discassaon  ^af  ins  appLcation  ol  them  to  tbe 
special  elastic  problems  with  which  we  are  more  cloeely  eaaeemMl 

§  II  (pp  404-54}  applies  the  method  to  tike  theory  of  heat  and  to 
the  friction  of  fluids,  §IIL  (pp.  435-577,  650-64)  deals  willi  etafee 
problems,  while  §  1Y  (pp  578-651)  discusses  applications  of  the 
solutions  obtained  to  the  theory  of  liquid  waves.  It  is  §  III  ,  therefore, 
with  which  we  shall  be  occupied  in  the  following  articles. 

[1529  ]  The  first  problem  dealt  with  by  Boussmesq  is  that  of 
a  uniform  lod  or  thin  prism,  the  central  line  of  which  (romcidmg 
with  the  axib  of  x)  is  infinitely  extended  from  the  origin  m  the 
positive  direction  Any  forces  are  supposed  to  act  on  the  extremit} 
x  =  0,  provided  they  cause  only  transv  erse  ^  ibntions  in  a  principal 
plane  of  inertia  of  the  prism  Initially  the  rod  is  supposed  at 
itst  throughout  its  entne  length 

The  equations  foi  the  motion  of  such  a  lod  tr<:  guen  \utli  a  sh^htH 
diffeient  notition  in  om  Arts  343-5,  and  aie  the  foHoumj: 
Equation  foi    tia/ism*,?  shift  u 

d*iv       <.Fu    _ 

+  ~ 


\\liore  an  =  EK  ,'p  in  the  notition  ol  our  \\oik 

Fmthoi,  a      0  foi  t--s^  int.!  u  =0  foi   /  -  s    \\\\  \\ 
Tho  conditions  it  i  -  0  m\\  be  of  the  follow  111^  t\}>«  ^ 

(«)     Gfotnttiiutl  const)  ttmt  \<nijiny  mtli  tJi^  tun     i  • 
w  =  F(at)      du.  </<  =/*,(/!/)  fi'i   '      (l 


[1530 


JT,  = 

Boossinesq  takes  insrtead  of  these  forms  the  more  general  ones 

-  FI  (at)}, 


fee  considers  TPi.gM'  be  realised  when  the  definite  movements  F(at) 
wad  jfj  {##)  are  communicated  to  the  end  of  the  bar  by  means  of  springs 
(jwr  ?ukteni&ka#n  dfan  ressort  &  <?tm  mea&trement  Glasfoque,  p  437) 


(<j)    Jnfimfafy  l<w#  bwr  (wwywg  a  load  Mat  ^ts  centre,  x  =  Q 

dfet)  £^W3 

and     lf=-^«wcil        +  i^(ai!),    for  ^= 


(<&)  is  the  force  exerted  at  tune  t  on  M  (pp  481-491)    On  pp 
4S6-9  Boessmesq  demonstrates  the  uniqueness  of  the  solution  for  cases 


[1530  ]    The  solution  of  the  above  equations  is  obtained  m  the 
following  manner  (pp    360-8,  etc) 
Consider  the  quantity 


*-£'©*(»)*          « 


where  a"  =  5/a; 

We  may  evidently  drop  the  dashes  in  a  and  a"  in  (11)  and  (m),  and 
the  law  of  the  successive  differentials  is  then  obvious 

The  above  investigation  depends  foi  its  exactness  on  the  limits  being 
no  functions  of  5,  otherwise  we  should  have  to  intioduce  special  terms 
depending  on  the  differentiation  of  the  limits  We  can  get  ovei  this 
difficulty,  howe\ei,  by  taking  the  limits  1/e  and  €S  for  a  instead  of  oo 
and  0,  where  €  is  a  vamshmgly  small  quantity  The  limits  for  a  will 
then  be  es  and  1/c,  foi  a  ,  1/c  and  es  and  so  on  Diffeientiating  with  legaul 
to  *  the  spocul  teim  introduced  by  the  limit  diffei  entiation  will  be 
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lor  tfee  first  differentas&on.    Hence  we  must  Jutve 


Similarly,  for  tbe  second 


and  for  the  third, 


and  so  on,  the  law  followed  by  these  products  being  clear  From  tfce 
above  results  we  can  easily  deduce  &  solution  of  tbe  different*! 
eqnation 


Assume 
then  as  in  (in) 
while 


(a;2  \  or  st? 

^-jj  =  cos^—  2  or  sin  ^,  we  have  a  solution 

of  the  equation 

Noting  the  interchangeable  nature  of  -=  and  ^~g  we  see  that 

2  —  a. 


is  also  a  solution 
Thus  fiiully  \v 


or, 


ha\e 


430) 


Boussinosq  points  out  th\t  foi  tlie  special  ciso  of  a  rod  innuitr  in 
one  dirr  ction  onh  ,  \\e  must  take  the  uppf  r  sign,  and  h  t\t  /  (-  s  )  -  U  in 
ouler  to  sttisf}  th<  conditions  th  it  v  0  foi  l--Ji  \vith  tn\  v  ihit 
oi  i  ^nd  foi  »  x  \\it\\  in\  \  \liio  of  /  (pp  440-1)  Fuitlm  (n)  \\ill 
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*auoe  ^  is  a  SIB®!  o*  oosm%  if  f(at)  atod  its  differmiaals  ike 
supposed  finite  for  all  values  of  t 

[1531  ]    We  can  now  easily  satisfy  the  special  terminal  conditions 
of  mr  Art,  1£29     We  may  write  w  m  the  form 


a    (vu)> 

where  we  most  remember  that 

f    oos~Ai=l     SLrL^da  =  ^Tr  (vm) 


(a).     When  w  =  F(at)  and  dwfdx  =  F^  (at)  for  #  =  (),  we  take 
aod/4,  w  ptit 


Case  (b)     When  ^/cfo*  =  KF  (at),  dfa/dtf^-^F^at)  for  aj  =  0, 
we  take  onlyyj  and/a  or  put 


(P  444) 
Here'  ^  (a<) 


rat  I    .at     cPu) 

Hence  F-1  (at)  =          ^(aj5)  ^  =  TJ       ^3  ^  =  the  total   sheaimg 

'  —  oo  xi    /   —  oo   CcfC"^ 


— 

impulsive  force  applied  to  the  end  #  =  0  of  the  bai  up  to  time  t 

Similarly  F^1  (at)  =  total  flexural  impulsn  e  couple  applied  up  to 
the  time  t  (p  447  ) 

Case  (c)    see  our  Art  1539 

[1532]    Two    additional    cases    (d)    and    (e)   11  e    consideied    by 
Boussinesq  on  pp    445-6      They  ire  the  following 


Caw  (d)      When  %  =  0,  let  w  =  F  (at)  and  cTw/J^  =  A,F,  (at),  then 

-i)(t-i*-S) 

A  ,/V  '  («<  -  £  )  (cos  |  -  sin  ^  Yjrfa          (xi) 
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{«).    When  a>=0,  let  fwl&***  KF(*t)  and 


—  £)] 


[1533  ]     Boassmesq  now  deals  with  special  frobcam  of  theee  iwdte 

<pp  4484 


Subcase  {/)     Suppose  tlie  bar  to  fee  oontumous  in  botfe 
bat  all  shifts  symmetrical  with  regard  to  ar  =  0,  then  we  must  have 
=  0  at  a  =  0  for  all  values  0T  t 


if  «0 


=  ^-        «f  <**-     »  tliecaaemay  be.   We  ka^e  fft»n  (iac), 


«  ,  v, 

ri-J  (7i^   <xlv) 

Similarly  Boussmesq  treats  (Subccts?  (g))  the  problem  when  the 
flexnral  couple  vanishes  at  r  =  0,  i.e  cPw/^^O,  while  either  w  or 
d?w\dy?  for  oj=^Ttre  arbitrary  functions  of  the  time  ,  and  (Sttfao^  (A)) 
when  the  end  x  -  0  is  pivoted,  i  e  w  =  0  while  either  du/ds  or  cFtc/dr 
for  a;  =.  0  are  arbitrary  functions  of  the  time  The  reader  Mill  find  it 
easy  to  write  down  the  integral  solutions  in  these  cases  as  ^e  have 
done  for  Subcase  (/) 

Subcase  (i)  The  particuhr  problem  of  a  b\r  mhnit*  h  long  in 
one  diiection  to  which  during  a  \ery  shoit  mtei\al  (/  -  -T  to  t-r)  a 
definite  inclination  x  to  its  unstiained  central  line  is  givcu  it  a  pivot*  d 
terminal,  is  discussed  at  considerable  length  on  pp  449-^G  Boussm<  ^\ 
finds  the  following  solution 


A 
V 


/2a  (±at          rxr 
—  sin 


2a  (±at 

— 

*t  \n 


If  fir  be  ^e^   laige  as  compaud  \\ith   ^  ,  1  1     if  1  (.uiisid*  i  tbl, 

iutei\il  of  turn    his  <  hpsed  sinct  tlit  inchmtioii  \\^^MU  md  if  tin 
points  consult  nil  l>t  riot  at  ui  immtnstU  £?n  it  distinc*   fn»m 


»m  > 


T    E    PT    11 
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solution  obtaa&d  IB  this  as  in  other  cases  of  the,  transverse 
of  a  rod  differs  very  considerably  from  the  usual  type  of 


tarn  $aetaque  ne  transmet  le  mouvement  transversal  qu'en  le  dis- 
et  k  reodant  insensible,  oontrairement  a  oe  qui  arrive  pour  le 
iBOOTsmeffit  tegJtodHial,  ^gi>  comae  on  salt,  par  Te^uation  de  d'Alembert  (ou 
doe  oofdaB  vSiates),  laquelle  expnme  une  transmission  integrate,  sans 
i&taiiott,  <&<&>  J^dire  sans  condensation  m  dispersion  (p  456) 


BoasBmeeq  next  deals  (pp  456-63)  with  the  case  in  which 
siuffes  and  speeds  are  given  at  each  point  of  an  infinitely  long 
fear     Bit  ibis  *  adtatiom  corresponding  in  form  to  those  obtained  by 
unilar  cases  (see  our  Arts  207-1  1  and  425), 

(x  +  %aja&)  (sin  a9  +  cos  a2) 

4-  F1  (a:  -f  %a.Jat)  (sin  a°  -  cos  a2)]  da, 

aFi"  (x)  when  2  =  0     Fourier  m  his  Theorw 
de  la  chalew,  §  411-12,  Boussinesq  states,  had  obtained  this 
he  transverse  vibrations  of  a  bar  for  the  case  of  F±  (x)  =  0  , 
k  Foaner  had  really  obtained  a  more  general  solution     see 
«*  J07-11  and  1462 

jtfor  lie  special  case  of  J?i(a;)  =  0,  and  Ir(x)  =  0  except  for  a  small 
length  da^  of  the  bar  about  xl  we  easily  find  by  changing  the  variable  of 
integration  to  a^  and  writing  F  fa)  dx:  =  dq 

do      (       fa-xY          (xI-xY\ 

M  =    -~-    (  sin  ^  --  '-  +  cos  ^  —  '-  }  , 
227rat\  ±at  ^t    ) 


which  gives  the  displacement  at  time  t  due  to  a  small  displacement 
at  scj 

[1535  ]  The  exact  limits  within  which  solutions  of  the  above  type 
are  legitimate  are  discussed  by  Boussmesq  at  some  length,  not  only  foi 
the  case  of  the  rod,  but  for  the  infinitely  extended  elastic  plate  In 
the  latter  case  the  dibcubbion  occupies  pp  464-80  The  evaluation  of 
the  integrals  imolved  is  treated  by  a  somewhat  complex  method  An 
error  on  p  465  m  the  detei  mmation  of  the  quantity  S  is  collected  in 
the  inernoii  referied  to  in  oiu  Ait  1462  see  p  643  of  the  memoii 
The  most  important  results  of  Boubsmesq's  piesent  discussion  can, 
ho\ve\ei,  be  deduced  fiom  the  conclusion  of  that  aiticle 

Ltt  lib  consider  the  case  wheie  a  definite  movement  is  given  at  the 
oii^in  to  tht  inniute  plate,  e\erythmg  being  symmetiical  round  the 
origin  tuithti  It  t  the  initnl  ^elocltles  be  zeio,  01  /j  of  Ait  1462  be 
/em  \\  <  e\sil\  hud  that  when  i  definite  shift  w  =  f  is  gnen  at  time 
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i  =  0  to  a  small  area  o-  at  the  ongin,  tkea  tfee  shift  to  &i  distance  r  front 
the  origin  at  time  $ 


Hence  transferring  the  epoch  to  ^,  wntag  ^  (^)  <fc,  »/<r/(86)  and  taking 

the  effects  of  all  shifts  from  ^=—00  to  ^  we  hare 


Now  change  the  variable  from  ^  to  £  where 

|=r»/{26  («-*,)}, 
then  we  find  (p  470) 

«"* 


This   may  be  shewn  diree&y  to  saiusfy  the  akift^qoftfeon  lor  tfee 
transverse  vibrations  of  a  plate,  *.& 

Ae/^^-^vn^^O  (xro), 

where  in  this  case 


See  pp  472-5 

When  r  =  0,  we  have  from  (xvi)  w=$(t)  We  have  thus  found 
a  solution  giving  an  arbitrary  displacement  at  the  origin  at  each 
instant  of  time  We  see  further  that  if  we  take  ^  so  that  ^  (~  oo  )  =  0, 
we  have  w-0  for  Z  =  -oo  whatever  be  r,  and  also  for  r  =  00  whatever 
be  t  (p  470)  It  remains  to  shew  that  dw]dr  =  0  for  r  =  0,  m  order 
that  there  may  not  be  an  abrupt  change  of  curvature  at  the  origin 
This  is  investigated  by  Boussmesq  on  pp  471-2  The  result  is  not 
directly  obvious  on  differentiation  of  w,  because  the  subject  of  Integra 
tion  becomes  infinite  at  one  of  the  limits 

[1536]  The  equation  (x\i)  also  solves  the  case  of  gnen  noimal 
impulses  applied  to  the  plate  (thickness  2e  and  density  p)  at  the  origin 
of  coordinates 

This  pioblem  lequires  a  solution  ot  the  equation  (\MI)  subject  to 
the  conditions  w  =  0  foi  t  =  -cc  and  fui  r  =  x  ,  dw  di  -  0  foi  /  -  0 
(ill  these  we  have  stated  aie  satined  b\  (KM)),  *nd  further  the  total 

shear1  lound  i  circumfeience  ot  iadm&  /,  01  2cpb  x  2-/     ^^        must  be 

x  }nri\eii  function  F  (t)  ot  the  time  foi  /     0 

By  diftercntiitiiig  (\M)  ind  lean  anting  ^e  hud 


1  llu    follows  tabih  tioin  the  Miluc  of  /     ^iven  in  «.  ui  Vit   J'H   itiiit 
that  /  =Ht  i(6p] 

10-2 
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1M»*i*e*lbrr«*0,  ^«1«4^<4  *>  *h«*  f  <<)  1S  *Mj  determined 
d  tfco  problem  accordingly  solved 
Slim  &*/<&  for  r  =  0  is  equal  to  $'  (t),  we  find  at  once 


$r  Hie  spaed  of  the  disturbed  centre  is  always  proportional  to  the 
disturbing  force.  It  follows  that  the  shift  of  this  centre  is  at  each 
i&gteai  proportional  to  the  total  impulse  up  to  that  instant  On 
pp.  477-80  Booesinesq  draws  a  number  of  interesting  conclusions  with 
rqgmrd  to  the  equation  (xvi) 


The  next   section   (pp    480-505)    of    Boussinesq's 
w  of  special  interest     It  is  entitled     ProbUme  de  la 
dynamique  des  barres  et  des  plaques,  notamment  de  leur 
w  choc,  tr®tf6  par  les  m&rnes  proctfdfe    extension  d'une 
fot  dg  Young  au  GOS  du  choc  transversal 

We  shall  deal  hnefly  with  several  cases  discussed  by  Boussinesq 

Cms  (i)  Consider  a  bar  of  infinite  length  in  one  direction  the 
general  expression  for  the  shift  of  which,  when  subjected  to  any  kind  of 
action  at  ihe  end  aj-0,  is  given  by  equation  (vii)  of  our  Art  1531 

We  easily  deduce  the  following  system  of  differentials  at  the  origin, 
(i)  to  (111)  of  our  Art  1530 


=  -  i  V^  {/,  (at)  -f,  (at)}  -  F  ft  (at  -  \  a2)  da, 

In 

(fw(dx  )„  =  }  v^  {/,  (at)  -Ji  (at)}  -  F  f,  (at  -  |a  )  da, 

yo 

(<ru  '«&  )  ,  =  i  Vx  {/,  (at)  +/;  («<)!  +  f  */;  (««  -  v)  ^ 

M) 

No\\  if  (<1u  <1t\,  -  0  foi  all  \alues  of  t,  \\e  must  ha\e 

/;=/,   aml//  =  0, 
w  lance   \\f  find  at  once 

(^r/0  --a((?wl(h~)» 
l  u  1\  \\<  df(hk(    if  (f/V'/W*  ])  -0  foi  all  \alnes  of  £ 

(*///  <lt)t  =  a(Jw'(?i  ), 
(////  ;(//)   is  tin    \(locit\   r  ttkui  1>\  the  Lir  at  tlit  on^in,  and 
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if  A  be  the  distance  of  the  '  extreme  fibre  '  from  the  neutral  axuB,  and  $ 
the  corresponding  stretch,  we  have  s-±k(^w/ds^)%  at  tike  origin,  or 

remembering  the  value  of  a 

F=Gx»x|  (*«), 

where  O  is  the  velocity  of  longitadmal  wares  of  sound  (=  i/J£/p) 

In  the  case  of  a  circular  section  K/&  =  |,  of  a  rectaogolar  aeetoon 
*/&==  1/V3,  etc 

At  the  instant  of  a  blow,  —  for  example,  a  blow  at  tha  ttmtre  of 
a  rod  infinitely  long  in  both  directions  (i  a  when  (dw/dx)^  =  Q)  —  f  T  wO! 
be  the  velocity  of  the  impinging  body,  hence  if  s  be  the  rmmmuBn  &•&- 
stretch  of  the  material  all  velocities  greater  than  that  given  by  (xix) 
will  damage  the  material  locally 

It  is  not  however  necessary  to  consider  the  bar  infinitely  long  >  (be 
above  results  will  still  hold  in  fche  first  instant  of  an  impact  and  bdbre 
there  is  time  for  reflection  of  iJie  disturbance  from  fixed  or  supported 
ends.  We  have  appealed  to  this  result  HI  our  Art.  371  It  is  an 
extension  of  the  corresponding  result  obtained  by  Yotuag  for  long! 
tudmal  impact  (i  e.  F-Qx*}1  see  our  Jjrt  1068  (BotLssu&eeq 
pp  480-6,  498-9) 

[1538  ]     Gasp  (11)      We  can  deduce  a  somewhat  similar  result  for 
the  case  ot  a  plate  from  the  result  (xvi)  of  our  Art.  1535 
We  easily  imd 


dw      Idw 

d^-rTr— 

= 

But  (dw/dt)(}  =  f  (/),  thus 


;(Sm2  ) 

\-r/ 


i  when  r== 


7r6  /t/  M?      1  dw 
T  V^r-  "  7 
Hence,  if  2e  be  the  thickness  of  tlu  plitt    6j    ind  >    tla 

'^"         i    !  '// 
coriesponchng  to   the   t\vo   principal   cun  tturts  ind  it 

oiigin,  and  F  the  \elouty  of  impact 


P  *  /  p 

But  b    -  ,  —  -  -    e 

3/J  (X  -  -V) 

sit  oui   \its    *s  )  in<l  32o 

1  Sinct  K///  i^  ilwa^^  les  than  unitv  \\L  ct  tint  the  \el  tit\  i  th  im{  ut 
\\lnch  \\ill  suthcc  to  damage  i.  bn  localh  i^  xl\\i\si  U  -.  in  tin  tit  i  f  u  in  \ti  t 
than  in  the  L^L  ot  lon^itudmil  impact  (Bou^nu  4  j  p  jOl-J) 
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~  **  jg  the  square  of  the  velocity  ^  with  which  'spreads' 

J>-f$/A) 

propagated  through  the  plane  of  the  plate  (see  our  Art  595*  and 
(IH)  of  Art  389)     Hence  we  have  finally 

r  =  §^3x01x(s1-s2)  (xx) 

Ua&rtoately  this  does  not  tell  us  like  (xix)  the  maximum  normal 
velocity  <*C  impact  We  see  however  thafc  any  velocity  equal  to  the 
product  of  tbe  velocity  of  spread-propagation  into  the  maximum  safe- 

afcrefcok  tnto  Y^—  («  -9069;  will  on  the  greatest  strain  theory  damage  the 
plate1 


€&$$  (ui).     Boussmesq  now  (pp    490-6)  returns  to  the 
an  infinite  rod  to  which  a  mass  M  is  attached  at  some 
ite  length.    If  the  mass  be  subjected  to  the  foice  IT(cU)  we 
aosfc  by  (c)  of  our  Art.  1529  satisfy  for  x  =  0  the  conditions 


dwfdx  =  0 

1  Boussineeq's  conclusions  as  to  the  limit  to  the  velocity  with  which  a  body  of 
any  mass,  however  small,  can  impinge  upon  a  bar  or  plate  without  damaging  its 
elasticity  seem  to  me  of  special  physical  importance      They  indicate  how  light 
bodies  moving  at  great  speeds  may  be  used  to  destroy  cut  or  shape  harder  and 
more  massive  bodies     Thus  they  are  full  of  suggestion  for  the  science  of  gunnery 
and  the  mechanical  arts      One  of  the  most  interesting  mechanical  processes 
illustrated  by  Boussinesq's  theoretical  results  is  that  of  the  sand  blast     In  this 
case  the  velocity  of  the  blast  ranges  from  100  to  2000  feet  pei  second,  the  blast  of 
air  or  steam  carrying  with  it  *sancT,  which  term  may  be  used  to  denote  small 
grains  or  particles  of  which  quartz  sand  is  a  type,  but  which  may  include  globules 
of  cast  iron  or  even  fine  shot     Corundum  can  be  cut  by  the  less  hard  quartz  sand 
and  quartz  rock  by  fine  lead  shot,  while  the  hardest  steel  can  be  cut  by  a  stream  of 
quartz  sand     Sand  blast  machines  are  in  use  for  cutting,  perforating,  obscuring 
or  engraving  glass,  for  sharpening  files,  for  cleaning  iron  and  steel  castings   foi 
cutting  letters,  etc  ,  in  marble  and  stone,  and  so  forth      A  further  example  of  the 
same  principle  is  probably  to  be  found  in  the  experiments  referred  to  in  Art  836  (h) 
m  which  steel  and  quartz  were  cut  by  soft  iron    and  in  the  copper  wheel  of  3 
diameter  which  may  be  seen  cutting  glass  at  the  Crystal  Palace 

Some  idea  of  the  necessary  velocity  of  the  sand  blast  may  be  appioximately 
obtained  from  equation  (xx)     Assuming  uni  constant  isotropy  of  the  plate,  \ve 

haveQ^  -p=ft    and  hence  V-  93660x('?1-s  ),  nearly     For  the  case  of  steel 

v!5 

taking  round  numbers  0  =  17  000  feet  pei  second  and  s1=  04  as  a  maximum  foi 
imtempered  steel  (Art  1134)     Thus  \se  see  that  a  blast  of  b40  feet  per  second  would 
certamh  ^ufcce  to  cut  the  steel    For  tempered  and  annealed  steel  sa  i  educes  to  004 
(\rt  1134)  and  hence  a  blast  of  64  feet  per   econd  \\ould  suflice      That  something 
cunfHtkrubli/  h     than  this  might  sufhce  \vould  appear  to  be  indicated  by  the  34  feet 
per  second  of  Pauer  and  Colladon  s  experiments     see  our  Ait    836  (h)       The 
velocities  \\e  ha\e  calculated   however  approach  nearer  to  those  used  in  the  sand 
blast  machine     The  -whole  bubject  ib  deserving  of  careful  experimental  investi 
Cation 


BQUSSINESQ 


The  latter  condition  by  Case  (i)  of  Art,  1537  is  satisfied  by/ 
and  /,  =  0     The  former  condition  wiU  be  satisfied  by  taJbog 


and' 


where  v  =  J  the  ratio  of  the  mass  of  the  central  load  to  the  mass  of  unit 
length  of  the  rod.     Writing  £=<**  and  !/£ 
the  differential  equation 


Remembering  that  ^(-  oo  )  =  0,  we  find  as  the  aolafeoa  o£  this 

.       (;DQ)L 

Boussinesq  shews  that  the  term  involving  the  arbitrary  constant 
€  disappears  from  the  value  of  w  (p  492)  We  thusj  so  far  as  the 
shift  is  concerned,  can  put  it  zero  or  any  finite  value  we  please.  Let 
us  take  it  equal  to 


then  we  have 


f 


where  the  exponential  has  always  a  negative  index 

Equation  (xxii)  combined  with  the  \alue  of  w  from  (\n)  of  Art. 
1531,  or 


=(  {** 

—  v/ifat—  ^  —  }  sin  -y  \  da  (\  \.m  ) 


sohes  the  pioblein  completely 

1  Instead  of  tbe  last  term  on  the  ri^ht  of  this  our  stcond  condition  Bou    mesq 
has  on  p  491  the  term 

--  *       F  (t) 
a  ft  ^TT 

Hib  ^t  =  our  v      Htnce  his  F  (t)  ounlit  to  be  equi\alent  to  our  -  Thi    it  in 

2     b.h 

fact  is  because  he  dthne^  F  (t)  to  be  lmlt  tlie  foice  applied  to  the  ma*^  V  and  uKt> 
the  mabb  of  unit  length  of  the  rod  as  unit  or  man  (p  481)  It  s*eeui  cleartr  tu 
take  a  perfecth  general  unit  of  mass 
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Bouttufceeq  deals  in  detail  only  with  the  special  case  in  which  the 
motk>&  of  Jf  u  due  to  an  impulsive  force  of  magnitude  Q  acting  during 
tit*  v**y  mall  period  *  =  0  to  *  =  e.  Then  we  have 


H«K*>  by  $mttog  (7  =  0  in  (xxi)  we  have 
/^o^O,  if 


Lei  tet  be  tke  shift  for  «  =  0,  then  we  have  by  Case  (i)  Ait  1537, 
after  a  slight  transformation,  if  r 


Substituting  the  values  of  y  and  ft  and  writing 

xW  =  -t 

we  easily  find 


Boussinefc»q  discusbes  at  some  length  the  integral  x(T)  which  may 
be  wntten 


so  that  x(T)  lb  Always  less  than  l/\Anr  to  which  value  it  tends  as  T 
increases  indefinitely     Geneially  (p  496) 

(VS)  •*' 


3    5 
\V  ti  can  e*ibily  fand  tor  tht  shift  speed  at  it  =  0 


[1  >4U  ]  Tins  solution  cm  at  onct  bt  applitd  to  the  c  isc  in  which 
i  IMM!V  ol  in  isb  I/  iiupmjcb  on  i  bu  mhnitcly  long  in  both  diitctions 
\Mth  \ilocit\  J,  ioi  \\L  hu\t  onl}  to  tike  Q-  1/F,  uid  then  (x\iv) 
mil  (\\\  )  (.xpuss  the  solution  Ob\iousl>  iv(>  mci  eases  indefinitely  \vith 
t  \\\\\\^  the  sjuul  (<hi  dt]  __  diminishes  ind  ultinutely  vimshcs 

I  n  ttkt  1«  1  niiuk  i\\vj  dnnn  tut  (tin  dt)  „=  (^  )/  i  I'cpoque  ?  —  0, 
iiiniitK  imt  pmii  t  iniiinimnt  petit  unemi^e  )/  nine  i  h  bine  \  routine 
t  =  0  dttitiit  pics^iu  It  tut  ihtt  dc  h  quuititc  de  nioiiveuicnt  qu'uno  imi>ul 
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eion  brusque  y  a  fait  nattre,  tout  oommeei  oette  maisae  c'&ait  trouve>  iaotte 

quand  ette  a  eubi  I'lmpulsioo  ,  et  it  doit 


que  le  corps  heurtant  ait  reou  aa  vitam  initiate  K  quand 
ou  apsres  rdtre  joint  a  la  hwm    B  n'j  a,  entire  lee  deux  ca 
dans  la  maniera  dont  la  vitesseKse  cJommunKHie,  durmnt 
troncon  beiirt^  de  la  barre,  matuere  & 
de  la  the'one  de  I'alasttcitd  quand  oo  suppose  la  maaee 
avec  la  barre  des  Pinstant  <=0  (p.  487). 


O0<*ae  (iv).      Boofismeeq  on  pp.   498-50^,  dedb  wilfc  Oie 
a  bar  indefinitely  long  in  one  direction  carrying  a 
M  at  its  terminal,  and  subjected  to  the  longitudinal  impact  Q  < 
the  same  interval  of  time  t »  0  to  *  =  e     Let  Q  »  Jf  F,  then  ~ 
finds  for  the  shift  u,,^  of  the  terminal  and  for  lie  speed 
O  =  V^/p  being  the  velocity  of  longitudinal  vibrations 

MY 


MY  /,       -A 

Sal1""^       > 


Thus  the  shift  ux=0  does  not  tend  to  increase  indefinitely  with  *  bat  to 

approach  the  limit  MVI(pu&>) 

Since  ux^  changes  its  sign  with  V  but  its  magnitude  remains  un 
changed,  we  have  only  to  put  two  bars,  infinitely  long  in  one  direction, 
end  to  end,  each  bearing  a  mass  \  M  to  obtain  the  solution  for  the  case 
in  which  a  mass  M  attached  to  the  middle  of  an  infinitely  long  bar 
receives  an  impulse  in  the  direction  of  the  bar 

Turning  to  our  Ait  222,  putting  therein  Fi=  K,  7  =.  0,  ^  =  H, 
J/i  —  J/,  l/"2  =  «apo),  and  then  making  Og  infinite,  we  easily  tmd  from  (2°) 
of  that  aiticle  by  mtegiating  the  stretch  and  putting  x  =  0 


t\ 
)' 


foi  i  =  0  tu  x 


(•hi  tit)  =(  -  ) 

ujuitioiib  igiet  tiitirelv  \Mtli  (VXM)  ittei  tniR  ^-c  01  \st 
SLL  that  \vhttliLi  J/  be  itt  ithed  to  the  bai  initi  illv  \n<l  retti\t  in 
impul&t  J/J',  01  i  mabs  I/  \vith  mouitntum  \f\  stukt  tlu  lur,  tlitit 
\vill  be  no  ihtiutnce  in  the  \  dues  of  n  _  nut  ('/"  It)  _  ittti  tiuit  t  ~  e 

[13i2]  Ca  ^  (\ )  In  in  idditwn  {pp  bJ  >-u4)  Boussiiitbq  \\oiks 
out  the  cxtitintl)  interesting  and  pi  icticalK  \  iluil»k  List  ot  i  1m  in 
tin  toiin  ot  in  inhniUlv  lon^  tiuiKitid  n0ht  ciuuhi  tuiu,  sulijttttd 
it  the  tiuncitid  i  ml  (supposed  it  distinct  c  tiom  tli«  \titt\)  to  tht 
lougitudiu il  nnpittot  i  bod\  ot  nia^s  )/ moMit0  \\ith  \(loLit\  i  llu 
in\cstigition  ot  thib  L  O>L  hid  bttn  sii&0rcstcd  1»\  ^iint  \  t  units  URIHUII 
ot  lM)b  bte  out  Vit  22  ^ 
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The  iegftfttftoy  of  the  solution  seems  to  me,  however,  to  depend 
tbe  0a&&  bemg  of  very  small  vertical  angle,  otherwise  we  have 
ifgjW  to  t&ae  D*  Aleunbert's  elementary  theory  of  rods  which  supposes 
til*  croes  sactionB  to  remain  plane.     This  assumption  is  not,  I  think, 
&j  stated  by  Boussmeeq,  but  it  ought  to  be  kept  in  mind 
Tke  eqtuk&an  for  the  longitudinal  vibrations  of  such  a  cone   on 
tfeeory  is  easily  found  to  be 


u  10  tbe  shift  *&  distance  (as  +  c)  from  the  vertex  and  O3 
Ibr  wavw  in  the  direction  of  a;  positive  we  have 


easily  find 

<&A      1  du       u 


Thus  ualially,  when  w  =  0,  if  8  be  the  stretch,  and  V  the  velocity, 


or,  if  a  be  the  safe  elastic  stretch  (or  squeeze),  no  body  can  strike 
the  truncated  end  of  the  cone  with  greater  velocity  than  s  x  O  without 
damaging  it.  Young's  theorem1  (see  our  Art.  1537)  is  thus  extended 
to  such  solids  of  revolution  with  truncated  ends,  as  may  ^n  the  very 
beginning  of  the  motion  be  looked  upon  as  truncated  cones 
At  the  end  x  —  0  of  the  cone  we  have  the  condition 


M  ( ~j£ }       =  ^®  ( -r )  (xxvm), 

\d?/x==o  Vflfo/a-.o 

which  enables  us  to  deteimme  the  form  of  f(Qt)  In  addition  we  have 
the  conditions  thit  /(0)  =  0,  and  du/dt^  V  when  x=-0  and  £  =  0  If 
i  =  M  (/XD)  we  ha\e  from  (xxvm)  using  (xxvii) 


we  dttcimme 

//OA    2vtV  ~  /    mt          .  mt\ 

t  (to)  =  -^e       (sm  -Tv  ,  01 ,  smh  -  j  (xxix) 

Hue  A-=  1  ~4i  c  nul  the  natui  U  or  the  hvpeibohc  sine  is  to  be  used 
accoidmg  is  4»  >  01  <c,  OT  accuiding  as  the  impinging  mass  is  gieatei 
or  less  than  thret-quuteis  of  the  mass  of  the  tiuncated  part  of  the 
cone 

1  A  pcnerali/ed  fuiiu  ot  \i_iung  b  Theoiem  ma\  bo  found  at  once  fiom  the 
result  ^uen  f <  i  the  squtx/t  ( -  N)  ot  the  impelled  bar  in  2°  of  our  Art  222  bv 
putting  .r  =  0  and  /  =  ()  A\c  nnd 

=  (\clocit\  of  impact)   (\tlociU  of  sound  in  impelled  bai) 
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SOI 


We  easily  find  by  aid  of  (xxvm)  and  (xxix) 
Ktt 


These  equations  tell  us  at  oao©  ft  great  deal  aixmt  the  impact 
see  that  if  >fe  =  ta&y  or  ttmhy  aooordBog  as  4r>  or  <c,  J~L~ 
maximum  sbiffc  {««».  ^m  at  the  ft**  ead  is  readied 

or 


Wa 
the 


and  (WJP,.^)^  =  —  Vvc  < 

Further  we  have  (dujdx)^  =  0,  or  the  action  of  the  mass  J/"  on  the 
truncated  cone  ceases,  when  t  =  t2  =  2/x  Thus  the  duration  of  the  blow 
is  equally  divided  between  the  periods  when  the  mass  is  continually 
in ci easing  the  compression  of  the  bai  and  \vhen  it  is  continually 
releasing  that  compiession  It  is  easy  to  see  that  the  blow  ends  before 
the  cone  returns  to  its  original  length  b\  substituting  2f,  in  the  \alue 
of  2^0  The  \  elocity  of  rebound  of  M  is  gi\  en  bv 

_r     -2(ycoty    or   ycothy) 

\\hich  confiims  the  lesult  refened  to  m  oui   Art    21  b,  inmeh      thit 
the  \elocitv  of  rebound  depends  on  the  masses  ind  dimensions  of  the 
bodies   in   collision      The  terminition    of   the   blow  when  t  =  t<>  is  of 
mteie&t,  betuise  in  the  case  of  the  mdehmteh    long  cUindncal  rod 
there  is  no  limit  to  the  duiation  of  the  blow     see  oui  Art    1541 


[1  343  ]  Boussinesq  next  consult  i^  \\hat  lnpptm»  iftei  tlu  t*  nnma 
tion  of  the  blo\v  Instt  ul  ot  (\\MII)  the  ttiminal  condition  i>.  no\\ 
(<ln  <tv)^  =0,  whence  \ve  hud  <f  (Q/)-/(°0  =  ^  or  uiJieinbeiins' tint 
\\lun  t  =t  the  t\\o  solutions  must  conuuk,  \\c  h\~se  foi  t>t 


cut   t 
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We  find  lor  tibe  shift  speed  i  >  *, 


ar,  this  m*&  decreases  with  increase  of  *,  and  hence  the  greatest  value 
itt  retched  for  f  =  i,,  or  at  the  end  of  the  blow,  thus  the  impelled  and  the 
impinging  bodies  never  coma  into  contact  again.  The  shift  at  the  now 
ft*9  end  of  the  cone  decreases  gradually  and  ultimately  becomes  zero 
with  <  =  oo  (p.  662) 

[1544.]  It  remains  to  Slid  the  maximum  squeeze  and  the  time  at 
iriboh  &  takes  place.  Bcmssinesq  easily  shows  by  aid  of  (xxvii)  that  the 
a&xuxmm  squeeze  takes  place  before  the  end  of  the  blow  and  at  the 
impelled  end  of  the  cone.  In  order  to  obtain  the  maximum  value  we 
have  only  to  differentiate  the  third  equation  of  (xxx)  with  regard  to  t 
*&d  equate  the  result  to  zero  We  find 


.   j 

sinycossy     '        '      smhycoshsy 

Thus  the  squeeze  -  (ofo/cfo;).^  will  decrease  as  t  increases  from  0  to 
*,,  Le,  from  the  instant  after  the  impact  up  to  the  end  of  the  blow, 
except  IB  the  first  case  (v  >  ^c)  for  3y  >  TT,  or  k  —  tan  y  >  ^3,  or  v  >  c,  or 
when  the  mass  of  the  impinging  body  is  greatei  than  three  times  the 
mass  of  the  truncated  portion  of  the  cone  Should  this  hold  the  squeeze 
becomes  a  maximum  -$m,  when  t  =  tsy  where 


and  by  the  third  result  of  (xxx) 

Q~~'\vy~'irj  COt  y  (XXXll^ 

The  exponentiil  \\ill  take  its  minimum  value  toi  y—  1  3027,  about, 
and  it  then  equals  blOl  which  is  slightly  less  than  the  maximum 
\alue,  unity,  uhich  it  takes  for  y  =  ?r/3  01  ?r/2 

Thus  except  foi  i/>t,  —  6;/,  takes  its  maximum  value,  fr/Q,  it  the 
instant  the  l>lo\v  commences  If  v>  t  Us  maximum  value  must  be 
found  fioin  (xxxn)  and  then  b>  the  pi eceding  rein  irks  does  not  difiei 
widely  fioin  V  fi  x  \!\  c  (pp  (>63-4) 

IxMissme  sq  concludes  his  discussion  b\  lemaiking  that  it  the  thickei 
end  of  tlit  cone  be  cut  oft  it  the  section  *  -  £,  aid  this  section  be  fixed, 
then  \si  slull  ha\e  (sic  oui  \it  223)  i  solution  of  the  foim 

( t  -*-  r )  //  - /  (0^  -  L)  -  f  (at  +  X-21) 

uhere  the  second  tenn  on  the   n0'ht  is  clue    to  the  itfleeted  wave,  this 
turn  \\ill    lio\\e\(i    IK    /e-ie)    it  the  impelled  teimin  il  until  t  -  2l/at   01 
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we  see  that  the  above  investigation  holds  for  this  new  case  during  fcbe 
whole  of  the  interval  2J/Q  after  the  impulse. 

[1545  ]  Case  (vi),  Boussmesq  deaJe  on  pp.  50S-5  with  the  earn  of 
a  plate  of  infinite  radius  struck  normally  by  a  mass  Jf  ft&  Hie  origin 
of  coordinates  with  a  velocity  F  He  replaces  this  problem  by  that  of 
a  mass  M  attached  to  the  origin  of  coordinates  and  gabyeetod  to  tlie 
normal  force  F(£)  Using  the  notation  of  our  Art.  1556,  we  turn 

the  expression  2«p&*  x  2*r  -^--  for  the  total  shear  round  »  cylinder  of 


radius  r  about  the  origin,  and  therefore  for  r 

'(SX'"" 

or,  by  the  results  of  our  AH,  1536 


m  being  the  mass  of  tbe  plaie  per  isiit  of  area  aa*l  r=Jf/»». 

Solving  tins  agnation  IB  tfee  atme  manner  as  tfcat  for  /$)  in  o«r 
Art  1539,  we  have 

!     r<  /       8^rA 

^-ftsL'wo-  n* 

If  we  considei  the  special  case  of  the  blow  produced  by  the  raa<tt*  M 
moving  with  velocity  F  we  have 

f     F(t)  dt  =  0  for  f  <  0,  md  f    .P(/)  «//  =  V  T 

J-x  '-y 

foi  ^  slightly  gi  eater  than  zero      Hence 


,  and  ^(t)=-\- 


\Yhence  we  easily  find  fiom  (xvi)  foi  t  >  0 


Thus  we  sec  that  in  this  cast  tho  shitt  tends  to  the  hnito  limit 
i/T  ;(^ft),  and  the  plate  xcts  in  this  ininnei  quit*  difteienth  fnnn  the 
Inr  of  our  Arts  1">S9-40 

[154G  ]  The  next  section  (pp  >05-4G)  <»t  Bo\is->incs<i  s  \\ork  is 
entitled  Comment  il  Juut  mndijiei  ce^  I  vis  (hi  clmc  duns  le  ca^  de 
banes  dont  ht  Innqnem  e*t  fime 

It  opens  ^ith  sonu  loinaiks  on  impicr  ^neralh  noti<  mcr 
tint  the  u  suits  obtiimd  in  tlu  j>u  \nnis  ntnlis  hold  t«»i  innt« 
onh  it  the  \tlncit\  of  impact  bt  ibo\t  i  ctitiin  unLfin 
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fcode  and  thos  damage  be  done  to  the  body  at  the  instant  of  the 
blow  For  velocities  less  than  this  limiting  velocity  no  damage 
seed  be  cbae  to  the  body  unless  the  ratio  of  the  mass  of  the 
impinging  to  th&t  of  the  impelled  body  exceeds  a  certain  value, 
ittd  for  sodk  velocities  the  maximum  strain  will  not  be  reached  at 
the  instant  of  the  impact. 

TonuBg  to  Saint-  Yenantfs  results  for  the  transverse  impact 
of  rods  given  m  the  table  in  our  Art  371,  (iv),  Boussinesq  remarks 

th&t  they  may  be  thrown  into  the  form  $0==~  —  y/£  Ji  ,  where 

ft  30  a  factor  depending  on  the  ratio  Q  to  P  and  the  notation 
is  that  of  our  Art  371  Boussinesq  compares  this  with  his  con- 

h  V 

difaoa  for  damage  due  to  immediate  impact,  i  e    $Q  =  -  —  ,  and 

tc  u.2 

notices  that  when  Q/P-  or  >!/&  this  latter  condition  replaces 
Saaat-Vena&t's.  He  remarks  (p  508)  that  j3  seems  to  be  roughly 
3  see  our  Art  371,  (in),  where  s0  =  A/p  Hence  Boussinesq's 
condition  would  come  into  play  when  Q/P  =  or  >  £  In  Art  371 
(p  254)  I  have  suggested  that  the  critical  value  of  Q/P  lies 
between  f  and  £ 

[1547  ]  The  remaining  portion  of  this  section  deals  with  the 
longitudinal  impact  of  bars  Two  cases  are  considered  when  the 
impelled  bar  has  the  non-impelled  end  (i)  fixed,  (n)  free  The 
latter  case  corresponds  to  that  discussed  by  Samt-Venaat  in 
1868  see  our  Art  221,  the  former  case  presents  the  analytical 
solution  \Uuch  Saint-Tenant  and  Flamant  discussed  graphically 
m  their  memoir  of  1883  see  our  Ait  401  et  seq 

If  the  impulse  occur  at  the  end  taken  for  the  origin  of  x,  then,  I 
being  the  length  of  the  bar,  we  must  ha\  e  for  the  hrst  case  the  shiit 
u  -  0  \vhen  c-/,  and  foi  the  second  c\se  du/<fa,  =  Q  when  ^  =  ?  If1 
a  =  E'p9  the  solution  must  theiefore  be  of  the  foini 

u  =/  (at  -  i)  +f(at  +  X-21)  (i), 

the  uppei  sign  leferrmg  to  the  ni-st  case 

The  condition  it  the  impelled  end,  or  for  x  =  0,  is 

tf_n  _F(t)      a-  dn 
'  dt    "    m     +  1  TL  <u)' 


1  a  is  htrt  u&eil  foi  the  i>  of  our  \its   1  >41-(>  so  that  the  ie<mlts  ma^  at  once 
be  cumpaied  \\itli  those  ot  oiu  Aits   4U1-7 


the  ratio  of  the  veaghte  of  the  impinging  : 
bar,  «i  =  P/£  and  J*(^  is  the  force  on  ^  at  time  I  *ad  vwf&tom  foc^<0.  3 

Substituting  (i)   m  (u)    putting  as »  0,  mtegratang   «adl  wxito^  • } 


or, 


holds  for  £>  0  But  /  and  /*  vanush  for  negative  arguments. 
(in)  enables  BS  to  wnte  down  first  the  value  of /(£)  for  £=0  to 
^  =  21,  and  then,  from  this  value  of /(£)  stibefetnted  on  the  ngbt  under 
the  int^ral,  to  -wmte  da-wn  ibe  Taloe  of /(^}  from  ^=3^  to  «  and  sooa. 
Thus  /(O  ^  entirely  dtftemiaed  m  faite  terms.  Heaoe  by  (i)  the 
problem  is  analyiaeally  solved  Hie  aotation  inv^vee  a  norel  and 
valuable  me^iod  capaMe  of  application  to  a  number  of  problems  m 
impact. 

[1548  ]  For  the  case  of  an  impact  by  the  mass  M  (=  Q/g)  with 
velocity  V  we  have  F~l(t)  =  MV  Hence  we  find 

2/)}^«      (iv) 

which  again  completely  determines /(£) 

Properly  the  time  from  t  —  0  to  ^  =  r,  the  small  interval  during  which 
the  blow  is  given,  01  horn  £=  0  to  £  —  ar,  or  c ,  ought  to  be  excluded  from 
the  \  alue  off  (^),  foi  we  cannot  differentiate  J  (f )  «<  the  origin  (since 
f(£)  =  Q  abiuptly,  for  ^<0)  but  onl\  slightly  to  the  positive  side  of  it 
le  when  £  ^as  anv  ^^nishmgly  small  positive  \alue  In  iact  it  will 
be  found  that  f  (£)  mci eases  by  jumps  (ct  oui  Dii^ram  IV  p  276) 
whenever  £  increases  by  21  (pp  515-b) 

Boussmebq  Orives  (pp   313-13)  the  geneial  Dilution 
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±-~ $    **  f  1  ~  6  — «—  +  6  — -Zn ?  — §» —  )  (v)  $ 

i  does  not  calculate  these  functions  to  larger  values  of  the      | 
van&ble  £    The  abave  results  generally  suffice  to  determine  the  max*       j 
mw&  8&1M&  and  the  end  of  the  impact     The  end  of  the  impact  will  be      | 
reached  for  the  least  value  of  2  for  which  du/dx*=Q  for  a?  =  0,  or  by  (i) 
iw  U*e  least  value  of  £  for  which/  (£)  =  +/'  (f-  2Q 

[1549]  Pp  517-22  are  occupied  with  the  second  case  viz 
that  in  which  the  non  impelled  end  of  the  bar  is  free,  or  we  must 
take  the  above  equations  (v)  with  their  lower  signs  Boussinesq's 
results  ore  in  agreement  with  Saint-Venant's  (see  our  Art  221) 
but  his  method  is  easier  and  his  conclusions  somewhat  more 
complete. 

We  will  briefly  resume  the  results  given  by  Boussmesq 

(a)    End  of  tlw  Impact     This  is  reached  foi  t  —  — h  —  where  e"  is  a 

OL  CL 

•very  small  quantity,  or  immediately  after  the  wive  of  impact  has 
tra\  elled  to  the  free  end  of  the  bar  and  back  again  After  this  tune 
the  bar  and  the  mass  M  separate  further  and  fuither,  or  the  impact 
is  definite!)  concluded  The  \elocity  of  the  impelled  end  of  the  bii 
is  at  this  instant  Ve~^v  It  then  increases  lapidly  to  2F;  after  which 
it  returns  to  Fls~  v"  \\ith  t\eiy  change  of  time  Zl/a  On  the  other  hand 
the  mass  ]/  continues  to  mo\e  with  the  less  of  these  velocities,  le 
J^2'  (pp  r>KS-9) 

(ft)  Rustic  Etinqy  The  \elocity  of  the  centioid  of  the  bai  iftei 
tlu  impact  is  o\ei  =  V\  (1  -'~^),  incl  therefoie  the  kinetic  eneigy  Kl 
uf  ti  uislation  of  the  lai  -  M/T  i  (1  -e~  ^')  Remembering  thit  the 

\«\  of  the  mass   ^f  aftei   tlie  impict  is  o\ei  =  l-MV  e~4lv,  we  easily 


%  K*  tfe0  kine^e  eneorgy  if  vibratwes  in  the  bar  d««  to  tiU 


we  see  tkat  if  tfee  EMfflg  gt  the  Tmpipgmg  bocty  be  wry  g*M&  *a 
compare*}  with  the  mass  of  $&  %ar  (r  7317  gwifc),  &e  eaergy  tat  «a 
vibrations  is  very  small,  whole  if  tike  b*r  have  A  taiga  man  *a  *DM*~ 
pwred  with  that  of  the  impelling  body,  almost  ail  the  «aergy  10  aboodtod 
ia  vibr&fcions  (p.  020). 


To  obtain  the  case  of  a  rod  impelled  against  a  ngid  wall,  we 
lyto  make  y  =  oo  and  impress  equal  relocate-as,  -  F,  on  both  tmpingmg 
body  and  bar  after  the  impaofe  IB  caifarely  over  (pt  521).     We  eee  at 
tiiat  t^e  bar  reboondfi  wifch  tie  Wocarty  of  impact,  aad  wifcfeoat 

energy    see  oar  Art  305, 

(c)  JfaoMmtm  Straw.  TKe  greatest  sqneese  is  eqTial  to  F/a  and 
ooe?tirs  at  points  distant  not  more  than  |/  from  the  free  end  at  fame  not 
greater  than  Sc'/o,  i.a  dose  to  the  free  end  immediately  after  the 
beginning  of  the  impact.  This  maximum  squeeze  is  the  same  «B  that 
given  by  Young's  Theorem  (see  our  Art  1542  Jfc.)  at  the  instant 

pr 

the  impact  begins.     The  maximum  stretch  equals  —  (1  -  |«~*  **}  and 

occurs  close  to  the  impelled  end  immediately  after  the  end  of  the  blow 
(t  =  2l/a)  In  most  cases  it  will  be  expedient  to  take  this  last  strain  as 
that  of  safe  loading,  stretch  being  more  important  in  respect  of  safety 
than  squeeze 

[1550]  On  pp  522-534  we  have  the  first  case  treated,  the 
non-impelled  end  being  now  fixed,  or  the  upper  sign  m  (v)  being 
taken  The  solution  m  this  case  has  been  discussed  at  consider- 
able length  in  our  Arts  401-7  and  we  refer  the  reader  to  tbese 
articles  We  note  one  or  t\vo  additional  points  occurring  on  pp 
535-46 

(a)     On  pp  535-46  Bous^mesq  shews  that  to  i  second  appro\ima 
tion  we  miy  neglect  the  ineitia  of  the  bar  concentrating  on?  tfur<?  its 
mass  at  the  impelled  end      The  shift  at  this  uul  will  then  l»t  gnen  bv 

JMV     /~^~        /       _tt^_      N 
U'  ~  ~^T  a  V  Jf+  lm  Sm  V  N'  !/  m  -  1  3) 


1  This  of  course  neglects  an>  loss  of  energ\  &UL  to  tbcimil  action    etc 

The  use  of  this  mass  coefticient  of  resilience  (^ee  our  \  ol   i     \pj  <  ndi\  \utt  E 
(b)  and  Vol    n     Arts    367-71    14^0  et  v</  )  is  attributed  to  Sunt  \«_nant     it 
ho\ve\er  as  \\e  ha\e  pointed  out  due  to  Homersham  Cox  ami  Ht 

i  E  pr  n 
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Ifas  expreesiOB  will  gm  th©  shift  %  with  a  considerable  degree  oj 
may  «roa  without  Jfr/m  being  large,  but  the  assumption  does  no1 
lo  ma  aamrate  expressiaa  for  the  maximum  squeeze     see  oui 
>  406,  (2)  and  footaiote.    This  squeeze  is  investigated  by  Boussinesq 
in  an  apf>roximate  manner  on  pp   542-4,  and  he  finds  that  it  is  ex 


f©*  Mfm  large,  \%+  l      see  our  Arts  406,  (2)  (a] 
tad  407  (3). 

(J)  A  somewhat  more  elaborate  series  of  values  for  the  maximum: 
atgnaofe  than  ihoee  of  our  Art  406,  (2)  (a) — (o),  are  given  by  Boussmes<3 
oa  n.  545  For  practical  purposes,  however,  those  of  our  Art  406 
would  be  sufficiently  accurate 

(a)    In  ^  footnote,  pp.  541-3,  Boussmesq  deals  with  the  interesting 
of  tfce  mtS8-ooe^5ci€(nt  of  resilience  (see  Yol    i ,  p    894,  (b))  foi 
tfein  circular  plate  of  radius  a,  either  built  in  at  its  edge  or  simplj 
ported     Let  us  apply  the  formula  of  our  Art.  368  to  this  case,  firsl 


ociatog  the  value  of 

^i/1^  (A 


P  is  tiie  weight  of  the  plate  and  /  the  ratio  of  the  statical 
deflection  at  the  element  dP  to  that  at  the  centre,  where  the  impact  ol 
the  weight  Q  is  supposed  to  take  place  For  the  case  of  isotropy  we 
find  from  the  value  of  to  in  (xi)  of  our  Art  330  that1 


£  having  the  value  unity  for  a  built-in  edge  and  (3X  +  2/x)/(7X+  6/x 
for  a  simply  supported  edge  Whence  by  (i)  y  =  J  (1  -  |./J  4.  |^)  j^ 
us  put  ty^Q  +  yP,  then  it  only  remains  to  find  the  *JfJg  of  our  Art 
368  This  is  given  b>  putting  r0  =  0,  and  y2  =  0  in  (i)  and  (n)  of  oui 
Art.  334  We  find  after  some  reductions 


\\lit  re  Qf  =  ff/p      Hence  we  have 


This  gi\es  us  \er}  accurately  the  depression  at  the  centre  of  the  plate 
due  to  the  blow  of  a  body  of  weight  Q  at  its  centre 

'  For  both  cases  since  the  plate  is  thin  we  tal  e  the  7   of  Ait  330  zero  and  pu, 
=  0     then  for  both    rfM/rfr=0    foi   r  =  0    involves  B  =  Q    while  to  =  0  for  i=a 
ditcrniincj  the  cential  deflection  C     When  the  edge  is  simply  supported  l/p-0 
but  uhin  the  ui^e  is  built  in  1/P  m  deteimmed  easily  from  dwIdi-Qfoir-a 


1551—1552] 


[1551]  Seciaon  2S  b&  of  BoBSsmesq's  work  occupying  pp. 
546-77  IB  entitled  Sur  fos  ckt*e  jproiftflwwr  <fwt  oAoc  par  cam- 
pr&wm  fatsant  fltchxr  la  barre  luwrtfa,  mtppo&k  tr&t  Ugtre,  *k  dx 
mouvement  raptde  dime  charge  rovlaxte  Is  long  <fv*e  fell*  barm 
horveanfale,  appuy&t  d  s&t  dW  &**£&  This  eecfeon  reaDy  deals 
with  two  interesting  problems  much  simplified,  however,  by 
neglecting  the  vibrations  of  the  elastic  bodies  eooskldredL  We 
shall  deal  with  these  in  the  following  two  articles. 

[1552.]  In  our  Art  407  (2)  we  have  referred  to  the  poea- 
bihty  of  a  bar  buckling  under  longitudinal  impulse,  and  hjtve 
given  a  not  very  satisfactory  condition  against  beetling  sug- 
gested by  Saint-Yenant  and  Flamaat  in  their  memoir  It  is 
this  point  which  Bonssmesq  cbaeesees  at  oonsideiable  length  00 
pp  546-60,  on  the  supposition,  however,  that  ike  weight  of  &*  bar 
is  negligible  as  compared  m&  that  of  the  vmpwpng  mass. 


Let  I  be  the  unstrained  length  of  the  bar,  I'  ite  strained  length  ,  lei 
/  be  the  central  deflection  on  buckling,  «  the  chord,  F  the 


oompressive  force,  EOM£  the  flexnral  rigidity,  and  *»s  =  Fj(Sm^,  Th&n 
if  the  origin  be  taken  at  the  centre  of  the  chord  and  y  be  the  deflection 
at  distance  x,  we  easily  find 


rc/ 

=  m2/2  I 
Jo 


since  y-fcosmx,  giving  mc-Tf  to  a  first  approximation,  is  all  that 
is  necessary  in  order  to  obtain  the  value  of  I  -  c  to  a  srcond  approxima- 
tion Integrating  oat  we  have 


Referring  to  our  Art   110*  foi  the  \alue1  of  /',  and  retaining  only 
the  first  two  terms  of  the  bracket  we  find 


Fiom  (11)  we  see  that  I'  must  be  >T  ??*,  and  therefore  />-  //<  01 

r~/a>H  //   foi  theie  to  be  an>  buckling 

Finall},  since  tin  squeeze  (I-  I  )  I  i*  due  to  F  is 


1  I  is  the  a  of  that  Article   *  the  P    FUK    the  A   aud  vre  must  put  the  in  of 
that  Article  equal  to  unit's 
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la  &&  leram  m  *»/*  of  (i)  and  (11)  we  may  obviously  replace  m  b 
Ite  v*lae  aa  given  by  a  first  approximation,  or  by  w/Z  Let  8  be  tfc 
total  stafe  l-e  of  the  impelled  end,  then  we  easily  find  from  (i)  an 

<">• 


a  iwitt  also  holding  when/=  0 

If  -  a,,  be  i&e  yrui^mnm  squeeze  we  have 


A  is  ii»e  distance  from  the  central  axis  of  the  '  extreme  fibre',  < 

_ 
P         h      %      T 


Before  flextire  the  radical  on  the  right  will  be  zero     After  flexui 
we  have  FfEia  =  w^x*/!8  nearly     Hence 


We  are  now  in  a  position  to  measure  the  action  of  the  impingiu 
body  Q     We  have  very  approximately 


Hence  the  motion  of  Q  will  be  pendulous  until  the  bar  buckles,  bi 
after  buckling  there  will  be  a  simple  retardation  of  Q  till  the  initL 
velocity  be  destroyed,  provided  this  destruction  of  the  velocity  tak< 
place  before  the  deflection  ceases  to  be  very  small  as  compared  wit 
the  length  of  the  bar 

The  maximum  deflection  and  strain  occur  by  (iv)  and  (v)  when  B 

QV* 
a  maximum,  or  when  the  eneigy    -    has  been  absoibed  by  the  bar,  i 

^ 
\\lien 

QV 


J^\u\j  f     rt  >T  -rt        1"  K 

=  -    - ,  if  ^  remain  <  ^     i  e  JEo>  -     , 

/^y7   ' 

1  ) ,   if  F  exceed  Fl 
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Patting  ^/p  =  a*,  we  tad  for  the  mammum  terminal  shift  ^ . 

7 
a  ' 

T  w 

r 


Substituting  these  values  of  S  in  (IT)  an*!  (v),  we  find 

-      A 

"^" 


The  ccmdition  <  **  *°  aoMiodaiis     of  tfee  IMUT 


agrees  with  that  of  o*zr  Art.   407,  (2),  if  it  be  r*aemben*3  tiutt 
Boussinesq  supposes  P  very  small  as  compared  with  Q 

[1553]  The  second  problem  dealt  with  by  Boossmeeq  is 
W<dfa$*  Problem  of  the  rolling  load  see  our  Art  1419  *  The 
equation  at  the  bottom  of  our  p  764  (VoL  L)  may  be  written 


the  ongin  being  at  the  centre  and  not  at  the  end  of  the  bar, 
i  e  wnting  x'  +  a  for  &  Boussinesq  gives  this  equation  on  p  562 
and  occupies  pp  562-77  with  the  discussion  of  a  solution  of  it 
It  does  not  seem  to  me  that  Boussinesq's  value  for  the  deflection 
is  in  a  simpler  form,  or  one  more  capable  of  readil)  giving 
numerical  resultb,  than  the  solutions  obtained  and  discusbed  by 
Sir  G  G  Stokes  in  §§  3-10  of  his  memoir  of  1849  see  our  Art 
1279* 

Boussinesq  nnds  (p  569)  if  y  be  the  deflection  at  distance  x  from 
the  centre 

L  £  =  T+  "i"  (?  .4-  J  .4,       -i^'Vl  (l  ~  -' 


wlitie  foi  L  positive,  /-  0,  and  for  ntgitue 


, 

2   —  7T          .  - 


h  ,       ,  ,   ATT 

,  01,  cos)    ^ 


[18W 


tite  npfKar  sagn,  witfe  the  5*n  and  coa&  in  I7,  are  to  be  taken  i: 
&>$»«$<i  «ie  low«r  sign,  with  the  a*n&  and  <?o$  in  T  if  5  <  \  The  loac 
is  eeppoeed  to  start  from  the  end  «?  =  -#  Further,  as  in  our  Art 
1419*,  8  la  the  statical  deflection  doe  to  the  rolling  load  concentrated 
at  t&e  »r!dle  of  tfea  bar,  2a  is  the  length  of  the  bar  and  p  =  gc?l(±V*S) 
W  beujg  the  velocity  of  the  traveling  load  +  &  denotes  the  difference 
4$- 1,  i  being  abroys  taken  positive. 

BotEaexoeeq  draws  from  his  form  of  the  solution  conclusions  sunilai 
to  thoee  of  Sir  G.  O  Stokes  stuponiansed  in  our  Art  1282*,  but  I  do 
Got  think  he  adds  any  noTsl  resnlta 

[1SS4]  Before  leaving  this  section  we  must  refer  to  the 
following  important  practical  problem  dealt  with  by  Boussinesq  in 
&  foo&aote  6n  pp  552-5  see  also  our  Art*  1556  Consider  a  thin 
cylindrical  belt  or  ring  of  radius  R,  thickness  r  and  breadth  b, 
and  aappose  it  subjected  to  a  uniform  pressure  p  on  its  outer 
surface.  What  us  the  least  pressure  which  can  cause  it  to  collapse 
or  lose  its  circular  form  ? 

Let  the  belt  be  supposed  to  have  collapsed  or  bent,  so  that 
r*=.£{l-t-*}  is  the  new  radius-vector,  e  being  a  function  of  the  radial 
angle  $,  then  as  in  our  Art.  585  the  bending  moment  at  the  point 
denned  by  0  is  given  by 


R 


Suppose  AC  an  axis  of  symmetry  of  the  strained  central  line  and 
consider  the  portion  AP  of  the  ring     Take  moments  about  the  point  P 
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The  total  thrust  Q  at  A  will  equal  r#b,  the  moment  about  P  of  the 
pressures  on  the  portion  of  the  mag  eat  off  bj  the  chord  AP  wiQ 
x  %AP  Hence  if  J£  be  fefee  moment  at  - 


Thus 


If  jR  be  taken  as  the  compressed  radius  immediately  before  ooRajprn* 
it  is  easy  to  see  that  this  constant  mnsfc  be  zero,  lor  the  mean 
of  e  will  be  zero.     Hence  we  find,  since  at  A  dejdB  -  0 


But  6=6,  when  B  uHsreafleis  by  2*,  heaee  if  »  be  an  integer  we 

have 


The  least  collapsing  value  of  p  will  arise  when  t  =  3,  thus  for  ooll&pae 

we  must  have 

,    «T* 


[1555]  If  the  ring  become  a  curved  plate,  we  ought  at  least,  I 
think,  to  replace  E  by  the  plate  modulus  //(=££#  for  umconstant 
isotropy)  We  should  then  have  for  the  collapsing  pressure  on  a  flue 
with,  unsupported  ends 

p=or  >?H  jp 

It  is  noteworthy  that  this  is  exactly  the  form  of  the  old  Prussian 
Government  foimula  for  the  strength  of  Hues,  the  origin  of  which 
formula  is  unknown  see  our  Art  986  On  the  other  baud  Fairbairn  s 
experiments  \vith  flues  haMng  cast-non  ends  maintained  it  a  Juced 
distance  seem  to  shew  that  p  varies  inversely  as  the  length  of  the  Hue 
see  oiu  Ait  9b4  When  the  ends  are  not  thus  faxed,  the  piessuie  does 
not  \ary  so  exactly  as  the  imerse  ot  the  length  see  oui  Ail  982 


[1356]  Tht  contents  of  tlu&  footnote  in  tht  Ti^atisf  had  been 
pie\iouslv  published  b\  Boussintsq  in  i  ineiiion  entitled  At  i^tam.* 
d\ui  aitneau  a  /a  fftjciou,  quanil  sa  tuijiut  tttt/i  in*  s^//y/  //  1  uu»  jn  &MOH 
uoniicth,  toiibtante  pa?  mute  de  lun</urtti  'I  i  jtfn*  moynttr  Lutnytte 
ttndiib,  T  \c\ii,  pp  b43-4  Paris,  lt^> 

Thepioblem  ippeubtoha\t  bttn  )»it\iuubl\  di-stiibbed  l»\  AI  Lc\\  in  a 
papti  entitled  \ui  un  iiouieau  c«*  inttjiaM*  dit  pi  obi  m  d  U/n  tufa*- 
U  VUHA,  de  bet,  ajjpl  tuition*  (Comph*  imda  ,  f  \c\ii  ,  pp  0^4-7),  \\hi«.h 
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ctadte  w$k  the  above  case  and  gave  somewhat  complex  results  in  terms 
of  «Ihp&c  iofcagrals,     Le>y  found    that  if 

3  ^r8 


Ifce  belt  iwmld  not  change  its  circular  form  or  be  liable  to  buckle     But 
he  dtd  aot  shew  that  if  p  be  greater  than  this,  the  belt  would  buckle 

Bcrassmesq  la  the  memoir  of  which  we  have  given  the  title  above, 
proved  as  m  our  previous  article  that  we  must  have 

1  $7* 


if  the  belt  be  not  to  lose  its  circular  form. 

L6vy  replied  to  Boussinesq  in  a  somewhat  inconsequential  note  to 
be  fonnd  in  ihe  same  volume  of  Comptes  rendus,  pp  979-80,  remarking 
in  p*rtao«ikr  tb&t  his  own  result  was  deduced  from  a  solution  for  finite 
changes  of  shape  and  that  he  had  previously  noticed  Boussinesq's 
ooocfemon,  Boussinesq  termmated  the  discussion  on  pp  1131-2  of  the 
same  volume  by  the  remark  that  the  ring  must  pass  through  an 
infinitely  small  change  of  shape  before  it  can  take  a  finite  one 

Hie  problem  really  involves  the  same  paradoxes  (and  the  same 
solutions  of  them)  which  occur  in  the  case  of  the  buckling  of  struts  or 
the  collapse  of  flues, 

According  to  Le"vy  both  Boussinesq  and  he  had  been  anticipated  by 
Eesal  I  may  notice  that  they  had  also  been  anticipated  by  Bresse, 
who  shewed  in  1859  that  a  flue  (?  ring)  of  cmy  slight  elhpticity  would 
not  collapse  under  external  pressure  unless  p>±ET*IR*  see  our  Art 
537,  (d) 

[1557  ]  The  last  portion  of  Boussmesq's  treatise  which  deals 
with  the  theory  of  elasticity  is  Note  in  (pp  665-98)  It  is 
entitled  Extension,  aux  sohdes  hetdrotropes  les  plus  simples, 
c'est-as-dire  aux  sohdes  isotropes  deformts,  des  lois  d'dquihb?  e  et  des 
lois  les  plus  importantes  de  mouvement  dtmontrfos  dam  cette  etude 
pour  les  bolides  isotropes 

The  type  of  aeolotropy  for  which  Boussinesq  geneialises  his  lesults 
is>  givui  by  stress  strain  relations  of  the  following  kind 


'w  -J  sx  +  b*y  +  d  &„, 
~  =  e*  +dt>j  +  cs, 

bubjtct  to  the  conditions 

did  =  eft'  =///", 

ind     ld+d 


1558] 


latter  are  the  well-known  reUfeoos  of  th«  eJkpsotdal  Had, 
true  probably  for  all  amorphic  bodiea  Tb»  Conner  are  U»  dmgwowiy 
near  approach  to  the  ran-coostaat  ooachfciteis,  whidh  IB  oor  Art.  140 
we  have  described  as  bat  a  do^btM  eop  to  the  &ittl&0mtaife  Oertoma. 
The  substance  indeed  of  the  porfaott  df  Saint- Vaoanfs  memoir  ct 
1863  considered  in  that  arfeefe  forms  the  tags  of  BowsMaq'e 

[1558  ]  Adopkng  the  above  conditions,  witib  due  neeerfntoon 
ever,  we  may  throw  the  stress-strain  raLa&oaB  into  tiae  MloiriBg 
by  taking  five  new  constants  a,  /8,  y,  A,  p.  sadi  that 


we  have 


where  x  = 

These  results  beooroe  tfeoee  lor  biH^Dstact  ia?trofyjr7  if  we 

a==£=y=l 

Now  take  new  variables  sack  that 


where  w,  -z?,  «?  are  the  shifts 

du'     dv'     dw'     „ 
Then  X=dS*3jf*Ma*' 

and  the  stress  strain  relations  become  of  the  form 


Thus  the  body-stress  equations  of  equilibrium  will  be  of  the  type 


=       v,  etc 

Thus  any  solution  for  an  isotropic  solid  bounded  bv  the  surtaw 
fU  i/  c)  =  0  becomes  one  for  the  aeolotiopic  solid  bounded  b> 
fUl  la  ulJB,  c^/y)  =  0,  pioMded  the  bod\  fortes  applied  to  tht  httei 
be  X'Jall  \I^Z\!y  and  the  shifts  «,  i  u  it  *  y,  s  bt  tiken  as 
u  /a  v  10  /  To  obtain  the  stres  inttinalv  01  atthe  siirf  tee 


u  I  v/a,  v  /VA  10  /N/y 

at  aj,      »  *  ^e  must  take  the 


?  (pp  665-71) 

In  a  long  footnote  pp  ObJ-b,  Boussine^  ieteih  to  h^  memoir  of 
lb>68(see  oui  Art  1467)  md  deduces  the  stiebb  strain  itUtions  (u) 
above  de 
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BouaBUMBq's  ilToto  in   (pp  672-98) 
mofeon  vhich  may  be  set  up  by  a  region  of 
*&  aeolotropie  medium  of  the  elastic  nature  defined  by 
Tim  eqsa&ona  oC  mo&oi^  if  there  be  no  body-forces,  will  be  of  the 


VWW  W*f  «w 

Tdbng  «a  belbre  the  new  variables  given  by  (m)  the  type  becomes 
~  ~5S  °"  (^  "*"  /*)  ^/  *  A*  \  "^3%  +  X^  +  3/1^  /  (1V) 


these  equations  do  not  reduce,  like  those  for  equilibrium,  to 
equations  for  an  isotropic  solid*  They  reduce  to  the  system  of 
which  have  been  considered  by  Sarrau  and  Boussmesq  to 
Ibr  the  ether,  the  elastic  constants  being  supposed  the  same  for  all 
directions,  but  the  density  of  the  ether  being  taken  to  have  the  values 
£/%  /»/$  p/y  for  vibrations  in  the  directions  of  x,  y  and  z  respectively 
see  our  Art  1476 


de  oes  equations  de  mouvement  ne  se  re"duit  done  pas  h,  une 
1*  des  potentiels  sph^nques  consid^i^s  dans  le  me*nioire  des 
p  31^  &.  ^6  ci-dessus  (see  our  Art  1526)  Peut-§tre  deviendrait-elle  effectu 
able,  avec  moms  de  comphcation  qu'elle  ne  Ta  ^t^  jusqu'ici  par  la  mdthode  de 
Blanchet  ou  par  celle  de  Cauchy  t>ase*e  sur  le  calcul  des  re*sidus  (see  our  Arts 
1166*-1178*),  si  l*on  pouvait  g^n^raliser  d'une  mamere  convenable  la  notion 
de  ces  potentiels  sph^riques 

Heureusement,  les  seuls  re^ultats  concrets  qu'on  ait  pu  de^luire  des  inte 
grations  dimciles  effectu^es  par  Blanchet  et  par  Cauchy,  rdsultats  relatifs  ^  la 
propagation  du  mouvement  autour  d'une  region  d'e'branlement  infiniment  petite 
pnse  pour  onguie  des  coordonnees  jc,  y,  z,  peuvent,  ^  peu  pres  tous,  se  d^moutrer 
directement  (pp  672-3) 

[1560]  Boussmesq  then  discusses  at  length  the  solution  of  the 
equations  of  type  (iv)  above  He  first  supposes  a  =  /2  =  y  =  l,  which 
leads  to  the  \vell  known  solution  Then  he  takes  on  the  basis  of  this 
solution  a  second  approximation,  supposing  a,  /?,  y  to  differ  slightly  from 
each  other  and  fiorn  unity  The  results,  which  he  obtains,  aie  prm 
cipally  of  impoitance  for  the  elastic  theoiy  of  light,  and  may  be 
looked  upon  as  a  paitial  development  ot  those  of  Sir  G  G  Stokes  to 
an  elastic  medium  of  the  icolotropic  charactei  assumed  Boussmebq 
ippht  b  them  on  pp  694-7  to  the  problem  of  the  lateral  limitation  of 
disturb  mces  in  the  foim  of  light  01  sound  'lays  ' 


[1501  ]     Boiibbiucbq  concludeb  his  Tteatise  (pp  705-12)  with  a 
reproduction    ot    the,    inemon    on   carthwoik    to   which  we    have 


1562—1563]  BOUBSIHSSQ.  »fr 

referred  m  our  Art  1624  The  work  as  *  whole  is  a  remarkmhfe 
contribution  to  our  subject,  stiggeefcrng  a  wide  mage  of  aew 
analytical  methods  aad  a  variety  of  directions  for  valuable  experi- 
mental investigations  in  elasticity  1%  forms  one  of  the  moat 
important  contributions  to  our  subject,  published  eaaoe  the 
tatedOlebsch  see  our  Art 


SECTION  IV 


m  Plastwxty  mA  Pvlvormfaux. 


[1562]  Lois  ff&m&ntptes  de  la  dufrUwkm  d&  pressvons, 
dans  -an  -solfide  komojf&te  &  ductile  eovmts  4  &*  d^&naufcoii* 
pianes.  Oomptes  rendus,  T  LXXIV,  pp.  242-6.  Ptas,  1872. 
This  is  an  investigation  by  aid  of  what  Bonssmeeq  terms 
cyhndres  isostafaques,  or  what  m  English  are  generally  spoken 
of  as  conjugate  functions,  of  the  umplanar  equations  of  plasticity 
Gyhndres  isostatiques  are  to  orthogonal  curvilinear  coordinates 
in  two  dimensions  what  Lamp's  surfaces  %sostaiique8  are  to 
those  in  three  dimensions  In  a  footnote,  Boussmesq  referring 
to  Lam6  uses  the  words  cited  in  our  Art  1152  *  Boussinesq's 
isostatic  cylinders  in  plasticity  are,  however,  a  case  for  which 
Lame's  theorem  holds 

[1563  ]  If  rcy  be  the  plane  of  symmetry,  we  shall  have  to  consider 
only  the  stresses  o\r,  JJ,  JJ,  *T  and  these  will  be  functions  solely  of  a:  and 
y  If  a  be  the  angle  the  normal  n  to  an  elementary  plane  makes  with 
the  positive  dnection  of  x,  we  have  for  the  traction  and  tshear  acrosb 
this  plane 

M  =  \(71  +  JJ  +  \R  sin  (2a  -  »/r),     7t 


f 
wheie      cos  ^= 


bbc  oui  Aitb   24b  and  46"),  (6) 

Tht  pimcipal  tractions  will  thatfort  bt  (let*  numid  1>\  tin  in^lts  aj 
md  a,  where  2^-^-90  md  2a.-^  =  270  No\v  construct  tlu 
<  yhnderb  ot  which  the  noimils  arc  inclined  it  each  point  tt  ingles  ai  a 
iespecti\ely  to  the  axis  of  i,  md  let  them  be  upiebciitcd  b\  tin  funihts 
Pi  -  /i  (•*->  !/)»  P  =y  (^  y)  Ihe^e  aic  Bousbine^4  s  it>o*tuttr  cylinders 


BOUSSINESQ-  [1564 

These  ecurifeoes  give  *£  each  pomt  bj  their  normals  the  directions  of 

!Pf    In  this  case  we  shall  have  7?  =  7^  - 


tad  «ooodbog  to  Treeca  and  Saint-Tenant  (see  our  Arts.  248  and 

Ti-T^ZK  (11) 

takes  the  curvilinear  rectangle  bounded  by  two  pairs  of 
curves  of  the  above  two  families.  If  dn^  and  dn%  be  the 
normal  distances  between  the  members  of  the  pairs  at  a  given  point, 
Behave 


for  either  normal  distance. 

Considering  ilhe  equilibrium  of  the  curvilinear  rectangle  by  resolving 
the  principal  tww&ons  which  act  across  its  faces  along  the  normals  dn^ 
*ad  dfot,  Bcrassuiesq  easily  finds 


SVom  (n)  and  (ui)  we  have 

==-^2- 

(iv), 


where  Xi  and  ^j  are  arbitrary  functions  of  p^  and  p2  respectively 

Now  replace  &  and  pj  by  two  new  parameters,  p/  and  p2',  determined 
by  «iPi  =  Xi  (pi)  ^/>i'  and  ^>2  =  Xs  (p  )  ^  *hen  we  see  that 


Here  pj'  and  p2;  may  be  treated  as  the  curvilinear  coordinates  and 
the  dashes  may  be  dropped  We  see  that  equations  (v)  suffice  to 
determine  any  three  of  the  quantities  T»  T  ,  lh  and  7*2  when  the  fourth 
is  known 

The  third  equation  of  (v)  gives  us  dn,  x  dn  =dPlxdp  ,  or  if  we 
draw  the  two  families  of  curves  for  equal  variations  dPl  and  dp  of  the 
parameter,  these  cuives  will  divide  up  the  plane  of  xy  into  curvilinear 
n  cuingU  s  oi  equal  area 

[lriG4]  Boussmesq  shews  (p  245)  how  to  construct  giaphicallv 
these  families  of  curves,  if  one  of  the  quantities  7\,  T.,  L  and  h  is 
gnen  at  e^uy  point  of  the  whole  length  of  an  iso&tatic  line  The 
constiuction  lesembkb  that  adopted  by  Maxwell  m  dealing  with  lines  of 
flo»,  etc  see  oui  Ait  1556*  and  also  the  neato*  *on 
aiid  Magnetism,  Vol  I  ,  Chaptei  \n 


1565  —  1566] 

Smoe  the  systems  /^  aad  />,are  < 
both  ^  and  p,  araijfc  satisfy  tte  differential  equation 


Solutions  of  (vi)  give  tite  «%  poaeifcle  laoafete  oyfcftiacB  for  the 

deformation  of  a  plasfac  solid 


[1565]    St^rwi^n^ 

cyUndres  wostetoques  produiis  dans  tm  aoiub  Aomopfew  *| 
Gomptes  rmdus,  T  LXXIV,  pp,  818-21     Ptaa, 


In  this  memoir  Bonsanesq  solve*  in  a  raib&r  oompbomtftd 
equation  (vi)  of  t«he  previons  arteia    Wntmg  thai  eqaattoci  m  tbe  veil* 
known  symbols  adopted  by  treatasee  on  diflfereatial  equafciooa,  we  have 


Further  taking  h—+*j$P -*•#*,  jp^— ^*«IPeosS«,  %*£  =  A?  am  2«, 

nesq  finds 

_djp         _  afc 

*-*•  *-<*?' 


where 


>f- 

+  cos  (a  4T+m?)  e~t  ff *Q<PF  (h  )  <tt'lj  cos  m  (A'  - 

where  ^  (A')  and  ^  (/*')  are  the  functions  of  7*  =  log  h  to  which  *  and 
y  reduce  when  a  =  0 

The  solution  appears  far  too  complicated  to  be  of  much  practical 
value 

[1566  ]  Equation  au&  ddnvees  parttelles  des  wtesses,  dans  «n 
solide  homogene  et  ductile  ddforme  parallelement  d  un  plan 
Comptes  tendus,  T  LXXIV,  pp  4?50-3  Paris,  1872 

Before  discussing  this  memoir  \\e  ma)  ID  the  first  place  refer 
to  a  footnote  on  p  452,  somewhat  generalising  equation  (m)  of 
our  Art  1563  If  Tl  be  given  as  a  function  of  T  b}  some  relati<»n 
other  than  the  plastic  relation,  Tl  -  T  =  2A",  of  that  artick  tht^e 
equationb  are  still  mtegrable  Boubbiutbq  suggests  for  eximpk 
the  condition  for  the  limiting  equilibrium  of  loo^t  Lirtli,  or 
TJT  =(1—  sm^>)/(l  -fsm</>),  $  btmg  the  angle  ui  fnction  In 
this  case  the  third  equation  of  (v)  m  our  Art  1503 


flft  BW3SOTBSQ.  [1567—1568 


proposes  tn  ibis  memoir  to  investigate  the 
motion  of  a  plastic  mass,  and  he  obtains  the  components 
<jf  the  rdbdty  ferpeikhcukr  to  the  isostatie  surfaces  from  the 
fofiowisg 


>    Tfeat  tfee  oylixttier  om  tfe%  cpr^ilmear  rectangle  (see  our  Art 
wiH  have  the  same  volume  at  times  £  and  t  ±  dt 


($)  DW  *&$  mattat  situated  on  oiie  side  of  an  element  of  an 
iaootefac  sudaoe  baa  no  slide  relative  to  the  matter  situated  on  the  other, 
tootaa*  tfce  *&rfcas  is  entirely  normal 

If  JJj  and  Z7t  be  the  velodiaes  in  the  direction  of  the  normals  dn^,  dna 
(see  our  Art  1&63),  Bonssinesq  finds 


and  ^  x  A,  =  1  as  before. 

Tbe  last  eqiiation  may  he  written 


but  ite  integration  is  rendered  extremely  difficult  by  the  presence  of  h 
*  fitnction  of  both  ft  and  pa  (p  453)  '  ' 


[1568  ]  Sur  une  mani&re  simple  de  determiner  - 

meti  la  resistance  au  glissement  maximum  dans  un  solide  ductile, 
homogeiM  et  isotrope  Comptes  rendus,  T  LXXV  pp  254-7* 
Pans,  1872 

Boussinesq  draws  attention  to  the  formula  deduced  by  Saint- 
Venant  from  Tresca's  researches  in  plasticity,  namely 

5T=K27i-27s)> 

where  T,  -  T3  is  the  greatest  difference  between  the  three  prin- 
cipal tractions  (T,,  T  ,  Ts),  and  K  is  taken  by  Samt-Venant  to  be 
a  constant  see  our  Arts  248  and  259  Boussinesq  raises  the 
question  whether  K  is  an  absolute  constant  He  considers  that  it 
ts  not  sensiblj  variable  with  the  small  relative  velocities  of  the  parts 
of  a  plastic  mass  and  that  it  cannot  really  vary  with  a  uniform 
normal  pressure  round  any  element  of  volume,  because  such  a 
pressure  not  sensibly  increasing  the  density  would  not  jender  the 
molecular  equilibrium  more  stable  It  is  only  possible  he  thinks 
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for  the  variation  of  K  to  depend  on  the  mamter  in  which  3Pt  IB 
comprised  between  the  other  two  principal  traction*  or  opoa  the 

ratio 


He  therefore  proposes  to  take  K,  or 


Thus  It  IB  possible  for  K  to  vary  from  one  case  of 
motion  to  a  second    This  variation  of  K  is  mane  fully  diacuased  in 
the  memoir  of  1876    see  our  Arts.  1586  aad  16»4 

[1569  ]  Boussinesq  farther  suggests  pure  traction  experiments 
as  the  best  means  to  obtain  Kt  supposing  it  to  be  constant  10 
this  case  he  considers  that  T^T,  — 0,and  therefore  that  K(=\T^) 
can  be  found  at  once. 

If  K  be  variable  he  suggests  that  its  variation  could  be  deter- 
mined in  the  following  manner  Let  a  rectangular  b&r,  subjected 
to  a  longitudinal  traction  S,  be  placed  between  two  parallel 
polished  plates  covered  with  oil  or  grease,  and  subjected  to  a 
uniform  pressure  P  applied  through  these  plates.  Let  the  stress 
S  requisite  to  produce  plasticity  be  noted  for  each  value  of  P 
Then  we  shall  have 

and  hence 


It  would  then  be  easy  to  determine,  whether  K  is  an  absolute 
constant  and,  if  not,  how  it  vanes  with  the  ratio  SjP 

It  is  difficult  to  see,  however,  considering  the  phenomenon  of 
local  stricture  which  occurs  with  ductile  metals  (see  our  Vol   i 
p    891)   how    the  pioposed    >p  ir  jr    n  n     could   practically  pro 
duce  the  required  system  of  stress,  even  if  the  oil  or  grease  leallj 
pi  evented  the  friction  of  the  plate^  haung  an}  ^eiibibk  influence 

[1570]     Integration  de  I  equation  am  de/nee^  paitielle*  cfo> 
cyhndies  isostatique^  qm  *>e  pioduisent  a  littttneni   dan  ma-s^if 
ebotdeiu  soumis  a  de  Joitet>  pie^sions     Coutpte*  iendu*   P  I  \\\n 
pp  067-71      Pins  1673 


812  mmmm&  [1571 

(BI)  oC  oar  Ari  1563  and  replacing  (11)  of  the 


IB  tfee  a&gle  of  fraction,  Boussinesq  obtains  the  solution  of 
&QB6  eqnmiioins  for  &  m&ss  of  loose  earth.     He  finds 


Sa^  mr  A*i  1566 

AB  m  crar  Art   !$64,  Bcmssmesq  then  proceeds  to  determine  the 

*q®ft&®&  wkdb  must  be  saiasfiad  by  pj     If  ^=  y  ITST^'  he 
with  th«  notation  of  our  Art.  1565  that 


Tins  equation  he  solves  in  the  same  manner  as  the  differential 
of  tii&t  article.    See  pp   669-70  of  his  memoir 


[1671  ]  Emx&  Ihfonque  sur  Fdquihbre  d*dlasfowt6  des  massifs 
p«fo*"ttfott&  oompard  A  celm  de  massifs  solides  et  sur  la  pousste 
des  fares  sans  coh&wn  Mdmozres  couronnfa  et  mtimoires  des 
savants  fowigers  pubkds  par  I'acad&me  de  Belgique,  Tome  XL  , 
pp.  1-180  Bruxelles,  1876  See  also  Oomptes  rendus,  Tome 
LXXVII,  pp  1521-5  Paris,  1873 

Previous  memoirs  dealing  with  loose  earth  had  been  more 
especially  devoted  to  the  limit  of  its  equilibrium,  without 
reference  to  its  elasticity,  and  from  this  standpoint  they  do  not 
properly  fall  within  the  limits  of  our  subject  We  have,  however, 
referred  by  title  to  one  or  two  such  memons  in  the  course  of  this 
history  Thus  the  researches  of  Rankme  are  cited  in  our  Arts 
453  and  465  (a),  those  of  Holtzmann  m  Art  582  (b)  and  those  of 
L£vy,  Samt-Venant  and  Boussmesq  in  Art  242  Rankme'h 
researches  were  afterwards  thrown  into  a  geometrical  form  by 
Flamant  in  the  Annales  des  ponts  et  chaussees,  2e  Semestie,  pp 
242-68  Paris  1872  (An  interesting  elementaiy  discussion  of 
the  stability  of  earth  \\ill  be  found  on  pp  111-40  of  Flamant's 
Stabihte  des  const)  nations  Resistance  des  materialist,  Pans,  1886  ) 
Boussmesq  in  his  Introduction  after  refemng  (pp  3-4)  to  the 
previous  history  ot  this  branch  of  the  subject  continues 

Mais  il  y  x  un  autie  genie  d'equihbre  egalement  important  A 
consult!  ei  ctst  tehu  que  pubontt  line  masse  sablonneuse  en  repos, 
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scmtenne  par  un  mnr  asses  ferrae  pour  n'6p«wivar 


que  dans  la  pr&tfdeat,  toot  oomme,  k  llatSnettar  d*mn  aoi&fe  en  6qiuHI*« 
d'$asfcicit€,  lea  tensions  resfcenfc  portoai  iatoeroes  Ik  oeHes  qm  *It&r««*i6*t 
d'une  mani^re  perm&aente  1&  sferoefeire  da  oarpe  tat  partieoks  aont 
done  moms  retannes  pur  ieras  acfeons  mutooHes  que  dins  to  ow  oi  10 
mur  de  soat^rMjmeBfc  lee  ftamii  en  oSdant  so«fl  fear  putanoo,  M  dfltai 
exezoent  sar  oe  dinner  une  poose^o  enp6ne^re  i  eelh  qnladiqoeat  hi 
fonnules  de  Rankme.  Cfest  sartoat  OB  genre  d'&|tulihre  qtw  je  me 
propose  d'6tudier  id  je  Tappelie  tqwd\br6  ffoutuxti,  <mr  je  ooaMadiro 
lea  preesions  qui  s'y  troorent  efiwiavement  eiero6es  oomroe  d^pend«Jfti 
dee  petites  d6form&taoES  qn74pmayer&it  k  masae,  snppoefie  d'abord 
homog^ne  et  sans  poada,  aa  die  devenstit  ensoite  peemnte  cooune  aiie  l'«* 
eneffet(p  5). 

More  attention  must  therefore  be  devoted  to  BooBaaneeq'e 
memoirs  on  pulvernlence  thaa  to  earlier  memoirs,  because  (i)  they 
deal  with  the  daskc  eqailibnam  of  &  pulverulent  a&aas,  mod  (it) 
they  appear  to  contain  the  most  complete  scientific  theory  jet 
given  of  the  stability  of  such  a  mass. 

[1572  ]  Boussinesq  bases  his  theory  of  pulvernlence  on  the 
hypothesis  that  masses  of  pulverulent  material  stand  midway 
between  solid  and  fluid  bodies,  and  act  like  fluids  when  not 
subjected  to  pressure,  but  when  subjected  to  pressure  gain  an 
elasticity  of  form  as  well  as  of  bulk,  and  act  like  solids  Bous- 
sinesq considers  the  slide-modulus  to  be  proportional  to  the  mean 
pressure  Supposing  the  dilatation  0  to  be  zero  or  negligible  as 
compared  with  the  individual  stretches  sx,  sy,  sz>  we  have  for  the 
mean  pressure  of  an  ibotropic  medium  £  (xr -h  7v  +  T)  or  —  p  sa\ 
Further  the  slide-modulus  p  is  to  be  proportional  to  p  or  mp 
si}  ,  hence  he  finds  as  stress  types 

£*  =  —  _p  (1  —  2j?isx)t    T  =  pm  au  ( i) 

[1573]  On  p  7  of  his  Introduction  Boussinesq  discn^M> 
ceitaiu  difticultits  which  arist  in  the  boundar)  conditions  of  i 
puKeiiilcnt  mists  At  a  hee  boundar}  cltnK  tin.  pre^urt  is  to 
be  zeio  At  i  peilectly  rough  fixtd  bouiuhn  is  in  tin.  ct^ 
of  certun  sust lining  \\alls  tht  bhiftb  uu*(ht  TO  ht  /t_ro  <  i  tin  t  »iuh 
ot  mitciial  \long  the  \\all  itniini  iiunn>\L<l  Tins  ti\it\  ot  tin. 
particles  ilong  the  \\xll  is  lio\\t\«.r,  ginciilU  inc^nipttibk  \\itli 
then  hxity  in  the  saint  positions  \\hm  in  the  {uinntiM,  <i 
nitui  \1  stito  i  o  \\htn  no  both  foice  such  \s  \\t  i^ht  i-  suiiiMi^il 
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to  act  cm  tbfc  mass*  but  this  is  the  state  from  which  the  shifts 
%  *,  w  are  supposed  to  be  measured. 

The  remainder  of  the  Introduction  is  a  r&ume'  of  the  conclu- 
sions reached  in  the  memoir  [ 

[1674JJ  §  L  of  the  memoir  is  entitled  Formulas  des  pressions 
pr\wyvpoties  esoercSes  A  IvMn&wr  des  milieux  dlastiques,  sol^des) 
fiwfos  w  pidvdndents,  dont  la  constitution  est  la  meme  en  tout  sens 
It  occupies  pp  11-22.  The  first  two  or  three  pages  recite  some 
well-  known  kinematic  properties  of  strain,  concluding  with  the 
consideration  of  the  thi^e  principal  tractions  and  three  principal 
strefcehea  If  ^,  $»,  $t  be  the  latter,  T^  Ts,  T3  the  former  quan- 
-p  or  £  (T, 


equal  to  functions  of  slt  %,  st>  which  he  says,  if  sl9  5o,  ss  are  suffi- 
oently  small,  can  be  expanded  by  Maclaunn's  theorem  in  rapidly 
converging  senes  of  integral  positive  powers  of  slt  ss>  ss  (p  14) 
This  is  the  same  sort  of  assumption  as  we  have  had  to  criticise  in 
the  investigations  referred  to  in  our  Arts  928  *  and  299 

Accepting  it  with  this  qualifying  remaik,  it  is  easy  to  follow  the 
considerations  of  symmetry  by  which  Boussmesq  deduces  that 

-p-A  +  JBO+Cez  +  Dttss-Ssy  +  ^-sJ+^-s.)}         (11), 

where  A,  B,  C  and  D  are  constants  (p  15) 

Wnte  tie  right-hand  side  of  (11)  as  K  and  its  \alue  when  the 
constants  A,  B,  C\  D  are  leplaced  by  dashed  letters  A',  -5,  (77,  D'  as  A'  ; 
then  Boussmesq  shews  that  the  following  are  the  forms  of  the  pimcipal 
traction  differences 

-^)-{A  +(B'+C"6)Sl}(s-s,), 

(m) 


These  foimnlae  can  be  applied  to  all  isohopic  bodies,  and  Boussmesq 
pioceeds  to  apply  them  to  \aiious  types  (pp  17-22) 

(«)  /  lactic  toluh  In  this  case  the  shams  represented  by  s  -  s3, 
*j  N  '•i-N  become  sensible  onl)  when  the  shess  differences  T  -T^ 
7j-/n  J\- J1  ut  themselves  sensible  Htnce  foi  small  strains' 
\ve  ha\t  ' 

"  s  -~s   '    " (f '-"YA)  = ] (T'IT ]-A+xe        (u ) 
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=  j*  4-  (JR 
i  e.  is  of  tlie  form 

or  the  usual  expression  fora  principal  traction  of  an  dbs&a  aohd,  if  4 
be  the  initial  stress,  which  is  supposed  to  be  uniform  in  all  direefcona 
see  our  Art  616* 

(b)  Fluid  Bodw  Here  we  have  finite  strain-difFerenoee  *,~J», 
^  —  $i,  5j—  *,  for  vaiiishingly  sniall  stress-diSerenees  2*t—  2*f,  SPt-jPi, 
Ti  -  ^s  If  these  finite  strains  are  produced  whatever  be  the  value  of 
?,  then  we  have  a  Suid  and 


(c)  Pulwrulent  Boekez.  In  sa<^  bodies  finite  strwjafl  *»-«»,  ^-*l, 
*!  —  %  are  produced  by  vanishingiy  saaall  streeB-diSereaoee  ^Tt  —  S7,,  7^  —  2\, 
2V  ~  ^a,  only  when  p  is  vamshingly  sm&lL  Hmoe  terms  of  the  type 
£*  +  (£"  +€"0)8!  must  be  divisible  by  p,  or  =«^,  say  If  we  neglect 
terms  of  the  third  order  in  the  strain,  tins  e&a  only  be  reaJiaed  if 
K'  =  mK,  ^  =  0  and  C*V  be  of  the  aeooad  order  in  the  strain. 
Farther,  since  p  is  to  vanish  witih  the  strain,  we  must  have  -4  =  0 
We  easily  deduce 


whence 

21!  =  -  .p  (1  -  2^0,     r3  =  -p  (1  -  2/?w2),     r3  =  -  p  (I  -  2W&,),     (\  11), 
where         -  p  =  BO  +  r<^  +  Z>  {(^2  -  5,)"  -f  (^  -  ^)3  +  («i  -  *  )8} 

If  we  neglect  the  squares  and  higher  pmvers  of  the  struns  m  may  be 
consideied  a  constant,  further,  since  when  p  is  \anishmgl>  small,  B  is 
known  fiom  physical  considerations  to  be  \anislunglv  small  e\en  for 
fauite  stiaui  differences  <t  -  s,,  s^-^,  sl  -  s  ,  it  follows  that  B  must  it 
least  l>e  of  the  order  ot  then  squueb  Henct  \ve  uia\  iu,kct  (  B 
and  put 


Boussuitsq  tor  pulveiulent  bodies  neglects  tin  squues  of  th»  sti  un^  uul 
accoidinglv  jmts  6-0,  ^hile  -p(=I>6)  is  suppibtd  to  bt  tnut*  Hi 
thus  obtuns  equations  (MI)  in  conjunction  Nvitli  6^  U  a^  tin  ivimli 
inent  il  <tjuxtions  for  such  mtdn 

[l")7r>]  ^  ii  of  tht  numou  (pp  25-7)  is  tutitled  E»pi  «t<  it 
yette/ak*  tl^  t<nc?t>  ehibtHjur*,  <t  li/ittii  ui  tln>  n  /y  </V//^  it  t  /»  /"»' 
st»/^As  o^  pultLinknt^  lliis  OJH  us  \\itli  a  disciis--ion  ot  tin  ti  m-i«  im 

»  I  _  > 
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ation  of  strain  from  any  system  of  axes  to  the  axes  of  piincipal  stretch 
Bousflinesq  gues  results  of  the  types 

sx  =  o/Sj  +  bfs  +  cfa  ,     <ryu  =  2  (ogOA  +  WjS2  +  c2C3S3), 

•where  alt  bly  cx  are  the  direction  cosines  which  the  new  axis  of  ct  makes 
with  the  axes  of  principal  stretch,  a  ,  &.,  c«  those  of  y  and  as,  53,  <?3 
those  of  s  These  results  aie  identical  with  those  of  Maxwell  see  oui 
Art  1539* 

Boussmesq  next  grves  coiiespondmg  formulae  for  the  resolution  of 
stress,  these  aie  of  the  type 


See  om  Art  133 
From  (vn)  by  aid  of  these  lesults  he  easily  deduces  (i),  or 

TT  =  -  p  (1  -  2wsx),     9  =  pmo-yr  (ix), 

with  the  condition  3^+  sy  +  s^  =  0, 

as  the  general  type  of  stresses  in  pulverulent  bodies  (p   27) 

[1576  ]  §  in  of  the  memoir  (pp  28-37)  is  entitled  Equations 
dtjjf  **tht]1<  de  Fequihhe  d'elasticite  des  massifs  pulv&ulents 
Boussmesq  here  limits  the  scope  of  his  investigation 

Je  m'occuperai  prmcipalement,  dans  la  suite  de  cette  etude,  de 
I'tqmhbie  de  massifs  pesants,  tels  qu'un  monceau  de  sable,  formes  de 
tres  petits  grauib  solides  juxtaposes  sanb  cohesion,  mais  se  comprimant 
mutuellenient  (p  28) 

He  supposes  the  atmosphere  to  penetrate  into  the  conglomera- 
tion of  such  grains  and,  piessing  round  each  gram  individually,  to 
have  no  influence  on  then  mutual  action,  i  e  to  contribute  nothing 
to  the  value  of  p  in  equations  (ix)  above  He  terms  the  natural 
state  (£tat  natuiel)  of  the  mass  that  in  which  it  is  free  from  its  own 
\\eight  and  the  pressure  p  is  zeio  at  each  point  He  takes  a,  y,  z 
as  the  cooidmates  of  a  paiticle  in  this  state,  and  u,  v,  w  foi  the 
components  of  itb  shift  \\hen  the  mass  is  supposed  to  become 
htw\  and  UMiJin^h  to  take  up  a  new  position  of  equihbi  mm 
Boiissirusq  further  considus  the  limit  of  elasticity  of  the  pulveiu- 
lent  ma,ss  not  to  be  pissed  \nd  confines  his  discussion  to  a 
umphnai  dibtiibutiou  of  stiam 

Suppose  the  phne  of  <y  to  be  tins  plane,  and  the  axis  of  z  to  be 
hoiizonul  Tin  n  if  tjiaMt)  make  in  ingle  a  with  the  axis  of  y,  the 
IKK!\  satit>s  ecju  itiuus  itiluee  to 
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•13     «5*  <X) 

-~7~  +  — r—  -f  pa  cos  a  =  0    I 
dx      ay  I 

where  none  of  the  sti esses  ire  functions  of  z 

If  we  wish  to  investigate  the  stresses  only  we  must  have  a  third 
relation  between  x-r,  J?  and  7y  This  is  easily  found  from  (ix)  by  aid  of 
the  identity 


(see  our  Art  1420),  to  be 

9    d_(™\  „(#_._  #\(9J-~*\ 
*<b>di/\pj-\djt     dy)\    lp    r 

whei  e  t?  =  - 


Equations  (x)  and  (xi)  are  the  uniplanar  stress-equations  for  a 
pulverulent  body 

[1577]  In  a  footnote,  p  31,  Boussmesq  gi\e*>  the  inteiestmg 
equivalent  to  (xi)  in  the  case  of  uniplanar  strain  in  an  elastic  solid 
It  is,  if  77  be  the  stietch  squeeze  ratio 

cT       d  \   — 


* 


Solutions  ot  (\)  and  (xn)  foi  the  case  of  a  heiv}  elistic  solid   ire 
given  by 


'r$  ^        -     /•          A^*  \ 

^  --  ->  sinal  ,        //  =  C  -p'/  (    ,     -^cosa  1, 


^ 

~  d$ 

"  —  WdTly* 

v\heie  <^>  is  an>  function  of  x,  y  \^hith  bitishes  the 


and  (!   is  tn  ulutiai}  const  mt     set  GUI    Vit    1  >s  > 

[1^7b]  Pp  32-4  of  thi-»  btction  ut  tin  niMiioii  lie  OLI  i}'  e  1 
\\ith  ceitain  supplemtntai  \  tuiuinlie  lhu->  it  ^  belli*  <.*  \  nu  a  <1 
if  the  sheai  icrosb  i  plane  tlu  imimtl  to  \\iiich  luikt  >  aii  i  is  3  ^itu 
the  axis  of  /,  Bou^niLSsq  she\\s  that  t  »i  puht  inkii*  bud  t  - 

"^  -  -  p  -  Jt  <-  u^  J  (  p  -  f3  )    | 
r/     A  sin  J  (£-/?)  i 

\\heit  A1  (tiktn  positut)  iml  /3    \it  dttined  bv 

AJ  sin  2/?  =.  -  r/      7i*  LOV,  2/3  ~  -  ~ 


31k  BOUSSINESQ  [1579 

Tht  formulae  (\m)  aie  easy  corollaries  fiom  those  of  Rankine  see 
our  Aits  465  (b\  and  1563 

II  T},  To,  jF,  be  the  puncipil  tractions 

Tl  =  -2}  +  R>     Tx  =  —p  —  R)     T3  =—p  (xiv), 

wheie  the  ilgebr ucally  least  fraction,  T  ,  coincides  with  the  direction 
which  makeb  an  angle  ft0  \uth  the  axis  of  x 

If  x'  be  the  dnection  of  lines  parallel  to  the  plane  of  xy  which 
m  ike  initially  an  angle  fi  with  the  axis  of  x,  and  y'  that  of  lines  per 
peudiculai  to  x'  we  have 

R 


^  hci  t,  A*  sm  2^0  =  - 

The  pimcipal  stretches  ue 

si  -  ^  —  ?     52  =  0,     5,  =  —  0  —  (xvi) 

1     2mp'       2       '       3        2m;;  v      ' 

[1579  ]  Pp  34-37  deal  with  the  conditions  at  the  boundaiies  of  a 
pulverulent  mass 

At  a  free  surface  we  must  have  the  stiess  across  the  burface  zeio,  or 
in  the  c  ise  of  uniplanar  strain 


smy  =  0,     oj  cos  y  +  7v  sm  y  =  0 

^  lit  re  y  is  the  angle  the  noimal  to  the  free  smface  at  any  point  makes 
^  ith  the  i\is  of  ^ 

For  a  rigid  boundaiy  as  a  sustaining  wall,  Boussiue^q  considers  the 
extieme  cises  of  peiiect  loughuess  01  peifect  smoothness 
For  perfect  roughness 

u  =  0,     v  =  0  (xvm) 

Foi  puftct  smoothness 

u  cos  y  4-  v  sin  y  =  0, 
mil  ^ 


y  bung  the    ingle  the  noimal  to  the  iigid  boundaiy  makes  with  the 

t\lb  of    / 

L    v\ill  not  as   i  general  lule  be  zeio,  we  may  write   these 
^ 

i'  eos  y  4  t  sin  y  ^  0,     sm  3  (y  -/?„)  =  0  (MX) 

uniuks  th  it  the  eoiiditions  foi  peifeet  leni^lmesb,  01 
w  =-  U,     v  -  0, 
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suppose  that  the  particles  of  the  mass  which  in  the  *natur\l 
(i  e  weightless  state  see  oiu  Art  1573)  were  in  contact  with  tin  rigid 
boundaiy  remain  so  after  the  mass  assumes  the  strained  condition  Thin 
cannot  in  piactice  be  the  real  state  of  the  case  Sustaining  Malls,  he 
lem  uks,  undoubtedly  do  not  allow  of  the  motion  of  the  particles  in 
contact  with  them,  but  these  particles  \vill  often  be  in  othti  positions 
thin  those  of  the  *  natural  state'  u  and  v  at  such  walls  may  be 
theoietically  consideied  as  grven,  but  they  are  in  practice  unknown 
functions  of  the  coordinates  of  position 

A\  ec  lejs  donnees  dont  dispose  I'mgtmeur,  1'equilibre  qui  se  pruduit  dans  un 
massif,  au  moment  menie  on  on  It  forme  en  dechaigeint  suct^ssn  ement  de  la 
terre  stir  le  sol  ou  contre  uii  mur  de  soutfoienient,  ne  par  lit  done  pas  susceptible 
d'une  determination  precise,  et  il  doit  ctre  fort  complete  ou  affecte  d  un  grind 
nombre  d'inomabes  locales  Maib  ce  qu'il  nnporte  de  tonnattrc,  c'est  k  mode 
d'cquihbre  defrnitif  qui  subsistera,  lorhque  le^  petits  ebranlemente  que  tout 
massif  tprou\  e  presque  &  chaque  mutant  auront  fat  disparaltre  le^  mxgulantt^ 
et  amene  un  tassement  complet,  ou  groupe  toils  le&  grains  sablonneux  dc  la 
manieie  en  quelque  sorte  la  moms  forcee  Un  tel  mode  d  tquibbre,  par  le  fait 
meme  qu'il  s'^tabht  de  preference  k  tout  autre,  doit  etre,  de  tnm  hs  modes 
compatibles  aie^les  en  Constances,  cehu  qia  assure  le  mieui  In  stohilite  mteneure 
die  massif  en  Vecaitant  le  moms  possible  de  Cetat  nati(rel(pp  36-7} 

[1580]  §  iv  pp  37-45  of  the  memoir  solves  the  equitious  of  our 
Ait  1576  foi  the  case  of  an  infinite  mass  of  puherulent  matter  bounded 
b}  a  plane  sloping  at  an  angle  o  to  the  horizon  Boussinesq  takes  as 
plane  of  itz/  any  \  ertical  plane  perpendicular  to  the  bounding  plane,  and 
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as  aaos  ol  a?  t&e  lone  bisecting  the  angle  between  the  tains  OA  and  the 
vertical  Off  The  magnitudes  of  the  angles  will  then  be  those  indicated 
m  tih6  accompanying  figure.  The  values  of  the  shifts  and  stresses  in 
the  plane  of  ihe  figure  can  now  only  be  functions  of  the  primitive 
distance  I  from  the  line  OA  We  have 

^  =  a;oosa-f  ysina, 
and  equations  (x)  become 


d     ^  —         i 

•jj{(*i  +  9 pfy  cos  a  +  wr  sin  a}  =  0  (xx  ) 

(Mr 

These  equations,  having  regard  to  (xvn)  which  must  be  satisfied  along 
the  bounding  surface  or  for  I—  0,  lead  to 

Je*  COS  <l  4-  (*J  +  gpE)  Sin  a  =  0,      (S  +  ffpfy  COS  a  +  yy  Sin  a  =  0, 

or,  remembering 

7T 

0)  =  ^  —  2a  and  p  =  —  £  (xx  4-  yy ), 
ja 

after  some  reductions  to 

Hence  by  (ix)  of  Art  1575,  we  find 

*«  =  -  *«  =  - 


2m 

Thus,  if  <£  and  if/  be  arbitrary  functions  of  y  and  #  lespectively 
smo)r        .  /  \T  smo)r  ,  .. 


The  pioperties  of  cr^,  howevei,  which   can  only  be  a  function  of  I, 
and  therefore  must  satisfy  the  relation 

do"j.y     1         dcr^y     1 
c&e  cos  a       dy   sin  a ' 
It  ad  to  the  easy  determination  of  the  foinis  of  <£  and  \f/      Boussinesq 


fands 


sin  (i)  r 
>       [-  y  +  t  *r  cos  a  +  (c  -  c  ) 


\\hutr  c,(  c  j  j  fj  \iehvt  nbitrary  conbtants  Obviously  the  touns 
in  <j  tj  ans\\er  to  a  displacement  of  the  mass  as  a  whole  and  thobe  in 
c  to  a  rot  itiou  of  the  mass  is  a  vvhole 


1581J 
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For  the  strains  and  stresses  we  deduce  the  values 
_        _sm«& 


™     cos  co  -  (c'  -i-  d)  sin  « 


If  the  motion  of  the  mass  as  a  whole  be  disregarded, 
(pp  41-42)  shews  that  any  system  of  initially  pwaildi  straight 
in  the  plane  ocy  becomes  a  system  of  concentric  and  aimUbr  0 
with  their  axes  parallel  to  those  of  x  and  y  This  ooauc  cgrstan 
reduces  to  a  system  of  circles  when  the  straight  Iraes  are  parallel  to 
the  bounding  plane,  and  to  a  system  of  straight  knee  wheat  c  =  0 

[1581  ]  Boussinesq  now  proceeds  to  find  Ifee  stress  acroes  any 
plane  from  equations  (xui)  of  Art.  1578  Let  tfee  plane  pftSB  throng^ 
the  axis  of  s  and  make  an  angle  ^  with  the  vertical  (see  figure  in  AH. 
1580),  then  its  trace  on  the  plane  of  asy  being  &P,  we  easily  find  that 
^3  of  equations  (xiii)  is  given  by 


Whence  using  (xxiv)  we  have 

tan2£0  =  c'- 
Take  an  auxiliary  angle  €  given  by  2j80  =  o>  -  2c,  or 

c  +  cl  =  tan  (CD  -  2c) 
We  then  easily  deduce 

pyl  cos  (o)  -  2c) 
•^  ~        cos  2  (w  —  c) 


--    cobw- 
cos  2  (w  -  €) 

-  sin  w  cob  2  (€X  -  c) 


cos  2  (QJ  -  c) 
Furthei,  since 

•*~s  /I  ")  \         irll  — 

\ve  dtduu 

sinoj  sin  2  (e1  -  c) 

'l ""       2//<  cos  (CD  -  Jc) 
sin  o)  cos  2  (ci  —  *) 


(xxv) 


<XXM) 


"'  m  cos  (w  -  2e)          / 

^1VAtl ^  (\\\-\\\n)  coiitun  the  fundamental  lesults  ot 

theoiy   ioi    the   elastic    equilibrium    of  puherultnt   miss* 


(\\vii) 


\\  t    set 
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atoaoe  tfeafc  when  ^  =  €,  or  =  e-g>  the  value  of  *»  =  0,  that  is  to  say 

tiwre  is  BO  stretch  (or  squeeze)  m  directions  making  an  angle  €  with 
t&&  vertical  or  horizontal,  or  in  directions  given  by  the  solution  of 
(xxv)  lor  €.  The  pnncip«J  axes  of  stretch  must  bisect  the  angles  between 
those  directions  of  no  stretch,  and  the  magnitudes  of  the  principal 
s&reidbee  are  given  by 

sin  a) 

a  »  +  ~  -  7  -  JT\  (xxviu) 

"~  2m  cos  ((t>  -  zc)  v          ' 

[1582.]  Boussmesg  remarks  that  the  practically  useful  cases 
aare  those  in  which  the  constant  c  of  (xxv)  is  zero,  or  e  is  a 
constant  angle,  and  sums  up  for  such  cases  as  follows 

If  two  systems  of  equidistant  parallel  straight  lines  be  drawn 
in  the  uBstramed  mass,  the  one  inclined  at  an  angle  e  to  the 
vertical,  and  the  other  at  an  angle  €  to  the  horizontal,  —  thus 
dividing  the  transverse  section  of  the  mass  into  a  system  of  equal 
squares,  —  then  this  double  system  remains  after  strain  a  double 
system  of  parallel  straight  lines,  the  squares  being  converted  into 
rhombuses  having  the  same  sides  as  the  squares,  but  adjacent 
sides  rotated  relative  to  each  other  through  the  small  angle 
sin  &/{m  cos  (<o  —  2e)  j  The  whole  strain  therefore  reduces  to  a 
slide  upon  each  other  of  parallel  slices  of  the  mass  inclined  at  an 
angle  €  to  the  vertical  (p  45) 

[1583  ]  In  a  footnote  on  p  45  Boussuiesq  deals  with  the  strain  in 
an  infinite  heavy  elastic  mass  bounded  by  a  plane  inclined  at  an  angle 
<o  to  the  horizon 

Taking         £  =  -  p  (1  -  sin  to),     15  =  -  p  (1  +  sm  to),  } 

—  i  \          (xxix). 

ay  =  poos  cu  —  pyl  J  v         /} 

we  see  from  oiu  (xii)  that  p  must  be  of  the  foim 

P^Ji+fl  (xxx) 

I  hnd  from          r£  =  \0  -f  2^  ,     ^, 
tint  the  bluftb  ire  gi\tn  by1 


WII  CO 


iii^  is  tlit  tdbt  of  an  infinite  solid  \\ith  a  fiee  plane  btirfice     Boussmesq  s 
ab  expitshed  in  (\xix)  do  not  seem  ^eueial  enough  to  enable  us  to  deal  with 

a  ri  ml  plant  boundaiy  as  \\ell,  \\hick  we  can  do  m  the  case  of  rebults  (xxiv)  foi 

a  puhtrultnt  mast, 


1584]  BODSSINESQ. 

Whence  from  5  =  ^^,  we  have,  if  r**(X  -f  SJA)/(A  * / 


Now  Boussmesq  equates  the  expression  on  the  left-hand  ado  of  Am 
result  to  tan  («  -  2c)  sin  »,  and  speaks  of  this  auxiliary  fcngle  €  beoomttg 
constant  for  great  values  of  f  It  seems  to  me  that  it  ara&  alwrnya  lie 

constant,  and  that  we  must  have 


or,  /i«0,  and  /,-Otf<»6i»)/r 

The  maximum  -stretch  and  squeeze  are  then  given  by 


the  angles  yT  and  ys?  they  make  with  tbe  was  of  * 


(rxxiu), 


being  determined  as  roots  of 

tan  2y  =  (v  -  1)  cot  *  +  y  tan* 

where  the  squeeze  corresponds  to  the  value  of  y  <  w/2 

These  results,  a  slight  extension  of  Boussinesq's,  seem  to  me  of 
possible  application  to  geological  problems.  For  example,  supposing 
rupture  to  take  place  perpendicular  to  the  directions  of  greatest  stretch, 
we  find,  that  a  massive  slope  of  rock  at  an  angle  of  45  ,  would  under 
its  own  weight  ruptuie  in  planes  making  an  angle  of  about  80  to  81 
with  the  downward  direction  of  the  slope.  The  planes  of  rupture  thus 
fall  below  the  internal  planes  perpendicular  to  the  suiiace  This 
numerical  result  supposes  uniconstant  isotropy  to  hold  for  the  material 
of  the  rock 

That  the  stiains  and  stresses  become  infinite  with  /  is  only  to  be 
expected  fiom  the  nature  of  the  theoretical  pioblem,  which  suppose  a 
heavy  mass,  infinite  in  size 

[1584]  §  v  of  the  memoir  (pp  4?6-53)  deals  with  the  modi- 
fications necessary  in  the  rebult^  uf  the  preMuu^  stctiun  uhcn  the 
pulveiulent  mass  ib  bounded  b)  a  blupmg  \sill  Let  thr->  \\all 
blope  at  an  angle  i  to  the  vertical  (bee  hg  below)  then  the  angle 

^  it  makes  \Mth  the  axis  of  t  is  given  b\  %  =  -  4-  ^  —  i 

coiibidub  t\\o  ciseb  namdv    \\hui  the  \\all  is  either  (i) 
rough  01  (11 )  peikctl)   binouth 

Cast  (i)       }\  all  puf  Ltly  lowjh     In  this  ci^t  \SL   t\kt.   <s  t  uui    lit 
md  i   is  given  b\  n|iiatioiis  (v\ii)  tqu  il  to  ztio,  \\h<  u 

x  -  i  tos^,     y  - 
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&r  all  -wiimes  of  r     We  easily  find  that 

c^o/.^'-O,  ] 

c"«-co®ec2x  =  -sec(o)-2t),  I  (xxxiv) 

<^=~oot2x    «    tan(*>-2fc)  J 
s  0,  we  have  from  (xxv) 


or,  the  parameter  c  is  now  constant  and  the  line  0  M  of  the  figure  in 
o&r  Axi.  1§80  oomcides  with  the  direction  of  the  supporting  wall  Thus 
fey  Art.  1&82  the  strain  of  the  pulverulent  mass  consists  of  a  slide 
of  magnitude 

sin  &]{m  cos  (<«>  -  2t)} 


to  the  supporting  wall 

Suppose  a  plane  in  the  pulverulent  mass  perpendicular  to  that  of 
my  to  aaatke  an  angle  <j>  with  the  fixed  wall  in  the  unstrained,  and  the 
*agk  $  -  8$  in  the  strained  condition  Then  we  easily  find  S<£/sm3  <£  =  <r, 
the  slide  parallel  to  the  fixed  wall,  or 

3 

_  (XXXV) 

*)  v         y 

Boossinesq  takes  two  special  cases  Namely,  when  8<£  =  f,  the 
change  in  angle  of  the  talus  itself,  and  when  8<£  =  £',  the  change  in  angle 
of  a  plane  making  an  angle  of  45  with  the  wall  in  the  unstrained 
condition  In  the  former  case  <f>  =  ir/2  +  <o  -  1,  and  in  the  later  <j>  =•  ir/4 
Hence 


81U  ^  cos    ^  ~  *  „         sin  to 


„ 
""   moos  (w  -  2t)  '  2m  cos  (o>  -  2i)  * 

ft/  (xxxvi) 

and  sm(t)cos2(a)-z) 

4     *•""    2mcos(o)-2i)  J 


(n)      Wall  perfectly  smooth      In  this  case  the  nt  of  equation 
(xxvi)  is  zero  for  cx  =*i  ,  this  leads  to  2  (a  -  c)  =  ir/2,  or  fiom  (xxv) 

c'  +  c7  -  -  cot  (o>  -  2^) 

We  ha\e  further  to  make  the  shift  peipendiculai  to  the  wall  vanish,  or 
y  cos  x  - 


foi  all  \  dues  of  r  \\hen 

vt  -  ?  cos  ^,     ?/  =  r  sin  ^ 
This  It  \ds  1>)  (\\n)  to  c  =  0,  and,  rtnitmbeiing  that  at  the  wall 

X  +  &  -  T,  4  +  CD  2,  also  to  c  =  0 
*  urthtr  \v  e  fand  q  tos>  ^  -  ct    bin  x  =-  c0,  bay      Boussmesq  takes  c0  =  0,  or 
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the  axes  of  x  and  y  throogii  tbe  strained  poeztaon  of  the 
the  origin  0     Thus  we  have  finally 


}    <«**.). 


and  «  =  $  —  «y4 

On  se  fait  une  id6e  nette  du  taaeenaent  qui  ee  prodiot  dane  la  eae  a 
d'un  mur  poll,  ayant  OM1  pour  face  poet&ieore,  en  oonoerrant,  au  tiea  da  o»  amr 


poll,  un  mur  rugueux  0¥n  incline*  sur  oelui-ci  de  45°,  ou  faisant  avec  Oy 
FangleyOJ/^a-M  -  -  ,  et  en  considerant  le  tasaement,  parallele  k  OJ/^qm  ae 
produirait  alors  Ce  tassement,  &  une  distance  D  de  OM^  sera  ^gal  k 
D  sm  «  /  jw  cosfo)  -  2  (i  -  ^ )  JV  =  -  D  sm  o>y  [»i  am  («  -  2i)! !  Pour  amener  le 

massif  WM  &  son  4tat  d^fimtif,  il  sufiSra  de  concevoir  ensuite  qu'il  tourne  en 
bloc  autour  de  1'origine  0,  dans  le  sens  de  Oy  \ers  OJT,  de  la  petite  quantit^ 

f '  =  sin  «  /  J2wi  cos  |o)  -  2  U  -  ^  jli  =  -  sm  «  [2m  sin  («  -  2i*)},  en  \  ue  d  ann  wler 

la  rotation  e*gale  et  contnire  e*prou\ee  dans  ce  tastjement  nttif,  d  ipns  (  «XM\ 
pai  li  hgne  mit^nelle  pnmitu  ement  couched  centre  le  mur  reel  OS/  et  qui  ue 
revolt  eftectivement  aucime  rotation  autour  de  0  (pp  ^<J-1) 

This  follows  since  the  term  in  c    in  the  hrst  solution  coirfsponds  as 
\\e  hi%e  noted  in  Ait    1^80  to  a  rotation  of  the  miss  as    i  whole  of 

mignitude  bl^c    [     ^ee  equitiun  (vxn)],  01  hv  (\v\i\ )  to 
sin  u>     J2///  cus    oi  -  J  ( *      ^  )  -  j 

z  ^   to  the  ^alll(  of  ^   in  (\x\\i) 

1  The  aiifelt  f  ^U1  i^  to  bt  uckoiud  //   /////    \\lit-n    ul    tituted  f  r  th    <  tf  <  i 
(i)   ioi  CM/,  no\\  falK  on  the  opposite  bide  i»f  ^<    t  »  ttM 
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flie  change  in  inclination  of  the  tains  to  the  smooth  wall  will  be 
by  tfee  third  formula  of  (XXXTI),  or  by 


The  solutions  found  for  the  two  cases  of  the  rough  and  smooth 
snpportmg  walls  are  unique  (p  50) 

[1585]  §  VL  (pp  53-68)  is  an  interesting,  if  somewhat 
hypothetical  one  It  is  entitled  Des  modes  d^qwihbre  qm  cessent 
<fAr»  pos#Me$t  par  swde  des  hmvtes  <£6la$ticitd  de  la  matiete 
pulvfrtdente 

Boussmesq  terms  the  elastic  limit  in  the  case  of  a  pulverulent 
solid  the  &at  tloul&Me,  which  we  may  render  as  the  state  of 
cottap&e  He  considers  that  a  pulverulent  mass  may  withstand  a 
positive  stretch,  but  not  a  positive  traction  Thus  from  equation 
(vn),  it  follows  that  p  must  always  be  positive  and  the  maximum 
stretch  5  <  l/2m  in  order  that  equilibrium  may  exist  But  it  does 
not  result  from  this  that  s  =  l/2m  is  the  stretch  which  marks  the 
point  of  collapse  A  less  stretch  than  this,  to  be  determined  by 
experiment,  may  be  sufficient  Boussinesq  accordingly  takes  for 
the  conditions  of  non-collapse  or  stability 

n       j         sin  <b  ,          . 

p  >  0  and  s  <  -^—^  (xxxix). 

r  2m  ^          ' 

where  cj>  is  an  angle  between  0  and  90°  (for  its  physical  meaning 
see  Art  15S7)  and  s  is  the  greatest  positive  stretch 

[1586]  We  may,  according  to  Boussinesq,  look  at  the  con- 
dition of  stability  of  an}  isotropic  elastic  solid  in  the  following 
manner  (pp  57-9)  Suppose  s1  and  s  the  principal  stretches  in 
the  case  of  nmplanai  strain,  then  for  the  limit  of  elastic  stability 
wt  must  ha\  e  Sj  some  function  of  s  (including  a  constant  as  such 
a  function)  or  we  miy  write,  he  holds 

81  -S   =f(Sl  +  8) 

No\v  if  the  commanding  pimcipal  tractions  be  Tl,  T  ,  we  ha\e 
6  )    rl\  +  T  =  2  (X  +  ^)  (?!  +  «),  and  theiefoie 


1587] 

Now  for  the  special  case  of  *  pUgtic  solid  the  dii*Ukoa~ 
modulus  $(8A.-f2jt)>  or—  eince  resistance  to  change  of  bulk  m 
such  a  solid  IB  great  as  compared  to  resistance  to  change  of 
shape—  X  must  be  very  great  as  compared  with  /*,  Henoe  if 
Tl  -f-  rt  be  not  very  great  as  compered  with  5F,  -2*f  ,  we  have. 
expanding  by  Maclaunns  theorem  and  retaining  only  tks  lorn* 
terms 

T,  -  TS  =  2JT-  JTiCJU  T>)  .  (ill) 

where  iT  and  IT,  are  independent  of  Tlt  rf 

If  we  retain  only  the  first  term  on  the  right,  we  have  Saiot- 
Venant's  fundamental  hypothesis  for  the  state  of  plasticitj  see 
our  Arts.  247  and  260  If  we  retain  only  the  second  term  on  the 
right,  Boussmesq's  secood  condition  of  (zxxix)  that  a  pulverulent 
body  shall  not  reach  the  point  of  ooilapee,  will  be  found  to  coincide 
with  it.  For,  since 


we  have  (JP,  -  ^/(T,  +  ?,)  =  -  2iw,,  or  for  stability 

~jr^j?<sin^  (X!U)L 

This  agrees  with  (xh),  if  we  take  £"=  0  and  JT,  =  sin  ^> 
Thus    iT  =  0    corresponds    to    pulverulence    and    ^  =  0    to 
plasticity 

Here,  asm  Arts  1568  ind  1594,  the  discussion  seems  to  trench 
on  ground  \\hich  much  needs  accurate  ph}sical  investigation 
Boussmesq  cites  no  expenmental  evidence,  and  the  appeal  to 
Maclaunnb  Theorem  is  fir  from  mm  me  ing  BouhsmeMjV  treat- 
ment of  the  elastic,  phstic  and  pulverulent  limits  ma}  be 
suggestive,  but  it  is  ceitamly  not  hnal 


M  ]     We  nm  look  it  condition  (\hi)  fiuin  inothei  stiml  point 
Fioni    (xm)   ^t    6abil\    tind  tin     inuflt    th*    strt^vs  across    inv    plant 
makes  \\itli  tlie  noimil  u  to  tint  pi  in*       let  this   m^lt    t»e  ^       Ihen 
it  \\ill  nc  found  tint  x  is  i  m  t\nnum  \\ln  u 

cus  2(0  -/?  )-  -A  />     -in^  i 
mil  tlut  m  this  List,  [  <xilil) 

sin  x  ~  sl!l  <A 

PieuiiMii^  tli\t  <f>  is  t*  i  un  d  tin     tn_lt  uf  </</  ///<//  //  /  //   //    \s  *   mav 
mtupiet  this  it-suit  ts  toll(t\\s 
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Tite  inclination  of  the  stress  across  any  plane  to  the  produced 
3*onml  to  that  plane  ought  for  equilibrium  to  be  possible  to  be  less 
than,  or  at  uaoefc  equal  to,  the  internal  angle  of  friction  (p  56) 
m)  also  gives  us 


or,  we  ocmslude  that  The  planes,  across  which  the  stress  makes  the 
greatest  possible  angle  with  the  production  of  the  normal,  make  with 
the  plane  submitted  to  the  maximum  pressure  an  angle  equal  to 

I*  -fix 

Tms  result  is  due  to  Baukine,  who  deduced  it,  however,  from  a 

discussion  not  involving  the  same  principles 

[1&8&]    Using  (xxvni)  and  the  second  of  (xxxix)  we  easily  find  that 
cos*  (CD  -  2c)  >  sin2  co/sin2  <£  (xliv) 

Heaoe  «*  the  slope  of  the  talus  must  be  less  than,  or  at  most  equal  to, 
the  angle  of  fnctaon  <£ 

Boussmesq  gives  some  details  from  a  memoir  of  Samt-Guilhem 
(Annales  des  poats  et  chausstes,  T  xv  pp  319-50  ^  Paris,  1858)  as  to 
the  angle  of  friction  It  vanes  from  24°  or  26°  for  small  shot  or 
mustard  seed  to  about  55  for  very  dense  earth  The  natural  talus,  for 
example  that  observed  at  the  foot  of  steep  rocks,  etc  ,  is  about  31  for 
fine  and  dry  sand,  from  32°  to  33  for  mail,  limestone  and  earth 
recently  thrown  from  the  wheelbariow,  about  37  for  chalky  earth, 
about  38  for  moist  quartz  sand  and  about  45  for  moist  gypseous  sand 

[1589  ]  The  relation  (xliv)  is  easily  shewn  to  involve  the  condition 
that  co6*a»  sin2  wtan^o)  —  2  «),  or,  looking  at  (xxiv)  and  (xxv),  the 
condition  that  p  >  0  Thus  the  first  condition  of  (xxxix)  is  satisfied  if 
the  second  be 

Suppose  cos  T  -  sin  w/sm  <£,  wheie  T  is  in  angle  between  0  and  ?r/2, 
then  ue  easily  find  from  (xh\)  that 

€  >  ^  (CD  -  r)  ind  <  J  (<o  +  T) 

In  the  case  of  a  rough  revetment  wall  its  inclination  i  to  the 
\eitical  is  equal  to  €  see  our  Ait  1584  The  limits  within  \\hich  z, 
01  the  dnection  of  the  face  of  the  re\etiutut  wall  must  lie  thus  foim 
whit  Boussniesq  teims  x  Maltese  cro^s  and  for  all  values  outside  the 
aims  of  this  uobb  slipping  takes  place  foi  the  gi\en  slope  of  the  talus1 

1  Boussmtsq  in  a  footnote  p  63  returns  to  the  solution  for  the  elastic  solid 
\\hith  \\c  ha\e  dealt  \\ith  in  Ait  1583  He  appeals  to  think  that  the  pimcipal 
sti  etches  can  both  be  negative  but  I  have  been  unable  to  find  any  special  appli 
cation  ot  tht  solution  \\ith  possible  boundaiy  conditions  in  ^hich  this  would 
occur  He  stateb  that  it  \\ould  be  necessaiy  toi  the  plane  boundaiy  ot  such 

a  bolid  to  hue  a  le^s  slope  than  that  gi\cn  b>  smw     -^    ,  01  =£  foi  a  unicon 

stant  ehtbtic  s<  hd  i  ew^-Jo  I  do  not  think  this  is  hue  foi  an  infinite  elastic 
solid  \\ith  a  fitt  plane  sin  face 
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We  ea*alj  &*d  fe<m  (xliv)  &**  fee  tw 
the  talus  for  &  given  value  *  of  tlse 
are  tJie  roote  of 


nwimatton  of  tto 


<* 
vail 


*         -•  <**» 

Boussmesq  resittrks  that  In  acrta*!  practice  tins  only  gjrta  ib* 
of  the  tangent  plane  feo  $tt  fetes  **  &*  meteeo*  w«JU,  &»  febtt 
generally  nofe  being  plans  and  having  «fc  &  diefeaaoe  frow  the  w*n  MJ 
deckvity  not  greater  t&w  l&e  &ogie  of  taefeoa  4.  Thra  m  tot*  U* 
cases 


in  the  first  of  which  e^  corresponds  to  the  upper,  aad  in  tiie  second  4^  to 
the  lower  sign  in  (xlv) 

The  remainder  of  this  section  of  the  memoir  IB  devoted  to  numeric*! 
details  of  the  relations  between  <o  and  »  for  the  caaee  of  perfectly  rough 
and  perfectly  smooth  revetment  walls. 

[1590  ]  §  vn  (pp  68-81)  is  entitled  Calcul  de  la  prexsion  exertioe 
&ur  tout  element  de  surface  normal  au  plan  des  deformations,  et  de  la 
poussee  totale  que  supports  un  mur  plan  de  soutenement 

In  this  section  Boussmesq  first  discusses  at  some  length  (pp  68-74) 
the  values  of  the  parameter  c  (which  characterises  the  mode  of  eqmh 
brium  see  our  Art  1581  and  juj  Art  1580)  for  which  the  stresses 
—  £«  and  lit  across  the  plane  given  by  €t  (see  equation  (xxvi)  of  Art 
1581)  take  their  maximum  and  minimum  \  Uues  Let  fa  be  the  angle 
the  rebultaut  stresa  makes  \\ith  the  normal  to  the  plane  gnen  1»\  ^ 
then  ^  ^ 

The  extieme  \alues  of  the  two  com}Kinents  -ml,  7?  of  the  ^trtss,  —  or 
those  which  coiiespond  to  x  mass  \vith  its,  tilus  it  in  angle  w  to  the 
honzon  on  the  point  of  collapse  —  ire  given  1>\  tht  equitions 


bin  (w  +  2^)  -  bin  w/  bin  fa 
t  in  ((f>i  +  ex  +  i//)  =  tan  (et  4 
^         fein  <^>  cob  i/'  sin  2  (€j  -I 


tan 


/—      <i\ 
(  -  -  -  J  , 


I  \1\1  ) 


J  LOS         T    ~  ^ 


t  in 
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Tfca  aasiktiy  wagfe  ^,  which  is  to  be  calculated  from  the  first  of  these 
ft&o&By  oqgbi  to  beeo  ohoeeai  that  the  absolute  value  of  6>+2^  is  less  than 
if  we  require  the  limit  when  -  a*  takes  its  least  value,  and  it  is  to  be  taken 
wwa  wft  wad  v  if  we  require  the  limit  when-  m  takes  its  greatest  value. 
Skx»  the  inoliDAhon  ^  of  the  resultant  stress  to  the  produced  normal 
to  ibe  etamaatary  plane  must  he  between  -Tr/2  and  Tr/2,  its  value  is  com 
pi«l^  determined  by  tiie  second  of  the  equations  (p.  74) 


^  pomts  out  that  the  limiting  equilibrium  when  —  rm  is  a 
BtthtEorom  is  tibafc  which  has  been  studied  by  Maunce  L6vy  in  his  memoir 
flf  1867-9  see  our  Ark  242,  while  Rankine  in  1856  (see  our  Art 
483)  Jbd  <xmsxdered  both  cases  of  limiting  equilibrium  for  €^_  =  0 

[1591  1  For  the  special  case  of  a  rough  supporting  wall  c  =  *, 
or  fcke  laciaxa&on  of  the  wall  (see  our  Art  1584),  whence  from  (xxvi) 
we  hare  at  the  wall  where  c^t 


-*      —      —  .~,  - 

cos  2  (<«j  -  *)       v  cos  2  (o>  - 

whence,  if  R  be  the  resultant  stress 

tan  fa  =  sin  o>/cos  (CD  -  2^),>^ 

(xlvii) 


cos  2  (CD—  i)  sin 

We  see  at  once  that  the  stress  across  each  element  of  the  wall  is 
the  same  m  direction  Taking  a  strip  of  the  wall  of  unit  horizontal 
length  and  depth  d  measured  along  ^ts  sloping  face  from  the  talus,  we 
easily  find  for  the  resultant  action  P 


p-  [L  P,ir     /#£2sino>cos(o)-^) 

p  =  Jo  ML  =  2  cos  a^-^fc"  (xl  vm)' 

and  this  acts  at  the  hydrostatic  centie  of  pleasure  of  the  stup,  i  e  at  a 
distance  \L  from  the  top  of  the  wall 

If  i  =  0,  or  the  sustaining  wall  be  vertical 

cos  CD 

^^  (xhx) 

In  this  last  case  we  ha\e,  from  (xliv),  tano)  =  sin  <£,  whence  we  see 
that  the  angle  of  friction  between  the  wall  md  the  puheiulent  ma&b 
(which  ought  alv\a>b  to  be  greater  th<m  ^)  must  have  its  tangent 
gieater  thin  the  sine  of  the  mtemil  angle  ot  friction  of  the  mi&s 
(PP  *>-!) 

Boussinesq  also  deals  ^ith  the  couebpondmg  problems  foi  the 
smooth  will,  thest  ha\mg  less  practical  impoitance,  I  do  not 
lepioduce 

[Io92]     §  Mil   (pp    bl-95)  is  entitled     Resolution  des  pio 
bhmes  dequilibie  Ut>  plm>   unpoitantb   dans   les   applications,  an 
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moyen  dune  cond&o*  de  atoftttorf  f»t  in***  km  dee 
spSciales  ausc  parow. 

This  chapter  is  occupied  witb  a  dfflcraaoei  of  tulea  for  pracfc- 
cailj  finding  the  resolfcaet  action  between  *  Boateiaiag  wait  «ad  a 
pulverulent  mass  which  mil  (i)  just  support  the  polvsnileat 
mass,  or  (u)  which  will  give  the  greatest  possible  stability  to  tke 
mass. 

Boussinesq  first  remarks  that  h&vmg  regard  to  the  manner  in 
which  earthwork  is  generally  put  together,  it  is  impoeaWe  to 
consider  that  u  and  v,  the  shifts  from  the  "n&tural  state,"  we  wano 
at  the  rough  wall  see  our  Art  157a  He  oouodere  that  the 
pulverulent  mass  is  in  reality  put  IB  with  roany  finite  ahppingB 
and  shakings,  so  that  it  finally  takes  up  a  form  of  equffibnam 
totally  different  from  that  obtained  by  using  the  oooditaona 
t*  =  t7  =  0,  the  wall 


Ce  mode  doit  £tre  le  plus  fetyorable  poeaibie  i  la  atatiaht^ 
du  massif;  c'est-&  dire,  oelui  pour  lequel  la  diktAtion  tnaTima 
aux  divers  points  see  plus  petates  valenrs  oomp&tibleB  avec  ie  degr^  d« 
resistance  que  le  mur  peut  oppoeer  car  ie  mode  d'6qoilibre  ainaa  d6fim, 
s'll  n'^tait  pas  d^ja  compl&tement  r^alis^  un  instant  apr^e  qoe  l'o&  a 
depose  les  demieres  couches  de  terre  on  de  sable,  ne  tardenut  pas  & 
s'^tabhr  par  Feffet  des  petite  ehranlemente,  dus  a  mille  causes  diveraeSi 
que  le  massif  £prou\e  presque  a  tout  instant,  et  qui  pennettent  aux 
grains  sablonneux  de  se  grouper  de  la  maniere  en  quelque  sorte  la 
moins  forcee  (p  82) 

Excluding  the  material  in   the  immediate   neighbourhood  of 
the  wall  where  the  walls  influence  produces  perhaps  local  dis- 
turbances, we  see  that  all  the  modes  of  equilibrium  realisable 
are  given,  subject  to  the  limitation  of  the  value  of  t  in   Art 
1589,  by  our  equations  (xx\)-(xx\iii)     The  last  equation    h«»\\ 
ever,  shews  us  that  the  principal  stretch  Sj  \\ill  be  a  minimum 
&)  being  a  constant  \vhen  e=  \a)  and  this  curreupmids  to  tin  most 
stable  mode  of  equilibrium  or  that  ntare^t  to  the  *  naturtl  ^tatt 
for  \\hich  Si  =  0      Tins  modt  ot  equihbiium  >\ill  thtrtfure  l)e  Ntt 
up  if  the  wall  be  able  to  carr}  the  currespt  aiding  resultant  ictmn 


In  the  case  of  most  btabl«  equdibnuoi  the  it^ultint   an  »n,  ttkiu 
pi  ice  at  the  hjdiobtatic  centit  ot  pressurt   ih  Ontn  )»> 

pgL*  tan  tocos  (o»  —  2)  t 
/  =     -—  .    .  . 
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,  tfoft  aagJe  P  m&kee  with  the  norma]  to  the  wall,  is  determined 


and  &  =  c>  (hi) 

Bf  the  sos&aning  mil  will  support  this  thrust  then  the  pulverulent 
ss  has  $!&  maximum  of  stability  possible 

Bcttiselaeeq  next  tarns  to  oases  m  which  the  wall  will  not  support 
&B  tiun$%  aa(^  <&SGasse$  the  moment  of  the  forces  tending  to  capsize  it, 
juod  the  jfcfokve  degree  of  stability  corresponding  to  these  cases  (pp 
8£-95).  He  shews  that>  when  the  sustaining  wall  is  vertical  or  ^  =  0, 
tfcen  f&e  f«ilv^-ulent  mass  will  still  be  in  equilibrium,  if  the  wall  will 
a  thrust  given  by 

_  pgL*  oos  ft>  sin  2$ 
1~~--' 


where  ^  is  the  least  root  of 

sin  (CD  +  2i//)  =  sin  <o/sin  < 

The  values  of  P  and  Pl9  as  given  by  (hi)  and  (1m)  respectively,  differ 
very  considerably     Thus  for  o>  =  20  ,  <£  =  45  ,  we  have  J^    P      1935 
9397     There  is  thus  a  wide  range  of  values  from  the  just  stable 
stage  to  that  of  maximum  stability  (pp  91-2) 

[1592  bis]  The  reader  must  carefully  bear  m  mind  the 
different  character  of  the  solutions  obtained  m  our  Art  1590  and 
again  in  our  Art  1592  The  solutions  of  Art  1590  give  the 
resultant  action  of  the  pulverulent  mass  on  the  sustaining  wall, 
provided  we  inahe  tfie  physically  incorrect  assumption  that  n  —  v  =  0, 
at  the  wall  The  solutions  of  Art  1592  do  not  involve  this 
assumption  (which  in  the  case  of  a  rough  wall  leads  to  e  =  i  see 
our  Art  1584,  Case  (i))  but  disregarding  the  condition  ofaffaws  in 
the  immediate  neighbourhood  of  the  wall  (le  giving  u,  v  definite, 
but  undetermined  values  there),  give  the  resultant  actions  on  the 
\\all  for  those  \alues  of  €  which  correspond  to  (i)  the  maximum 
btibihty  in  the  pulverulent  mass,  and  (n)  the  least  lesultant 
action  on  the  wall  consistent  with  equilibrium  at  all 

[1)93]  tj  i\  (pp  95-13  J)  is  entitled  Sur  I'equihhe  hmite 
en  genual  itude  paitnalieie  de  I'etat  ebouleitu,  qui  se  piodmt 
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dans  un  massif  pidvSndmt,  au  woman*  (A  **  mur 
commence  a  se  renverser  This  section  deals  with  the  stability  of 
a  pulverulent  mass  on  the  point  of  colkpee  as  a  lnnifcfrg  caw  of  a 
pulverulent  mass  IB  motion. 

In  obtaining  the  equations  for  the  motion  of  *  pulverulent 
mass  Bonssinesq  supposes 

(i)    that  the  mass  remains  homogeneous  and  isotropic, 

(u)  that  the  strains  are  produced  eo  slowly  thai  the  i&orte 
of  the  elements  of  the  mass  is  negligible  *> 

(111)    that  the  stresses  in  consequence  do  not  sensibly  differ 

from  the  maximum  elastic  stresses, 

(iv)  that  the  elastic  stretch  in  any  direction  is  proportional  to 
the  set  stretch  which  occurs  10  the  same  direction  in  *  small 

interval  of  time  dL 

These  assumptions  lead  Boussinesq  to  equations  equivalent  to 
(x)  of  our  Art  250,  which  hold  for  either  a  plastic  or  a  pulverulent 
mass  The  equation  (ix)  of  Art  250  resulting  from  (in)  of  Art 
247  will  not,  however,  be  the  additional  relation  peculiar  to  the 
case  of  a  pulverulent  mass  Indeed  Boussmesq  criticises  the  form 
of  that  relation  as  stated  by  Saint- Venant  and  L£vy  even  for  a 
plastic  mass 

If  sl9  s  ,  Sjbe  the  principal  elastic  stretches  m  descending  order 
of  magnitude,  Boussmesq,  generalising  the  results  of  Art  1586 
considers  that  s,  —  s,  takes  at  the  elastic  limit  a  definite  value  for 
each  value  ot  the  dilation  (sl  -f  s  -f  sa),  and  for  each  value  of 
(5i_s)/(s  —  $t)  Thus  he  considers  the  elastic  limit  gnen  b\  a 
relation  of  the  form 


(rt      n   \ 
s,  +  $  -M3   1  _   j  (hO 


or,  in  the  cibe  of  both  phstic  and  puherulent  masses,  for  \\hich 
$1  +  s  +  s,  =  0,  by 


1  The  equations  for  the  small  elastic  vibration^  of  a  pulverulent  mi  *  art  not 
linear  and  cannot  be  even  appioxiniateh  ^ati  ntd  b\  ssint  and  co^int-  t  mi-  in\uh 
mg  the  time      This  is  the  anal\tical  eqim  Jent  uf  the  t.ffectiv*.ne     tf    a\\Ju  t  or 
sand  in  checking  sound  vibrations 
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or, 


fjk  beiBg  as  ftsnal  the  slide-modulus. 

He  reiaarks  that  for  the  cases  treated  by  Saint-Tenant 

(a)   torsion  of  nght  circular  cylinder  (see  our  Art   255), 
*«0,*  =  -*,,  and  therefore  ^  -  T*  =  fy/(l), 

(&)   orcular  flexure  of  a  prism,  sa  =  $8  for  the   extended 
r^  for  tbe  contracted  fibres,  and  therefore 

2\  -  3T*  ~  2/i/(o=),  or  =  2/*/(0)  respectively 

Hence  S&mt-Yenant's  plastic  modulus  K,  which  equals  pf,  will 
be  the  same  for  all  these  cases,  unless  /is  an  absolute  constant 


It  seems  to  me  that  Boussinesq's  relation  (hv)  is  really  of  a 
very  arbitrary  character,  and  that  at  least  some  physical  evidence 
10  fitvour  of  it  ought  to  have  been  adduced 

[1594]  With  regard  to  the  surface-conditions,  Boussmesq 
practically  refers  to  Samt-Venant's  treatment  (see  our  Art  254), 
and  like  Saint-  Venant  he  also  neglects  a  possible  semi-plastic 
midzone  of  material  (p  102)  see  our  Art  244 

[1595]  On  p  103  Boussmesq  makes  an  important  remark  with 
regard  to  the  form  of  (Iv)  He  notes  that  for  a  pulverulent  mass,  by 
aid  of  equation  (vn)  of  our  Art  1574,  it  may  be  written  in  the  form 


-TS 

Now  this  equation,  if  satisfied  for  any  system  Tl9  T2,  Ts,  will  still 
be  satisfied  if  the  puncipal  tractions  and  therefore  the  general  system 
of  stresses  be  altered  in  any  definite  ratio  Further  it  the  body  foi  ces  be 
negligible  as  compared  with  the  stresses,  equations  (x)  of  our  Ait  250 
combined  \\  ith  the  body  stress  equations  shew  us  that  the  magnitudes 
of  the  \elocities  it,  v,  w  will  remain  unalteied  by  this  change  of  stress 
Boussmesq  applies  this  result  to  the  case  of  a  leservoir  of  puheiulent 
matter  with  a  small  hole  in  its  base 

Dins  un  uoulement  de  sable  pir  un  onhce,  la  Mte^se  tend  done  \eis  une 
hmitt,  dts  que  1 1  h  luteiu  de  chuge  de\ient  un  peu  giande,  et  elle  ye  mamtient 


AIIIM  sL\plique  lumfuimitL  dccoulement  qu'obtenaient  les  inciens  a\ec 
las  sciblici-b  dunt  iK  se  sen  uent  JKHU  inesuier  le  temps  (p  104) 


1596—1597] 

[1596]     la  the  partaumiar  case  of  Qmpl*nw  afeaia  etndbed  by 
Bouasmesq,  i»,  mt  wad  »  as*  reepectiveij  0,  0,  and  -fv  wlula  w,  4*14*, 
are  ail  »am     Thus  Dqc&tioDS  (x)  ol  <mr  Art. 


These  will  be  found  to  be  tttfefimi  by  (ixn)  *ad  (xnr)  of  <wr 
Art  1580,  remembering  that  t»  and  v  are  n0v  t»afor*A<«.  Portlier 
the  solutions  of  that  article  satisfy  the  conditions,  which  a**  aaomtxy 
at  the  free  surface. 

But  IB  order  thai  the  honi  of  elaafeotty  »*T  ^  ******  **  ^ 
points  where  the  mass  is  commencing  to  move  we  oraafc  hinre  by 


or,  substituting  for  the  valaes  of  /?  aod  p,  we  Imv6  lUnkiae'e  rel&Uon* 


This  condition  is  agara  satasfied  by  the  solutions  for  th«  caaee  of 
limiting  equilibrium  t&ai  we  iatve  foond  m  Art  1690 

(1597  ]  The  condition  that  remains  to  be  satisfied  is  thai  at 
the  wall  Its  introduction  into  the  modern  theory  is  dne  to  L^vy 

Boussmesq  writes 

TJne  dermfere  relation,  sp^ciale  i  la  face  postSneure  du  mnr,  ne 
s'applique  qu'autant  que  les  particules  contigues  du  massif  sont  sar  le 
point  d'y  ^protiver  des  glisseraents  finis,  circonstance  qm  semble  devoir 
se  produire  des  le  commencement  de  renversement  du  mur,  tontes  les 
fois  qn'elle  ne  sera  pas  en  contradiction  avec  les  autres  equations  du 
probleme  Or  sa  realisation  exige  que  Tangle  fait  en  chaque  point, 
avec  le  prolongement  de  la  normale  &  la  face  post^neure  du  mur,  par  la 
poussee  qui  Itu  est  apphqu^e,  vaille  precisement  Tangle  du  frottement 
maximum  du  mur  et  de  la  matiere  sablonneuse  du  massif  (p.  107) 

The  solutions  (xlvi)  for  the  limits  of  stability  satisf)  as  we 
have  seen  all  but  this  last  condition  In  order  that  the}  should 
also  satisfy  this  condition  it  \\ould  be  necessary  that  the  \alue 
of  </>l?  as  given  for  the  \\all  (el  =  i)  by  the  second  equ  itiun  of 
(\lvi),  should  be  just  equal  to  the  angle  of  friction  between  the 
wall  and  the  pulverulent  mass  If  it  be  then  tht  solution*  (\hi) 
we  have  obtained  for  limiting  equilibrium  \\ill  still  continue  to 
give  the  stresses  when  the  mass  btguib  to  collapse  o\ung  to  the 
upsetting  of  the  wall  (p  100) 

When  the  ingle  of  friction  is  greater  th  tn  the  above  \  due  of 
<^>15  then  a  v\edge  of  material  adjacent  to  tra  vsall  uttins  its 
el  is  tic  equilibrium  at  the  instint  the  \\ill  begins  to  up^et 


[1598—1599 

Now  BoBSBtifeesq  remarks  that  in  practice  sustaining  walls 
Wb  gerwraiiy  sdSoientiy  rough  to  render  a  thin  stratum  of  the 
polv^rakat  MASS  sta&oEtary  upon  them.  Hence  the  angle  of  friction 
Mlma&  wall  and  zo&ss  really  reduces  to  the  angle  of  friction  of  the 
poiveralent  mass  upon  itself,  or  to  what  we  have  denoted  by  the 
tagfo  &  Th&  second  equation  of  (xlvi)  then  leads,  if  fa  =  <£,  to 
$  +  $1*  2f  «  |x  aa  the  only  practical  solution,  or  to 

i«$*--£<£-f  (Ivui), 

for  the  requisite  inclination  of  the  wall 

It  wiH  foft  found  in  tias  case  tibat  the  value  of  the  resultant  action 
P  redone  to  (p.  Ill) 

P=fp<7£*cos(£+*)  (hx) 

raeait  is  due  to  Le>y 
13bas  Tire  aee  that  the  solutions  (xlvi)  only  hold  for  a  special  type  of 


[1599  ]  Bonssmesq  next  turns  to  the  case  m  which  the  wall 
has  not  the  above  inclination  and  proceeds  to  solve  this  case  by  a 
method  suggested  by  Saint-  Venant  (Comptes  rendus,  T  LXX,  p 
288  see  our  Art  242)  It  consists  in  supposing  the  stresses  to 
differ  by  small  quantities  from  the  values  they  have  for  the  case 
IB  which  (Ivin)  is  satisfied.  The  analysis  by  which  a  solution  is 
obtained  (pp  112-124)  is  too  long  for  reproduction,  but  we  shall 
examine  it  m  a  later  modified  form  m  our  Arts  1613-6  The 
solution  obtained  is  exact  provided  the  pulverulent  mass  instead 
of  being  supposed  uniform  be  considered  as  slightly  heterogeneous, 
its  angle  of  internal  fnction  <f>  being  taken  slightly  greater  than 
<f>  and  varying  from  point  to  point  of  the  mass  Boussinesq 
shews  that  the  divergence  of  $'  from  <£  necessary  to  insure  the 
exactness  of  the  solution  only  exists  in  a  wedge  of  the  material 
bounded  by  the  face  of  the  wall  and  by  a  plane  through  the  in- 
tersection of  the  wall  and  talus  and  making  an  angle  JTT  —  ^<f>  —  ty 
^ith  the  vertical  (pp  116  and  122) 

Boussinesq  further  shews  (p  125)  that 

1  <  sm  $'/sm  <jf>  <  sec  8, 

\\lure  8  is  |  TT  —  ^  <£  —  -^r  —  i  or  measures  the  divergence  of  true 
inclinition  of  \\all  fiom  that  given  by  (Ivin)  When  the  secmt  of 
the  lugle  8  (\\lnch  is  leally  the  angle  of  the  above-mentioned 
\vedge)  is  small,  then  we  may  regard  <j>  as  equal  to  <£  and  apply 
the  appioxnnate  solution  (hx) 
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For  small  values  of  S  Bonjssarteeq  finds  for  the  r*eulunt  *c4icm 

ike  wall 


V 

This  will  be  foaad  to  agree  for  <£=£,,  3  =  0  with  (Lax). 
For  a  horizontal  tains  and  vertical  wmll- 


(1*1 
^ 


and 


These  results  hold  lor  all  cases  la  which  I  being  pomtave, 

external  angle  of  friction  nearly  satisfies 


See  our  Arts.  1590  and  1618 

In  the  remaining  pages  of  this  section  Boussineaq  deals  with  the 
cases  in  which  the  back  of  the  wall  and  the  talus  are  no  longer  plane 
The  results,  owing  to  their  complexity,  do  not  seem  hkely  to  lend 
themselves  to  practical  applications  (pp.  127-33) 

[1600]  In  the  present  memoir  Boussmesq  speaks  of  the 
results  (Ix)  and  (Ixi)  as  approximations  to  the  true  solutions  In 
later  papers  he  takes  the  \alues  of  P  given  in  them  as  providing  a 
lower  or  an  upper  limit  to  the  value  of  P  according  as  the  hetero- 
geneity of  the  wedge  (Art  1599)  is  supposed  to  be  such  that  the 
whole  mass  is  either  more  or  less  stable  than  it  re  illy  ib  These 
limits  can  be  reached  by  a  proper  choice  of  the  values  of  <f>  and 
0!  in  (h)  or  (hi)  see  our  Arts  1607  and  161b-8 

[1601]  §  X  (pp  134-56)  is  entitled  £tnde  en  cvvidwtnees 
polaite^  de  I  equihbi  e  hmite  (par  defo)  inatiuns  plune*}  dune 
masse  plastique  on  pahendente  comprunee  Application*  a  une 
masse  annulaiie  a  tin  ma^if  cumpns  entie  dettx  plan*  u»nde^  qn 
se  coupent  rhi&  section  oi  the  munuir  imv  lu  looked  upun  a>  a 
supplement  to  the  memoirb  dealt  \\ith  in  oin  \rt^  245-64- 


Boussmesq  supposes  the  meitia  of  the  plvstic  01   pul\t*rulent  mass 
as  well  as  the  bod\  torces  to  be  negligible      He  fiuther  huppu-e^  tlit 
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to  be  "rupJAT""-  and  a  fone&on  only  of  the  axial  distance  r  and  the 
loagita<$e  <^    We  fenv©  from  the  equations  in  the  footnote  on  otir 


Now  if  -p  be  half  the  sum  and  R  half  the  difference  of  the 
pnncapdi  tractions,  and  a  the  angle  r  makes  with  the  algebraically 
principal  traction,  then  we  have 

8  =  -p-f  £  cos  2a, 


, 
V        ; 

H#w  by  equation  (xli)  &r  limiting  equilibrium 

R  =  K+Ktf  (Ixiv), 

laskcity  JTt  =  0,  and  for  pulverulence  A  =  0  and  K^  =  sin  </> 
ns  of  (Ixu-lxiv)  Boussinesq  finds 


where  ^  =  dR/dp 

Since  J2p  is  a  constant,  if  we  differentiate  the  first  equation  with 
regard  to  &  and  the  second  with  regaid  to  r,  we  shall  then,  by  sub 
tractmg  one  of  these  equations  from  the  other,  obtain  a  differential 
equation  involving  a  only  If  this  be  solved  the  value  of  p  can  then 
easily  be  found  by  multiplying  the  fiist  equation  of  (Ixv^  by  dr  and  the 
second  by  d6,  adding  and  integrating  after  substitution  of  the  value 
of  a 

[1602  ]    Boussinesq  treats  in  paiticular  the  following  bpecial  cases  of 
plasticity 

(a)  A  belt  of  matter  bounded  by  two  coaxial,  nght-ciicular  cyhn 
diiCtil  smfices  subjected  to  normal  pressures  and  by  two  smooth  iigid 
planes  ptipendicul  ir  to  its  axis  (pp   137-9)      In  this  case  p  and  a  aie 
independent  of  0      Foi  the  special  case  of  plastic  mateual  Boussmesq's 
lesults  igiee  with  Saint-  Ven  int's    see  oiu  Art   261 

(b)  Although    the   lesults   of   (a)   aie   iigidly    tiue    only  for   the 
special  conditions  st\t<  tl,  Boussinesq  consideis  them  aa  approximately 
tpphtablt  to  the  cast,  of  a  like  belt  placed  upon  a  smooth  plane,  the 
interior  surface  of  the  btlt  being  subjected  to  a  piessurejt?0  tending  to 
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extend  it  and  the  external  Bnrfiwe  and  the  upper  £aoe  batug  free  (p, 
140)     In  this  case  we  have  from  (u)  of  o«ttr  Art.  SSI 


n 

where  rt  is  the  radius  of  the  inner,  rs,  of  the  outer 

(c)  A  hollow  cylinder  of  which  the  base  and  exterior  i 
placed  in  contact  with  rigid  smooth  surfaces,  bat  of  which  the  apper 
face  is  submitted  to  a  wi«m  pressure  p±  aad  the  interior  sajrfiaoe  to  * 
pressure  p%  (pp.  140-2)  The  treatment  is  again  only  appro*  aaata» 

Boussmesq  argues 

Alors  la  matiere  se  dilate  fc  la  fbis  oa  so  oontracte  i  la  Ibis,  et  en  rnoyenne 
presque  egalement,  dans  deux  sens  rectangulaires  novmanx  aux  rayooe  r, 
tandis  qu'elle  ^prouve  par  suite,  suivaut  lae  rayoas  r,  HIM  oootraotwo  on  ooe 
dilatation  moyeniteme&t  donbJes.  On  a  done  preeqiie  £»  *»  Jj,  c*egt4r-dire  quo 
las  elements  pl&as  paralleke  anx  b«aee  de  raimeaa  aapportent  dee  trmotioaB 
^  (positives  oa  negatives)  asses  pen  difiBwwtoa  40  oftlies  qn'eproaT«0t,  anx 
m&nee  points,  lae  pans  Ea^idieoe  (p.  141), 

I  see  no  reason  why  this  should  be  true.     AaHnming  &*  truth, 

however,  we  have 

/•  «.v 

(bmi) 

which  is  equal  to  the   value   of  &  gi\en  in  equation  (vin),  of  our 
Art  261,  but  not  to  that  of  « 
Hence,  from  the  relation 


(2r  *  r  \ 

1  +     t   ^  loS  "'  }  (Ixviii) 

*"i  ~~ro          rv 

If  the  radius  r0  is  decreasing  we  must  take  the  lower  sign  (p   141) 
For  pz  =  0,  as  in  this  case  ru  is  increasing,  we  take  the  upper  sign, 
and  find 


The   results    (lx\n)-(lxix)   weie  first  gnen    b\    Tresci  ,   his  proof, 
howevei,    is   even    lebs   satisfacton    thin     the   ibo\e       See    tlsu   oui 
262 


(d)  The  iction  of  a  cucuhr  punch  (pp  H2-4)  Here  Bnu&.sint  s«j 
applies  m  Tiesca's  inannei,  tht  above  clouhttul  f*rniulie  to  thr  t\u> 
cases  \\heie  tht  inittnal  to  be  punched  rests  <>n  i  rigu!  pi  me  t  ither 
(i)  with,  or  (11)  \\ithout,  a  cncular  ounce  of  tht  size  ot  tin  puncli  iml 
limned  lately  O]>posite  to  its  face  in  the  plane 
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diaenssioi*  of  the   cases  (c)  and   (d)   will  be  found  on 
m  f  84-80$  of  his  memoir  of  1869    Sur  le  povn^onnage  des  m$tau& 
published  m  the  Mecued  des  sawvrtis  dangers,  T  xx     Pans,  1872 

(*)    A  general  solution  of  equations  (Ixv),  when  dafd<t>=  0,  but  not 
aeoessarily  ^/<^>  =  0     Fo  results  of  practical  importance  seem  to  flow 
tins  assumption  (pp  146-6) 


tf  dafdr^Q  in  equations  (Ixv),  or  the  least 
pdzwnpal  tracfron  leaking  t&e  same  angle  with  a  radius-vector  at  every 
point  of  il$  length  (pp.  H5-56) 

J^  beang  a  constant,  we  have  in  this  case 


wbere  <7,  <7,  and  o  are  arbitrary  constants 

Bonssmasq  applies  results  (kx)  to  the  consideration  of  the  special 
case,  w&ere  a  cylindncal  sector  of  material  is  placed  between  two 
i&teseetag  rigid  pknes,  sufficiently  rough  to  stop  all  sliding  of  the 
pajciadee  of  the  material  touching  them  The  application  to  the  case 
where  the  rigid  planes  are  hinged  to  a  common  axis  and  squeeze  a 
wedge  of  plastic  material  placed  between  them  might  possibly  have 
some  practical  interest 

[1604]  To  the  memoir  is  appended  a  Note  Complementavre  Sur 
la  methods  de  M  Macquorn-Ranhine,  pour  le  calcul  des  pressions  exercees 
aux  divers  points  d>  un  massif  pesant  (pp  157-173)  The  method 
dealt  with  by  Boussmesq  is  that  discussed  in  Rankme's  memoir  On  the 
Stabdvty  of  Loot>e  Earth  (see  our  Ait  453),  but  as  it  does  not  stait 
from  an  elastic  hypothesis,  we  have  not  considered  it  in  our  volume 
Boussinesq  explains  and  supplements  Rankme's  investigations,  but 
remarks  of  the  hypothesis  by  which  Rankine  solves  his  fundamental 
equation 

Pent  £tre  trou\eraton  un  jour  quelque  ordre  de  phdnomenes  auquel 
1'hypothkse  consider*^  sera  plus  applicable,  et  qui  rdahsera  ainsi  cette  curieuse 
analogic  d'une  distribution  de  piessions  avec  le  mouvement  de  la  chaleur 
dans  une  barre 


The  memoir  concludes  with  two  notes,  the  fiist  of  which  deduces 
Hopkins'  theorem  foi  the  value  and  direction  of  the  maximum  shear 
(see  our  Art  1368*),  while  the  second  deduces  Saint  Venant's  theoiem 
for  the  direction  and  magnitude  of  the  maximum  slide  see  oui  Aits 
1570*  and  4(3) 

[1005]  Various  papeis  on  the  stability  and  thrust  of  loose 
tarth\\uik  b}  Boussinesq  briefly  lesummg,  generalising  or  simpli- 


180S]  BOTSSBTOQ.  9H 

fying  die  results  of  the  above  memoir,  will  be  found  in  volumes 

of  the  Comptes  rendus. 


(a)    T  LXXVIL,  pp.  1521-H&    Pans,  1873.    An  extra**  fax*  UM 
Brussels  memoir  under  the  aame  Mb  as  ifee  latter    eee  oor  Arta. 

1571-99 


dans  ?$tat  gfaptdfa*  &OM&     T  MOTim,  757-9  «*£ 

786-9     Pans,  1874 


IB  the  first  part  of  tins  paper  BouBsineeq  supposes  a 
system  of  body  forces  applied  to  a  mass  under  anipUaar  efeain.    Tba 
first  two  body  stress  equations  then  become 


,  . 

1  1  J, 

%/ 


<f>  being  the  potemtsal  of  the  body-loroes. 

Henoe  iro  fiad,  as  m  our  ArfeL  I57S-7,  lor  an  elastic 


d&      d$f        dxdy 
and  for  a  pulverulent  or  plastic  mass 

,    & 


The  remainder  of  the  ni-st  part  of  the  memoir  is  de\oted  to  the 
condition  of  limiting  equilibnuin  discussed  m  our  Art.  1585 

(c)  The  second  part  of  the  memoir  is  devoted  to  discussing  the 
integration  of  equation*,  (i)  for  the  case  of  limiting  equilibrium 

Boussinesq,  as  in  our  Art  1568  takes  Tl  and  Tt  for  the  pnnci]>al 
tractions,  and  puts  ;?  =  -  \  (Tl  +  T),  q^^^-T),  then  for  limiting 
equilibrium  q  will  be  a  function  of  p  and  generally  a  linear  one  W  e 
have,  if  a  be  the  angle  the  gieater  traction  Tl  m  ikts  with  the  a\is  of  £ 

~^  =  — p  +  qcQ$  2a,      v?-  -p  -q  cos  2a,      Tt,  -  q  sin  2a 
Hence  fiom  (i),  if  P  =  ;;-<#> 

d(P-q)  d(P-q)  -»    /     </a  '/a  \  * 

-A- ^-    — v-,-~bina-27(-T  sma+--  cos  a    =0 

dy  L\    d^  dy          /         >     (n) 

P  +  q)  ,    /      «/a  r/u  \  I 

x  bin  a  4-  — —. — -tOSa-J/yl         ,    tn&a-fy   ^m  a  J      U 
c^  </y  \     «'  «y  /          ^ 

Boussinesq  rtmaiks  that  (i\ )  ciu  be  solved  ulun  1    ry  i^   i  loustint 
le    2A     see  our  Ait    1&03,    md  2    when  <p     0    01   tin.  \\«uht  <»t  tin 
niiteiitl  ib  negligible  as  compared  with  tht   i>rcbsurts  to  \\likh   it  ia 
subjected      In  both  these  cases  q  ib  i  gntn  fniKtiun  (\  ti  v  \]  pj    \nnitiK 


[1606—160^ 

of  th«  sole  TOd*kle  f>-£  or  P,  and  (IT)  contains  therefore 
€©!y  tfee  Tarwtblee  />  and  a. 

BocaeLttesq  now  proceeds  to  take  P  and  a  as  the  independent 
•varutbke,  or  solves  the  equations  (iv)  for  x  and  2/  in  terms  of  P  and  a. 
Ill  other  worcb  be  finds  the  point  at  which  there  is  a  given  condition  of 
stress, 

10be  aolnkon  is  an  interesting  piece  of  analytical  investigation,  but 
the  results  seem  too  complicated  to  be  of  very  great  practical  service 
fflbgy  are  used  however  in  the  investigations  of  the  following  papers  (d) 

(£)  8w  l&s  modes  cFSqwkbre  hnwte  les  plus  simples  que  peut  preseTiter 
ww  vwsstf  sans  ook&wn  fortement  comprimt  T  LXXX  ,  pp  546-9 
aa<!  pp.  6H8-7  Bans,  1875  These  papers  discuss  at  considerable 
length  of  analysis  the  cases  dealt  with  in  Arts.  52-3  of  the  Brussels 
r  The  processes  adopted  in  the  later  treatment  seem  very  much 
•  tlisa  these  of  the  Comptes  rendus  investigation. 


[1606  ]  In  the  Minutes  of  Proceedings  of  the  Institution  of  Civil 
JSfaffm&srs,  Vol  LXV  ,  pp.  140-241  (London,  1881),  will  be  found  a  paper 
by  Sir  Benjamin  Baker  entitled  The  Actual  Lateral  Pressure  offlarth- 
work,  together  with  a  discussion  and  correspondence  The  paper  itself 
deals  with  some  sixty  five  actual  examples  of  retaining  walls  and  of  the 
pressure  of  earthwork.  Tt  points  out  the  defect  of  Rankme's  theory  in 
supplying  accurate  data  for  practical  construction,  but  suggests  empi- 
noal  rules  rather  than  an  improved  theory  as  the  best  way  out  of  the 
difficulty 

In  the  Correspondence  will  be  found  (pp  209-12)  an  application  by 
Fkmant  of  Boussinexq's  theory  as  published  in  his  Sssai  (see  our 
Art.  1571)  to  a  special  case  cited  by  Sir  B  Baker  This  is  followed  on 
pp  212-23  by  some  discussion  by  Boussmesq  himself  of  the  case  of 
a  level  mass  of  homogeneous  material  supported  by  a  vertical  wall 
He  follows  the  lines  of  his  JEssai,  Articles  43-8,  see  our  Arts  1596-1 600, 
giving  as  his  equation  (15)  p  218,  equation  (Ixi)  of  oui  Art  1599  for  P 
The  thickness  of  the  wall  is  then  easily  found  by  the  method  of  Aiticle 
41  of  the  JSssai  (see  our  Ait  1592)  If  h  be  the  height,  6  the  minimum 
breadth,  p  the  density  of  the  earth,  p  that  of  the  wall,  we  have1 
(P  219) 

h 


wheie  k  is  gi\en  by  equation  (l\i)  of  our  Art   1599,  and  fa  is  the  angle 
of  friction  ot  the  earthwork  against  the  wall     see  our  Art   1597 

[1G07  ]  Now  in  order  to  make  the  abo\e  solution  exact  Boussmesq 
supposes  that  in  the  neighbourhood  of  the  wall  the  angle  of  inteuoi 
faction  <£  tikes  shghtl}  higher  values  than  at  other  paits  of  the 

1  This  result  follows  at  once  from  Art  1599  if  we  take  moments  for  all  the 
forces  acting  on  the  wall  round  the  axis  about  which  it  would  rotate  if  it  capsized  as 
a  \\hok 


1608]  B008SINESQ.  SIS 


pulverulent  mass,  at  which  it  is  ooasUB^  and  be 


J 


by  <£'    see  our  Art,  1590     II  is  ahewp  th*£  UM»  maxoouJB  v*h»»  of  4* 

is  given  by  the  formula,  (p.  221    ae»  our  Art.  1616) 

lanV^^^  +  Cl-aia^F***1**  <ii). 

BocBsinssq  farmer  considers  &ai  HUB  eqaaftxtfi  in  *fc*  aotal  «MK 
siigh%  oxagger^  the  icj0a«Doe  of  &*  inteewr  finofean  *»d  *> ie*dto* 
slightly  too  small  v*loe  of  & 

To  be  quite  safe  aad  to  oUwa  a  luait  of  *  too  high,  r»h»e  raidbi  b«  m«B 
to  $  aad  to  ^  s3^Jx%  lees  than  the  troa  ooea,  Ijy  caicolai 
v&litee  as  if  tbe  mATimTTTn  of  the  variable  aogift  <rf  interior  fhctioo  ^ 
by  the  formul&e,  wens  jnst  eqoAl  to  the  tro*  valw  of  the  aogjb 

tie  earthwork  m  queetion  ,  for  m  thai  caae  the  latter  would  be 
than  the  theory  supposed  (p.  221). 

Alter  some  discoasion  as  to  how  this  may  be  done, 
considers  that  a  hi^er  koaii  will  be  fbo&d  lor  ^  by  IrnHng 


Here  $  is  to  be  put  equ&l  to  the  known  interior  angle  of  fnctfton,  and 
then  the  values  of  <^>  and  <^  subetituted  in  the  value  of  k  aad  in  (i). 

For  the  particular  example,  p'//>  =  1  and  ^  =  45*,  Boussinebq  finds,  on 
his  earlier  hypothesis 


on  Rankme's  hypothesis  of  a  smooth  wall 

(0=45,  fc  =  0)         A/6  =  41», 
on  his  modified  hypothesis,  using  (m) 

(0  =  45    and  0  =  &  =  39  49    by  (m))     h/b  -  5  79 
According  to  Boussmesq  therefore  we  must  ha\  e 

b  between  and     —  , 

6  69  5*9 

ind  he  sa>  s  \\  e  may  take  it  equ  U  to  1  /G  bir  B  Bakt  r  s  rul«  is  i  result 
of  his  exjjeiitiue  ^ab  to  Ukt  b^h  3  (p  Ib4),  or  ilniost  donll?  the  ^value 
gi\en  by  Boussinebq  s  theon  biinpu^ing  no  factor  of  stfet\  to  l>e  use<l  in 
tht  1  ittei  Bousbinescj  btill  further  moilifieij  thib  t»up<  nur  hunt  in  i 
latt  papei  bte  our  Ait  1016 

It  doeb  not  seem  to  nit  that  Bousbiiits^s  inoclitud  h\|»c>tht^i^  i^ 
entiieh  batibfattoi  \  tiom  the  thtoittuil  t»t  utdp«tint  it  iu\ul\t->  i 
number  of  dibputable  pointb  bee  1  ivcerduii  pp  J21-3 

[1608]  Vote  t>ui  hi  dettrminatum  tl  ltj*m*  ui  in  t  innnnn  q  u  (t  if 
aiott  un  mur  iertn,af  dun?  hautnu  *t  */  w«  d*  it  ihnn  p>m 


[1609 


,          ooh&swn,  dont  l&  swrfaee 

Anwdes  As  ponte  &  ckoM&tes,  T  IIL  pp  625-43  Paris, 
188$.  f&iB  m  perhaps  the  best  and  clearest  account  Boussinesq  had 
ywfc  published  of  ti^  application  of  has  method  of  treating  earthwork  to 
$$&  special  pfcoblem  of  a  uniform  vertical  wall  supporting  a  pulverulent 
3*ti8  Triih  a  bonK>ntai  surface  It  may  be  looked  upon  as  a  slight 
<&xp*auKffl  ol  Hid  paper  oo&tnbuted  to  the  ImWutoon  of  Cvml  Engineer* 
l*&6  omr  Art  1606),  and  it  practically  gives  a  complete  treatment  of  this 
oaao  mdepeflHtently  of  the  results  reached  in  the  Essm  (see  our  Art. 
1599).  Ifee  same  o^ecteons  may  of  course  be  raised  as  to  the  manner 
in  which  $  is  <tefeermjned  We  shall  pass  this  memoir  by,  however,  as 
drf.  not  give  his  final  and  complete  treatment  till  1884 


Wofo  on  Mr  G  H  Dwrwm's  Paper  '  On  the  Horizontal 
%kn&  $&  Mow  of  Sand  '  Mmwtea  of  Proceedings  of  the  InstiA^on  of 
€W»I  Mngma&s,  VoL  LXXIL  pp  262-71  London,  1883  Boussmesq 
ooo^djers  that  tbe  value,  35°,  adopted  by  Darwin  does  not  represent 
the  angle  ^  of  interior  fhction  of  sand,  but  concludes  partly  from 
aQqwraaeBtal,  partly  from  theoiretical  considerations,  that  it  should  be 
taken  as  40*  5  With  this  value  of  $  Boussmesq  shews  that  the  results 
of  Darwin^  Experiments,  Series  i  —  iv  ,  are  fairly  in  accord  with  the 
theory  developed  in  our  Arts  1599  and  1607 

BoTtssinesq  next  turns  (pp  266-7)  to  Darwin's  Experiments  Series 
vi  ,  where  the  talus  had  a  slope  equal  to  35  or  to  the  angle  of  friction  at 
the  surface.  In  this  case  Boussmesq  refers  to  pp  125-6  of  his  Essai 
for  the  expression  for  the  thrust  on  the  wall  see  oxir  Art  1599  The 
value  there  given,  however,  is  only  an  inferior  limit  Boussmesq  now 
develops  the  theory  of  the  Essa/i  with  a  view  to  the  discovery  of  a 
supenor  limit  He  considers  that  this  can  be  obtained  by  giving  <£  a 
value  derived  from 

sin  <£/cos  8  =  sin  <£', 

<j>'  being  the  mteuor  angle  of  friction  (=  40  5  for  sand)  and  S  the  angle 
defined  in  our  Art.  1^)99  The  assumption  is  defended  in  the  same 
manner  as  that  for  the  value  of  <£  in  the  case  of  a  houzontal  talus  see 
our  Art  1607 

It  does  not  seein  to  me  howe\er,  that  Bousbine&q's  dibcussion  of 
Darwin's  experiments  in  the  case  of  Series  vi  can  be  looked  upon  as  on 
the  ^hole  fa\ourable  to  Boussmesq's  theory,  and  I  can  hardly  agiee  with 
the  concluding  leniaiks  of  the  authoi 

Mr  I*  H  Dinv  in's  \iluible  observ  itions  appear  to  confirm  as  fully  is 
possible  the  \uthors  foruiul  is  for  the  thrust  of  i  pulverulent  mass  in  limiting 
t  quili  bi  mm  1  hesc  foi  mulis  ire  due  to  Rinkine's  principles,  simply  dev  eloped 
ind  unnpkttd  b\  the  uidition  of  the  clement  of  slip  of  the  masb  agimst  the 
v\all  siistxnmi^  it,  ind  constituting  in  thits  foim  the  iitioiial  and  collected 
expression  of  pimciplcb  due  to  Coulomb  himself  Coulomb's  theory,  in  all 
ta-scs  \\litie  it  is  iiistifiiliK  to  ipph  his  fimdimentil  hypothesis  of  a  plane 
rupture  of  the  in  iss,  Oi\cs  identic  ill}  the  sime  icsultb  ab  Kinkmt's  foimulab 


Hlfr— 1611]  BosasnnESQ  $if 


*#  b*JB  bee*  sbewa  by  M.  M*or*»  Ury  H  will  them  be  found  tta* 
lOBtaocee.  are  Hist  those  in  which  the  lather's  &nanlaa  mm*  into 
«f  Banking  in  each  A  w*y  as  to  repreeaot  all  that  maj  oow  bo  aiataad  of  the 

oiitboory  of  Coulomb  (p.  270), 


Tike  oontente  of  this  Rote  bj  Boomzaeaq  on  Dmrwrn's 
appear  also  m  an  article  contributed  toffee  ^m^  d«  JE*K*  *  afcrn***, 
T  YL,  f  SwMrtr*,  pi*,  494-510     fferls,  1883 


[1610]    &fl*^<fortt^;m6^ 

<&  Zxwwfnss  «%tr  la  pouss^  iiw  Idriw  ^tMa^t  d««  iwnlf  *  f&maritt, 
Mtmotrts,  T  VL,  2-  ^wv^r^,  1883,  pp.  477-532  Pfcna,  1885.  Thia 
paper  is  by  FlsuBant.  It  ooosiders  ss&tier  to  which  ve  hmv»  mi 
ferred,  v<?  the  memoir  of  Darwin  with  the  note*  of  Boaasun«aq, 
and  others. 

Booflsmesq  gives,  ^  5lO-24?  &n  ^<fctoon  rafatoM 
JT  ^^>t?i.  Tins  lias  reference  to  a  tavigj»$»er  by  €kMn  on  pfx 
of  the  same  volume  of  the  .4**iafe*  lie  tbcxmtiaa  tarn  of  Gobi*'* 
mrestagataons  seecas  to  be  very  doobtfol  His  hypotirteee  are  bnaflj 
resumed  by  Bottssineaq  on  p.  511  The  gxpenmeat*!  put  of  Ooiibt^ 
memoir  occupies  pp  184-212,  and  Booaetneaq  m  hie  p*per  oomparee 
results  with  his  own  theory 


En  r&um£,  les  expdnenoes  de  M  Gobm  s'aocordent  parfjutement  areo 
oeiles  de  M  G  Darwin,  pour  conlBrmer  la  theone  de  r^quilibre-limite  des  terra* 
expoaee  au  §  ix  de  mon  Awwt  publi^  en  1876  (p  524) 

See  our  Art  1609 

[1611  ]  Formules  simples  et  tres  approchees  de  la  jyousttce  de*  terre*, 
pour  les  besoms  de  la  pratique  Comptes  rvndutt,  T  xcix  ,  pp  1151-3 
Pans,  1884  In  this  paper  Flamant,  after  pomtiug  out  that  Bouasmesq 

i  etabh  la  parfute  concordance  a\ec  le^.  faits  dexptnence^,  constates 
surtout  en  A.ngleterre  par  M  Dirwin  et  en  France  par  M  Gobm,  de  sa 
theorie  de  Ptquilibre  des  massifs  puhtnilent^  nu  san^  coheM(»n  p  1151), 

remarks  thit  he  had  formed  the  idia  of  preparing  tables  of  the  thrust 
for  the  cases  most  commonly  occurring  in  practice,  \shere  the  mass 
adheies  to  the  \vall  (if  fa  =  <£)  In  the  course  of  his  calculations 
ho  \ve\ei,  he  disco\ered  that  foi  t  honzontal  talus  ind  \ertiLal  vail, 
the  veituaf  component  of  the  tluust  01  with  the  notation  ot  oui 
Art  1>99, 


is  \lmost  i  constant  foi  \  ^l^le^  ut  <fr  tiom  2U    to  ^     UK! 


1    E  FT  II 


8*6 


BOUSSIKESQ 


[1612 


that  liar  mfat&s  of  £  from  33°  to  45°,  it  diminishes  so  slowly  as  tc 
be  equal  to 

,  when*  -45° 


Bte  tfee  more  general  case  of  a  wall  of  height  h  (=  L  cosi)  with  ar 
internal  slope  of  *  to  the  vertical  and  of  a  talus  sloping  at  w  to  the 
horizontal,  t&ere  still  exists  a  direction  in  which  the  component  of  the 
itoist  is  sensibly  eqtial  to 

U*P(±  V 

16  "2  Us  J  ' 

but  this  iireefeon  varies  with  *  and  makes  very  approximately  an  angle 


back  of  the  wall  for  all  values  of  *  (measured  in  degrees 
20°  and  45°,  of  t  less  than  20  and  of  o>  less  than  *  -  *  Withn 
3*666  limits  this  component  does  not  differ  from  the  above  constant  value 
by  1/10  of  its  value 

!br  t>  15°,  Flamant  says  that  a  closer  approximation  to  the  angle 
X  will  be  found  from 


Since  the  resultant  thrust  acts  at  a  third  of  the  depth  of  the  wal 
fiom  its  baj»e  and  makes  a&  a  rule  the  angle  of  fuction  fa  —  <£,  with  the 
normal  to  the  wall  it  is  possible  by  the  simplest  graphical  constiuctioi 
to  obtain  from  the  abo\e  known  component  the  resultant  thiust 

[1612]  In  the  Comptes  tendus,  T  xcvm  (Paris,  1884),  wil 
be  found  the  following  memoirs  by  Boussmesq 


neine 


uu  uie  iouo\\ing  memoirs  uy  .ooussinesq 

(a)    Sin  la  pousbee  dune  masse  de  sable,  a  surface  supe 
honzontale  contte  iniepaxn  teiticale  on  wchnee,  pp  667-70 


1613]  BOUBBEHBBQ. 


(b)  Sur  la  jxw0*fe  <ftm0  mom  &  ao*k,  d 
korvwntcde,  centre  une  pare*  wrfcoetk  &m  &  w**MMy* 

laqt&Ue   son    angle  de  Jr&fymmt  utfrfrimr  *rf  nypori  orofer* 
Idgfcement  tfapr&s  we  oertowu  Jot,  pp.  tSO~& 

(c)  Oofetrf  oppnxsW  ds  to  pow»&  at  de  la  ntrfa*   de 
rwptwre,  dans  un  terrfr?l&n  k&rwitial 


These  papers  put  ID  aa  easy  form  the  spproiinoafce 
of  tbe  differential  equations  for  a  polvenilent  maas  soppmied  by 
a  vertical  wall  and  having  a  horizontal  tain*.  They  give  Bonaat- 
nesq's  theory  m  its  final  form.  The  method  of  iotegratu>&  bid 
been  suggested  by  SaiBt-Venajat  in  a  report  on  L&ry*a  memtr 
(see  our  Art  242}  azid  had  hem  first  canned  out  by  Booasuttaq 
for  a  more  general  case  IB  a  rather  complicated  manner  m  his 
ESSOA  see  our  Art  1599  We  have  already  referred  to  the  reeaite 
of  the  integration  as  given  in  the  memoirs  discussed  in  our  Juris. 
1606-11 

We  propose  here  to  consider  Boussinesq's  method  of  integra- 
tion at  slightly  greater  length  for  this  special  case 

[1613]  Let  the  rear  side  of  the  wall  make  an  angle  %  with  the 
vertical  ;  let  the  origin  0  be  taken  at  the  intersection  of  this  face  with 
the  talus,  Oy  being  the  horizontal  line  perpendicular  to  the  trace  of  the 


t\lus  on  this  face,  and  0'   being  \eitical      Let  <£  he  the 
of  friction,  and  1ft 


-  tan  (4"   - 


BOUSSINISQ  [1614 

How  if  $b0  TOt&  b®  about  to  collapse  and  the  pulverulent  mass 
in  its  limiting  condition  of  equilibrium  (Vetat  tboul&ux) 


«- 


at  every  pomt    see  our  Art  1596     Hence  the  equations  to  be  solved 
become,  tf  p  be  the  density  of  the  mass 

f  *f  *«•-*  f  *f  -M.        .« 


How  at  the  free  surface  £*=#J  =  0,  and  therefore  by  the  third 
equafeon  of  (i)  yf  ~  0  At  the  wall,  where  we  may  suppose  a  thin  coating 
of  the  pulverulent  mass  to  adhere,  we  must  have  the  ratio  of  the 
feagen&al  component  of  the  reaction  to  the  normal  component  equal  to 
to  $.  H  no  coating  of  the  mass  adheres  to  the  wall  this  ratio  must 
equal  tan  <j>19  the  angle  of  friction  between  the  wall  and  the  mass 

How  the  following  is  a  solution  of  (i) 


(u) 

This  satisfies  the  surface-condition  at  the  talus,  but  not  that  at  the  wall 
except  for  special  values  of  <^  or  *     Foi  example  if  i  =  0,  we  must 
have  <£j  =  0,  or  the  wall  perfectly  smooth      Herein  lies  the  inconsistency 
of  Rankine  and  Levy's  solution  for  the  stability  of  pulverulent  masses 
see  our  Arts  1596-8 

Now  Boussmesq  introduces  into  the  values  of  the  stresses  as  given 
by  (11),  additional  small  terms  with  a  view  of  making  them  exact 
Thus  let 

™=  -gp(v  +  t),     Ty  =  gps,     w  =  -gp(a?x  +  r)  (m), 

wheie  t,  s  and  t  are  functions  of  x  and  y  to  be  determined  The  first 
two  equations  of  (i)  shew  us  that  r,  5,  t  ai  e  the  three  differentials  of  a 
single  function  37  with  regard  to  dx*,  dxdy,  dy*  respectively  The  last 
equation  of  (i)  leads  to 

1+a8*-  .    x 

(IV) 


4.  -  —  - 

(1  -  a4)  ou  +  t  -  a  7 


[1614  ]  Bousbinesq  now  (p  669)  enters  upon  AII  investigation  with 
a  \ie\v  to  shewing  that  the  light-hand  side  of  (iv)  may  be  put  zero  It 
sec  nib  to  me  that  this  follows  at  once  if  we  neglect  the  squat  es  of  7, 
s,  and  /,  uid  considei  t  and  T  small  as  compared  with  a.  The  onfy 
<hfticult\  \iinch  arises  ocuus  \\hen  t  is  itself  small,  and  T  do  not  clearly 
follow  Bou^inesq\  reasoning  as  to  this  point  A^wmng  it  to  be 
coiuct  we  h  we 


-a't-Q 


1615]  BOUSSINSSQ,  849 

Eenoe 


where/  and  /j  are  arbitrary  fhnckom  of  j?  -aw  and  if*  «e 

Now  r  =  5-^-0  when 
poeita  vo  values  af  tfe^rvanjtbleByTdws.  $b»  raehiAw  all  raa&l*  inataaa 
of  these  variables  IB  the  pu3  vertikottt  naaaa,  rf  t«aa  »  IB  >  A,  Hoot**  otter 
hand  tan  t  is  <a,  or  t  <45*-  J^»  ^6**  wiU  be  a  wedge 


the  rear-eide  of  the  wall  and  tie  line  y~<*r  whsre,  altlwHigti//'  is  0*01 
zero,/''  will  exist  because  its  variable  y  -or  is  negative. 

The  more  usual  c&se  is  that  m  which  »  is  <  4^*  -  J^.  In  thin  aafte  r  , 
*  and  £  will  be  aero  all  over  the  plane  y=  ox,  and  we  can  take  ae  tfce 
solution  for  all  points  in  the  wedge  IOA  (see  figure  Art,  1613) 
the  planes  t  and  Ian'2  a 


provided  these  do  not  give  values  of  r,  «,  tf  <xvm|wrmble  witJb  tbat  of  «L 
They  hold  with  decreastug  exactness  as  we  pass  from  the  plans  jr*>  40 
where  r  =  s  =  i  =  0  to  wards  the  face  of  the  wall  (p.  670). 


[1615]  Boussinesq  remarksfpp.  720-l)that  of  tfee  two  * 
of  rapture  '  through  the  bottom  /  of  the  wall  one  must  be  in  t 
angle  between  the  planes  *  and  tan"1  a  (for  t  <  45*  -  1^),  for  otherwise, 
if  they  both  passed  out  of  this  angle,  they  would  in  the  upper 
portion,  where  r  =  s  =  t  =  0,  become  as  in  Bankme's  theory  directions 
parallel  to  the  planes  y  =  ±  ax,  but  these  meet  without  entering  the 
above  bohd  angle  wherein  /  lies  Accordingly  Boussmesq  considers  it 
natural  to  suppose  that  one  of  the  rupture-surfaces  takes  the  line  of 
the  wall  The  pulveiulent  mass  will  then  be  on  the  point  of  slipping 
at  the  wall,  and  if  the  angle  of  fnction  between  wall  and  mass  be  taken 
=  &,  we  shall  ha\e  a  condition  to  determine  the  arbitrary  function 
J  (y  -ax)  All  the  equations  will  then  be  fully  satished  except  (iv), 
which  we  ha\e  supposed  to  reduce  to  r-aa£  =  0  In  its  unreduced 
form  (iv)  is  not  satisfied  by  a  homogeneous  mass  in  the  region  IOA 
(see  the  hguie  \rt  1613)  Boussmesq  no\v  point*  out  that  this  is  the 
only  equation  which  m\ohe&  <£,  and  he  suggests  that  <f>  be  giun  a 
variable  value  (f>  in  thisie^ion  This  \alue  <£  will  be  sup^st-d  to  difier 
fiom  <f>  more  and  moie  is  \\e  piss  fiom  the  pi  me  0  4  and  appioich  the 
\vall,  being  taken  to  satisl\  (i\),  or  \vhat  is  the  &aine  tiling  the  equation 
(e)  of  Ait  1613,  which  mt\  then  be  \tntten 

(77-77)  sin  <^  =  (  17  -  77)  -  47"  (  \  n  ) 

The  \alues  ot  the  stit^th  gntn  b\  (in)  iml  (\n  \\ill  tin  u  be  «  \ut  tui 
niattriil  homo^eiiLOUbiu  </0  1  md  heteiOj.,*  in  u-*  in  the  mum*  r  Hi  lu  tt  d 
bv  (MI)  111  WI 

I  et  ft  be  the  uute  ingle   leckoned  p<»^iti\t  «m  tht  ^idr  <  f  t/  }><  ^iti\ 
\\hithtliepliut  suUjtcttd  to  tht   1*  tbt  jiits^uu  in  ikts  \\nh  tl  »   \   ituil 
ineasuied  up\vaitls,  then  b\  our   Vit    1  >7S 

tan  1ft      ir  (~  -T) 


$50  BOUSSIHSSQ  [1616 

It  follows  from  (vu)  by  using  (vi)  and  the  value  of  a?  that 
sm<£'cos2/?  =  sin<k 

$  is  i&ns  Always  greater  than  <£, 

Boossiaesq  titen  shews  (p  721)  that  the  surface  of  rupture  which 
starts  fit«a  tiie  base  of  the  wall  will  have  its  several  elements  inclined 
at  a&  angle  a  given  by 


3Bfe  fertber  demonstrates  that  the  surface  of  rupture  through  the 
bottom  <jf  tie  wall  when  it  ceases  at  the  plane  y  =  ax  to  be  plane  (t.e 
parallel  to  y  *aa?=0)  becomes  concave  to  the  upward  vertical  through 
tbe  bottom  of  the  wall 

F16i6  ]  The  remainder  of  the  memoir  confines  itself  to  the  case  of 
*  »s  §  In  this  case  when  y  =  0,  we  must  have,  fa  being  angle  of  friction 
between  wall  and  pulverulent  mass 

tan  fa  =  -  ^syjyy  , 

=  -ri(a(x  +/")},  by  (111)  and  (vi) 
Whemoe  we  find 


The  normal  pressure  on  the  wall  is  now  easily  determined  to  be 


Supposing  y/a.  =  tan  ^,  we  nnd   by  substituting   the  values  of  the 
stresses  in  (vii)  when  tan  6  <  a 


sin0  <£  =  sin  0 


cos0  d>  (  —^-l  -  -  -  -A  }  (x) 

^  \cot  fa  +  tan  OJ  v  ; 


l  -  -  -  -A 
+  tan  OJ 

Ihus  <£  inci  eases  as  0  diminishes,  01  takes  its  gieatest  value  3>  at 
the  \vall,  01  remembering  the  value  of  a 

sm  <£  =  sm  ^>  +  (l-fein^>)  tan  fa,\ 

,  t       v/sm^-sm^  >  (X]) 

whence,  tan  6,  =  -  =  -  - 

I  -  sin  <f>  j 

Bousbinesq  shews  that  foi  a  given  value  of  x  the  least  value  of  the 

noitnal  pressure  m  (MII),  01  of  -  -  -  -  -  ,  is  to  bt  found  foi  a  value 
'  1+^tan^' 

of  sin  <j>  lying  between  sm  &  and  sin  3>  (pp  722-3) 


1617—1618]  BOUSSIKE8Q.  $81 

He  finishes  the  second  section  of  the  memoir  by  dedtamg 
reealte  for  the  CTITT^  p^rt  c^  tl^  sor€w»  of  rupture  4m  the 
that  ifc  is  a  carcmlar  am 


[1617  1  In  the  tfcirxl  eeetaoa  (p.  790)  Boaanwasq  potato  <xrt  bow 
the  oonditions  of  the  equilibrium  Haul  *ve  «A0M  by  tbe  pnnciiou  of  A 
second  bounding  wall  pamllel  to  fcfee  AXUB  of  a,  la  tfag  mm  ifa  fwaetiun 

mttBt  be  reined,  and  Uw  res^te  for  t^epet^oww  of  two 
parallel  walls  are  given  without  anaijaia 


[1618.]  In  the  fourth  section  of  the  memoir,  Boaasufceeq  shewa 
how  the  above  formulae,  —  obtained  for  the  case  of  *  mam  for  which 
the  interior  angle  of  friction  <£'  increases  slightly  towaida  the  wtfl 
from  the  value  <f>  to  <1>9  —  may  be  applied  in  practice  to  obtain  to 
a  sufficient  degree  of  approximation  the  thrust  of  a  hogaogeneooo 
mass  with  a  constant  angle  of  fhc&on 

In  the  first  place  Boussinesq  points  out  that  the  normal 
component  of  the  thrust  on  the  wall,  upon  which  the  overturning 
effect  really  depends,  will  be  decreased  if  the  angle  of  internal 
friction  is  increased  and  mce  verso. 

II  suffit  done  d'imagmer  deux  massifs  h&groge&es  constitute 
conformement  d,  la  formule  (x),  dans  I'ua  desquels  <f>  et  fa  soient 
eganx  ou  un  peu  supeneurs  &  Tangle  de  frottement  du  massif  homoge&e 
dorine,  tandis  qu'ils  lui  seront  un  peu  inf^neura  daua  1'autre,  pour  que 
le  moment  de  la  poussee  soit  momdre,  daus  le  premier,  et  plus  grand, 
dans  le  second,  qu'il  n'est  dans  le  massif  propos^  (p  791) 

We  thus  obtain  inferior  and  superior  limits  ij  and  k*  of  k  in 
(ix),  and  the  mean  of  them  if  the  limits  be  taken  sufficiently  near 
will  constitute  a  close  practical  solution  of  the  problem 


If  we  want  as  high  an  inferior  limit  Ax  of  k  as  possible,  then 
k  increases  \\hen  <£  or  <$>l  decreases,  the  first  of  the  heterogeneous 
masses  should  be  obtained  b}  unking  <£  and  <^  as  small  as  j»ossible, 
consistent  \\ith  then  being  equal  to  01  gieitei  thin  the  real  \alue  of  the 
angle  of  inteinal  fiiction  ot  the  leil  inisb,  01  \*\  making  them  lx>th 
equal  to  <j>  We  then  nnd  (^ee  equation  (Ixi)  ot  oin  Art  1)99) 

_  tin  (45   -l£)sm(43   -1^cos_* 
Al  ---  Joh~(>-~4-i  )  "        " 

On  the  othei   hand  for  the  supenoi    limit  A      >\e  mu  t  nnke  the 
iiittiioi  an  git  t>l  fiiction  <#>  ot  tlu   M-uuu1   httti(stii     us  mt  •»  It^s  tlmi 
the  tine  <£,"and  this  \\ill  hi  done  bv  puttm^  tht  nia\imuin  \  ilu«-  «it  6 
/  p  4>   equal   to  the  true  <£    tnd  theiefou   <j>   \\i\\  be  It-^s  than  this  u  \\ 
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<£  *fc  other  points.    Accordingly  we  make  the  value  of  k,  as 
ax)  w*&  tan  &  substituted  from  (xi),  the  least  possible  for  variations 
<£.     Afterwards  the  maximum  &  must  be  replaced  by  the  angle  of 
mtenor  &*efeon  £     Thus  to  obtain  ^  we  seek  the  minimum  value  of  fe 
bj  _ 

sin  <f>  N/sin2  $  -  sin 

(p  792)  finds  that  -7  in  (xiii)  is  a  maximum  for 


H^  soiutioa  of  (xiv)  for  <£,  Boussinesq  isays,  is  very  nearly 


Alter  some  reductions  we  have  from  (xui)  and  (xiv) 

k  =  i  tan2  (45°  -  £<£)  {3  +  tan2  (45°  -  fa)}  (xvi), 

vhere  ^  is  to  be  given  its  value  as  obtained  from  (xiv),  or  approximately 
from  (xv),  &  being  put  equal  to  the  angle  of  friction  of  the  homogeneous 
mass.  The  true  nqrmal  thrust  will  then  be 


The  calculation  of  the  superior  limit  of  k  is  thus  clearly  a  com 
plicated  matter,  and  the  real  accuracy  of  Boussmesq's  theory  will  depend 
upon  the  closeness  to  each  other  of  ^:  and  k*> 

Boussinesq  concludes  by  stating  that  the  numbeis  obtained  from 
these  results  are  in  agreement  with  the  experiments  ot  Dai  win  and 
Gobm  see  our  Aits  1609-10 

[1619]  On  pp  850-2  of  the  Gomptes  iwidus,  T  xcvm 
(Pans,  1884),  will  be  found  a  notice  by  Saint-  Venant  of  Boub 
binesq's  theory  of  the  thrust  of  loose  earth  After  shewing  how 
Boussinesq's  investigation  improves  on  those  of  Rankme  and  Levy, 
aud  pointing  out  how  much  closer  it  agrees  with  experiment, 
Saint-  Venant  concludes 

Les  nouvelles  recheiches  de  M  Boubsmesq  lendent  a  Tart  des 
constructions,  ou  les  economies  possibles  et  sans  dangei  out  tant 
d'importance,  un  sei\ice  iee],  et  on  peut  les  legardei  comme  fouinissaut 
tux  ingemeuis  des  mo}  ens  dt  calcul  qui  lepondront,  poiu  bien  longtemps, 
a  te  qui  etait  clesnt  dans  la  question  enoiicee  (p 


[J  b20  ]     Sin  le  pi  tucipe  da  pi  Mine  de  plus  gi  ande  pou^ee, 
pat  Cotdoinb  data  la  theo)  le  de  I'equihbte-limite  des  tenet*      Gomp 


1621—1622]  BOUBSDfXdQ.  Sit 


tes  rendus,  T  XCMIL,  pp  901-4,    Pans,  1884,    In  tins  memoir1 
Boussinesq  deduces  from  his  theory  of  the  limiting  equilibrium  of 

pulverulent  matter  — 


la  propn#>6  aoivafite  de  rauamnm,  qm  «* 

d£velopp6e  da  pnncipe  da  posn&e  40  pita  grinde  pmiKttili,  taw  «i  «l 

en  177$  (£»»»*»  ftio^tff*,  T 


«t«r  utttf  J^p^ofl^m  de$  rtykt  de  Mazunis  at 
Prob&mes  de  stahqiu,  pp.  343-32  see  p.  559)  U  p 
tivement  sur  la  pan*  mobile  oonianaenat  i  s'y  eiaroer  ai  le 
palvSrulent  so  tenmnait  i  la  sorfitoe  <k  ruptere  la  ploa  goigafo  db  la 
panH,  toate  la  masse  sous-jucente  devenant  sohde,  ei  dUo  art  la  0hw 
forte  des  pouss6e8  qui  ont  hen,  &  F&at  d'6qajlibf«4iisoite,  qmana  le 
massif  se  trouve  Iimit6  ainsi  par  une  sorfaoe  rn^oeuaft  qoeioooqiM  aiianl 
du  bas  de  la  paroi  mobile  ik  la  sar&oe  hbro  (p.  §01). 

Unfortunately  wo  do  cot  know  the  surface  of  rupture,  and  to 
try  all  possible  surfaces  wooM  be  a  more  complicated  process  tibna 
integrating  approximately  the  differential  gqnaisottt  far  the  equi- 
librium limit  as  Boussinesq  has  done  Coulomb  aasomed  thai  the 
surface  was  a  plane,  which  is  a  pnon  arbitrary  as  well  SB  inexact 
The  thrust  determined  by  this  assumption  can  therefore  only  be 
considered  roughly  approximate  m  default  of  any  better  method. 

[1621  ]  Complement  ^  de  precedentes  Note*  sur  la  pous&t  d&s  turret 
Annales  des  ponts  et  chait&sees  \fcmoires,  T  vn  ,  I*1"  Semestre,  pp  445-81 
Pans,  1884 

Boushinesq  begins  by  citing  the  results  of  his  E*#a\  (see  our  Art 
1599)  and  then  applies  them  to  the  case  of  a  horizontal  talus 

Let  k  be  the  coefficient  which  occurs  m  the  expression  for  the 
normal  piessuie  on  the  wall  (see  equation  (Ixi)  of  our  Art  1^99),  then 
Boussinesq  pouitb  out  that  the  method  of  the  Fssai  and  of  the  memoir 
of  1881  (see  oui  Art  i607)  does  not  give  a  sufficiently  close  superior 
limit  to  the  value  of  k 

[1022  ]  Let  the  superior  limits  to  k  is  given  bv  the  \aJueb  of  <f> 
from  (111)  ot  oui  Art  lt>07  substituttd  in  (\n)  ot  our  Art  lolfc*,  and 
from  (xn)  ot  oui  Ait  16l!>  subbtituttd  in  (vu)  of  the  same  ai  title  IK. 
k  and  k  lespectiveh,  ami  let  the  mteiiui  limit  t^>  ^i\en  b\  (\n)  uf  our 
Alt  lbll>  with  <j>  its  true  \ihu  be  /j 

Bousbinesq  states  (p  4">1)  that  lit  h  i^  t  mini  I  \  nkm_  a  ^ufhcu  nt 
numbei  ot  \  tines  of  $  liom  Ju  to  ^U  tlnt\tiv  ij  \  io\iin  tttlv 


^  to  be  an  almost  \ciba.!  itpnut  it  tin     lutiu  n  u    }  }      « 
tin.    Aine  \olume  <>t  the  Lowpte    n  udn 
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Baaoe  the  mean,  £(&t  +  ^},  adopted  by  Boussmesq  as  the  value  of  k 
(see  our  Art  1618) 


Or,  to  obtain  the  value  of  the  coefficient  k,  we  need  not  for  practical 
^irpoees  calculate  the  difficult  k^  but  can  deduce  the  approximate 
solution  JTOBQ  tlie  easily  found  ^  and  jy  Obviously  this  new  approxi 

OB.  consist  m  subtracting  ^  (kj  -  &i)  from  the  old  approximation 

+  Jb*)  obtained  by  the  method  of  Art  1607 


On  pp  453-5  of  the  memoir,  Boussmesq  applies  (xix)  to  M. 
experiments  (see  oar  Art.  1610),  and  on  pp  455-7  to  G  H 
Darwin's  experiments  (see  our  Art  1609)  In  both  cases  theory  now 
approaches  closer  to  experiment,  but  it  may  be  questioned  whether 
the  agreement  is  still  a  sufficient  one 

Boussmesq  next  turns  to  some  experiments  of  Aude  recorded  in  the 
M$mona£  du  genie,  Fo  15,  p  269,  1848,  and  also  cited  in  Note^  of  a 
a&«aoir  by  WL  Saani>-Guilhem,  Anncdes  des  ponte  et  chauss&es  MGmoires, 
T  rr  ppw  340-5  Pans,  1858  The  discussion  occupies  pp  457-69, 
bat  the  results  are  not  in  my  opinion  more  decisive  with  legard  to 
Boussinesq's  theory  than  those  of  Darwin  and  Gobm  On  pp  469-73 
we  have  a  discussion  of  the  angle  given  by  theory  for  the  inclination 
of  the  surface  of  rupture  to  the  vertical  and  comparison  with  the  ex- 
perimental value  determined  in  certain  cases  by  Gobm  (see  our  Art 
1615) 

The  remamdei  of  the  memoir  (pp  473-81)  is  occupied  with  a 
discussion  of  Coulomb's  pnsm  of  greatest  thrust,  after  the  manner  of  the 
Comptes  rendw  article  see  our  Art  1620 

[1624]  Sur  Pintegrationj  par  approximations  successive  d'une 
equatwn  aux  denvees  partielles  du  second  ordre,  dont  dependent  les 
presswns  intemeures  d'un  massif  de  sable  a  IHat  Gbouleux  Memoires 
de  la  Societe  des  Sciences  de  Lille,  T  xm  ,  pp  705-12  Lille,  1885 
This  memoir  ib  also  included  in  the  Application  des  potentials  see 

our  Art  1561 

We  have  seen  how  Boussmesq  makes  the  pressure  on  a  vertical,  or 
moderately  inclined  wall,  of  a  mas&  of  earth  \\ith  honzontal  talus  depend 
on  the  solution  of  the  differential  equation  (see  om  Art  1613) 


We  ha\e  noted   how  by  neglecting  the  right  hand  side  of  (i)   (if 
*    ?,  t  aie  small  ab  compiled  with  #),  he  obtains  as  &  Jirst  appioxima 
tion  a  solution  of  the  foim 

w^f(y-ajs)  +/  (y  +  ax) 


1625]  BOUBSHTESQ, 

If  the  forms  o£/  mad  /,  at*  know*  than  by  mbctaurtang  m  the  nght- 
h&nd  side  of  (i)  we  obtain  foe  a  *afx>*<i  appnmm«  to*™  tfce  eqi&a&Mx 


where  ^(x,  y)  IH  \  kaown  foncfcoa  of  *  and  f 

This  equaUon    Boossmeaq    BOW  proceeds   to    aolm     He 


fi-y-<xc,  aad  oltaitt  firs* 


A 
2   )9 


where/  muBt  be  datermioed  by  the  oooditM»  for  &e> 
mass  against  the  w&li 

Boossineeq  then  proceeds  to  ««k«bie  ^  cm  tbe  baas  of  to  ftrrt 
approximakon  m  t^e  case  of  a  wr*wc^  sopportuog  w»ll  aoe  owr 
Art  1616  He  obtains  a  aomew&a*  oooopfocited  Tmloc  of  «r  to  m 
second  approximatioii  for  tJiiB  oaee  on  p.  709  From  tlaa  lie  detorminet 
r,  a,  ^  and  the  stj^esee  at  the  wall  He  finds  &r  fte  value  of  tiae 
constant  k  (see  our  Art  1616)  determining  the  tfamst  on  tbe  wall 


In   the   case  of   ordinary   sand   resting  against  a   rough  wall,  when 
<£  =  <^  =  34°,  we  find  for  &  by  the  nrst  approximation 

k=  2081, 
while  by  the  second  approximation  k  =  21  bl 

Like  the  nrst  approximation  the  second  ma\  be  looked  upon  as 
an  exact  answer  to  a  problem  in  uhich  the  angle  of  internal  friction 
varies  from  its  value  <£  at  y  =  ax  and  increases  up  to  <fo  at  the  wall 
see  our  Art  1615  The  law  of  \ariation  would,  howe\er,  be  difficult 
to  expiess.  Boussmesq  contents  himself  with  a  tentative  in\  estimation 
fiom  which  he  concludes  that  a  \er\  close  \alue  of  A  is  230s*  for  the 
above  special  case  His  practical  method  of  the  anthmeucil  mean 
between  i  too  gieat  and  a  too  small  value  (&ee  oui  Art  1  01  5)  had 
given  2309  Hence  he  consideis  that  his  piaUical  method  of  the 
mean  gives  close  lesults  It  will  be  observed  thit  it  Onves  closer 
results  than  the  second  appioximation,  the  rate  of  approximation  being 
apparently  not  sufficiently  rapid 

[1625  ]     fable*  nwnei  ique*  poiu  le  C'dcal  de  It  p  nts*e*  de*  tet 
)es    Annulet*  de*  punts  et  chaiu>t>eet>     Vewviie*  T  i\    lrbeme*tie 
pp    515-40       Pans     1885      Thih    i*    a   stattmtnt    b\    Flauiaut 


\ 
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of  i&e  final  form  of  Boussmesq's  theory  with  numerical  tables  for 
the  Tfctee  of  the  thrust  calculated  for  various  angles  of  the  talus, 
of  mtwial  friction  and  of  the  rear-side  of  the  supporting  wall 
From  these  tables  Flamant  deduces  the  results  we  have  referred 
to  w.  our  Art  1611  The  tables  ought  to  be  useful  as  giving 
vttih  sufficient  accuracy  all  that  is  obtainable  from  Boussmesq's 
theory 

[1626  ]  Summary  Among  the  many  pupils  of  Saint-Venant 
few  have  deait  with  such  a  wide  range  of  elastic  problems  as  Bous- 
sjnesq,  or  contributed  more  useful  work  to  elastic  theory  Belong- 
ing IB  a  raore  marked  manner  than  Saint-Yenant,  Phillips  or 
Maunce  L^vy  to  the  mathematical  as  distinguished  from  the 
technical  group  of  elasticians,  he  has  illustrated  our  subject  by 
ingenious  analysis  rather  than  by  special  solutions  of  mechanical 
and  physical  problems.  If  in  several  cases  his  researches  have  been 
anticipated  by  those  of  other  investigators,  he  has  yet  managed  to 
throw  new  light  on  old  problems,  and  where  he  has  not  succeeded 
in  giving  final  solutions,  he  has  greatly  added  to  our  appreciation 
of  yet  unburmounted  difficulties  Thus  his  investigations  on  plates 
and  rods  were  pieceded  by  those  of  Kirchhoff  and  Clebsch,  yet 
Boussmesq's  methods,  if  scarcely  final,  are  at  least  clearer  and 
moie  concise  than  Kirchhofifs  If  Thomson  and  Tait  reconciled 
Poisson's  and  KirchhofFs  contour  conditions  some  years  before 
Boussinesq,  yet  the  latter,  especially  in  his  work  on  potentials,  has 
thrown  the  whole  mattei  into  a  more  concise  and  simple  form 
If  Cenuti  in  the  application  of  potentials  in  some  respects 
anticipated  Boussmesq's  results,  yet  the  latter 's  great  treatise  \\ill 
remain  for  many  years  to  come  a  classic  of  our  subject,  every  page 
almost  of  which  is  fascinating  to  the  mathematical  phjsicist 
Much  the  same  may  be  said  of  Boussmesq's  contributions  to 
the  theory  of  impact,  he  followed  Stokes,  Saint  Venant  and 
Hertz,  but  he  was  able  to  follow  them  without  loss  of  individuality 
in  either  method  or  results  Putting  aside  his  contributions  to  the 
theoi}  ol  potentials,  perhaps  the  most  original  part  of  his  work 
heb  on  the  boider-land  of  elasticity  proper, — namely,  in  his  con- 
tributions to  the  elastic  theory  of  light  and  to  the  theory  of 
pulveiulencc  Thebt  theories  must  of  course  be  judged  by  the 
physicist  and  tht  engineci  vet  if  they  be  not  final  they  aie  still 
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the  best  which  have  hitherto  been  propounded  from  the  ebatoe 
standpoint,  indeed,  they  are  perhape  the  limit  to  what  ohtfee 
theory  can  provide  in  these  direction  Idea  the  majority  of  tbe 
leading  French  mathematicians,  Booasmeeq  is  as  a  nile  locid 
m  his  analysis,  if  occasionally  wanting  ID  physical  toueh. 


£  CHAPTER  XIV 

^  SIR  WILLIAM  THOMSON  (LOED   KELVIN1), 

?  THOMSON    AND    TAIT 

t  [1627  ]    ONE  of  the  many  fields  in  which  Sir  William  Thomson 

f7  has  laboured  with  much  profit  to  physical  science  is  that  of 

l>  elasticity,  and  the  concluding  chapter  of  this  volume  may  not 

"  uafltly  be  devoted  to  a  resume  of  his  contnbutions  to  our  subject 

His  first  papers  on  elasticity  will  be  found  in  the  Cambridge 
<md  Dublin  Mathematical  Journal,  Vol  n ,  pp  61-4,  and  Vol  in , 
pp.  87-9  Cambridge,  1847  and  1848  They  are  entitled 

(a)    On  a  Mechanical  Representation  of  Electric,  Magnetic  and 
m  Forces  (M  P,  Vol  i,  pp  76-80)2 

Note  on  the  Integration  of  the  Equations  of  Equilibrium  of 
an  Elastic  Solid  (If  P,  Vol  I ,  pp  97-99) 

[1628]  Consider  the  body-shift  equations  of  an  isotropic  elastic 
medium  subjected  to  no  body  force  These  aie  of  the  type3 

(X  +  ju)  j-  +  /A  V2u  =  0  (i) 

Then  if  C,  I,  m,  n  be  arbitiary  constants,  the  following  are  solutions 
X-H/X,      d 


u=c{ 

X  +  u      d  fix  +  my  +  nz\      m} 

-r-. =r— r  ^  I    ) f   , 

7  )       rj 


X  +  /A      d  fix  +  my  +  nz\      11} 
r 


wheie  r-(vu        2       ' 


1  The  manuscript  of  this  chapter  was  completed  before  Sir  William  Thomson 
became  Lord  Kelvin 

The  letters  M   P   stand  thioughout  this  chapter  foi   the  Mathematical  and 
Pliywal  Pupti*  by  Sn  "William  Thomson  Vols  i  -in      Cambridge  1882-1890 

8  bir  William  Thomson  speaks  ot  Sir  G  Gr  btokes  memoir  of  1845  as  being 
the  onh  uork  m  \\hich  the  tiue  foimulae'  (i  e  bi  constant  foimulae  for  isotropy) 
had  in  1847  been  £i\en  This  is  hardly  exact  see  our  ArtR  fiH*  and  1267* 


1629—1631]  SIR  WILLIAM  THOMSON 

I*  will  lie  £xmd  that 


Tins  is  clearly  a  specaai  case 


remarks  that  tiie  most  geaertl  aohrtioa  *HM^  bo  ectpreaBcd  in  IMAMS  of 
f^riH^ular  Bolntions  of  tba  type  (ii)  He  «WB  (^  p,  89,  (  Jf.  ?>  YoL  Lf 
p.  99)  that  u,  t?,  w  can  be  eaoly  shewn  to  to  the  Afts  ptodiKj*!  aft  tfce 
point  a^  y,  «  of  &a  infinite  laotropic  ebsbe  Hfcedioni  doe  to  *  tew  Maplbi 
afe  ^eongm  of  <>x>Tdinaiee  mt^direcUon^flsn  am  our  Art,  Mlf  (6). 


[1629  ]     In  the  preceding  Article  we  MAT*  given  the  raooliB  *f  fl* 
aeoond  paper,  those  of  the  first  hold  only  for  an  vwmpntmbii  voferopie 
solid.     Putting  X//i  =  oo  m  {m)  ire  fiftd  ^  =  0  aad  roeoltB  (ii) 
of  the  type 

fif  ^-^f»y4-ng     ll 


tins  ease  tke  twiste  are  of  the  form 


These  Sir  William  compares  with  the  expressions  for  the  components 
of  the  force  which  an  infinitely  small  element  of  a  galvanic  current 
at  the  origin,  in  the  direction  of  /,  m,  n,  produces  on  a  unit  magnetic 
pole  at  the  point  x,  y,  z  ((a)  p  64,  M  P  ,  Vol  i  ,  p  80  ) 

[1  630  ]  In  the  first  paper  the  author  further  Hhews  that  the  follow 
ing  systems  of  shifts  are  also  solutions  in  the  case  of  an  incompressible 
solid 

(I)     «  =  C,   v  =  C,  z=(?, 


and  (II) 


The  fiist  set  of  shifts  are  compared  \vith  the  components  of  the  force 
exerted  at  r,  y,  -  b}  i  charge  of  electricity  at  the  origin  and  tlu 
t\tists  con  esponding  to  the  second  set  of  shifts  ire  cumjwired  to  the 
components  of  the  magnetic  force  of  a  small  magnet  placed  at  the  origin 
Avith  it^  axis  m  the  direction  /,  /w,  ?i  ii}»on  an  idetl  magnet  j»c»le 
at  .£,  y^  z  see  our  Art  lt>13 

[Ib31  ]  On  the  TJteimu  elastic  Then/in  ma  rmti  <uni  P>n  > 
electnc  Piopeitie*  of  Matte)  Ihib  pipei  ippeirc  i  uu<iu  the  title 
On  the  Iheutiu  elastic  and  Fheinw-inaqnetu  Piupeittr*  f  Mattel 
(Jii  nteibf  Joinnal  of  Matheinati<  s  \  nl  i  pp  >7-77  (,  uii^rnl^t 


SIR  WUJMABC  THOMSON  [1032 

It  was  repnnted  with  additions  in  the  Philosophical  Magazine 
Td.  6,  pp.  4-27,  London,  1878,  and  appears  as  Part  vn  of  the 
artele  On^J^^^Th^^ofSe^NP^^l  i,pp  291-316 
We  itf&  solefy  concerned  with  pp  291-313  of  this  latter  paper, 
reference  will  be  first  to  the  pages  of  the  Philosophical 
e  aad  secondly  to  those  of  Vol  I  of  the  Papers 
Tto  us  oae  of  the  most  important  of  Sir  William  Thomson's 
ti<Mis  to  our  subject  Its  object,  so  far  as  we  are  con- 
,  is  to  obtain  from  the  Second  Law  of  Thermo-dynamics 
most  general  possible  theory  of  elasticity  for  unmagnetised  and 

cfenfied  bodies. 

The  author  defines  the  "intrinsic  energy  of  a  body  in  a  given 
*  to  be,  "the  mechanical  value  of  the  whole  agency"  that 
woold  be  required  to  bring  the  body  from  a  standard  state  to  the 
given  state  This  agency  may  be  spent  m  overcoming  the  resist- 
ances of  the  body  or  in  exciting  thermal  motions  The  intrinsic 
energy,  e,  can  depend  only  on  the  standard  and  given  states,  if  we 
are  to  deny  the  possibility  of  perpetual  motion 

[1632  ]  Sir  William  Thomson  now  assumes  that  six  independ- 
ent variables  can  fully  express  "the  mechanical  condition  of  a 
homogeneous  solid  mass,  homogeneously  strained  in  any  way"1 
The  words  homogeneous  strain  are  not  in  this  paper  further 
defined  see  our  Art  16*72  Let  these  six  vanables  be  denoted  by 
the  letters  a,  a',  a",  <r,  </,  a-  ,  and  let  t  be  the  temperature  in  the 
given  state  the  standard  state  being  denoted  by  «(,,  ad,  a0",  <TO,  <?<!,  <r07/ 
and  ^  Then  we  have 

e  =  <£(«,  «>",  cr,  <r'9a",t)  (i), 

and  0  =  <j>  («o,  a0 ,  «0",  o-0,  0V,  <TO",  O, 

where  <f>  denotes  a  certain  function  depending  on  the  nature  of  the 
substance 

No\\  suppose  the  body  stiained  so  as  to  pass  from  the  state 
or0  a/,  «0"  CTO  oV,  cru'  to  the  state  a,  a',  a",  <r,  cr',  a"  without  change 
of  the  temperatme  t  and  let  H  be  the  quantity  of  heat  that  must  be 
supplied  to  it  during  this  process  to  prevent  its  temperature  being 

1  Heie  there  i^  a  footnote  leleinng  to  Rankme's  introduction  of  the  word  at) am 
and  callm0  the  coirespondmg  forces  thinning  tensions  o)  passives  This  is  ot 
historical  interest  as  he\un£  that  the  -\\ord  stress  had  not  >et  (1855)  come  into 
general  u«e  (pp  6  29 -J) 


SIR  WILLIAM  THOM90H 


lowered    Now  let  the  body  be  bfoogtif;  fc*jk  toite  font 
condition  through  the  same  or  aoy  other  of  the  infinitely  n 
possible  sequences  of  statee,  tbe  temperature  bebg  0101  «Jw*j8  kept 

at  i,  and  let  ff  be  the  heat  flwppliei    Thtm,  by  O*>  Seo»d  I*  w 
of  Thermodynamics 


It  follows  therefore  that  the  amount  of  heat  afceorbed  by  the 
body  m  passing  from  one  state  to  the  other  most  he  independent 
of  the  sequence  of  states  through  which  the  body  pttQDCo,  *ad 
depend  only  on  the  initial  and  final  states,  provided  the 
tore  remain  constant  throaghoot  Accordingly  we  hare 


where  -^  denotes  a  function  of  the  variables. 

Hence,  if  €  denote  the  whole  augmentation  of 

energy  which  the  body  experiences,  i&  the  chaoge  m  its  intrinsic 
energy  from  one  state  to  the  second,  or 

e  =  <j>  (a,  a',  a  ',  <r,  <r',  <r",  *)  -  <£  («•,  «t',  «*",  «t  .  ^/,  o/,  *)     («*)» 
we  have  e  =  w  4-  /J?  (iv), 

where  w  denotes  the  work  done  by  applied  forces  in  compelling 
the  body  to  pass  from  one  condition  to  the  other,  and  J  is  "Joule's 
equivalent  " 

It  is  clear  from  this  that  the  work,  w,  required  to  strain  the 
body  from  one  to  another  of  two  given  states,  keeping  it  always  at 
the  same  temperature,  is  independent  of  the  particular  succession 
of  mechanical  states  through  which  the  body  passes,  it  depends 
only  on  the  mitiil  and  final  conditions  This  theorem  Sir  William 
Thomson  attributes  to  Green  be*  our  Art  916* 

He  adds 


It  is  no\v  demonstrated  as  a  pirticular  consequence  of  the 
General  Thei  mod}  namic  Law  It  might  at  tn^t  hiijht  te  leg-irdrd  as 
simply  a  consequence  of  the  gemral  principle  of  mechuiu.il  effect  hut 
this  \\ould  he  a  mist  ike,  falltn  into  from  foi^ettinsr  that  Lett  i  in 
geneial  evohed  01  ahsoibed  \\hcn  \  solid  is  stramtd  in  an\  ^  n  uid 
the  onh  ahsiudit\  to  which  a  ckmil  ot  the  piop  ^iti  »u  tuiild  It-ad  \\ould 
he  the  possiluhtv  ot  \  self  icting  machine  g«»uu  on  eniitinmlh  di  iwin^ 
heat  from  a  bod\  sui  rounded  h\  utheis  it  a  hijiei  t*mpt  i  itim  without 
the  assistance  of  uu  at  \  lowei  tt  mpeiatuie,  ind  putininin.,  an  MJUIN  t 
lent  of  mechanical  w  m  k  (p  7  }f  P  V<»1  I  p  -H»">) 

1   F  PP  II  24> 


SIB  WILLIAM  THOMSON  [163$ 

[163$.]    To  obtain  the  most  complete,  results  available  from  the 
Second  Law  <$  Thermodynamics,  which  is  expressible  in  the  form1 
-  0    Sir  William  Thomson  now  supposes  the  body  to  pass 
tlifc  following  reversible  cycle  from  and  back  to  its  primitive 
as  to  strain  and  temperature 


6)  Wiifeout  altenng  the  strain  (OQ,  a0',  OQ",  o-0,  <TO',  o-0")  raise  the 
t«|)e!»fci*re  from  £  to  ^  If  ^  -  tf  be  small,  this  requires  the  quantity 
$1  heat  represented  by 


<leai€*es  the  value  of  e  (see  Equation  (i»  for  OQ,  a0',  a0f/, 


the  temperature  at  «',  pass  from  the  strain  Oo,  aj,  a0", 
»  a"»  °">  ^5  ^      ^^  re(li:iires  *^e  ^eat  (see  Equation 


(in)    Without  altering  the  strain,  lower  the  temperature  to  t     This 
requires  the  heat 


(iv)     Return  to  the  primitive  strain  without  altering  the  tempera- 
tore     This  involves  the  heat 

-H 
Hence  we  find 


where  c  =  *>  -  eQ    see  Equation  (m)      Hence  it  follows  that 

d(B\-l*-0  M 

51.^    ^<ft~u  w 

From  Equations  (iv)  and  (v)  we  easily  find 

„        I  dw>  ,    . 

^=-7^J  (V1)> 

rfw  .     v 

(>  =  (>»  + W-t-  (\  ll) 

These   it  e  the  fundamental  thermo  elastic  equations    see  p   9  ( M  P , 
Vol  i ,  p   297) 

1  bee  J    H    Paiker    riemeiitarif  JThei modynaniiti,  p   139   Cambridge    1891    or 
Sir  \\illiam  Thomson    Math  /•<//*/<»   ^  ol   i  p   2-J6 


16S4— 1635] 


SIB  WILLIAM  THOMSON 


[1634  ]    Let  N  be  tke  specifie  he**  at 
tempeara&*re  t,  and  let  jS"  be  the  specific  heai  lor  any 
wken  tbe  bodj  is  allowed  or  oompdkd  to  alter  its 
temperature  in  any  fixed  m&noor     *&*&&  we  find 


far  any 
I 
the 


where  £  is  to  be  taken  sueoeesively  equal  to 
The  last  equation  by  aid  of  (IT)  may  be 


JJT= 


denoting  the  total 


oC  A 


[16S5  ]    On  pp.  12-15  (M  P,  Tol  m»,  SOO-304)  Sir 
Thomson  supposes  the  strain  to  be  small  aad  Ike  paraofecally  takes 

six  strajn  components  the  three  stretches  and  shags  from  i 
state,  *  «.  we  may  pnt 


He  then  assumes  that  w  may  be  expanded  by  Madaunn's  Theorem, 
whence  retaining  only  the  expressions  np  to  the  squares  and  products 
of  the  strains,  he  easily  finds  for  the  stresses  expressions  of  the  types 

\ 


_     fdw\       fd*w\ 

^  =  (  T" )  +  (  TT  )  ** 
\daJ0      \da?Jo 


\dadajg  * 
d*w  \  f  d*u 


dw\ 


(XI) 


da-Jar 

These  aie  clearly  the  usual  expiessions  for  the  stresses  m  a  multi  constant 
solid  when  theie  lie  initial  stresses  in  the  st  tndard  state  It  the^f 
initial  stresses  be  zeio,  we  ha\e  the  usuil  stress  bt mm  lelation^  with 
t\vent}  one  constants 

Weha\e  alu  id\  pointed  out  that  such  imj>ort\nt  plnsKil  c<  nclu 
bions  as  those  \\hichflo\\  fiom  the  lineintv  of  tht  stres>   train  ulition^ 
seem  to  demand  i  basih  in  physical  expeiiment  i  ithei  than  in  i  in  ttht 
maticil  tin 01  em     s^eoui    Vtts   9JS*  nul  200 

24—2 


884  SIB  WItXTAM  THOMSON 

[1636.}  Sir  William  Thomson  then  turns  (pp  16-18,  M  P, 
T01 1*,  pp.  304-10  to  the  problem  of  ran-  and  multi-constancy  and 
£he  aiiter-ooBstant  relations.  He  remarks 


r  or  not  it  may  be  true  that  such  relations  do  hold  for  natura] 
<3rjTsfe*feJ  at  JS  <pxte  certain  that  an  arrangement  of  actual  pieces  of  matter 
may  be  made,  constituting  a  homogeneous  whole  when  considered  on  a 
large  acale  (being,  in  fact,  as  homogeneous  as  writers  adopting  the  atomic 
H*&0*j  m  away  form  consider  a  natural  crystal  to  be),  which  shall  have  an 
arbitrarily  prescribed  value  for  each  one  of  these  twenty  one  coefficients, 
Ho  <»«>  oaa  Intimately  deny  for  all  natural  crystals,  known  and  un 
known,  any  property  of  elasticity,  or  any  other  mechanical  or  physical 
property,  winch  a  solid  composed  of  natural  bodies  artificially  put  to 
may  liave  in  reality  To  do  so  is  to  assume  that  the  infinite!) 
ivable  structure  of  the  particles  of  a  crystal  is  essentially  restrictec 


fey  arbitrary  conditions  imposed  by  mathematicians  for  the   sake  oi 
shortening  t&e  equations  by  which  their  properties  are  expressed  (p  16) 

It  is,  perhaps,  somewhat  hard  to  accuse  the  rari-constant  elasti 
ciaos  of  being  actuated  by  a  desire  to  shorten  mathematical  equa 
tioos,  when  certainly  one  of  their  objects  was  to  get  over  the  difficult; 
of  a  purely  mathematical  deduction  of  the  generalised  Hooke's  Lav 
by  appealing  to  a  general  physical  principle  of  intermolecula 
action  see  our  Arts  192  and  300-6  At  the  same  time  the  appea 
to  the  existence  of  a  21-constant  model  is  a  valid  argument  pn 
tcwdo  The  exact  nature  of  this  mechanical  model  was  not  de 
scribed  for  many  years  (see  our  Art  1771),  and  I  cannot  say  tha 
when  described  it  carries  conviction  to  my  mind 

The  further  arguments  cited  against  rail-constancy  are  tbu 
stock  examples  of  cork,  jelly,  india-rubber  (see  our  Arts  924* 
930*,  1322*,  192  (6)  and  610)  and  the  values  of  the  stretch  squeez< 
ratio  as  determined  by  Wertheim,  Everett,  Clerk-Maxwell  anc 
Sir  William  Thomson  himself  The  materials  above  cited  ma^ 
be  fairly  excluded  from  the  list  of  elastic  bodies  to  which  th< 
ran-constant  theory  applies,  while  the  group  of  experiment 
referred  to  were  in  se\  eral  cases  made  on  bodies  the  isotropy  o 
\vlnch  \vab  more  than  doubtful 

In  none  of  these  cases  were  any  investigations  made  as  t< 
\vhether  two  constants  would  really  buffice  to  describe  the  elasti 
proputu*  oi  the  maternl  or  whether  the  actual  elastic  systen 
ttis  not  rtpiesented  better  by  some  suitable  distribution  of  elasti 
homogeneity  ttnn  by  bi-constant  isotropy  see  oui  Arts  925* 
932*  192,  1201  and  1272 


1637—1638]  SEE  WILLIAM  THOMSON  $f$ 


[1637]  Oup  18(lf 
that  «>oae  of  the  ran-ooosfaw&t  relaboaa  Mi  to  tfat*  pnooqwl  *x«i  of 
elasticity  Many  natural  crystals  oertaznljr  faro  wmtniete  aym»0trf  of 
form  with  regard  to  three  rectaagalar  axae  and  "AudGmo  profctbij 
possess  all  their  physic*!  properties  sjvxmttonotRy  with  g<fei«uoft  te 
these  axes"  But  it  is  further  acted  tbai  1^7  a»tar*I  oryrfdb  <lo  at* 
exhibit  this  By mmetrj  of  form  in  #efefw*»  to  mtagtl*?  tm%  and  ft* 
instance  of  Iceland  spur  is  cated  wi&  three  dk*T*g*  pknee  i 
eqn&I  Aoglee  to  one  aaoiher  and  to  the  *op*w  wow'  of  the 
Then  Bur  Wilh&m  Thomson  adds 


I^asproba&ymu^bettaoaa^^ 

elasticity  have  correspondence  with  tho  naechaniaJ  profxrtMe  oo  wfckfc  ft* 
bn&leaess  m  different  directions  dopeodo,  the  laet-mentioowi  data  of  orfBUb 
cannot  have  three  principal  axes  of  elasticity  at  nght  aaglee  to  oo« 

(p.  18,  Jf  F   " -1  -       —  ^^ 


It  does  not  appear  that  all  tbe  physical  propartw  <tf  mfftb 
with  three  rectangular  axes  of  symmetry  of  &mi  aw  ayHMaeti  iuaUy 
arranged  about  these  axes  see  oar  Arte.  6S3-7, 1818—20-  Fartluer,  ff 
tbe  d^tnbution  ot  hardness  has  relation  to  a  ByBtcm  of  recta tytlar  axoa 
differing  from  those  of  form,  it  does  not  seem  a  prtort  certain  thai  we 
should  expect  distributions  of  elasticity  and  ba-ittlenees  to  be  aymoiefcnaal 
about  the  same  system  of  rectangular  axes.  In  fact  without  experi- 
mental investigation  it  does  not  seem  legitimate  to  assert  that  the  «&op£ 
of  the  crystal,  as  determined  by  its  planes  of  cleavage,  defines  in  any 
way  the  nature  of  its  elastic  distribution  In  particular  it  may  be 
observed  that  the  elastic  constants  of  a  material  are  frequently  in- 
sensibly altered  by  large  sets ,  it  is  very  probable,  however,  that  such 
sets  may  materially  influence  the  cohesive  powers  of  the  material  It 
does  not  appear,  therefore,  improbable  that  distributions  of  cohesion 
and  brittleae&s  may  follow  different  la^s  or  systems  of  axes  from  the 
distribution  of  elasticity  see  our  Arts,  6b3-7  and  1218-9 

[1638]  From  Equation  (\i)  of  oui  Art  1633,  b>  supping  tr 
expanded  by  Macltumib  theurem  tnd  the  nrbt  tennb  oiih  retained, 
•we  ha\e 


*  dw\  .  dw  , 


_  ^  .."    -" 

~       /  1  ilt  dt    '      dt          dt     '       dt  dt       j 

\\htre  tht  usual  relations  btt\\etn  tht  sti«^<>   uul  tht   tstiani  tin  r0\ 
ht\e  been   issumtd 


SIB  WILLIAM  THOMSON  [16S6 

[1636}  Sir  William  Thomson  then  turns  (pp  16-18,  M  P, 
Tol  t,  pp  304-7)  to  the  problem  of  ran-  and  multi-constancy  and 
$pt6  luter-ooBstant  relations.  He  remarks 

"Whether  or  not  it  may  be  true  that  such  relations  do  hold  for  natural 
<S^sfeftfe,  it  is  qsito  certain  that  an  arrangement  of  actual  pieces  of  matter 
may  be  made,  constituting  a  homogeneous  whole  when  considered  on  a 
large  scale  (being,  in  fact,  as  homogeneous  as  writers  adopting  the  atomic 
itneory  m  any  form  consider  a  natural  crystal  to  be),  which  shall  have  an 
arbitrarily  prescribed  value  for  each  one  of  these  twenty  one  coefficients. 
Ho  one  can  legitimately  deny  for  all  natural  crystals,  known  and  un 
known,  any  property  of  elasticity,  or  any  other  mechanical  or  physical 
ty,  which  a  solid  composed  of  natural  bodies  artificially  put  to- 
may  have  in  reality  To  do  so  is  to  assume  that  the  infinitely 
ei.T«3>le  structure  of  the  particles  of  a  crystal  is  essentially  restricted 
by  itfbttrary  conditions  imposed  by  mathematicians  for  the  sake  of 
shortening  the  equations  by  which  their  properties  are  expressed  (p  16) 

It  is,  perhaps,  somewhat  hard  to  accuse  the  rari-constant  elasti- 
ciaos  of  being  actuated  by  a  desire  to  shorten  mathematical  equa- 
tions, when  certainly  one  of  their  objects  was  to  get  over  the  difficulty 
of  a  purely  mathematical  deduction  of  the  generalised  Hooke's  Law 
by  appealing  to  a  general  physical  principle  of  intermolecular 
action  see  our  Arts  192  and  300-6  At  the  same  time  the  appeal 
to  the  existence  of  a  21-constant  model  is  a  valid  argument  pro 
tanto  The  exact  nature  of  this  mechanical  model  was  not  de- 
scribed for  many  years  (see  our  Art  1771),  and  I  cannot  say  that 
when  described  it  carries  conviction  to  my  mind 

The  further  arguments  cited  against  rari-constancy  are  the 
stock  examples  of  cork  jelly,  india-rubber  (see  our  Arts  924*, 
930*  1322*  192  (6)  and  610)  and  the  values  of  the  stretch  squeeze 
ratio  as  determined  by  Wertheim,  Everett,  Clerk- Max  well  and 
Sir  William  Thomson  himself  The  materials  abo\e  cited  may 
be  fairly  excluded  from  the  list  of  elastic  bodies  to  which  the 
rari-constant  theory  applies,  while  the  group  of  experiments 
referred  to  were  m  se\eial  cases  made  on  bodies  the  isotropy  of 
winch  \\as  more  than  doubtful 

In  none  of  these  cases  were  any  investigations  made  as  to 
\vhether  two  constants  would  really  suffice  to  describe  the  elastic 
propei tus  of  the  material,  or  whether  the  actual  elastic  system 
\\as  not  rtpiesented  better  b\  some  suitable  distribution  of  elastic 
homogeneity  than  b}  bi-constant  isotropy  see  oui  Arts  925*, 
932*  192,  1201  and  1272 


1637— 1638]  SEE  WHAIA*  THOHBON 


that  some  of  the  ran-oonsfcaai  reUtocstt  Ml  10  ft*at  1 

elasticity      Many  B&toral  crystals  aertanaily  fay*  oompkte  syvn 

form  witib  regard  to  three  rectangnlar  ax«B  and  "titicftxre  p 

poeeess  all  timr  phy^acal  piwpertiee  ffyveumfoioally  «flh 

these  aies"     But  it  IB  fortiwr  w>ted  tbAt  B 

exhibit  iiiis  syminetry  o£  form  m  rieiBrao^ 

instance  of  Iceland  sp*r  is  cited  with  Ihm  ctaavag^pia^M  uic&Mda* 

equal  angles  to  one  aaoOkar  and  to  tb«  'opias  nnef  df  «-  -^*-^i 

Then  Sir  Wilb&m  ThooiBoia 


elasticity  have  oorreepoadeooe  with  the  rM^caioia  \jwpmi)m  <NR  wfUMl  *•» 
In  iniriiinriri  in  iliffru  nnf  rtunrrhnnn  rlnrinn^n  ttiBi  lint  miinliiininT  ii>m  rf 
cannot  have  three  pnnapal  aiee  of  elwAiatj  *i  ngjkit  WM^QB  to  on» 
(p.  18  ,  JT  P^  Vol  i,,  p. 


abpve.  It  does  not  appear  tEut  «il  ike 
with  three  rectangular  axeB  of  ^miMfaj  of  form 
arranged  about  these  axes  see  osr  Arte.  6S3-7,  1318-30  IWtkor, 
the  distribution  of  hardness  has  rdateon  to  ft  sysfcem  of  ittetouogahr  au 
diffenng  from  those  of  form,  it  does  not  aeem  *  pner»  eerteni  tJbai  -wo 
should  expect  distributions  of  elasticity  and  bnttteneas  to  be  gymmcfaigal 
about  the  same  system  of  rectangular  axes.  In  fact  withviit  export- 
mental  investigation  it  does  not  seem  legitimate  to  assert  tJhat  the  tAqpe 
of  the  crystal,  as  determined  by  its  planes  of  cleavage,  defines  in  rnny 
way  the  nature  of  its  elastic  distribution  In  particular  it  may  bo 
observed  that  the  elastic  constants  of  a  material  are  frequently  in 
sensibly  altered  by  large  sets,  it  is  very  probable,  however,  that  such 
sets  may  materially  influence  the  cohesive  powers  of  the  material  It 
does  not  appear,  therefore,  improbable  that  distributions  of  cohesion 
and  bnttleness  may  follow  different  laws  or  systems  of  axes  from  the 
distribution  of  elasticity  see  our  Arts.  6b3-7  and  1218-9 

[1638]  From  Equation  (\i)  of  oui  Art  1633,  bv  supposing  ir 
expanded  by  Macliuinib  theorem  and  the  hrst  urim*  onh  rvtamed 
we  have 


-- 

Jdt    \da 


t  ,,/r    ^    _</:    ^-     j        _ 

/  I  dt  dt     '       dt  It  it  ff 

tht   usiul 
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result  Sir  William  Thomson  draws  an  important  series  of 
which  are  embraced  in  the  following  sentences 


QOBtoWe  that  cold  is  produced  whenever  a  solid  is  strained  by 
%y  and  heat  when  it  IB  strained  by  yielding  to,  any  elastic  force  of  its 
tfee  streBgjth  of  which  would  dimmish  if  the  temperature  were  raised 
—-but  tfeat,  oathe  contrary,  heat  is  produced  when  a  solid  is  strained  against^ 
and  odd  when  it  is  strained  by  yielding  to,  any  elastic  force  of  its  own,  the 
of  which  would  increase  if  the  temperature  were  raised  (p  19  ,  M  P  , 


This  may  be  expressed  otherwise  thus  If  the  strain  remaining 
<ioastant7  an  increase  of  temperature  is  marked  by  increase  of  the  stress 
i^pired  to  maintain  the  strain,  then  the  body  will  give  off  heat  when 
ifee  strain  is  produced. 

IHbe  following  are  given  as  examples  of  these  statements 

(i)    The  cubical  compression  of  any  elastic  fluid  or  solid  in  any 
condition  would  cause  an  evolution  of  heat     This  follows  at 
from  the  fact  that  most  elastic  bodies  require  increased  pressure 
t0  maintain  their  volume  constant  when  the  temperature  is  raised1 

(u)  A  twisted  wire,  if  further  twisted  within  its  elastic  limits, 
mil  produce  cold,  and  if  it  be  allowed  to  suddenly  untwist  will  evolve 
heat.  This  follows  from  the  fact  that  dpjdt  is  negative  see  our  Art 
754 

(m)  Spiral  springs,  as  we  have  seen  in  Arts  13S2*-3*  and  1284  (c), 
act  principally  by  torsion  ,  hence  when  suddenly  drawn  out  they  will 
cool  and  when  suddenly  leleased  they  will  rise  in  temperatuie  This 
result  was  confirmed  experimentally  by  Joule  see  our  Aits  689-690 

(iv)  A  bar,  rod  or  wire  if  suddenly  stretched  by  terminal  ti  action 
is  cooled,  and  warmed  when  the  traction  is  suddenly  removed 

Sir  William  Thomson  s  next  case  is  that  of  mdia  rubber,  which  in 
the  early  version  of  the  paper  he  supposed  would  be  cooled,  if  buddeuly 

1  The  dilatation  modulus  for  an  isotropic  material  is  given  by  G  =  U3A  +  2^) 
see  our  Vol  i  ,  p  885     This  may  be  put  m  the  form 


Hence  -. 

d  G    dt  ~  E*  dt      tf  dt 

No\v  dL/dt  and  d^dt  are  generally  negative     Thus  in  the  notation  of  oui 
Arts  7o2  —  4,  we  have 

1  id?  =  ?r_3g, 
3  Or    dt       /i       L 


We  must  therefore  have  0T/£/>  3/t/£,  if  compression  is  to  be  accompanied  by 
the  evolution  of  heat  For  the  case  of  uni  constant  isotropy  this  reduces  to 
0T/£/>6/°  and  appears  to  be  satisfied  as  far  as  Kupffer  s  numbers  allow  of  any 
leal  comparison 
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drawn  oat1  The  ooohag  effect  wae  only  femad  for  low  •.,^y___ 
but  at  a  higher  tempersiture,  15*  CL,  a  pull  was  ahowm  by  Jook^  (p 
produce  a  heating  effect  see  oar  Art.  639  Tins  led  SK-  WUHa* 
Thomson  to  predict  that  a  Tnkumd  ladia^m Wwr  b«ad  viifc  a  w«fct 
attached  at  ooe  end  wo«ld  sfeortec  on  feeing  totted.  TKft 
may  be  termed  tfee 


This  is  an  expenmeaii  which  anyone  can  mafca  with  the 
hanging*  few  pounds  ^wsghi  on  a  oosBuoaoa  iads**ubb«r  Ui^  inrt  f»j  j^ 
rod-hot  ooal,  in  A  pair  of  twagBL  or  *  red4wt  pokar^aod  skorivi 
oloee  to  tbe  baad  (p  20,  1T>,  VoL  3L,  ^  300), 


[1639  ]    The  remainder  of  the  memoir  deals  wit 
of  elastic  crystals. 

For  a  regular  crystal  Sir  William  Thomeon 
relations  agreeing  with  those  of  Neumann  given  in  oar  Art. 
except  that  he  writes  them  in  forms  of  the  type 


Sere,  if  K  =  0,  the  regular  crystal 

K  expresses  the  «  crystalline  quality  "  m  the  elaefecity  0C  * 
cubic  class  (p  22  ,  If  P,  Yol  i^  p  311). 

[1640  ]  We  have  next  and  lastly  a  suggestion  that  the  state  of 
strain  of  an  elastic  body,  which  can  be  expressed  by  any  BIX  independent 
variables  which  describe  the  changes  of  shape,  should  be  indicated  by 
the  "  six  edges  of  a  tetrahedron  enclosing  always  the  same  part  of  the 
solid  "  In  the  case  of  a  regular  crystal  Sir  William  Thomson  takes  this 
tetrahedron  with  its  edges  parallel  to  the  diagonals  of  the  faces  of  the 
cube  He  obtains  an  expression  for  the  strain  energy  in  terms  of  three 
crystalline  constants  and  the  stretcher  of  the  six  edges  of  this  tetra- 
hedron He  farther  obtains  expressions  for  quantities  correspoudiag 
to  the  stresses,  which  are  in  this  case  the  tractions  normal  to  the  faces 
of  the  dodecahedron  with  unit  facial  area,  obtained  by  drawing  planes 
perpendicular  to  the  edges  of  the  tetrahedron  The  investigation  is 
ingenious,  but  it  has  not  I  believe  been  made  the  basis  of  any  further 
investigations 

[1641]  Sir  \\illiam  Thomsons  memoir  plactd  the  principles 
of  therrno-elasticity  on  a  hrm  foundation,  and  ad\  anted  that 
bianch  of  our  biibjtxt  much  be}und  the  tljLunea  ut  Duhanu.1 
and  Neumann  bet  oui  Arts  SOS*-bt)o*  ll(*b-7  and  1JOJ 

It  opened  up  the  path  of  icun  Ut  imc-tigitam  into  tht 
difficult  boulerland  of  thunio  d)  minus  md  tlustuiu,  \\htrun 


1   Ihe  concct     tatemeiit  oi  the  t  her  mo  tin  tic  pr  jerti  »  01  india  rubUr  hud 
been  |,iNeii  li\  C  ou0h  m  IsO  j     but  his  piper  had  Utii  loreu  teu      ^e  u  U  \v_l    1 
p   ibb   iootiiute 
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tla&a  one  distinguished  physicist  had  gone  astray  see  our 
Arts.  716,  71T,  725  and  745  The  memoir  may  fairly  be  said 
^  give  the  first  really  legitimate  proof  of  the  existence  of  a 
strain-energy  function  depending  only  on  the  strain  from  a 

aod  not  on  the  manner  in  which  the  strain  is  reached 


On  Thermo-electncity  in  Crystalline  Metals,  and  w 
w  a  state  of  M&chamcdl  Strain  This  forms  §  III  of  a 
memoir  entitled  Experimental  Researches  in  Thermo-electricity 
fmoQ&lmgs  of  the  Royal  Society,  Vol  vn  ,  pp  56-58  London, 
1856.  (M  P,  Vol  I,  pp  467-8)  Sir  William  Thomson  had  been 
ted  to  believe,  by  the  analogy  of  strain  as  influencing  the  optical 
of  transparent  bodies,  that  the  application  of  stress  to  a 
of  metal  would  give  it  the  thermo-electric  properties  of  a 
The  present  paper  announces  the  results  of  experiments 
on  copper  and  iron  wires.  Let  a  portion  of  a  circuit  of  coppei 
wire  be  stretched  within  the  elastic  limits  and  let  an  extremity  of 
this  portion  be  heated,  then  a  current  sets  from  the  stretched  to 
unstretched  part  through  the  hot  junction  If  the  wire  be 
^inately  stretched  and  unstretched  on  the  two  sides  of  the  heated 
portion,  the  current  is  reversed  at  each  change  In  the  case  of  iron 
wire  the  current  flows  from  the  unstretched  to  the  stretched 
portion  through  the  hot  junction,  i  e  the  reverse  of  the  case  foi 
copper  wire. 

[1643  ]  On  the  Effects  of  Mechanical  Strain  on  the  Thermo  electric 
Qualities  of  Metals  British  Association  Report,  Glasgow  Meeting,  1855, 
Transactions,  pp  17-18  London,  1856  (M  P  ,  Vol  n  ,  pp  173-4) 
This  paper  announces  further  results  similai  to  those  stated  in  the 
previous  article  The  experiments  were  extended  to  other  metals  than 
copper  and  iron  and  to  set  as  well  as  elastic  stiam  Fullei  details  aie 
given  in  a  later  memoir  see  our  Ait  1645 

[1044  ]  On  the  Elect)  o  dynamic  Qualities  of  Metals  (a)  Philo- 
sophical Transactions,  Vol  146,  pp  649-751  London,  1856 
(6)  Proceedings  of  the  Royal  Society,  Vol  vm,  pp  546-50 
London,  1857  (c)  Philosophical  Transactions,  Vol  166  pp  693- 
713  London,  Ib76  (d)  P)  oceedings  of  the  Royal  Society,  Vol 
x\iu,pp  473-6  London  1875  (e)  Philosophical  Ti  ansactions, 
Vol  170,  pp  55-85  London,  1879  Abstracts  of  these  memoirb 
\vill  fuither  be  found  in  the  Proceedings  of  the  Royal  Society, 
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VoLvm.,pp  50-5,1856,  (y)   VoL  Xiiu.,  pp. 
(&)   Vol.  xxvii,  pp  430-43,  ISfe    The  wbda 
Article  under  tbe  above  title  divided  into  aeren  parts  tad 
Appendix  ua  the  Jfo&mofexsl  #»£  PijwwaJ  Ptff**,  VoL 


Tbe  parts  of  this  ^rfofe  which  din**ly 
iv  ,  vi  ,  vn  acd  portions  of  the 


[1645]  Part  IIL  is  eotitled 
of  Magneteta&on  on  ihs  Th«rmo^l«ctnc  QmaUbte  of  Jfttak 
(a)  pp  709-86,  {/)  pp.  5^4  (M  P,  Vol  IL,  pp,  267-&7X  ml  it 
is  the  first  portion  concerned  with  our  present  subject  It  gi*«e 
fuller  details  of  the  experiments  referred  to  m  our  Axte,  14N8  «uad 
1643  Pp.  70d-27  (Jf  P,Toi  p^  ^  26t-«6)deal  with 
of  elastic  strain  and  set,  in  the  prodocUoo  of  tbenoao-elflctrtc 

It  is  well  known  that  if  a  earcoit  be  formed  of  two 
metals,  one  junction  being  mamtamed  at  a  higb«r  temp«rfttii¥« 
than  the  second,  then  a  carre&t  will  flow  in  the  circuit  Lei  it 
be  from  metal  A  to  metal  B  through  the  hot  junction,  Tbe 
metal  B  is  then  said  to  be  higher  in  the  thermo-electric  scale 
than  tbe  metal  A  At  the  bottom  of  such  a  scale  stands  bismuth, 
near  the  top  iron  and  above  iron  antimony  No  thermo-electric 
effect  has  been  found  in  an  unequally  heated  circuit  of  the  tame 
metal,  if  that  metal  be  all  in  the  same  condition  as  to  strain1 
The  object  of  the  present  memoir  is  to  ascertain  what  thermo- 
electric effects  elastic  strain  and  set  have  on  portions  of  the  same 
metal  forming  a  circuit  The  effects  of  a  uniform  dilatation  and 
compression  are  not  ascertained  but  Sir  William  discusses  in  a 
series  of  ingenious  experiments  the  effects  of  longitudinal  traction 
and  lateral  contraction  in  the  case  of  both  elastic  and  set  strains 
in  diffeientntmg  a  nietal  into  elates  (i  e  the  strained  aud 
unstrained)  which  do  not  coincide  in  the  thermo  eltttnc  soak 
Ihus  Sir  William  found 


A      for  ela*>tu, 

(i)  That  a  longitudiuil  traction  CIUSM!  i  cU  \iition  m  copjxr  wirt 
horn  its  position  in  the  unstrained  btUe  to\\  tnU  bismuth  tut  in  iron 
wire  to\\aids  antimom  (Striiu  wa*s  louml  I!MJ  to  tstntt  tin.  1*0:911  on  in 
the  thermo-electric  scale  ot  pUtiuum  v»irt  ) 

1  The  section   of   the   cunductoi    inn  t   not   ihiii.       aJdtiiU  Md\*  il 

Electruity  and  Wnntti  tn      3nl  h  1      \  ol   1     1     "471    rtn 
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(n)  That  a  lateral  contraction  caused  a  deviation  in  iron  wire 
Inwards  a&fcsaoay  Hence  Sir  William  argues  that  a  lateral  foacfam 
•poold  caose  a  deviation  towards  bismuth,  or  that  it  would  have  an 
effect  the  reverse  of  that  produced  by  a  longitudinal  traction1  The 
cfcyslalline  characteristic  is  therefore  established  for  the  thermo-electric 
elfect  of  mechanical  stress  applied  to  iron,  if  it  be  true  that  traction  pro- 
daces  t&e  reverse  temporary  effect  to  that  of  pressure  in  the  same  direc- 
tion ((«)  p.  715,  M  P,  Vol  ii,  p  275} 

Sir  William  cites  an  ingenious  experiment  to  shew  that  iron  under 
*  simple  longitudinal  stress  has  "  different  thermo-electric  qualities  in 
4dfaHt  directions'7  ((a)  pp  715-7,  M  P,  Vol  n  ,  pp  275-8) 


(in)  That  set  produced  by  a  longitudinal  traction  in  both  copper 
aid  iwt  wire  causes  a  deviation  from  the  thermo-electric  position  in  the 
vwws6  direction  to  that  caused  by  an  elastic  strain  of  the  same  kind  ((a) 
if.  712-3,  M  P,Vol  n,  pp  270-2) 

(iv)    That  set  produced  by  a  lateral  contraction  in  iron  wne  causes 
>  deviateon  in.  the  reverse  direction  of  the  elastic  strain  of  the  same  kind 
((«)  pp  717-18  ,  J[  P,  Yol  IL,  pp  278-9) 

The  combination  of  these  results  (in)  and  (iv)  leads  to  Magnus'  con 
elusion  that  drawn  wire,  ^  e  wire  subjected  to  longitudinal  stretch  set 
and  lateral  squeeze  set,  differs  in  position  from  the  unstrained  wire  in 
the  thenno-electnc  scale  Magnus  stated  his  results  for  iron  in  the 
words  "  the  current  is  from  hard  to  soft  though  hot  '  This  Sir  William 
Thomson  shews  is  not  an  exact  description  of  all  therino  electnc  currents 
produced  by  set  He  constructed  a  conductor  of  24  little  iron  cylinders 
set  end  to  end,  alternate  cvlmders  having  been  compressed  to  set  By 
an  ingenious  system  alternate  junctions  were  heated  and  cooled  A 
current  was  then  found  to  pass  fiom  unstiained  to  strained  through  hot, 
t  e  from  "soft  to  hard  thiough  hot  "  Thus  it  appears  that  it  is  not  the 
hardening  of  the  iron,  but  the  direction  of  the  strain  which  is  the  detei 
mining  element  Copper  and  tin  wnes  were  found,  like  non,  to  give 
the  same  thermo  electric  effects  m  the  cases  of  set  due  to  longitudinal 
traction  and  to  lateral  contraction  The  whole  senes  of  phenomena  point 
to  strain  producing  a  ciystallme  chaiactei  in  the  metal  so  far  as  its 
thermo-electric  action  is  concerned 

[1646  ]  Further  expeuments  weie  made  on  the  thei  mo  electnc  efte  ct 
m  the  cases  of  coils,  parts  of  which  were  hammeied  and  paits  not,  of  coils 
parts  of  which  weie  annealed  and  paits  unannealed,  and  of  coils  parts 
of  which  had  toibional  set  and  paits  not  In  the  first  case  the  cm  rent 
foi  iron  was  fiom  hammeied  to  unhanimeied  thiough  hot,  but  for  steel, 
coppei,  tin,  brass,  lead,  cadmium,  platinum  and  zinc  this  direction  was 
reversed  In  the  second  case  foi  iron  and  steel  the  ciuient  was  fiom 
unannealed  to  annealed  through  hot,  this  dnection  was  leveised  foi 

1  The  terms    longitudinal    and    lateral    aie  here  applied  to  directions  along 
and  perpendicular  to  the  current 
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copper  *nd  braes.  ID  &e  third  one  tfee  carrot  wma  fro*  fcwM  *o 
unfcorfced  (bnttie  to  soft}  IB  mm,  and  the  rrfwae  lor  «opper.  la  HMM» 
experiments  the  wire  w*fi  first  nnifonsolj  ioried  to  90!  *ad  tiM*  fife* 
set  la  parts  of  it  remo^xl  by  toj&eaJjaog  ((«)  pjx  f  »uf  ,  JT  />,  VdL  II., 


[1647]    13*6  aeact  f**fc  ol"  tte  ttmw  wife*  m 

present  purposes  19  entitled    Metk&dt  /&r 


Effects  of  Ten&on  on  the  Ebetric  (km<i*Ct*mtyefM&d*.  <(*)peL  710-4, 
jrP5YoL!L,pp  29S-306)  Pp.7S3^4<Jf  F,  VoL  IL,  pp,  Jdl-4)*« 
all  that  coBoern  na  Here  a  single  ecKpcruaect  OB  mo*  i»  «hww  I|HI| 
n^o^  longitudinal  stretchy  wither  el«a*w  or  aet,  ua  inm  «ad  ooppar 
wires  alter  their  relative  electric  ocmdoctmtwe.  TKa  imitt:>oQ«i  of 
the  iron  bad  increased  rdaferwjlT  to  th*t  of  tf*  coppw,  tlw  aniJior  bMl 
not  then  determined  the  abeolate  afifec*  OQ  OM  co«dtwtiTiti«  «{  tho 
strain,  but  had  been  led  by  *  partuJ  ifi^efeig»fcio«  t*>  Mftore  tiati  ii 
diminisiied  in  both  metala. 

The  remainder  of  the  series  of  memoirs  cited  in  oar  Ail  1<H4 
will  be  found  dealt  with  IB  our  Arta,  1727-1788 


[1648  ]    Element*  of  a  MatfomaUcal   Tkoory  of 
Pkdosophwal  Trawtactvms,  Vol   146,  pp.  481~Qa    London,  1856. 
This  memoir  is  incorporated   la   the  Eiicylopaedia    Article  on 

Elasticity    see  our  Art  1741 

[1649]  On  the  Stratification  of  Vesicular  Ice  by  Pressure 
Royal  Society,  Proceedings,  Vol  ix,  pp  209-13  London,  1859 
Note  on  Pi  ofessor  Faraday's  Recent  Experiments  on  *  Rcgdatton  ' 
Royal  Society,  Proceedings,  Vol  \i  ,  pp  198-204  London,  1862 

These  papers  deal  with  the  melting  of  ice  under  pressure,  and 
on  the  nature  of  the  motion  of  a  plastic  solid  like  ice  under  btress. 
The  discussion  is  general  and  unaccompanied  hy  mathematical 
analysis,  but  to  enter  into  it  \vould  lead  us  too  far  be\ond  our 
present  limits 

[1650]  Xote  on  Gravity  and  Cohesion  Proceedings  <>t  the 
Royal  Society  of  Edmbiugh  \  ol  1\  pp  1)04-0  E«hnbuigh  1M>2 
(Popular  Lectiues  and  Adthesi>et>  \  ol  I  pp  5*>-o3  L  »ndou 
1889) 

This  is  an  attempt  to  bhew  that  gr-i\ititmu  \\ill  suthuc  t> 
expliui  cohebixe  force,  provided  oulv  th  it  tla  ratio  it  tin.  -p  ice 
occupied  b)  matter  to  the  space  mjoeuipud  bv  matttr  in  anv 
huite  bod)  ib  bumtKntlv  gnat  bir  \\ilhiin  Hi  m&t»n  icttrs  to 
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woven  and  fibrous  structures  as  exemplifying  this  position  and 
adds 

it  is  dear  that  the  same  result  would  be  produced  by  any  sufficiently 
intense  heterogeneousness  of  structuie  whatever,  provided  only  some 
appreciable  proportion  of  the  whole  mass  is  so  condensed  in  a  con- 
teuwms  space  in  the  interior  that  it  is  possible,  from  any  point  of  this 
apace  as  centre,  to  describe  a  spherical  surface  which  shall  contain  a  very 
much  greater  amount  of  matter  than  the  proportion  of  the  whole  matter 
oftlie  body  which  would  correspond  to  its  volume  (p  606) 

I  do  not  feel  convinced  by  the  arguments  used,  especially  if 
matter  be  not  treated  as  continuous  as  it  is  in  the  case  of  fibrous 
or  woven  structure.  The  hypothesis  of  un  tessuto  fibroso  o 
r&focolare  has  been  dealt  with  by  Belli  (see  our  Art  756* )  Sir 
William  Thomson  does  not  seem  to  have  been  acquainted  with 
Belt's  memoir,  nor  does  he,  I  think  meet  such  arguments  as  those 
of  Belli. 

[1651]  Dynamical  Problems  regarding  Elastic  Spheroidal 
Sketts  and  Spheroids  of  Incompressible  Liquid  Philosophical 
Transactions,  Vol  153,  pp  583-616  London,  1864  (M  P,  Vol 
Ili,pp  351-94*)  This  paper  was  read  November  27,  1862  It 
contains  a  solution  of  Lamps  Problem  by  means  of  solid  spherical 
harmonics  The  introduction  of  these  harmonics  seems  to  be  due 
independently  to  Sir  William  Thomson  and  Clebsch  see  our 
Art  1397  In  a  note  added  to  the  memoir  m  December,  1863, 
Sir  William  Thomson  refers  to  Lamp's  memoir  of  1854  (see  our 
Art  1111*),  which  he  had  only  discovered  after  the  communication 
of  his  own  paper  to  the  Royal  Society 

The  form  m  which  the  analysis  has  been  applied  in  the  present  paper 
is  veiy  diffeient  from  that  chosen  by  Lame  (who  uses  throughout  polai 
coordinates),  but  the  principles  aie  essentially  the  same,  being  meiely 
those  of  sphencal  harmonic  analysis,  applied  to  pioblems  piesentmg 
peculiar  and  novel  difficulties  (p  616  ,  M  P ,  Vol  in  ,  p  394) 

Whether  it  is  easier  to  deal  with  the  stiam  of  elastic  sphencal 
bodies  b}  means  of  polar  or  cartesian  coordinates  will,  perhaps,  be 
al\\a>s  a  matter  of  opinion,  and  depends  very  much  on  the  method 
in  \vhich  the  student  has  first  approached  the  pioblem  At  the 
same  time  the  solutions  of  a  considerable  number  of  mteiestimi 

o 

problems  concerning  the  physics  ol  the  earth  depend,  assuming 
perfect  elasticity,  only  on  harmonics  of  the  second  order,  and  the 
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discussion  can  in  these  cases  be  earned  oat  in  an  eepecttUjf  «a*f 
and  elementary  manner  by  wd  of  poUr-ooordim^cfi,  —  which, 
indeed,  give  the  results  m  tfee  form  moet  ao&fmmi*  for 
geometrical  mterpretatioa. 

As  we  have  already  deaft  a*  length  with  Lamf*  ProtUm  m 
our  first  volume  (see  Axta  1112*-1148*)  and  there  pot  on  moid 
the  general  forms  required  for  special  myeefcgmteHie  v*  ab«0 
content  ourselves  here  bj  referring  to  die  pnactp*!  roenlte  rf 
Sir  William  Thomson's  treatment 

[1652  ]    Taking  the  body-skift^qiatfeiottfl  of  the  typ« 

^^^cx-i-^J^^.o  (ix 

if  we  write,  p  =  ~  (X-f  |#i)  ^  we  ciwuage  fta  type  to 


Here  p  is  the  mean  normal  pressure  per  unit  of  sur&oe  of  m 
portion  of  the  solid      Put  X  =  00  ,  and  0  =  0,  aod  we  b*.ve  for  an 

prebsible  solid  three  equations  of  the  tjpe 


du     dv     dw  _  - 

to  find  the  four  unknowns  w,  v,  w  and  p  (§§  4-5)     See  oar  Arts.  1215 
and  1217 

[1653  ]     To  remove  the  body  forces  assume 


l  =  r  +t    ^t  TL/I  _  i±£^A 


4-    fjL    z 

Viieie  r  =-v--(pj),  r=-v--»(p}),  r 


(ill) 


ami  therefore  £/,  I      If    x  CU1  tliMiiftic  ilU  \*   t  uiul 

1  Thomson    ami   Tait  s    Nnfiiri/    //i</o    p//*/     I  irt    n      \rt      ""-to  1 
Art    171  J 
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OB  snbetgtation  the  body  shift-equations  reduce  to  the  type 

ju, VV  +  (X  +  ^  di/dx  =  0  (i  v), 

which  is  the  form  from  which   Sir  William  starts  his  investigation 
{§  2  and  ^  38-44) 

When  a  force-function  exists,  (m)  can  be  much  simplified  see  §  42 
and  our  Arts.  1658  and  1716 

When  the  conditions  of  the  problem  are  that  the  surface-shifts  are 
given  for  the  spherical  shell,  then  the  above  values  of  u^  v0,  wn  must 
be  subtracted  from  these  given  surface-shifts  before  the  problem  is 
stated  in  its  reduced  form 

When  the  conditions  of  the  problem  are  that  the  surface  stresses  are 
given,  then  the  stresses  which  result  from  these  shifts  at  the  surface 
mtist  be  deducted  from  the  given  surface-stresses  before  the  problem  is 
solved  from  (iv).  Special  cases  of  this  are  dealt  with  in  §§  42-3 

[1654]    §§  7-13  give  the  general  solutions  of  the  equations  of  the 

ft)  dO/dx=  0  ,  (v) 


Ird}- 


H, 
, 
where 


and        ^  '  ,  -«-» 

o^  dy  dz 

nn  vt,  wly  u\,  v'i,  w\,  denoting  six  solid  harmonics  of  degree  i 

I  am  inclined  to  think  the  sepaiation  of  the  solution  into  two  elements 
one  of  ^hich  depends  on  the  twist  teims  pure  and  simple  —  aftei  the 
mannei  of  Clebsch  (see  oui  Aits  1  394-5)—  would  have  given  to  (vij  a 
more  concise  form 

[1655]  ^  14-18  deteimme  the  values  of  the  six  typical  solid 
harmonics  ?/,,  vn  iun  n  „  /,,  ?//,  in  teim<  of  the  spherical  surface 
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harmonic*  which  determine  the  vairofi  o£  tbe  shifts  at  tl*  _ 
cater  surfaces  of  the  shell  for  the  partaoubr  pvoUcaa  of  givm  i 
shifte.  Thus  for  r  =  a,  and  r«0',  we  have 


the  problem  is  to  find  the  ox  solid  tame***  *L,  «ut  «%,  »',,  »'I 
latemof  J,,j&4f(7,,^a*CV  tlie  p*x>bl«*  presto  'tifcOe  & 
beyond  rather  cumbersome  algebraic*!  egjrtcoiona,  the  *»gtK  of  w 
prevents  their  being  reproduced  hem  For  tbe  0^9  «f  the  fin*  oa*  or 
two  harmonics,  which  are  redly  thoee  of  cbief  prftottail  and  phyttftd 
interest,  the  reader  will  find  it  easy  to  reprodiK*  a  «impk  ftvw  <rf  tfc* 
tnvesti^a,tion 


^  21-30  d^l  with  tfee^ae^b^i  tfcc  two  «Hk«.  of  tfc» 
shell  are  subjected  to  given  sorfcoe  cUowau,.    How  Ite 
P,  ^,  ^  of  load  parallel  to  tbe  axiB  of  «,  y,  s  on  a* 
surfiice  of  the  shell  are  shewn  to  be  gm&  by  tike  fcfpe 


where  r  —  =a? — +y — •*#*f"» 

The  values  of  w,  t?,  w  and  0  as  given  by  (vi)  have  then  to  he  subeta 
tuted  in  (vn),  and  P,  <?,  R  reduced  to  proper  »ohd  harmonic  form. 

Sir  William  Thomson  shews  that  the  surface  stresses  are  given  by 

the  type  (Equation  (4S),  §  28)  l 


,  ,         <,        ii 

wtere  fl.1=_  +  _ 


And 

^-      ,  _  ^  +  M  v_          (A-/J)i 

'     -(X  +  3/x)"i-(X+2/i)'     i|~<2<  +  l)i(\- 


1  Sir  William  here  replace^  the  double     »  rit     of  t  rin     m    IMI    l\    a 
series      The  terms  in  «  _jr~  -1  ami  r    r~         art    cl  irh    Lnr  i    in         f   Jt_ 
-(/  +  !)      TliUb  we  ma\  drop  thtin  in  \M     it  \\t  u  t    thit  ih       umuiiti  i        i 
fiom/  =  x    to  -x       This  I  think  thuiiKl    jtihaj      lia\     1      n   i«r  u    ji     <   L1 
cxpl  tin*  (1  in  ^  2*     M    \N  n  IL  the  i  in  «.     fin       im  lut    n    i    n  j     i  i  L  t         ^  t  i 
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As  in  tlie  case  of  given  shifts,  the  surface  stresses  will  give  us  six 
eirfaee-harmonics  of  e&ch  degree,  e  g 


Tltese  six  individual  surface  harmonics  must  then  be  equated  to  the 
terms  in  i&e  values  of  P,  Q,  E  in  (viu)  which  lead  to  surface-harmonics 
of  the  *th  degree  for  the  two  values  respectively  of  r  =  a  and  r  =  a'  These 
surlace-harmomcs  will  arise  partly  from  positive  and  partly  from  nega- 
tive values  of  *  in  the  expressions  for  the  stresses  The  method  by  which 
tins  may  be  accomplished  is  indicated  rather  than  carried  out  in  §§  29-30^ 
aaad  for  the  general  case  would  require  the  addition  of  a  large  amount 
of  algebraical  work  which  is  only  suggested  Even  Lame,  who  earned 
tbe  solution  further  than  Sir  William  Thomson,  still  leaves  it  in  the  form 
of  linear  equations  for  the  undetermined  constants  see  our  Arts  11  S3* 
and  1141* 

[1657  ]  The  method  in  which  the  terms  of  (vi)  in  u\  and  i//^  are 
dropped  m  §  27  and  reintroduced  with  a  diffeient  notation  in  §  29  is  not 
a  little  likely  to  puzzle  the  reader  Here  as  elsewheie  in  the  discussion 
of  this  problem,  the  method  of  the  general  solution  does  not  seem  the 
readiest  to  reach  the  simpler  cases,  which  are  after  all  those  most 
frequently  occurring  in  physical  applications. 

[1658]  The  interesting  general  case,  when  the  force  function  is  a 
harmonic,  TPi+1,  of  the  (t-i-l)th  degree  is  worked  out  by  Sir  William 
Thomson  in  §§  44-7  He  takes  PX=-dWl+l/dx,  pY  =  -dWi+l/dy, 
pZ  =  —  dWl+Jdz,  and  he  indicates,  without  fully  determining  all  the 
constants,  the  solution  for  the  case  of  a  spherical  shell  subjected  to  no 
surface-loading  (§§  4*5-6) 

For  the  particular  case  of  a  solid  sphere  with  no  sui  face  forces,  he 
does  fully  determine  all  the  constants  The  shifts  aie  then  given  by 
(§47) 

d_ 

* '  fy 3  < 

where 


1+1 


As  a  corollary  we  may  note  tfee  caae  of  cfcuwf  pkjiwal 
which  »=1,  we  then  have 


Sir  Williaju  Thomson  eakjuktee  IP,  £or  the  CM**  of  th* 
force  due  to  the  tides  raised  m  the  aohd  earth  by  a  *frnjm|  body     If 
be  the  mass  of  the  tide  raising  body,  c  ite  distance  and  *  ifee 

of  the  eartli,  he  finds 


The  application  of  this  h*s  bem  ct^Gosadd  in  tlM»  olhgr  wodk»  by  w 

author  dealt  with  m  our  Arts.  1663-4,  *ad  17SO-6, 


[1659]    §  54  gives  the  fidne  of  the  shifts  of 

for  given  surface  displacements,  and  indicates  the  like  reunite  for  * 
spherical  cavity  m  an  infinite  elastic  solid. 

§§  55-8  deal  with  the  oscillations  of  shape  in  a  gravitating 
liquid  sphere     A  simple  harmonic  normal  displacement  of  the 

fcth  order  has  for  period 


•^ 


where  a  is  the  radius  of  the  sphere  and  g  gravity  at  its  surface 
For  the  case  of  z  =  2,  or  an  ellipsoidal  deformation,  the  length  of 
the  ibochronous  pendulum  at  the  sphere's  surface  is  $a  If  the 
liquid  globe  \\ere  homogeneous  and  5£  times  the  densitv  of  \\akr 
and  of  the  bize  of  the  earth,  the  penod  uould  be  1  hr  34  in 
24  s.  We  may  compare  this  with  the  result  for  a  homogeneous 
elastic  sphere  gi\en  an  ellipsoidal  deformation  of  the  UJH. 
u  =  AY  co*>Lt  Lamb  finds  for  a  globt  of  the  sizt  of  the  tarth 
and  of  the  density  and  ngidit}  ot  steel  i  pernni  ».  t  1  hr  IS  m 
A  diffeience  of  less  than  2  minutes  is  midt  in  the  rt-siilt  \\ 
we  suppose  steel  incompressible  or  i  f  mnu»n^tant  i^»»tn»|»\ 
the  earth  if  it  \\ert  as  rigid  is  stetl  \\oiil  i  ^illit*  m  »u  rtpidK 
than  if  it  \\tre  muk  ot  a  liquid  H  tiint  >  ^  dt  n^t  v-  \v  t  «.r  *-«.«. 

Louduii    1SS2 
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Sir  William  Thomson  m  his  paper  on  the  rigidity  of  the  earth 
(M  P  Vol  in  p  313)  says  (§  3) 

A  steel  globe  of  the  same  dimensions  [as  the  earth],  without  mutual 
gravitation  of  its  parts,  could  scarcely  oscillate  so  rapidly  [as  1  hr  34  m 
24  $.],  since  the  velocity  of  plane  waves  of  distortion  m  steel  is  onlj 
about  10,140  feet  per  second,  at  which  rate  a  space  equal  to  the  earth's 
diameter  would  not  be  travelled  in  less  than  1  hr  8m  40  s 

As  a  matter  of  fact  Lamb  finds,  if  r  be  the  time  a  wave  ol 
distortion  would  take  to  traverse  the  earth's  diameter,  and  P  the 
penod  of  oscillation  P  =  T/  848  if  the  material  be  incompressible 
s&d=T/*840  if  it  possess  umconstancy  Thus  Sir  William's  mini 
mom  estimate  based  on  the  liquid  sphere  is  about  16  per  cent  ID 
excess. 

[1660]  The  memoir  besides  dealing  with  spherical  shell* 
points  out  that  the  problem  of  an  infinite  plane  plate  of  homo 
geneous  isotropic  material,  with  given  shifts  or  stresses  at  its  plane 
faces  might  be  treated  as  a  limiting  case  of  the  spherical  shel 
(§§  19-20  and  §§  31-4)  To  work  out  the  plate,  however,  as  < 
limiting  case  of  a  sphencal  shell  would  involve,  for  the  genera 
case  some  rather  formidable  analytical  difficulties 

Sir  William  Thomson  in  §^  32-4  briefly  sketches  a  different  methoc 
of  solution 

The  following  system  of  shifts  will  be  found  to  satisfy  the  body  shift 
equations  of  elasticity 


where  U,  F,  W  satisfy  V  <£  =  0,  while 

.^dUdV 

dx      dy       dz 

and  fych  is  to  be  so  taken  that  it  also  satisfies  V  <£  =  0 
Sn  AA  ilham  Thomson  no\\  lemaiks  that  if  we  take 

U=(fe~*x  +/  e**)  sin  (*y)  sin  (fc), 
V^  (ger^  +  g'epx)  cos  (sy)  sin  (te), 
If-  (fir-*-  +  //  ^')  sin  (s?/)  cos  (fo) 
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subject  to  the  condition  JT*  =  «*  -f  <*,  we  h»T«  A  eolntwrn  «*p*hfe  of  giving 
over  the  faces  of  a  plate  (taken  as  z  «0  mud  #«*) 


and  three  like  expressions  for  **«,  *£«t  *%  **&  A',  &,  G*  Ar  J^ 
Hence  b j  &  series  of  s»di  term  wo  bive  the  anoofe 

according  to  Fourier's  pruacjplee. 

AB  a  matter  of  flact,  if  the  solution  wer 


reach  a  somewhat  extended  form  of  Lame*  aad  Clap«yron'» 
wieldy  results  IB  quadruple  integrals,  of  whidi  euioe  thoir  fife»*M«*t  i» 
1828  no  practical  use  lias,  90  &r  as  I  am  aware,  erer  been  aajh  mm 
OUT  Arts.  1020*-!* 


[1661]    §§  59-71  are  occupied  bj  an  Appmdb: 

Theory  of  the  JSguiKbnvm  of  OH  Slashc  SML    Tfcw 
appendix  was  repnnted  m  the  ZHc^»<«  on  JVolttrol 

see  Part  II,  pp  461-8 

§§  59  and  60  point  out  that  the  quantities  €*,  ^,  «•» 
of  our  Art  1619*  (in  Sir  William  Thomson's  notation 
J  (J?  -  1),  ^  (G  —  1),  a,  6  and  c)  suflBce  to  determine  the  most  general 
form  of  strain  which  can  be  given  to  a  body  in  the  neighbourhood 
of  a  point  The  temperature  being  kept  constant  the  strain- 
energy  w  is  a  function  of  e^  ey,  ez,  i)yz,  17^,  17^  Hence  bj  the 
method  of  variation  Sir  William  Thomson  deduces  equations 
which  are  identical  with  those  of  C  Neumann,  or  with  those 
which  flow  from  Kirchhoffs  memoir  of  1852  see  our  Arts  670-1 
and  1250 

In  §  63  the  possibility  of  a  solution  of  these  generalised 
equations  of  elasticity  for  auy  t>pe  of  el^tic  bodv  subjected  to  a 
given  s}^tem  of  binf  ice-t>hiftt>  is  indicated,  and  it  is  shtun  that 
under  cutam  conditions  there  can  be  onl)  une  bulution  ot  the  t  lactic 
equations  tor  this  case  §  04  is  a  britt  reference  to  Miailir  rcMilts 
lor  the  cibe  of  surface-stress 

^g  b5-6,  09-71  contains  \  shuit  theoiv  ut  clisticitx  tor  small 
Plains  giving  the  iisiul  results  ot  Giteiis  in\tatigiti«»u  ui  tht 
strain  eneig\ 

[1002]  ^  07  pioves  in  a  manner  dirtering  sh^hth  truin  th  tt 
of  ]Seuinann  Clebscli  and  kiiehhoti  the  uniqueness  Of  I!R  -nluti.  n 
ill  the  C\se  of  small  strains  \\heii  the  surt^ee  shilt-  Ue  gi\tli  -te 
oiii  Vit^  1  PKS  12  >  >  l-T^i  ind  1  >U 
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§  68  turns  to  the  like  problem  when  the  surface  data  are  those 
of  load  not  shift,  or  when  a  force  acts  on  the  interior  of  the 
material  In  this  case  the  solution  is  not  in  general  unique — 
configurations  of  unstable  equilibrium  occurring  even  with  infi- 
Bitely  small  shifts. 

For  rnsfcaaoe>  let  part  of  the  body  be  composed  of  a  steel  bar  magnet , 
and  let  a  magnet  be  held  ontside  in  the  same  line,  and  with  a  pole  of 
t&e  same  name  in  its  end  nearest  to  one  end  of  the  inner  magnet  The 
^qpsiilt&rrom  will  be  unstable,  and  there  will  be  positions  of  stable 
equilibrium  with  the  inner  bar  slightly  inclined  to  the  line  of  the  outer 
tear,  trnless  ike  rigidity  of  the  rest  of  the  body  exceed  a  certain  limit. 

This  conclusion  as  to  the  want  of  uniqueness  in  the  solution 
appears  to  be  deduced  from  physical  considerations  and  not  from 
the  analysis  of  the  problem  It  depends  on  the  system  of  appliec 
force  itself  changing  its  characteristics  owing  to  the  shifts  of  i 
portion  of  the  body,  eg  from  a  simple  pressure  m  an  unstable 
position  to,  perhaps,  a  force  and  a  couple  in  the  stable  positions  o 
equilibrium  Such  a  dependence  of  the  system  of  applied  forc< 
on  the  shifts  is  supposed  not  to  exist  in  a  proof  like  that  by  whicl 
Clebsch  demonstrates  the  uniqueness  of  the  solution  of  the  elasti 
equations  see  our  Art  1331 

[1663]    On  the  Rigidity  of  the  Earth     Royal  Society  Prc 
ceedings    Vol    xii,    pp    103-4      London,   1863       Philosophicc 
Traiisactions,  VoL15S,pp  573-82    London,  1864    Glasgow  Phik 
sophical  Society  Proceedings,  Vol  v  pp  169-70      Glasgow,  186' 
British  Association  Report  (Glasgow  Meeting  1876),  Transactior 
pp  1-12    London,  1877    §§  21-32  of  the  Phil  Trans  memoir  wei 
\\ithdra\\n  by  the  author  and  m  the  reprint  of  the  memoir  in  th 
Mathematical  and  Physical  Papers,  Vol   ill,  pp   312-36,  thec 
sections  are  replaced  by  the  opening  address  to  Section  A  m  tV 
British  Association  Repoi  t  referred  to  above      Thus  we  may  loc 
upon  the  final  form  of  this  memoir  as  Ait  xcv  of  the  collect* 
Papei*     On  the  Rigidity  of  the  Eaith,  Shiftings  of  the  Eartl 
Instantaneous  A  it*  of  Rotation,  and  1 1  regularities  of  the  Eat 
us  a  Tune-leepei 

Most  of  the  import int  results  of  the  memoir  are  embodied 
the  Treatise  on  Natuial  Philosophy  and  will  be  found  pretty  ful 
discussal  m  our  Aits  1719-26 
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[1664  ]    After  some  remarks  on  Hof&wfc  view  that  *fc* 
cannot  be  a  liquid  mass  enclosed  in  a  thia  «Mi  01  jff 
view  with  which  Sir  William  Thotaaoa  agrees — *h* 
orioe  to  the  consideration  of  "tfee  reb&T«  value*  of 
elasticity  IB  giving  rigidity  to  Hie  earth's  figure.1*    A  lornmJa  it 
cited  which  may  be  obtained  from  thai  of  ocr  Ajrt  17S4  (*)  in 
following  manner     Put  X  =  oo  in  tfce  vmhae  of  /,  or  adkft  tfc*  nl 
mass  incompressible,  then  we  have  by  Art  17M, 


If  Sir  William  had  taken  ton-oonsfcuat  laofaropj  the  rani* 
have  beee  very  nearly 

/« S 

1-03  +  9  15T-£- 

Then  follow  investigations  corresponding  to  those  of  oar  Ail  1725. 
See  the  memoir  §§  4-7 

§  5—15  of  the  memoir  cover  in  a  leas  concise  and  lucid  m^*>»Hyr  tbo 
results  of  the  Natural  Phdosopky  epitomised  in  our  Art  If  24-5  It 
will  be  noticed  that  in  that  article  we  neglect  the  self-Attracttoa  of 
the  superficial  coating  of  water  This  neglect  is  defended  in  §  12  of 
the  memoir,  which  thus  refers  to  the  result  for  e  in  our  Art  1725 

It  may  be  regarded  as  a  better  expression  of  the  true  tidal  tendency  on  the 
actual  ocean,  than  the  slightly  different  result  calculated  with  allowance  for 
the  efiect  of  the  attraction  of  the  altered  watery  ngure  lon^iiiiiuiig  the 
equilibrium  spheroid,  and  its  influence  on  the  figure  of  the  elastic  solid  ,  since 
the  impediments  of  land  and  the  influence  of  the  sea  bottom  render  the  actual 
ocean  surface  altogether  different  from  that  of  the  equilibrium  spheroid 

I  do  not  quite  follow  the  aigument  here  The  neglect  of  the  teif 
attraction  of  the  ocean  ma}  be  justifiable  considering  the  In  jtotlietnal 
and  rough  chaiactei  of  the  approximation,  but  1  do  not  cleaih  follow 
why  it  should  necessaiily  gi\e  a  better  ie^ult  than  the  treatment  uhith 
includes  the  self  attraction 

3§  16-20  contain  suggestion^  lor  detei mining  the  imuuut  <»f  rigidiu 
of  the  solid  earth  bv  means  of  the  lortm^htlv  tidt  But  to  tnt<_r 
into  the  details  heie  ^ould  cairy  us  bt \oiul  uiu  limit*. 

[1603]  ^21-33 — ti  niiiing  part  ot  \\ivJ>nti  h  4  <  mtt  /<  aiMn -^  — 
tied  \\ith  the  Lffecfc  <>f  Liable  }  trl  liw/ <>n  J /*-  t  a  <t  t  I  \  <'/'«  n 
Argumentb  ue  heie  tittd  i^unst  tht  e^<»K»0Ktl  li\{»»tiie  i-  «  t  i  thin 
ngid  shell  tull  ot  liquid  ,  and  th  thtoi>  ut  a  in  iinlv  N  »lul  in  i^->  n 
taming  small  hollous  01  \esiclts  tilled  with  liquid  is  ^HJ»JM  n  1  \ 
numbei  of  lesult^  lit  uted  \\ith  le^nd  to  the  ttiett  ot  int«  n«»r  lnjtihht\ 
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the  fcdee  iwd  on  nutation  (§  24-6)  the  mathematical  analysis  of 
IKS  nofc  y0t  been  published     The  general  conclusions  are  thus 
resumed  mj~  ~~ 


Tt*e  state  of  tbe  case  is  shortly  this  —The  hypothesis  of  a  perfectly  rigid 
ist  oontaiamg  liquid  violates  physics  by  assuming  preternaturaUy  rigid 

tter  and  violates  dynamical  astronomy  in  the  solar  semi  annual  and  lunajt 
fofftnuAttilr  notations  ,  but  tidal  theory  has  nothing  to  say  against  it  On  the 
<)y*flr&aiKL  tSbe  tides  decide  against  any  crust  flexible  enough  to  perform  th<i 
imta&om  correctly  with  a  liquid  interior,  or  as  flexible  as  the  crust  must  lx 
maiees  <^  p^femiaturally  rigid  matter 

8  deal  with  the  irregularity  of  the  earth  as  a  time  keeper,  and 
ol  much  interest,  do  not  touch  on  the  topics  of  our  History 
are  appendices,  the  latter  bearing  upon  the  formula  cited  ir 
see  our  Art.  1664  Further  Appendices  deal  with  the  Tufa 
J&tw&fam  and  the  Th&rmadynamw  Acceleration  of  the  Earth's  ro 
ta&oa.  These  are  taken  respectively  from  the  Philosophical  Magazine 
TdL  xxxi  ,  pp  533-7  (London,  1866),  and  the  Proceedings  oft/be  Roya, 
(Edinburgh),  Vol  xi,  pp  396-405  Edinburgh,  1882 


[1  666  ]  On  the  Elasticity  and  Viscosity  of  Metals  Proceeding 
of  the  Eoyal  Society,  Vol  xiv  ,  pp  289-97  London,  1865  Tin 
memoir  is  incorporated  in  the  Encylopaedm  article  on  Elasticity 
see  our  Art  1741 

[1667]  On  the  Fractwe  of  Entile  and  Viscous  Solids  b 
Shearing  Proceedings  of  the  Royal  Society,  Vol  x\ii,  pp  312-lt 
London,  1869  Philosophical  Magazine,  Vol  xxxvin,  pp  7l-£ 
London,  1869  The  author  noted  on  a  visit  to  Kirkaldy  s  testin 
works  in  Southwark  that  the  rupture  of  bars  of  circulai  crosc 
section  by  torsion  took  place  m  two  different  manners  Th 
rupture  surface  of  bars  of  hardened  steel 

shewed  complicated  surfaces  of  fracture,  winch  weie  such  as  t 
demonstiate,  as  pait  of  the  whole  effect  in  each  case,  a  spiral  fissui 
lound  the  ciicu  inference  of  the  cylmdei  at  an  angle  of  about  45°  to  tli 
length 

On  the  othti  hand  in  suttci  01  inoie  viscous  solids  thuc  \\c 
a  tendency  to  break  right  acioss  perpendiculai  to  the  axis  of  tl 
bar 

Ibcsc  e  \penmc  nts  of  Kuk  ildy  s  \\eic  coiihi  med  b)  the  ruptui 
surfaces  of  ^  IM_-\  i\  and  hard  steel  bar^  which  ga\e  spn 
fractures  ^hile  those  of  steel  tempered  to  vaiious  degrees  of  sof 
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ness,  brass,  copper  and  lead  were  planes  perpendicular  to  the  vxm 
of  torsion  (Compare  our  Art  810)*    It  was  thus  demonstrated  * 

i&at  continued  "shearing"  parallel  to  one  **cf  pkumof  a viaoota  aotid, 
deveiopes  IB  it  a  tendency  to  break  more  maUy  p*r*Uel  to  Ail 
titan  in  other  directions,  or  that  a  TISOOH»  solid,  at  0rat  j«oto>p«i  •w 
"cleavage  planes7'  parallel  to  the  planes  of  skewing  ( £V*ft»  JlA,^ 

Clearly  in  a  bard  elastic  solid  with  small  strain  Ilia  diree&oa 
of  greatest  stretch  would  be  an  angle  of  45°  to  the  axis  of  the  bar, 
and  hence  the  spiral  fissure  tends  so  far  to  confirm  the  maxinraja 
stretch  theory  of  rupture  On  the  other  hand  m  the  caae  of  a 
material  which  passes  through  the  plastic  stage  before  rupture,  we 
know  that  it  will  begin  to  flow  when  the  maximum  shear  reaehee 
a  certain  value  (see  our  Arts.  236,  247  and  1586),  and  Uus  flow 
may  lead  as  Sir  William  Thomson  suggests -to  the  formation  of 
planes  of  cleavage. 

The  paper  concludes  by  noticing  Forbes*  and  Hopkuia's  views  *e 
to  the  manner  of  rupture  in  the  case  of  glaciers,  and  their  recon- 
ciliation by  means  of  the  above  distinction  between  two  kinds  of 
rupture 

[1668]  Treatise  on  Natural  Philosophy  by  Sir  William 
Thomson  and  Peter  Guthne  Tail  Vol  I ,  Oxford,  1867  (pp  XXIIL 

+  727) 

A  new  edition  of  this  farst  volume,  Part  I  (pp  x\n  -f  508), 
1879,  and  Part  II  (pp  xxv  +  527),  1883  has  been  issued  by  the 
Cambridge  University  Press  Our  references  will  be  to  the  pages 
of  this  edition1  A  smaller  work,  Elements  of  Natural  Philosophy, 
b)  the  same  authors  appeared  at  Oxford,  1873  and  at  Cambridge 
1879,  m  a  ne\\  edition  It  \\ill  not  be  nece%*ar\  to  refer  ho\\e\er 
to  thib  popular  legume  of  the  more  important  treUitet  Althuiigh 
only  the  first\oluiiK  of  the  Nat  and  Philuwph*!  hu>  bctn  puMi-hul 
and  the  authoib  announce  m  the  piefuc  tu  Pait  II  ui  tht  ^eum<l 
edition  thit  tht  completion  ot  tin.  u«»rk  i«*  (khnit^K  ibatnl«»iR«l 
still  tht  theon  ot  JisticiU  iml  minv  nt  it-  ipjiliL  itmus  uituiall\ 
fill  into  this  hibt  \oluiiR  md  the  imn  apjit  u  UKC  «t  tht  1  it.  i 
\olumes,  rcgictibk  ib  it  is  duc^  not  inrlat  -lull  i  -»%LK  1 

1  A  Cieiman  tdition  of  tht  \uuk  \\ith  i  pufa      t\  \   n   H       il  *1 1 
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i&0  eiaskeian  as  it  does  on  students  of  other  branches  of 
matical  physios 

The  following  are  the  portions  of  the  Treatise  dealing  with 
our  mb^  Part  I  ,  §§  119-190,  300-6,  and  Part  II  ,  §§  573-741 
8g$,  8S2r-48  and  Appendix  0  The  paragraph  numbers  are  th<? 
same  in  both  editions,  but  the  second  edition  has  been  largelj 
modified  and  extended 

[1669  ]    Farts  L  discusses  our  subject  from  the  standpoint  of  straw 
j      la  §§   119—27   we  have  a  discussion  of  the    curvature  and 
f  flat  bars  or  rods     The  following    definitions    are   oi 


&  &6B&  i»  straight  rod  of  circular  or  any  other  form  of  section  being  given, 
a  line  through  Hie  centres,  or  any  other  chosen  points  of  its  sections,  may  be 
gftH&d  its  <m*.  Mark  a  line  on  its  side  all  along  its  length,  such  that  it  shal 
be  a  slwught  line  parallel  to  the  axis  when  the  rod  is  unbent  and  untwisted 

liiae  drawn  from  any  point  of  the  axis  perpendicular  to  this  side  line  o 
called  the  transverse  of  the  rod  at  this  point 


The  twist  (I)  of  a  curved,  plane  or  tortuous,  rod  at  any  point  is  the  rate  o 
component  rotation  of  its  transverse  round  its  tangent  line,  per  unit  of  lengtt 
along  i*  {§  120) 

By  the  tangent  line  in  the  last  definition  is  meant  the  tangent  tc 
the  axis  at  the  given  point  Integral  twist  over  any  length  s  of  the  axi 


The  following  proposition  is  then  shewn  to  hold  for  the  twist  in  anj 
part  of  a  bai 

Let  a  point  move  uniformly  along  the  axis  of  the  bar  and  parallel  to  th( 
tangent  at  every  instant,  draw  a  radius  of  a  sphere  cutting  the  sphenca 
surface  in  a  curve,  the  hodograph  of  the  mo\mg  point  Irom  points  of  thi 
hodograph  draw  parallels  to  the  trans\  erses  of  the  corresponding  points  of  the 
bar  The  excess  of  the  change  of  direction  from  any  point  to  another  of  the 
hodograph,  abo\e  the  increase  of  itb  inclination  to  the  transverse,  is  equal  tc 
the  twist  in  the  corresponding  part  of  the  bar  (§  123) 

If  the  hodogiaph  be  a  closed  curve  and  the  sphere  be  of  unn 
radius  the  change  in  dnection  of  the  hodogiaph  is  simply  the  aiec 
enclosed  b}  it 

[1670]  Some  instructive  examples  of  the  '  Dynamics  of  twist  n 
kinks  aie  guen  in  i$  123,  rather  bj  \\ay  of  suggestion  than  proof  n 
tins  stage  Thus  a  piece  of  steel  pianoforte  wne  being  free  fiom  sties 
when  stiaight  is  gi\ui  any  dtgice  ot  twist  and  then  bent  into  a  cncle 
its  ends  being  stain  1}  joined  This  circle,  can  then  be  twisteo 
into  a  n^uie  of  t>,  the  t\\o  paits  being  tied  togcthei  at  the 
ciossmg 
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The  circular  form,  which  IB  Always  a  figure  of  too  e^uiUbnuin,  may  be 
siabie  or  unstable,  aooordingas  the  ratio  of  tonnooal  tofexiural  ngiditj  ii 
more  or  lees  than  a  certain  value  depeoduig  on  the  actual  <Wr*e  «|  twMt 
The  torktous  $  form  is  not  (ezoept  in  the  case  </  whole  twwt  «ft^  ~ 
it  foeoomee  the  plane  elastic  Mmnwm^  of  1%,  4^  §  610  {m  <w  Jjrl  L_, 
a  oontinuous  figure  of  free  equilibrium,  bet  i&rnfaee  a  pootire  pummn  of  i 
two  crossing  parts  on  one  another  when  the  twiet  >SW,  and  a  ne«rtiTtt 
pressure  (or  a  pull  on  the  tie)  between  them  when  twwt  <Sbr.  aad  with  tfaia 
force  it  as  a  figure  of  stable  equilibrium  {§  123>  pi  96). 

[1671  ]    Alter  some  exampkc  ol  tortuosity  and  tw»t  of  a 
metrical  charactear,  the 


authors  pase  to  ilia  corrmtara  of  eexfmoM,  define 
and  ^ncZoa<sc  (or  'aaddle-b&ck  a&d  *doinf>')  corT«fc«u« 
(§  128}  aad  have  some  remarks  of  special  interest  for  o«cr  aobfeot  <MI 
flexible  and  inextensible  surfaces  and  the  conditions  lor  Itar  develop- 
ment into  plane  surfaces.  Oases  of  meiieaability  m  iswo  dmot&MMl 
ooly  (tbotse  of  the  warp  ai*d  wool)  are  pointed  oat  as  fnrrf&mg  in  VOTQO 
miitenais.  In  this  case  theoreucall  j  a  stretch  from  0  op  to  */l  —  I  can 
be  given  in  a  diagonal  accompanied  by  a  squeeze  from  0  to  ->  i  m  Oie 
perpendicular  diagonal  It  is  pointed  out  how  the  grace  of  djnaporj 
largely  depends  on  this  power  of  extensibility  in  certain  dmateane 


[1672  ]  §  154-90  deal  at  considerable  length  with  the  geometry  of 
strain  and  torm  a  novel  and  lucid  discussion  of  a  somewhat  tnte  topic. 
The  authors  commence  with  a  definition  of  strain  and  then  pass  to 
homogeneous  strain,  which  they  define  as  follows 

If  when  the  matter  occupying  any  space  is  strained  in  any  \vay  all  pairs  of 
points  of  its  substance  which  are  initially  at  equal  distances*  ironi  one  another 
in  parallel  lines  remain  equidistant,  it  may  be  at  an  altered  distance  ,  and  in 
parallel  lines,  altered,  it  may  be,  troui  their  initial  direction,  the  strain  la 
said  to  be  homogeneous  (§  Io5) 

The  magnitude  of  the  strain  ib  thus  not  in  an}  ^dj  hunted. 
The  analytical  expiesaions  foi  the  coordinates  *1?  yl9  ^  ot  the  point 
#,  ,  z  aitei  such  a  btraiu  are 


1/1  =  [^]  «•  *•  [yy\  y  +  [y- 

^  -  [^]  L  -r  [=y]  ^  +  [  ' 
\\here  [^utj,  [-cy],  etc,   ue  nine  aibitiai) 

[1673  ]  Clcaily  an)  plane  lemains  atttr  btidiu  a  plant,  au\  line  i 
line,  and  in)  ellipsoid  in  ellipbuid  \^  a  spt<_ial  ca^.  ot  the  la^t 
le&ult  a  bphtie  ^ill  Income  an  tllipvjid  ittti  ^tidin  lhis»  ib  Lautb}  ^> 
ellipsoid  see  on  i  Ait  b!7*  It  i^  ttiiiit,d  ttit  *t/aut  tHi^ui  /  (3  lo«»j 
Itis  a\e&  die  the  pi  iticipuf  u  /  s  uf  th  *tmtn 

Let  tht  lengths  ot  the  stun  i\t^  ot  thi^  clhj^uid  l»e  u  fi  {  tin. 
ladius  ol  the  uiibtraintJ  sphtic  being  imit\  linn  u-  1, 
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O«KF  terwiK>logy  the  principal  stretches  sly  s^y  s3}   the  author? 
the  j?rwc«paJ  elongations     They  demonstrate  the  followm| 

The  stretch  ^  of  the  body  in  the  direction  I,  m,  n  is  given  by 
*»(<W4.J8W  +  7W)*-1  (§164) 

angle  <£  after  strain  between  two  directions  with  initial 
l>m,n  and  f  ,  m',  n'  is  given  by 


...  ,  _         . 

*  *  *  ''*  V         > 


\  £<?)    The  ibagle  x  after  strain  between  two  planes,  the  equations  d 

wt&o&  «r©  fo  4-  »«^  -{-  fl#  =  0  and  fcc  +  w'y  +  ^'2  =  0  before  stiain,  is  given 

~x-<iy?S; 

^J)    There  are  two  systems  of  parallel  planes  in  which  there  is  nc 
fefeor&on  or  the  strain  is  a  uniform  spread  (see  our  Art  595*  and  Vol  i 
p*  S82)    These  are  parallel  to  the  circular  sections  of  the  stram-elkpsoic 
0167) 

[1674]  The  authors  now  (§  169-76)  deal  by  an  eleganl 
geometrical  analysis  with  the  special  case  ot  the  strain  specified 
by  a-  1,  0,  and  I/a  —  1  as  principal  stretches  This  strain  corre 
sponds  to  the  distortion  of  a  lozenge  into  an  equal  lozenge  bj 
squeezing  its  greater  axis  till  it  is  of  length  equal  to  the  initiall} 
less  axis  and  stretching  the  less  till  it  is  of  length  equal  to  the 
initially  greater  axis  It  is  shewn  that  this  strain  corresponds  tc 
the  sliding  of  one  plane  in  the  material  parallel  to  a  second,  or  tc 
what  we  teim  in  this  History  a  slide  The  authors  term  it  a 
simple  shear  This  is  unfortunate,  foi  that  word  was  introduced 
by  George  Stephenson  to  denote  the  transverse  stress  in  rivets,  and 
has  been  consistently  used  in  this  sense  of  stress  by  Rankine  and  the 
majority  ot  engineers  since  Its  piesent  confused  use  paitly  toi 
btresb  and  partly  tor  strain  has  been  avoided  in  our  own  work  by 
tht  intioduttion  ot  the  teim  slide  foi  shearing  strain 

ihc  pnucipal  axes  of  &  slide  aie  defined  (§  173)  to  be  the 
i\ts  ot  in  \\iinum  stietth  and  maximum  squeeze  a  is  the 
nitio  oj  the  dide>  and  the  amount  of  relative  motion  per  unit 
dibt  met  btt\\ttii  tht  planes  ot  no  distoition  is  the  amount 
of  the  dtde  It  ih  hht\\ii  to  tqual  a  -  I/a,  or  the  excess  of  the 
maximum  stittch  o\ti  tht  nii\nnum  squeeze  (^174-5) 
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[1675  ]     An  intending  problem  appears,  I  tfeialc,  lor  0*  tret  fame 
an  tie  history  of  our  enbject  m  §  177      It  is  sh*w*  feat  »  pore  afcnfefc, 


a  simple  slide  and  a  dilation  oocabine  to  fonaa  ike  moefc  general 
homogeneous  strain.  Thus  if  tfejtt  steam  be  denoted  by  «,  &  y,  it  may 
be  considered  as  compounded  of  (i)  *  muform  tMtotetiott  taotoiftd  by  m 
stretch  */«ry  in  all  diitxsfeona,  sopfmrnpoeed  on  (it)  *  pure  atretdk 
£/>/ay  in  the  direction  o£_the  principal  axis  &  eaperimpoeftd  o*  * 
simple  slide  of  amount  N/a/y-Vy/a  in  the  plane  of  tbe 
principal  axes. 


[1676  ]    In  §  181  the  authors  carry  oat  an  analytical  i  ___________  „_._„ 

of  formulae  (i)  of  our  Art.  1672  They  inquire  whether  ther*  m  *  bmi 
in  the  body  which  remains  unaltered  in  direction  by  strain,  or,  if  vahua 
of  as,  y,  scan  be  found  for  whx&a^#=y^p=:*i/jsa{,  say  It  is  easy  to 
see  that  there  results  a  cubic  for  4,  so  tb&t  one  soch  line  always  exnta. 
There  may,  however,  be  three  real  solutions,  m  which  ease  there  will  be 
three  lines  of  directional  identity,  obhque  to  each  other  m  ii*  moot 
general  case.  In  the  special  case,  however,  when 

M=[«l    W 


these  three  hues  will  be  always  real  and  rectangular,  couyading  with 

the  principal  axes  of  the  strain  ellipsoid 

In  the  course  of  the  analysis  the  equation  of  the  titeem  rfrm*- 
ettipsoid  (or  the  ellipsoid  into  which  a  sphere  m  the  strained  condition 
would  change,  if  the  strain  were  remitted  see  YoL  i  ,  p  882)  is  given 
If  [-5TJT],  [Y£]  etc  represent  quantities  of  the  types 


then  the  equation  is 

[XX]  ar  +  [  FIT  y  +  [^]  s«  +  2  ([}  Z\  ,JZ  +  [ZX]  at  +  [XY]  xy)  =  r-, 
whei*e  i  is  the  ladius  of  the  spheucal  surface  (p   130) 

[1677  ]     The  authors  conclude 

that  any  homogeneous  strain  \\hate\er  applied  to  a  Ixxh  geuorallv 
changes  a  spheie  of  the  body  into  an  ellipsoid,  and  ciuse^  tht  latter 
to  lotate  about  a  defanite  IMS  thiough  ^  dtfanitc  in0rle  In  junicular 
cises  the  spliLie  uia\  lemun  i  spheie  AKo  theie  un\  be  n  •  lotation 
In  the  generil  case,  N\hen  theie  is  no  lotition,  thert.  tit  thiee  directions 
in  the  bod\  (the  \\es  ot  the  ellipsoid)  \\hith  uniain  h\ed?  \\hen  thtrt 
i*  lotation,  thtie  irt  gt  nei  illv  thrtt  ^uJi  diitction**  but  not  rextangulir 
Sometimes,  ho\\t\tr,  tlau  is  but  uiie  (^  1s-) 


When  the  axts  of  the  ^tixin  ellipsoid  nt  th^  liut»  \sliiLh  J«» 
nut  ch  inge  thtn  dutttiuii  tht  ^-tiain  i^  ^tnl  to  lx  />"/t  ind 
rtl  itioiis  (11)  n^  tilt  iitcLssii\  ind  biithciLiit  conditions  im  t  pun_ 
sti  un  ( 
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[1678  J  Subject  to  (u)  of  our  Art  1676  the  formulae  (i)  of  our  Art 
1672  *oay  be  written  in  the  form 

Xi^Ax  +  cy  +  bz,  y^cx  +  By  +  ax,  asl  =  bx  +  ay+0»         (m) 
Iie&a  body  thus  strained  be  strained  further  in  the  manner 

I* «* 4ft  +  G$l  +  *l«l»  &  =•  <Wl  +  ^2/1  +  "l^'   *2  =  Ml  +  »#l  +  Ol«      (IV) 

Oomteong  (m)  and  (iv)  we  find 

)  y  +  (-4L5  +  c^  +  ^0)  «,  | 

(v) 
<M  -f-  OjC  +OJ>)  x  +  (b^  +  ^J?  +  Cia)  y  +  (bjb  +  ^a  +  CxC)^] 

(m)  and  (iv)  express  irrotational  strauis,  they  give  when 
superimposed  a  strain  (v)  which  is  in  general  rotational,  or  two  pure 
s,  af  superimposed,  may  give  a  pure  strain  and  a  rotation 
tlie  sta-aons  be  small,  we  shall  have  the  constants  represented  by 
ls  nearly  unity,  and  those  represented  by  small  letters  small 
Heace  the  squares  and  products  of  small  quantities  being  neglected,  we 
have  the  pure  straw 

xz  =  A1Ax+(c  +  cx)  y  +  (b  +  bj)  *,  j 

y,  =  (c  +  Ci)a!  +  J?1^y  +  (a  +  al)*,l  (vi), 

«,=  (6  +  4i)  a  +  (a  +  Oj)  y  +  dO*] 

ansiug  from  the  supenmposition  of  the  two  pure  strains  (§  185) 

[1679]  Our  authors  now  turn  to  discuss  what  they  term  the 
entire  tangential  displacement  of  a  curve  taken  in  a  continuous  solid 
or  fluid  mass  We  might  speak  of  it  in  the  teimmology  of  our  woik 
as  the  integjal  tangential  shift  Consider  any  series  of  physical 
points  forming  a  cuive  in  the  unstrained  body  Divide  this  curve 
up  into  small  elements,  and  let  the  length  of  each  element  be 
multiplied  by  its  shift  resolved  in  the  direction  of  the  element  If 
these  products  be  biimmed  for  the  curve  the  sum  is  the  integral 
tangential  shift  for  the  unstrained  curve  The  same  reckoning 
carried  out  for  the  strained  curve  is  the  integral  tangential  shift 
Joi  the  shamed  curve  Repiesenting  these  quantities  by  /and  1' 
•v\  e  cite  the  following  propositions 

(a)  l'-I  =  \(D'"-D'>), 

\vlieie  D  and  D  are  itbpectively  the  shifts  at  the  beginning  and  end 
of  the  cm\e  as  detei  mined  by  the  sense  in  which  the  arc  is  measuied 
llms  it  iollo\\s  that  the  integral  tangential  shift  foi  a  closed  curve  is 
the  same  v,  hethei  i  eckoned  along  the  strained  01  unstrained  curve,  and 
that  the  integral  tangential  shift  is  the  same  reckoned  along  eithei  of 
two  conteimuious  aits  (^  188-9  ) 
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(6)  Let  ryz,  T^,  Tyyy  be  the  twist-components  (see  our  Vol  I,  p 
882)  of  a  homogeneous  strain,  le  ryz  =  \  {[ay]  -  fyz]}9  etc  in  the 
notation  of  formula  (i)  of  our  Art.  1  672  Then  the  integral  tangential 
shift  round  a  closed  curve  is  given  by 


2  {&iryz  +  orgT 

wheie  t^,  «r2>  ^s  are  *^e  ar©as  of  the  projections  of  the  closed  curve  in 
its  initial  position  on  the  coordinate  planes  yz,  zx,  and  xy  respectively 

(c)     The  most  general  homogeneous  strain  can  be  expressed  by  the 
shifts1 


d\lf 

w  =  -f  - 
dz 

where 


Thus  for  non  rotational  homogeneous  strain,  if  the  integral  tangential 
shifts  be  measured  from  a  definite  point  of  the  body  as  origin  up  to 
any  point  x,  y,  z  we  have 


Thus  the  integral  tangential  shifts  for  the  strained  and  unstrained  curves 
depend  only  on  the  terminals  of  the  curve  (§  190,  (a)) 

[1680]  The  next  stage  in  our  aiithors'  analysis  of  strain  is  to 
consider  the  strain  round  any  point  when  a  body  is  submitted  to 
a  heterogeneous  strain  They  shew  that  "  at  distances  all  round  any 
point,  so  small  that  the  first  terms  only  of  the  expressions  by 
Taylor's  theorem  for  the  differences  of  displacement  ate  sensible, 
the  strain  is  sensibly  homogeneous  (p  140)  ' 

In  other  words  if  u,  %  w  be  the  shifts  of  cc,  >/,  z  lelative  to 
any  axes 

,       ,     du    .     du    ,     du   . 

xi  ~%  =  j   L  +  j   y  +  ~r  3» 
d%          dij          dz 

,        ,      dv    ,      dv    ,     dv   , 

Vi-y^-r'i+^-y+-jZ> 

dx         dy         dz 

,       ,     dw   ,     dw  ,     dw  , 
z-z=7    x+  -j   y  +  -rz, 
1  d%          dyj       dz 

1  Tlie  expressions  foi  or,  p  <r  in  §  190  (a)  have  \\ionj,  signs 
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wfeere  as',  y',  g'  are  the  ooordmates  relative  to  the  given  point  and  to 
ieofced  axial  directions  of  any  point  in  its  neighborhood  before, 
u  fi'i  %'  ^e  coordinates  after  strain.  Clearly  we  have  for  the 
4*  (a»],  [>4  etc  of  our  Art  1672, 


dv      r    i     dw        , 

'  M=j  etc 


HUB  rwtlt  obviously  assumes  that  the  second  shift-fluxions 


3?'  '        ' 


can  never  be  infinitely  great  as  compared  with  the  first  shift-fluxions 

du     du      , 
-=-,   -=-,  etc 
dx*    dy* 

[1681  ]  If  dS  be  any  element  of  a  surface  in  the  body,  I,  m,  n  the 
oosnies  of  its  normal,  ryz)  r^,  rxy  the  twist-components  at  the 
,  z  of  the  surface,  we  easily  find 


=  the  integral  tangential  shift  round  the  perimeter  of  S 

If  T  be  the  resultant  twist  and  <£  the  angle  its  direction  makes 
with  the  normal  to  the  corresponding  element  of  £,  we  see  that  the 
quantity  JJTcos<l>dS  is  constant  for  all  surfaces  drawn  thiough  the 
same  curve 

When  the  twist  vanishes,  or  the  conditions 

dv/dz  —  dw\dy^         du/d%  =  du/dz,         dujdy  =  dv/dx 

are  satisfied,  then  udx  +  vdy  +  tjudz  is  a  perfect  diffei  ential  ;  or  when  a 
strain  is  irrotational  we  must  have  u>  v  and  w  of  the  form 

dF  dF  dF 

U=   -r-,  V-   j-j  W=~=- 

dx  ay  dz 

In  this  case  j(udx  +  vdy  +  wdz)  may  be  termed  the  shift  function  ("  the 
displacement  function")  and  we  see  that  it  represents  the  entne 
tangential  shift  from  the  iixed  point  of  the  body  up  to  the  point  a,  y,  z 
Uong  any  curve  whatever  (§  190,  (i)-(l)  ) 

[1682]  Some  notice  must  be  taken  here  of  §§  300-6  which 
leal  \\ith  the  impact  of  elastic  bodies  The  authors,  objecting 
strong!}  to  the  teiimnology  usually  adopted  in  the  discussion  of 
Ve\\tun  b  Li\\  '  in  the  text  books,  yet  appear  to  give  their  sanction 
o  the  Mlidity  of  that  law  in  one  of  the  woist  foims  m  which 

1  i  e  that  the  \elocity  of  itbonnd  is  pioportioiml  to  the  velocity  of  impact  foi 
lie    anie  h\o  bodies 
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it  is  often  stated  They  say  that  the  results  of  recent  experiments1 
have  confirmed  Newton's  Law,  bait  they  do  not  say  that  the 
results  of  more  recent  theory  are  opposed  to  it  They  speak 
of  Newton's  finding  the  coefficient  of  restitution,  e,  for  balls  of 
compressed  wool  to  be  -J,  of  iron  nearly  the  same  and  glass  |f,  but 
they  fail  to  point  out  that  e  probably  depends  not  only  on  the 
elastic  nature  of  the  materials  in  contact,  but  also  on  the  masses 
of  the  colliding  bodies,  their  shapes  and  their  dimensions2  see 
our  Arts  941*  1183*,  1523*,  209,  213,  217  and  1224 

In  §  302  the  generalised  Hooke's  Law  (see  our  Art  8*)  is 
cited  to  demonstrate  that  Newton's  experimental  law  is  consistent 
with  perfect  elasticity,  but  the  argument  used  is  not  opposed  to 
the  vanation  of  e  with  the  masses,  sizes  and  shapes  of  the  colliding 
bodies 

[1683  ]  §§  303-4  deal  m  a  very  brief  manner  with  the  longitudinal 
impact  of  cylindrical  bars  The  only  case  dealt  with  is  that  of  Case  (i) 
of  our  Art  213,  it  being  noted  that  e  in  this  case  is  theoietically  the 
ratio  of  the  lessei  to  the  gi eater  mass  This  statement  ought  to  have 
saved  the  writers  of  elementary  text  books,  -which  have  been  laigely 
based  on  the  Natw  al  Ph^losophy,  from  making  the  ei  i  oneous  statements 
current  with  legard  to  the  nature  of  e  Thomson  and  Tait  refer  for 
further  particulais  to  their  discussion  of  the  kinetics  of  elastic  solids 
As  that  portion  of  their  work  has  nevei  been  wutten  a  refeience  m  the 
second  edition  (1879)  to  Saint  Venant's  elaborate  memou  of  1867  might 
have  been  helpful  to  the  writers  of  elementary  works 

[1684]  §§  305-6  refer  to  the  amount  of  energy  lost  in  vibrations, 
and  notice  that  but  a  small  part  of  the  whole  kinetic  energy  can 
i emam  in  the  form  of  vibrations  aftei  the  impact  of  solid  spheres 
of  glass  or  ivory  This  is  the  view  since  taken  by  Hei  tz  ind  Boussmesq 
of  the  collision  of  massive  bodies,  and  although  the  theoiy  of  the 
vibrations  of  solid  elastic  spheres  has  not  yet  been  so  fully  worked 
out,  that  its  application  to  the  case  of  vibiations  pioduced  by 
impact  is  possible  theie  is  still  no  doubt  that  Heitz's  theory  thiows  a 
laige  amount  of  light  on  this  ill  impoitant  problem  see  oui  Aits  1515-7 

1  The  experiments  seem  fai  from  conclusive  the  influence  on  e  of  vanation  of 
mass  size  and  shape  have  not  yet  been  investigated  with  the  needful  accuiacy    see 
FncyUopaedie  det  Natiu  ui^env  /w/ft/i,  Handbuc  h  d<  /  Phyml  Bd  i    S   296-301 

2  Even  such  a  great   authonty  as  Dr  Routh  speaks  of  e  as  a  constant  ratio 
depending  on  the  matenal  of  the  balls  and  does  not  hint  that  it  miy  vaiy  \vith 
then:  mass  and  size     Flemintnnj  Rigid  Dynamics    1H82   p    158     In  one  of  the 
most  recent  Cambridge  text  books  we  are  told  that  e  depends  on    the  substances 
of  which  the  bodies  are  made  and  is  independent  of  the  masses  of  the  bodies 
(Loney's  Elemental  i/  Dynamics    p    203      Cambiidge    18S())      All  the  elementaiy 
books  seem  to  go  astiay  on  this  point 
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It  fenugs  out  in  pai^eular  why  in  the  ease  of  a  hollow  sphere  much 
of  tt*&  fcraafoe  energy  of  the  blow  is  spent  in  vibrations,  while  in 
t&e  case  of  the  solid  sphere  this  loss  is  little 

[1685  ]  We  now  pass  to  Part  II  of  the  Natural  Philosophy, 
which  deals  with  the  dynamical  aspect  of  strain,  i  e  with  stress  and 
tibe  stress-strain  relations.  The  authors  pass  from  the  treatment  of 
ngid  bodies  by  the  stages  (i)  flexible  strings,  (n)  rods  and  wires, 
and  (in)  thin  plates  to  the  complete  elastic  equations  for  any  solid 
body  This  arraruo  n<_rii,  while  certainly  carrying  the  student  by 
a  graduated  course  to  the  more  complex  problems  of  elasticity, 
feik,  I  think,  to  fully  emphasize  the  transcendent  difficulties 
associated  with  the  wire  and  plate  problems,  nor  does  it  bring  into 
dear  relation  the  elastic  coefficients  of  wires  and  plates  and  those 
for  extended  masses  of  the  same  material  see  our  Arts  383-94, 
1286, 1251-67,  1292-1300,  1358-1364  and  1418-40 

[1686  ]  §§  5*73-87  deal  with  the  general  theory  of  catenaries, 
iw&  of  flexible  and  sensibly  mextensible  cords  hanging  freely,  or 
constrained  to  lie  on  smooth  or  rough  surfaces  There  is  nothing 
so  closely  related  to  our  subject  in  this  discussion  that  it  need 
detain  us  here 

[1687  ]  §§  588-626  deal  with  wires  and  rods  and  present  many 
points  of  interest  The  authors  define  a  wire  to  be  "  an  elongated 
body  of  elastic  material  bent  or  twisted  to  any  degree,  subject 
only  to  the  condition  that  the  radius  of  curvature  and  the  reci- 
procal of  the  twist  [see  our  Art  1669]  are  everywhere  very  great  in 
comparison  \\ith  the  gieatest  transveise  dimension  "  They  suppose 
that  ceitain  constants  termed  by  them  "the  constants  of  flexural 
and  torsional  rigidity"  are  known  These  constants  for  an  isotropic 
\\ne  are  the  Eco^  ,  J5W  and  Ea^  of  our  Art  1287  The  axial 
stittch  in  the  wire  is  neglected  throughout  the  investigation 
Thib  is  justified  in  §  592  (see,  however,  our  Arts  1592*,  1367, 
1373  and  14-25)  I  do  not  think,  however,  that  the  "conditional 
limits  ',  frequently  referied  to  in  the  discussion  as  those  of 
§  588,  and  appaientl}  imounting  only  to  the  single  one  cited 
above  in  the  definition  of  wne  are  really  sufficient  They  do 
not  seem  to  me  to  exclude  the  possibility  of  set,  nor  the  application 
of  such  i  system  of  load  tint  in  \  small  portion  of  the  wire  axial 
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stretch  or  transverse  slide  may  become  of  relative  importance 
Farther  it  seems  practically  assumed  that  the  system  of  load  will 
solely  produce  curvature  and  twist,  and  that  the  effects  of  the 
distortion  of  the  cross-sections  are  ml  or  negligible  This  is  the 
fact,  indeed,  for  the  cases  dealt  with  by  our  authors,  but  some 
word  of  warning  seems  very  necessary,  especially  when  we 
remember  that  the  constant  of  torsional  rigidity  can  only  be 
ascertained  after  the  form  of  the  distorted  cross-section  has  been 
actually  calculated1 

[1688  ]  Premising  that  their  wire  may  be  isotropic,  crystalline, 
fibrous,  or  laminated  m  structure,  Thomson  and  Tait  state  (§  591)  the 
following  "  laws  of  flexure  and  torsion  " 

Suppose  the  resultant  stress  of  the  matter  on  one  side  of  any  cross 
section  of  the  wire  on  matter  on  the  other  side  to  be  reduced  to  a  single 
force  through  any  point  of  the  cross-section,  and  a  single  couple,  then 

I  The  twist  and  curvature  of  the  wire  in  the  neighbourhood  of  this 
section  are  independent  of  the  force,  and  depend  solely  on  the  couple 

II  The  curvatures  and  rates  of  twist,  producible  by  any  several  couples 
separately,  constitute,  if  geometrically  compounded,  the  curvature  and  rate  of 
twist  which  are  actually  produced  by  a  mutual  action  equal  to  the  resultant 
of  those  couples 

[1689  ]  In  §  592  the  line  of  centroids  of  the  cross  sections  is  defined 
as  the  elastic  central  hue  This  line  in  our  work  is  spoken  of  as  the 
central  line,  the  term  elastic  hne  being  retained  especially  foi  its  strained 
form  The  series  of  points  of  zero  stietch  in  the  plane  of  the  cross  section 
form  the  neutral  axis,  and  the  points  of  section  of  these  neutial  axes  by 
the  corresponding  osculating  planes  of  the  elastic  line  form  the  nevtial 
hne  Now  Thomson  and  Tait  write 

the  elastic  central  line  remains  sensibly  unchanged  in  length  to  whatever 
stress  within  our  conditional  limits  [see  our  Art  1687]  the  \\ire  be  subjected 
The  elongation  or  contraction  produced  by  the  neglected  resultant  force,  if 
this  is  in  such  a  direction  as  to  produce  iny,  will  cause  the  line  of  ngoi  ously 
no  elongation  to  deviate  only  mhmtesirn  illy  fiom  the  elavfcic  cential  line,  in 
any  part  of  the  wn  e  finitely  curved 

This  amounts  practically  to  siymg  that  at  points  of  finite  curvatuie 
the  central  and  neutial  lines  deviate  only  infimtesimally  Such  a  state 
ment  is,  howevei,  incorrect  An  exammitioii  of  the  nguie  in  our  Vol 
i ,  p  403,  shews  that  the  neutral  line  may  pass  it  points  of  hmte 
curvature  to  a  considerable  distance  from  the  cential  line  But,  is  i 

1  That  the  flexural  rigidity  theoretically  varies  with  the  amount  of  cuivatme  is 
shown  in  our  Arts   619—20  but  this  variation  is  really  excluded  b\  oui  authois 
conditional  limits 

T  E  pr  ii  26 
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master  ot  fact,  ite  cbviatiom  does  not  sensibly  affect  the  flexural  effect 
<$  th$  a&ress-couples,  which  is  the  real  point  upon  which  our  authors' 
tfe&Ofy  de|>eiKls. 


A  wire  "of  uniform  constitution  and  figure  throughout, 
and  &ateaBy  straight"  is  now  taken  Two  planes  of  reference  are 
^kmwn  trough  *te  central  axis  cutting  any  cross-section  at  P  in  the  lines 
J*Fj  sad  Py*  r,  and  ?2  are  iihe  component  curvatures  in  two  planes 
perpendicular  respectively  to  PNl  and  PN"^  and  r  is  the  twist  at  P 
Tbe  au&ors  then  proceed  as  follows  (§  594) 

Ooa&dermg  now  the  elastic  forces  called  into  action,  we  see  that  if  these 
ooBH&fcate  a  ooi3eearv»&ve  system,  the  work  required  to  bend  and  twist  any 
part  of  tfee  wire  from  its  unstrained  to  its  actual  condition,  depends  solely  on 
§e  figure  in  these  two  conditions.  Hence  if  w  PP'  denote  the  amount  of 
tfcjs  work,  fox  the  infinitely  small  length  PP  of  the  rod,  w  must  be  a  function 
<£  *i>  *fe>  T  »  *°^  therefore  if  2T,,  -^j  -^  denote  the  components  of  the  couple 
reetitant  of  all  the  forces  which  must  act  on  the  section  through  P'  to  hold 
tbe  part  PP*  m  its  stoaned  state,  it  follows  that 


Law  II  of  our  Art  1688,  or  the  pnnciple  of  supenmposition,  then 
leads  at  once  to  w  being  a  homogeneous  quadratic  function  of  vl9  v2,  T,  or 

w  =  }  (Av*  +  J?v2a  +  (7^  +  2av2r  +  2&7T!  +  20^)  (i), 

where  4,  ^,  0,  a,  6,  c  are  constants  of  the  wire 

[1691  ]  Now  it  seems  to  me  that  this  investigation  is  wanting 
in  accuracy  in  several  points  First  our  authors'  definition  of  twist 
(see  our  Art  1669)  when  applied  to  a  material  rod  or  curve  seems 
to  exclude  the  possibility  of  the  'transverse'  becoming  inclined  to 
the  tangent,  and  being  itself  distorted  by  the  strain  Once  it  is 
recognised  that  the  cross-section  of  the  wire  in  the  cases  of  both 
flexure  and  torsion  is  distorted,  it  does  not  seem  to  me  possible 
without  an  investigation  such  as  that  of  Kirchhoff's  (introducing 
Saint-Venant's  results)  to  assume  that  tbe  work  is  a  function  of 
vl  v  and  r  only  To  do  so  appears  to  be  only  repeating  the  old 
h\  potlu  sis  of  b  uler,  Bernoulli  and  Coulomb  under  a  disguised  form, 
le  the  non  distortion  of  the  cross-sections  is  practically  assumed 
\\ithout  sufficient  discusbion  undei  the  purely  geometrical  defini- 
tion of  t  \\ist 

It  cannot  be  said  that  this  distortion  is  negligible,  foi  it  plays 
an  impoitmt  part  in  the  determination  of  the  constants  C,  a  and  6, 
for  all  but  a  lod  of  circular  cross-section  with  elastic  isotropy  in  the 
plane  of  the  cioss-section  The  lesult  (i)  is,  however,  deduced 
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without  any  limitations  of  this  kind  That  it  is  practically 
correct  for  a  thin  wire  of  any  cross-section  may,  however,  be 
recognised  from  the  investigations  of  Kirchhoff,  Clebsch  and 
Boussinesq  see  our  Arts  1251-66,  1359-64  and  1418-36 

[1692  ]     By  the  well  known  process  for  reducing  a  homogeneous 
quadratic  function,  w  in  (i)  may  be  put  into  the  form 

»  =  \(AA*  +  A4f  +  AJf)  (11), 

corresponding  to  three  component  couples  about  three  rectangular  axes 


where  619  0*,  08  are  linear  functions  of  v19  va  and  r     Hence  our  authors 
conclude 

There  are  in  general  three  determinate  rectangular  directions  P§1}  P<J>2, 
P§3,  through  any  point  P  of  the  middle  line  of  a  wire,  such  that  if  opposite 
couples  be  applied  to  any  two  parts  of  the  wire  in  planes  perpendicular  to  any 
one  of  them,  every  intermediate  part  will  experience  rotation  in  a  plane 
parallel  to  those  of  the  balanced  couples  The  moments  of  the  couples 
required  to  produce  unit  rate  of  rotation  round  these  three  axes  are  called 
the  principal  torswn-flexwre  rigidities  of  the  wire  They  are  the  elements 
denoted  by  Av  A^  AB  m  the  preceding  analysis  (§  596  ) 

The  corresponding  rectangulai  directions  are  termed  the  three  pnnct- 
pal  axes,  and  the  form  taken  by  the  wire  when  balanced  by  couples  round 
any  one  of  the  three  principal  axes  is  a  uniform  helix  having  a  line 
parallel  to  the  principal  axis  for  axis  The  helices  so  obtained  are  the 
three  principal  folices1  (§  598) 

If  one  of  the  principal  axes  coincides  with  the  central  line  of  the 
wiie2  then  the  three  principal  helices  become  the  axis  of  the  wire  corre 
spending  to  pure  torsion,  and  two  cucles  i  i  rl  \j  to  pure  flexure 
m  either  principal  plane  (§  599) 

[1693  ]  Oui  authors  now  demonstrate  a  numbei  of  pioperties  of 
rods  strained  into  helices,  01  of  helical  springs 

(a)  Wantzel's  theorem  of  the  helical  fonn  taken  by  a  stiaight  rod 
of  which  the  central  line  is  a  principal  axis  and  the  Hexuial  rigidities 
are  equal,  when  subjected  to  couples  in  parallel  planes   not   peipeu 
dicular  to  the  cential  line,  is  pio\ed  in  ^  601     see  oui  Aits    1240* 
and  1606* 

(b)  We  have  alreidy  discusbed  Gmho's  memoii  of  1841  and  Saint 
Venant's  of  1844  on  helical  spimgs     se(   oui   Aits   1219*  and  1608* 

1  Thomson  and  Tait  speak  of  lidix  in  the  text  and  spual  m  the  raaigin      The 
latter  word  seems  bettei  leseived  foi  a  plane  cuive     A  watchspnng  is  the  tine  tjpe 
of  spiral  spring  not  the  spnn^  of  a  spiin^  balance  which  is  x  helical  spurn,, 

2  The  authors  bpeak  oi     common  metallic  wires  '  beni^  'sensibly  isotiopic'  —  a 
somewhat  questionable  statement    see  oui  Aits   S32*,  Ml*   S  b*   92  >*  and  1271--* 
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and  605  our  authors1  give  Saint-Yenant's  expressions  for  the 
force  and  couple,  $.&  the  results  of  §  605  correspond  with  those  of  our 
Art  1608*  and  those  of  §  602  with  the  same  results  for  the  special  case 
wfe&&  j^sir/2  A  comparison  of  Saint-  Tenant's  method  with  that  of 
Thouasom  and  Tait  is  of  value,  as  bringing  out  the  terms  supj>osed  to  be 
^egfogifele  m  their  investigation,  ^e  the  longitudinal  stretch  and 
fte^Tenant's  e~  see  our  Arts  1593*-!  608*  Thomson  and  Tait's 
results  are  slightly  more  general  than  the  corresponding  conclusions  of 
KirdLboff  (see  our  Arts  1268  and  1283  (c))  which  suppose  the  cross 
section  of  the  wire  to  be  circular 

{<?}  Let  I  be  tfee  length  of  the  helix,  a;  the  distance  between  planes 
through  its  two  terminals  perpendicular  to  its  axis,  <£  the  angle  between 
feough  its  axis  and  its  two  terminals  in  the  strained  condition, 
k  &  tbe  corresponding  quantities  for  the  unstrained  condition 
mtb  the  notation  of  our  Art  1608*,  #=:£sm/3,  <£  =  Z  cos  /3/r, 
and  we  may  write 


P  being  the  force  in  the  axis  tending  to  compress  the  helix  (§  607) 
The  authors  then  take  x  -  x0  and  <£  -  <£0  small,  and  deduce  various 
results  bearing  on  the  practical  use  of  helical  springs  For  example 


Hence  if  the  spiral  be  of  very  small  inclination  to  the  axis,  or  x  II  be 
small  we  have  approximately 


Thus  (i)  the  load  is  proportional  to  the  compression  in  the  axis  a 
property  first  determined  by  Hooke  at  a  much  earlier  period  from 
experiment  see  our  Aits  7*  and  250*,  (n)  helical  spnngs  act  chiefly 
by  toision,  a  property  nrst  stated  by  Binet  and  after  him  by  Giuho 
J  Thomson  and  Kirchhoff  see  our  Arts  175*,  1382*  and  1283  (c)  ' 
(in)  if  the  numbei  of  coils  be  n,  1=  lirr  x  n  nearh,  if  r  be  the  ladius  of 
the  helix,  and  <£0  =  £/r,  whence 


or,  the  totil  compiession,  (*0-  x\  for  a  given  load  vaues  directly  as  the 
numbei  of  coils  and  as  the  cube  of  the  ladms  of  the  helical  spring 


the  f°r  G  m 
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This  result  agrees  after  proper  changes  of  Dotation  with  that  of  Griulio 
cited  as  (vi)  in  our  Art  1220* 

[1694]  Our  authors  next  refer  to  KtrchhoiFs  elastico-kinetic 
analogy  (see  our  Arts  1267,  1283  and  1364)  and  cite  as  a  special  case 
of  it  the  Mastic  Curve  of  James  Bernoulli  (see  our  Arts  18*-25*) 
A  straight  wire  having  one  set  of  principal  axes  of  its  cross-sections 
coplanar  is  bent  in  this  plane  by  the  action  of  two  equal  and  opposite 
forces,  F,  —  F}  acting  in  any  line  in  the  plane  taken  as  the  axis  of  x, 
and  connected  with  the  wire,  if  needful,  by  rigid  bars  The  correspond- 
ing elastico-kinetic  analogy  is  that  of  a  rigid  body  swinging  on  an  axis 
under  the  action  of  gravity  (§613)  If  l/p  be  the  curvature  we  easily 
find  EwPjp  =  Fy,  whence  the  equation  to  the  curve  is  py  —  a?,  a  being  a 
constant  Thomson  and  Tait  suggest  that  the  elastic  line  for  this  case 
might  be  found  by  drawing  successive  arcs  of  circles  whose  radii  vary 
inversely  as  the  ordmate  y  (§  611)  They  discuss  somewhat  briefly 
the  types  of  solution  of  the  differential  equation  py  =  a2,  and  depict  some 
of  the  forms1  (traced  experimentally  from  a  flat  steel  spring)  which  the 
solution  may  take  (§  611)  These  forms  are  of  very  great  physical 
interest  and  then  comparison  with  various  cases  of  pendulum  motion  is 
instructive 

A  conclusion  worthy  of  remark  is,  that  the  rectification  of  the  elastic  curve 
is  the  same  analytical  problem  as  finding  the  time  occupied  by  a  pendulum  in 
describing  any  given  angle  (§  613) 

[1695  ]  §  614  gives  general  equations  for  the  equilibrium  of  a  bent 
and  twisted  rod,  m  some  respects  slightly  more  comprehensive  than  those 
of  KirchhofF  and  in  other  respects  slightly  less  luminous  as  to  form 
than  those  of  Olebsch  The  points  to  be  considered  are  of  a  very  difficult 
and  delicate  kind,  and  the  difficulty  and  delicacy  are  both  increased  by 
the  manner  in  which  Thomson  and  Tait  obtain  their  expression  foi  the 
strain  energy  of  a  bent  rod  see  our  Arts  1687-91  According  to 
both  Kirchhoff  and  Clebsch  there  is  a  certain  ptinciple  involved  in 
the  discussion  of  the  equihbimm  of  elastic  bodies  with  one  01  two 
dimensions  indefinitely  small  see  farchhofs  Principle  leferied  to  in 
our  Art  1253  Kirchhoff  on  the  ground  of  this  pimciple  neglects 
the  body  forces  on  the  rod,  he  further  supposes  sui  face  load  to  be 
applied  only  at  the  term  in  il  cro&s  sections  see  GUI  Art  1259  Clebsch 
also  supposes  no  surface  load  except  it  teiminal  cross  sections,  but  he 
introduces  body  forces  sec  0111  Ait  1363  The  absence  of  sui  face  load 
seems  essential  to  the  treatment  of  both  Clebsch  and  Kuchhoff,  fot  the 

1  Forms  drawn  directly  J>  om  the  equation  for  a  spring  loaded  in  a  great  variety 
of  modes  will  be  found  in  L  Sialschut/  Do  bUa^tiU  S£«fr  untti  I  tnwirkuntj  unit 
seitlicheu  hiaft,  Leip/i0  1880  i  most  mteiestim,  woik  bailschutz  s  ciuves  aptt 
closely  with  Ihomson  and  raits  cxpeinntntal  toniib  only  he  gives  as  a  mle  a 
smaller  piece  ot  the  curve  placed  in  i  somewhat  different  situation  Thus  compaie 
hia  Fig  10  with  their  Fig  1,  his  Fig  21  with  then  iig  3,  his  lig  11  (12)  with 
their  Fig  5,  his  Fig  30  with  then  Fig  2  etc  etc 
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to  expressions  for  the  shifts  (Art  1360)  and  the  latter 
his  exprsesfcoa  for  the  strain-energy  (Art  1287)  on  the  assumption 
^CBaiat-Tenaoit  thatjy  =^  =  ^  =  0  (Arts  1262  and  1286),  and  accord 
jjpigly  that  tke  stress  at  the  surface  of  the  rod  vanishes  Now  Thomson 
md  fmb  a&er  taking  a,  ft,  y  as  "the  components  of  the  mutual  force, 
aad  ^  ^  J  as  those  of  the  mutual  couple  acting  between  the  matter  on 
&e  &wo  sides  of  tfee  normal  section  through  a?,  y,  z" — ^  y,  s  being  axes 
ixed  m  spaoe,— jw^oeed  to  take  JT&,  78$,  ^85  and  Ids,  MSs,  Ms  as 
"tfea  oompo^ents  of  tehe  applied  force,  and  applied  couple,  on  the 
poar&oa  &  <?l  the  wire"  between  the  normal  sections  at  x,  y,  z  and 
$+&&,  ^*$&  84-&S  There  seems  to  me  great  difficulty  about  this 
Bo  X,  J,  ^L,  M,N  refer  to  surface  load  or  to  body  force,  or  to  both1? 
H  Ifegy  rdser  to  sarface-load,  we  cannot  fall  back  on  KirchhofF  and 
C&efceeit's  4iac*jssio&  for  the  exactness  of  the  expression  of  our  Art  1690 
adop&ed  lor  tiie  ^aratn-energy  If  the  above  quantities,  however, 
sepsesefct  i»si?ely  body-forces,  the  geneiahty  is  not  greater  than  that  of 
OLebsoh's  i&Yeskgataon  and  the  treatment  seems  in  many  respects  less 
ift&o&om  Thomson  and  Tait's  Equation  (i)  becomes  KirchhoiFs  (xxin) 
in  oa*  Art.  1265,  af  Z,  7,  Z  be  put  zero^  their  Equations  (i)  and 
$afc  gsflppofiing  X,  Y,  Z,  L,  M,  N  to  refer  to  body-forces,  ought  to  be 
contained  in  Glebsch's  (vm)  in  our  Art  1363,  but  the  analysis  necessary 
to  prove  the  identity  by  transformation  would  be  complicated 

Thomson  and  Taib  do  not  refer,  like  Olebsch,  their  force  and  couple 
components  (o>  fa  y,  £  77,  £)  of  the  total  stress  on  a  cross  section  to  axes 
fixed  in  the  element  of  the  rod,  but  to  axes  fixed  in  space  Thus  since 
the  rod  in  the  general  case  has  finite  shifts  then  method  of  treating  the 
question  does  not  directly  bring  the  bending  moments,  shears  etc  ,  into 
the  equations  of  equilibrium  Further  in  the  application  of  many 
systems  of  applied  force,  the  system  would  be  known  relative  to  axes 
fixed  m  the  element,  and  therefore  JT,  Y,  Z,  L,  M,  N  would  be  not 
given  directly,  but  only  in  tei  ms  of  the  unknown  strained  form  of  the 
rod ,  the  Equations  (4)  and  (5)  of  Thomson  and  Tait  would  thus  be 
still  more  complicated  in  application  than  they  at  first  sight  appear 
Comparing  the  two  methods  with  the  corresponding  equations  for 
the  elastico-kmetic  analogy,  we  may  say  that  Thomson  and  Tait's 
method  leads  to  difieiential  equations  corresponding  to  the  motion  of  a 
ngid  body  refeired  to  axes  fixed  in  space,  while  Kirchhoff  and  Clebsch's 
method  leads  to  difieiential  equations  more  nearly  corresponding  with 
Eulei's  equations  foi  the  motion  of  a  body  referred  to  its  pimcipal  axes 

[1696]  In  the  following  sections,  §§615-9,  the  lesults  are 
applied  to  special  cases  of  naturally  straight  wires,  but  the  authors 
pass  b}  a  somewhat  abiupt  transition  to  "  to  a  uniform  bar,  beam  or 

1  The  contlitions  undei  \\hich  a  surface  load  may  be  practically  replaced  by  a 
body  foice  are  of  great  impoitance  One  investigation  foi  a  special  case  of  contmu 
ous  loaum^  hab  been  given  by  the  Editoi  Quai  teily  Juiunal  of  Mathematics,  Vol 
xxiv  ,  pp  87  and  106  Cambridge  1889 
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plank  "  and  even  to  continuous  beams  The  need  here  of  a  prelimi- 
nary investigation  as  to  the  form  of  the  distorted  cross-  section,  and 
as  to  the  real  limits  within  which  the  strain  energy  of  this  distortion 
may  be  neglected,  becomes  very  manifest  In  §  619  it  is  shewn  that 
the  problem  of  a  continuous  beam  is  determinate,  but  the  method 
sketched  for  its  general  solution  becomes  in  most  practical  cases 
far  too  laborious  to  be  workable,  and  a  reference  might  have  been 
expected  to  Clapeyron's  Theorem  see  our  Arts  603,  607  and  893 

[1697  ]     We  now  pass  to,  perhaps,  the  most  interesting  part  of 
our  authors'  treatment  of  wires,  namely,  problems  relating  to  wires 
of  equal  or  unequal  flexibility  rotated  round  their  central  line 
This  occupies  §§  621-6     We  note  the  following  points 

(a)  A.  wire  of  equal  flexibility,  straight  when  unstrained,  offers 
when  bent  and  twisted  in  any  manner  no  resistance  to  being  turned 
round  its  central  line    This  is  the  principle  of  the  equable  elastic  rotating 

jovnt,  which  admits  of  the  rotation  about  any  axis  of  one  body  being 
transferred  equably  to  a  second  body  rotating  about  any  other  axis. 
The  wire  which  acts  as  the  joint  must  have  the  tangents  at  the 
terminals  of  its  central  line  exactly  in  the  axes  of  rotation  of  the  two 
bodies  If  the  wire  be  not  accurately  of  equal  flexibility  there  will  be  a 
periodic  inequality  in  the  rotations  of  the  two  bodies  having  for  period 
half  a  turn  of  either  ,  if  it  be  not  absolutely  straight  an  inequality  of 
period  equal  to  a  whole  turn  of  either  (§§  621-2) 

(b)  Consider  a  piece  of  wire  01  ribbon   which  in  the  unstrained 
state  has  its  central  line  a  circular  arc  of  radius  a  }  the  plane  of  gieatest 
flexural  rigidity  at  each  point  being  inclined  at  an  angle  a  to  the  plane 
of  the  central  line      Let  its  cential  hue  be  strained  into  a  complete 
circle  of  radius  r,  and  let  a  couple  L8s  applied  to  each  element  &>  of 
the  wire  in  the  noimal  plane  ot  the  central  line  be  required  to  hold  the 
wire,  so  that  its  planes  of  gieatest  flexural  rigidity  make  an  angle  <£ 
with  the  plane  of  the  central  line      Then  the  expression  (i)  of  our  Ait 
1690  for  the  strain  energy  per  unit  length  of  central  line,  since  there  is 
no  twist,  reduces  to  the  foim 


or,  transforming  this  expression  by  reference  to  the  planes  of  principal 
flexural  ngidities  (A1  and  A2,  A^>  A  ),  to 

/cos  d>      cos  a\2       ,    /sin  d>      sin  a\°) 

—     -     —     +^>     —  -  --  H  W 

a   J  j  w 


> 
a    J  \    r 

Clearly 

r_o^_     Al  sm  <£  /cos  <£      cosa\      J2cos<£  /sin  <£      sma\ 
^-~^~~       r       \    T     ~     a   J  +  ~T~~  ^T~  "    a   J 
,   d*w  _       .    /cos  2<£      cob  a  cos  <£\  /cos  2<£      sm  <p  sm  a 

~~  ~ 


/cos  2<£ 
2\     r-" 
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Itoi&ec  tet  O  fa  the  couple  in  tfce  plane  of  the  central  line,  or  plane 
gf  b^tog,  wiuch  acts  between  the  matter  on  either  side  of  a  cross- 
cos  a\ 

N  . 

:») 


, 


r 
follows  from  our  Art.  1692,  for  clearly 

ffooB^tfi  and 

and  !Eait  now  consider  most  suggestive  special  cases    of 
these  results. 


(i)     &tfa$wn  of  a  sfrOMjkt  wire  bent  into  the  form  of  a  hoop 
r&wd  &  oen&rat  Zme. 
BEesre  a  =s  o>  ,  tiierefore 


and         =  - 


Heace  when  ^  =  0,  or  when  planes  of  maximum  flexural  ngidity  coincide 
•wiUb  the  plane  of  the  central  line,  to  is  a  maximum,  and  the  equili- 
brium is  unstable  When  <£  =  ir/2,  we  have  again  equilibrium,  but,  as  to  is 
a  minimum,  it  is  stable  (§  623) 

Case  (n)      A  wvre  equatty  flexible  in  all  directionb  is  strained  from  a 
we  of  ladius  a  to  a  rvng  of  radius  r  and  then  turned  round 
'line. 
v  A!  =  -42,  a  =  0,  therefore 

A1  sin  <f>     d*w  _  Al  cos  <f> 
~      or     }    d<ft  ~~      ar 

Hence  <^>  =  0  and  <£  =  TT  aie  positions  of  equilibnum,  the  former  being 
stable  and  the  latter  unstable  (§  624) 

Case  (in)      Suppose  A  =  oo  ,  which  coi  responds  closely  to  the  cabe  of 
a  flat  band  01  metal  nbbon  —  for  example  "a  common  hoop  of  thm  sheet 
non  fitted  upon  a  conical  \at,  01  on  either  end  of  a  bairel  ot  ordinal  y 
shape  ' 

Here  if  the  strain  energy  is  not  to  be  infinite  we  must  have 
/  ^sm  <£  =  tt^bina,  01  the  plane  of  inflexibility  must  make  an  angle 
sin"1  (?«"'  sma)  with  the  plane  of  the  cential  line,  when  the  band 
is  bent  to  a  radius  ?  We  have  fiom  (iv) 

y  _     Aj_      /COS  <£       COS  a\ 

cos  <£  \    7  a   ) 

Hence  it  <£  ipproaches  neai  to  ir/2,  01  if  the  plane  of  inflexibility 
appi  caches  the  plane  of  the  cential  line  (J  gets  extremely  large  and 
the  band  must  snap  acioss  ($  626) 
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The  many  suggestive  points  with  regaid  to  pioblems  of  stability 
which  arise  from  this  interesting  discussion  may  justify  the  space 
here  devoted  to  its  reproduction 

[1698]  The  next  portion  of  Thomson  and  Tait's  Treatise 
deals  with  the  bending  of  plates  (§§  627-57)  Of  this  §§  627-49 
give  a  general  theory  of  such  plates,  containing  much  that  is  of  a 
most  instructive  character  At  the  same  time  certain  assumptions 
are  made  which  it  is  needful  for  us  to  notice  here,  and  which  will, 
perhaps,  be  brought  out  best  by  the  independent  discussion  of  a 
special  case 

If  the  plane  of  xy  be  taken  as  the  tangent  plane  to  a  surface  at  the 
point  x  -  y  -  %  =  0,  then  in  the  neighbourhood  of  the  origin  the  form  of 
the  surface  is  given  by 

%  =  J  (ros3  +  2sa,«/  +  ty2)  (i)3 

where  r  =  d*z/dxz,  s  =  d?z/dxdy,  and  t  =  d?z/dy*  As  in  the  case  of  the 
rod,  Thomson  and  Tait  take  the  strain-energy  per  unit  area  of  the  plate's 
mid-plane  to  be  a  homogeneous  quadratic  function  of  the  r,  8,  and  t  of 
the  bent  mid-plane  at  any  point  The  constants  of  this  function  are  not 
expressed  at  this  stage  in  terms  of  the  thickness  of  the  plate  and  the 
usual  elastic  coefficients  (see,  however,  our  Art  1713),  and  it  does  not 
appear  from  the  discussion  how  far  the  general  equations  of  elasticity 
are  satisfied  by  the  assumptions  made  I  take  it  that,  z  —  0  being  the 
unstrained  mid  plane  of  the  plate,  §§  634-5  really  amount  to  the  Samt- 
Venant-Boussmesq  hypothesis  that 

^  =  J?  =  £  =  0  (11), 

throughout  the  material  of  the  plate 

Assuming  this  to  be  so,  I  piopose  to  fand  an  expression  foi  the  strain 
energy  at  a  given  point  of  a  plane  plate  with  three  rectangular  planes  of 
elastic  symmetry,  one  being  the  raid  plane,  when  (11)  holds  and  the 
mid  plane  at  the  point  in  question  is  slightly  bent  to  the  foim  (i) 

[1699]     The  stress  sti am  relations  aie  of  the  form  (see  our  Ait 
117)  _  _ 

(111) 


.x  =  (tbx  -\- j  6,*  +  6  6^5         yx  —  tt/Gfyj)  \ 
FJ/  —y  6^  +  &£.,  +  d  6^  ZJL,  —  60"^ ,    V 


Assume  the  following  values  foi  the  shifts 

w  ~  \  (rx*  +  Saxij  +  tif)  +  ^Cz  ,  | 

),          \  (iv), 

(a,,  y),          ) 


TAIT 


[1699 


,  t  and  0  a#e  arbitrary  constants,  and  fl9  /2  arbitrary  functions 
H  waE  be  fouaosd  that  u  and  «?  in  (iv)  have  the  most  general  values  con 
»  with  the  value  chosen  for  w  and  with  zss  =  yz  —  0      To  satisfy 

=<X  we  must  further  have  G  -= *-  and  e'  -—  +  d1  -=-2  —  0 

7  c  ax         ay 

>  value  chosen  for  w  gives 


Iar  ifee  f<*rm  of  the  distorted  mid-plane,  t  e  the  mid-plane  of  the  plate 
is  tej*  at  the  origin  to  the  form  suggested  by  Thomson  and  Tait  The 
tern  J0«?  enables  us  to  satisfy  the  relation  ^  =  0  at  all  points  of  the 
plate.  Fartfeer  /t  and/s  clearly  refer  only  to  strains  in  the  plane  of  the 
plate  wulbirm  throughout  the  thickness,  and  these  terms  are  therefore 
fee  to  bending  at  alL  We  may  therefore  neglect  them  from  the 
Thus  we  conclude 

=  —  rm—syz, 


Fnrtiier 


0,    0-^=0, 


(vn) 


These  stresses  will  be  found  to  satisfy  the  body  sti  ess  equations 
Forming  the  expression  for  W  the  strain  energy  per  unit  area  of  the 
mid  plane  of  the  plate  at  the  origin  we  have 


=  i  I 


wSy  +  w  <rxy)  dz, 
being  the  thickness  of  the  plate      Thus 


(vm), 

_  i  Their  most  general  forms  as  deteimined  from  the  body  stress  equations  and 
conltanTs6  ''  l2/  ^  '  =  ~  G^+I^>  where  G'  ^  •**  »*  are  arbitrary 
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or  with  abbreviated  expressions  for  the  constants 

t*  + 


«*)}      (viii  but) 

Now  let  us  find  the  couples  acting  on  matter  inside  an  element 
round  lines  in  the  mid  plane  of  the  plate  parallel  respectively  to  the  axes 
of  x  and  y  on  stnps  of  unit  breadth  and  height  2c  perpendicular  to  these 


axes 


dW 

"~d~s> 


Here  the  couples  £  and  2V  acting  on  an  elementary  strip  parallel  to 
the  plane  #y,  tend  to  turn  x  to  z  and  y  to  a,  and  the  couples  M  and  N 
acting  on  an  elementary  strip  paiallel  to  the  plane  zx  tend  to  turn  y  to 
z  and  x  to  z  \  espectively  This  is  indicated  in  the  accompanying  figure 

[1700  ]  Let  x'  =  x  +  u9  y'  =  y  +  v,  z'  -z  +  w  Then  a  straight  line 
perpendicular  to  the  mid  plane  before  stiam  is  given  by#  =  a,  y  =  /3 
After  strain  this  line  becomes  by  (v) 

as'  -a        y'-  ^-ra2 


_ 
sa+tft  ~  l  +  ^Gz 

This  is  cleaily  no  longer  an  exact  straight  line  unless  (7  =  0,  but  if  6Y  be 
taken  zero  then  7z  will  not  be  zeio  and  the  values  of  the  elastic  constants 
in  (vni)  will  be  changed  On  the  other  hand,  if  the  plate  be  veiy  thin, 
\Cz  will  be  negligible  in  the  above  result  and  the  trans  verses  will 
remain  very  approximately  btiaight  lines 

[1701  ]  We  are  now  in  a  position  to  sum  up  out  conclusions  foi 
a  plate  with  three  plaues  of  elistic  symmetry,  one  comudmg  with  the 
mid  plane  of  the  plate 
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(i)  The  sfcraan-energy  per  unit  area  of  the  mid-plane  required  to  bend 
wSUbout  stretching  a  small  portion  of  the  plate  to  the  iorm  (i)  is  a 
qoadrafec  function  of  the  curvatures  r,  s  and  t 

{&}  The  bending  couples  are  given  by  the  differentials  of  the  strain 
aaaeargy  with  regard  to  r,  $  and  t 

'Sheee  agree  wjth  Thomson  and  Tait's  conclusions  for  the  most 
geoeral  case  of  aeolotropy  m  §§  640-1  But 

(m)  A  straight  hue  m  the  material  of  the  plate  originally  perpen- 
^feedbr  to  the  micUplane,  only  remains  appioximately  perpendicular  to 


plane  after  bendmg      If  it  be  assumed  to  remain  absolutely 
ieular,  then  tke  value  of  the  flexural  rigidities  of  the  plate  will 
$#&  be  given  as  the  proper  functions  of  the  elastic  constants  a,  b,  c,  df,  e', 


Hm  result  is  stated  by  Thomson  and  Tait  in  (2)  of  §  633 

Tbe  particles  in  any  straight  line  perpendicular  to  the  plate  when  plane, 
rejnaan  ma  straight  line  perpendicular  to  the  curved  surfaces  into  which  its 
,  sad  parallel  planes  of  the  substance  between  them,  become  distorted 
i  it  is  bent 


Thomson  and  Tait  cite  this  result  as  deducible  from  "the  general 
theory  of  elastic  solids."  The  above  investigation  by  the  "  semi  inverse 
method"  (see  our  Art  3)  while  by  no  means  free  from  objections,  may 
suffice,  perhaps,  to  suggest  that  the  result  in  question  is  an  approxima 
feon  to  be  justified  for  very  thin  plates  by  the  general  theory  rather 
than  an  axiom  upon  which  the  theory  of  plates  itself  can  be  based  It 
coincides  with  KirehhofTs  hypothesis  of  1850,  the  truth  of  which  we 
have  questioned  in  our  Art  1236  (see  also  our  Art  1412)  The  results 
(2)  and  (3)  of  our  authors7  §  633  may  be  both  true  as  approximations 
obtained  by  the  general  theory,  but  they  will  hardly  serve  as  a  basis  foi 
an  elementary  theory  of  plates,  for  while  (3)  would  lead  us  to  introduce 
the  term  \C$,  (2)  would  cause  us  to  omit  it  The  whole  question  is,  I 
think,  on  a  par  with  the  Bernoulli  Eulenan  theory  of  rods  The 
postulate  that  the  cross  sections  of  a  rod  under  flexure  remain  undis 
torted  is  not  an  a  priori  tiuth  It  received  its  first  justification  in 
Saint- Venant's  memoir  on  flexure  (see  our  Art  92),  which  shewed  that 
the  ci  oss  sections  actually  are  distorted  but  that  in  ceitain  cases  this 
distortion  is  negligible  Expeninent  on  a  moderate  sized  iron  bai 
shews  clearly  the  distortion  of  the  cross  sections,  and  the  distoition  of 
the  trausverses  can  be  exhibited  in  moderately  thick  iron  or  glass  plates 

If  it  be  objected  that  oui  investigation  depends  on  the  assumptions 
(a)  that  the  sole  stress  lies  in  the  plane  of  the  plate  (i  e  Equation  (n)) 
and  (b)  that  there  is  only  negligible  sti  etching  of  the  mid  plane  (see  oui 
Art  1699)  we  must  lemaik  that  the  same  assumptions  are  made  by  otu 
authors  see  then  ^  634  (1)  and  633  (1)  Hence  their  iesult&  may  bt 
compared  with  oui  m\  estigation  based  on  a  more  geneial  theory 

The  further  condition  on  which  Thomson  and  Tait  insist,  namely, 
that 
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The  deflection  is  nowhere,  within  finite  distance  from  the  point  of  reference, 
more  than  an  infinitely  small  fraction  of  the  thickness  (§  632,  (3)), 

does  not  seem  involved  in  our  investigation,  and  it  certainly  appears  at 
first  sight  to  exclude  from  treatment  the  most  useful  and  ordinary  appli- 
cations of  the  theory  to  thin  plates1 

From  the  above,  I  think,  we  may  conclude  that  Thomson  and  Tait's 
ultimate  conclusions  are  true,  but  that  their  axioms  aie  not  absolutely 
necessary,  they  would,  indeed,  if  tieated  as  rigidly  and  not  approxi- 
mately correct,  lead  to  erioneous  values  for  the  flexural  rigidities. 
Further  their  mode  of  discussion  scarcely  enables  us  to  clearly  realise  the 
nature  of  the  internal  stiesses  in  the  plate 

[1702]  Some  valuable  remarks  and  definitions  occupying 
§§  637-40  must  be  referred  to  here  We  have  already  noticed  Ran- 
kine's  analysis  of  umplanar  stress  (see  our  Arts  453  and  465  (&)) 
Clearly,  since  L,  M,  N  are  only  the  5-mtegrals  of  the  products  of  z 
and  M,  w  and  w,  a  precisely  similar  analysis  holds  for  these  couples 
Thus  let  n  as  in  our  Art  465  (6)  denote  the  normal  to  a  plane 
perpendicular  to  the  mid-plane  of  the  plate,  and  let  this  noimal 
make  an  angle  <£  with  the  axis  of  so,  and  let,  as  in  that  article,  t  be 
the  trace  of  this  plane  on  the  mid-plane  then  if  It  be  the 
stress-couple  in  the  plane  normal  to  n,  tending  to  turn  n  towaids 
z  and  ffi  the  stress-couple  tending  to  turn  t  towards  z>  we  have 
by  integrating  the  results  of  that  article  multiplied  by  z  with 
regard  to  z 

U  =  L  cos2  <j>  +  M  sm°  <f>  +  JTsm  2<£,  \ 


Hence  clearly  there  are  two  directions  determined  by 

tan  2<£  =  2JV/(i  -  M)  (xi), 

for  which  the  stress-couple,  whose  axis  is  normal  to  the  plane 
over  which  we  are  reckoning  the  stress,  vanishes 

These  aie  termed  by  Thomson  and  Tut  the  principal  axes  of 
bending  stress  (§  637)  Let  <£0  be  a  value  of  <£  satisfying  (xi)  then 
we  may  write  (x) 


where  H  =  JN  +  J  (L  -  M) 

iressure  o±  the  finger  at  the  centre  of 
_  reduce  a  deflection  which  is  far  frorr 
of  the  thickness  "  and  which  might  I  think  be  fairly  discussed  by  the  oidmaiy  theoiy 


1  The  pressure  of  the  finger  at  the  centre  of  the  bottom  of  a  round  tin  camstei 
seems  to  produce  a  deflection  which  is  far  from  being  an  ' '  infinitely  small  fraction 
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Tbomsoaa  aaid  l&it  now  term  $(L  +  M)  a  synclastic  stress 
Clearly  this  term  gives  the  same  stress-couple  round  every  line 
m  t&e  plane  of  the  plate  On  the  other  hand  they  term  li  an 
eleariy  the  terms  in  the  stress-  couples  due  to 
s&ch  that  they  change  sign  without  alteration  of  magnitude 
is  increased  by  a  right  angle  If  the  axes  of  %  and  y  be 
t&e  principal  axes  of  bending  stress  then  clearly  the  condition 
a  p&re  synclaske  stress  is  that  L  =  M,  or  for  a  pure  anticlastic 
,ie  the  pnncipal  stress-couples  must  be  equal 
the  same  or  opposite  signs  respectively  Compare  our  Arts 
and  453. 


In  §  644  our  authors  deduce  from  purely  statical  considera 
tao&s  tl*e  general  equation  connecting  the  couples  Z,  M,  ^and  the  foices 
applied  to  any  small  element  of  the  plate  This  amounts  in  the  notation 
3o*ir  Art.  884  to 

"    dr"  ,    . 

~~          (xm) 


Taat  do  not  distinguish  between  body-forces  and  surface- 
load,  nor  do  they  investigate  how  far  the  existence  of  the  normal  force 
Z1  la  consistent  or  inconsistent  with  the  assumptions  (a)  that  the  stress 
«  is  supposed  zero  (§  634  (1)),  and  (b)  that  the  whole  thickness  of  the 
plafee  remains  unchanged  (§  633  (3))  Furthei  they  introduce  sheaimg 
stresses  a,  /3,  perpendicular  to  the  mid  plane  of  the  plate,  which  seem 
directly  excluded  by  their  §  634,  (1),  from  which  §  639  and  equation 
(3)  of  their  piesent  investigation  indirectly  flows 

Assuming  If  a  homogeneous  quadratic  function  of  the  three  cut  va- 
ture-components  r,  s  and  t,  we  can  write  down  at  once  the  equation  foi 
the  normal  deflection  of  an  aeolotropic  plate  This  is  more  geneial 
than  our  result  (v)  of  Art  385,  which  may  be  at  once  obtained  from 
Equations  (ix)  and  (xui)  above  But  the  authors  do  not  shew  how  the 
six  flexural  rigidities  of  the  aeolotiopic  plate  are  to  be  determined  m 
terms  of  the  21  elastic  constants 

[1704  ]  In  |5§  645-8  we  have  a  discussion  of  the  boundaiy-conditions 
for  a  thin  plate  The  authors  point  out  the  contradiction  between  Poisson 
and  Knchhoft  and  then  proceed  to  reconcile  their  conclusions  This  is 
the  famous  Thomson  and  Tait  "reconciliation"  to  which  we  have 
had  repeated  occision  to  letei  when  discussing  Poisson,  Saint  Venant, 
Kirchhoft  and  Boussinesq  see  our  Aits  488*,  394  and  1239,  1522-4 
It  has  been  so  fully  explained  in  0111  Arts  488*  and  394,  and  the 
precedence  of  our  authors  so  fully  acknowledged  by  Bonssinesq,  that 
there  is  no  need  to  discuss  the  subject  further  here 
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[1705]  |§  649-653  deal  with  the  case  ol  a  finite  or  infinite 
plate  symmetrically  strained  round  a  point  The  material  of  the  plate 
is  supposed  to  be  isotropic  The  authors  only  investigate  that  part  of 
the  shift  of  points  on  the  mid-plane  which  is  perpendicular  to  the 
plane  Their  results  are  therefore  far  less  complete  than  those  of  our 
Arts  328-37  They  give  the  couple  L  per  unit  length  of  a  cylindrical 
surface  of  radius  r,  whose  generators  are  perpendicular  to  the  mid-plane, 
the  axis  of  the  couple  being  a  tangent  to  the  trace  of  the  mid  plane  on 
the  cylindrical  surface  and  they  further  give  the  value  of  the  total  shear 
8  per  unit-length  of  the  same  surface  parallel  to  the  generators  They 
do  not,  however,  give  the  radial  shift  or  the  stresses  in  the  material  of 
the  plate  see  our  Arts  329-31 

Let  Z*  be  the  force  applied  normally  to  the  plate  per  unit  area  of  the 
mid  plane  Then  for  an  isotropic  plate  we  have  by  oui  Art  385 

1  d  (    d    l  d 


Call  the  right  hand  side  Z'\A.^  then  the  solution  is 

w  =  j.  j^jrdrf^jrZ'dr  +  \C  (log  r  -  1)  r2  ±  £CV 

+  C"'logr  +  C""  (u), 

where  (7,  (7',  C"'  and  C'"  are  undetermined  constants 

Further,  L  and  $  are  given,  if  H  be  the  plate  modulus  of  our  Arts 
323  and  385,  by 

2€*  /  rrd2w  dw  \ 

/y  =  -5-   I   /I  -y-s   +  (x/  —  2a)  — r- 

3    \      (^r2  ri  rdr) 


.  dw 

-A     -+C—  (iv), 

dr         rdi  ^     " 


93 

^  (H-  2/4  —  and 


(T) 


The  expression  foi  L  follows  at  once  by  substituting  the  isotropic 
values  of  the  constants  in  the  lesults  (ix)  of  our  Art  1699  and  taking 
the  axis  of  x  to  coincide  with  the  ladius  ?  The  expiession  for  S  has 
been  previously  consideied  in  our  work  (bee  oui  Ait  1536)  Thomson 
and  Tait  do  not  apparently  lecognize  that  with  then  pievious  assump 
tions  S  ought  to  be  zero  They  appeil  in  fact  to  the  "geneial  theoiy  of 
elasticity"  (see  ^§  633-4),  but  on  the  basis  of  tint  general  theoiy  then 
solution  i«  only  accuiatc  piovided  stresses  like  "2^  CT,  Jz,  or  in  tins  case 
'zz  and  ^T,  aie  zero,  or  negligible  as  compaied  with  the  othei  stiesbes 
The  relative  order  of  the  sti esses  and  the  conditions  under  which  we 
may  neglect  ceitain  of  them  in  the  case  of  a  thin  plate  foim  one  of  the 
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B3QS*  tiekeate  investigations  in  the  whole  theory  of  elasticity  see  our 
Arts.  385-8,  1438-40  Yet  after  an  investigation  which  really  depends 
for  its  accuracy  OB  iihe  neglect  of  the  shearing  stress  ^r  and  the  normal 
sferess  *»,  we  are  confronted  by  the  introduction  without  remark  of 


J3 


=  [  V 

J-e 


of  -2T  equal  presumably  to  (^)+e-  (^)-e  Clearly  if  ^  and  1» 
saie  mot  zero  the  statements  §  633  (2)  and  §  634  (1)  are  only  approxima 
tioms,  and  we  must  shew  in  calculating  the  strain-energy  W  (see  our 
Art  1699)  that  the  terms  due  to  these  stresses  are  negligible  This  m 
iaost  cases  is  probably  the  fact,  but  the  difficulties  of  the  investigation 
do  not  s&em  effectively  brought  out  by  our  authors'  mode  of  investi 
ga&on  For  the  value  of  *r  in  a  special  case  see  our  Arts  329-30 
Assuming  our  authors'  conclusions  to  be  correct,  we  have  (§  649) 


+  JC"  (A  +  c)  -  G"  (A  -  c)  -2  (vi), 

#  =  -  -  /W'dr  -  (7  -  (vu) 

rj  r  v     ' 

[1706]  Our  authors  give  an  interesting  investigation  of  the 
physical  meaning  of  the  various  terms  in  the  solution  expressed  by 
(n),  (vi)  and  (vii),  (§  651),  and  then  work  out  the  following  interesting 
problems,  for  the  special  analysis  of  which  we  must  refer  our  readers  to 
the  Treati&e 

(a)  The  symmetrical  flexure  of  a  circular  annulus  acted  upon  by 
any  given  bending  couples  and  shearing  forces  distributed  uniformly 
round  the  outer  and  inner  edges  (§  652) 

(b)  The  same  annulus  acted  upon  in  the  same  manner  with  the 
addition  of  any  load  symmetrically  spread  over  its  area      The  solution 
is  indicated  foi  a  special  case  only  (§  653)      In  §  655  our  authors  indi 
cate  the  solution  of  the  circular  plate  problem  for  the  case  of  non- 
syminetrical  loading      This   problem   had  been  completely  solved  by 
Clebbch  some  years  earlier  in  his  Treatise     see  our  Arts   1380-2 

[1707  ]  Two  fmther  paragraphs  (§§  654  and  656)  in  the  authors' 
treatment  of  plates  d<seive  special  notice 

Let  Z  (a,  y)  be  the  load  on  a  plate  at  the  point  r,  y>  then  the  form  of 
the  plate  equation  for  an  isotiopic  material  is 


War  +  STV  W  =  ^ 
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A  particular  integral,  w0,  of  this  is 


where        R  =  *J(x-x'Y  +  (y-y')*  aa<*  #  WK  ~  »')*  +  (#"  -  2/T 
Hie  solution  is  thus  thrown  back  on  the  complete  integral  of 

/  d?       d*  \2 
(3-3+3^)  10  =  0 
V^w3     dfj 

[1708  ]  Returning  to  the  results  (iv)  of  our  Art  1699,  let  us  suppose 
the  material  subjected  to  a  uniform  anticlastic  curvature  (Art.  1702), 
obtained  by  putting  Z  =  JJ/"=  0,  and  therefore  N=^£fs 

Hence  if  a  rectangle  with  its  sides  parallel  to  the  axes  of  x  and  y 
were  to  have  its  edges  subjected  to  the  uniform  couple  N  (see  figure  of 
our  Art  1699),  there  would  be  anticlastic  curvature  and  a  deflection 
given  ((iv),  Art  1699)  by 


ETow  by  Thomson  and  Tait's  (  reconciliation  '  a  couple  may  be  replaced 
by  a  distribution  of  shearing  force  JV  the  couple  per  unit  length  of  the 
edge  may  be  replaced  by  shearing  forces  ^P  and  —  $P  at  infinitely  small 
distances  from  each  other  and  such  that  P—^N  These  will  cancel 
each  othei  except  at  the  corners,  wheie  trom  each  edge  we  shall  have  a 
force  JP,  or  P  as  a  whole  Thus  we  have  the  case  of  a  rectangular 
plate  subjected  to  normal  forces  P,  P  at  the  ends  of  one  diagonal  and 
normal  foices  -  P,  —P  at  the  ends  of  the  other  diagonal  Such  a 
system  of  force  therefore  produces  uniform  anticlastic  curvatuie  m  the 
plate  and  a  deflection  from  the  mid  point  given  by 


In  the  case  of  isotiopy,/=/x.,  the  slide  modulus 

Clearly  the  shifts  m  this  case  are  given  by  (iv)  of  oiu  Ait   1699  as 

3P  3P  3P 


Turning  to  oui  Ait  29,  we  see  thit  these  lesults  exactly  conespond  to 
the  toision  ot  a  veiy  thin  lectingular  pnsm,  ^  e  if  m  the  lesults  of  that 
aiticle  we  neglect  c/b,  write  M—  26P,  mcl  theiefoie  take  r  =  3P/(8/e), 
f  and  c  being  lespectively  /x  and  c  Thus  the  bieadth  of  oui  plate 
being  26,  we  see  thit  unifoim  anticlastic  cui\ature  is  produced  in  a 
thin  plate  b}  torsion  Thomson  and  Tait  retuin  to  this  identical  case 
of  the  nexuie  and  tension  pioblemb  latei  (§fc  719-23  see  oui  Ait  1713) 
as  a  means  of  detei  mining  the  flexmal  ngidity  of  the  phte  in  teims  of 
the  slide  modulus,  —  \  detei  nn  nation  \\luch  is  necessan  in  tluii  mode  of 
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approaching  the  plate  prbblem    see  our  Art  1698      The  investigation 
is  one  of  very  considerable  suggestiveness  and  great  physical  interest 
In  §  657  tie  authors  remark 

Few  problems  of  physical  mathematics  are  more  curious  than  that  presented 
by  the  transition  from  this  solution,  founded  on  the  supposition  that  the 
greatest  deflection  is  but  a  small  fraction  of  the  thickness  of  the  plate,  to  the 
solution  for  larger  iexures,  in  which  corner  portions  will  bend  approximately 
as  developable  surfaces  (cylindrical,  in  fact),  and  a  central  quadrilateral  part 
mil  remain  infinitely  nearly  plane  ,  and  thence  to  the  extreme  case  of  an  in 
finitely  thin  perfectly  flexible  rectangle  of  mextensible  fabric 

Unfortunately,  they  give  no  analysis,  nor  any  suggestion  for  the 
mathematical  treatment  of  this  case 

[1709  ]  The  next  forty-one  articles  (§§  658-98)  of  the  Ti  eakse 
form  &  luminous  discussion  of  the  general  equations  of  elasticity, 
which,  however,  as  traversing  well-known  ground  need  not  detain 
BS  long 

We  may  draw  attention  to  the  following  points 

(a)  If  W  denote  the  "whole  amount  of  work  done  per  unit  of 
volume  in  any  part  of  the  body  while  the  substance  in  this  part 
experiences  a  strain  (sX9  sy,  8et  o-yss,  (r^,  o-^)  from  some  initial  state 
regarded  as  a  state  of  no  strain",  then 

'zxdSg  4-  yzdayz 


Upon  this  result  our  authors  make  the  following  weighty  statement, 
which  I  believe  had  not  been  clearly  expiessed  before,  and  which  has 
too  often  been  disregarded  since 

This  equation,  as  we  shall  see  later,  under  Properties  of  Matter  [alas  '], 
expresses  the  work  done  in  a  natural  fluid,  by  distorting  stress  (or  difference 
of  pressure  in  different  directions)  working  against  its  innate  viscosity  ,  ind 
W  is  then,  according  to  Joule's  discovery,  the  dynamic  \  alue  of  the  heat 
generated  in  the  process  The  equation  may  also  be  applied  to  express  the 
work  done  in  straining  an  imperfectly  elastic  solid,  or  an  elistic  solid  of 
which  the  temperature  varies  during  the  process  In  all  such  applications 
the  stress  will  depend  partly  on  the  speed  of  the  straining  motion,  01  on  the 
\arymg  temperature,  and  not  at  all,  or  not  solely,  on  the  btate  of  strain 
at  any  moment,  and  the  system  will  not  be  dynamically  conseivatne 
ft  671) 

An  attempt  has  been  made  by  the  Editoi  of  the  present  volume  to 
form  the  geneiahsed  equations  of  elasticity  when  the  speed  of  the 
straining  motion  is  taken  into  account  see  the  Proceedings  of  the 
London  Mathematical  Society,  Yol  xx  ,  pp  297-350  London,  1889 

(d)  Thei  e  are  a  number  of  definitions  in  these  paragraphs  which  ought 
to  be  regarded  A  perfectly  elastic  body  is  denned  as  a  body  which, 
"\ihpn  brought  to  any  one  state  of  strain,  requires  at  ill  times  the 
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same  stress  to  hold  it  in  this  state ,  however  long  it  be  kept  strained,  or 
however  rapidly  its  state  be  altered  from  any  other  strain,  or  from  no 
strain,  to  the  strain  in  question "  Here  the  effect  of  variation  of 
temperature  is  neglected  in  the  theoietical  'perfectly  elastic '  body,  bui 
our  authors  point  out  that  "  by  making  the  changes  of  strain  quickly 
enough  to  prevent  any  sensible  equalization  of  temperature  by  conduc- 
tion or  radiation,"  or  again  "  by  making  them  slowly  enough  to  allow 
the  temperature  to  be  maintained  sensibly  constant",  the  perfectly 
elastic  body  of  theory  finds  close  approximations  among  natural  bodies 
(§672) 

The  first  clear  statement  of  the  relation  of  thermal  effect  to  strain 
is  due  to  Sir  William  Thomson  see  our  Art  1631 

(c)  In  §  673  we  have  the  expression  of  W  (see  (a)  above)  as  a 
quadratic  function  of  the  strain  components,  and  the  remarks  as  to 
Boscovich's  theoiy,  which  we  have   criticised  in  other  parts  of  our 
History     see  Arts    924*    928*,  276  and  299 

(d)  What  we  have  termed  the  dilatation  and  slide-  moduli,  or  the 
F  =  £  (3X  +  2/x),  and  the  p.  of  an  isotropic  solid,  are  defined  as  the  bulk- 
modulus  and  the  rigidity  in  §  680     There  seems  some  objection  to  the 
latter  word   as  the   term  flexural  rigidity  has  been  widely  used  in 
quite  a  different  sense,  i  e  in  the  cases  of  a  beam  and  of  a  plate,  where 
its  value   has  on  the  multiconstant  theory  no  direct  relation  to  the 
slide-modulus  /*     The  recipiocal  of  the  bulk  modulus  is  termed  the 
compressibility     Thomson  and  Tait  use  the  letter  n  for  our  p.,  the  letter 
k  for  our  JP=|-(3A  +  2//,)  and  the  letter  m  for  our  \  +  /*      It  follows 
that    our    E  =  $nk/(Sk  +  n)    and    our    17,    the    stretch  squeeze    ratio, 
=  ^  (3&  —  2n)/($k  +  n)       Moduli    expressed    in  terms  of  k  and  n  are 
generally  more  complex  than  when  expressed  in  terms  of  A  and  ft,  but 
k  has  a  moie  direct  physical  signification  than  A,      Young's  modulus, 
our  stietch  modulus,  is  identified  in  §  686  with  "what we  also  sometimes 
call     longitudinal  tiyidity1"      I  his  I  venture  to  think  completes  the 
confusion  which  has  hitherto  been  attached  to  the  word  iigidity1 

(e)  The  criticisms  of  uniconstancy  in  §§  684-5,  for  the  reasons  often 
cited  in  this  History,  do  not  seem  to  me  to  can 3  conviction  with  them 
see  our  Arts   921*-933*,  192,  196,  1201,  1212  and  1273 

1  In  a  footnote  to  this  paragiaph  occurs  the  slip  concerning  the  stretch  modulus 
of  ice  to  which  I  have  referred  in  Ait  372*,  footnote  It  should  be  noted  that  if 
a  perfect  fluid  might  be  cornpaied  with  an  ela»tic  solid  foi  which  the  slide  modulus 
/z  is  zero  but  the  dilatation  coefficient  X  finite  then  the  stietch  modulus  \vould  also 
be  zero  ,  but  if  a  column  of  the  matenal  \vere  placed  in  a  cylindrical  vessel  with 
rigid  sides  and  stretched  by  a  ti  action  T  the  corresponding  stretch  s  \\ould  be 
T/X  In  this  case,  owing  to  the  vanishing  of  /u,  the  dilatation  modulus  \vould 
also  be  X  The  phenomenon  of  the  stt  etching  of  such  a  matenal  is  illustiated  bj 
the  fact  that  even  a  column  of  water  will,  if  air  fiee  beai  a  pull  of  minj  atmospheies 
before  rupture  If  a  fluid  be  compiessible  in  the  least  degree  then  a  column 
of  it  will  resist  sti etching  it  it  be  given  lateial  suppoit  The  \\atei  iope*  paradox 
thus  finds  an  elastic  analogue 
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O  1  §5  699-710  deal  with  Saint-Venant's  Torsion  Problem 
Arts.  17-60  Our  authors  treat  of  the  application  of  con- 
factions  to  the  torsion  of  prisms  and  indicate  their  appli- 
irtun  to  the  case  of  cross-sections  in  the  form  of  annular  sectors 
A  710)  ^thod  *df  *  due  to  Olehsch  (see  our  Art  1348  («)), 
Sud  the  suggested  application  has  been  later  fully  worked  out  by 
Saint-Tenant  see  our  Art  285 

In  S  705  a  hydrokinetic  analogue  to  the  torsion  problem  is 
mvaiL  which  differs,  however,  materially  from  that  of  Boussmesq 
published  some  years  later    see  our  Art   1430 
It  runs  as  follows 

Conceive  a  liquid  of  density  /.  completely  filling  a  closed  infinitely 
tAt^natic  box  of  the  same  shape  within  as  the  given  elastic  prism 
and of ^Sh  unity,  aud  let  a  couple  be  applied  to  the  box  in  a  plane 
^BcSar  to  its  length  The  effective  moment  of  inertia  of  the 
B  will  be  equal  to  the  correction  by  which  the  torsional  rigidity  of 
&Mc  pnsm  calculated  by  the  false  extension  of  Coulomb's  law 
must  be  diminished  to  give  the  true  torsional  rigidity 

FoSSJ  the  actual  shear  [*a  slide]  of  the  solid,  in  any  infinitely 
thin  Plate  of  it  between  two  normal  sections,  wiU  at  each  point  be, 
Sn  reckoned  as  a  differential  sliding  parallel  to  their  planes  equal  to 
and  in  the  same  direction  as  the  velocity  of  the  liquid  relatively  to  the 
containing  box  (§  705) 

By  "  effective  moment  of  inertia"  the  authors  understand  that  oi 
a  iigid  solid  fixed  within  the  box,  which  if  the  liquid  were  removed 
would  make  the  motions  of  the  box  the  same  as  when  it  contained 

liquid 

The  reader  will  find  it  of  interest  to  compare  Thomson  anc 
Tait's  analogue  with  Boussmesq's  —  especially  in  reference  to  th< 
insight  both  throw  on  the  position  of  the  fail-point,  as  in  genera 
the  point  on  the  contour  nearest  the  axis  see  our  Aits  23  am 
1430 

[1711  ]  Anothei  important  matter  in  GUI  authors'  discu^sioi 
of  Saint  Venant's  torsion  problem  is  contained  in  the  following 
\sords  of  §  710 

A  solid  of  any  elastic  substance,  isotropic  or  aeolotropic,  bounded  b 
any  sui faces  piesentmg  projecting  edges  01  angles,  or  le  entrant  angle 
or  edges,  however  obtuse,  cannot  experience  any  finite  stiebs  01  btrai 
in  the  neighbouihood  of  a  projecting  angle  (tiihedral,  polyhedial,  c 
conical),  in  the  neighbouihood  of  an  edge,  can  only  experience  simpl 
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longitudinal  stress  parallel  to  the  neighbouring  part  of  the  edge,  and 
generally  experiences  infinite  stress  and  strain  in  the  neighbourhood  of 
a  re  entrant  edge  or  angle  ,  when  influenced  by  any  distribution  of 
force,  exclusive  of  surface  tractions  infinitely  near  the  angles  or  edges 
in  question  An  important  application  of  the  last  part  of  this  state- 
ment is  the  practical  rule,  well  known  in  mechanics,  that  every  re- 
entering  edge  or  angle  ought  to  be  rounded  to  prevent  risk  of  rupture, 
in  solid  pieces  designed  to  bear  stress 

The  writers  remark  that  want  of  space  obliges  them  to  leave 
this  statement  without  formal  proof  A  certain  portion  of  the 
proof  may  be  given  readily  as  follows,  although  the  general 
demonstration  in  the  case  of  a  polyhedral  angle  might  be 
difficult 

Considei  an  edge  of  a  solid  bounded  by  two  planes  meeting  in  a 
line  taken  as  axis  of  z  Further  let  two  parallel  planes  be  taken 
peipendicular  to  the  edge  cutting  off  a  wedge-shaped  portion  of  the  edge. 
If  the  planes  be  taken  very  close  together  and  we  deal  only  with  a  very 
small  portion  of  the  wedge  in  the  immediate  neighbourhood  of  the  edge, 
the  vanation  of  the  stresses  with  z  may  be  neglected  as  compared  with 
then*  variations  with  regard  to  r  and  ^>,  polar  coordinates  in  the 
angular  face  of  the  wedge  If  2a  be  the  angle  of  the  wedge  and  <£ 
be  measured  from  the  angular  bisector,  the  most  general  expressions 
for  the  radial  and  cross  radial  shifts  and  for  the  dilatation  will  be  found 
to  be 


u  =  S  {Gm  cos  m'<l>  +  Dm  sin  ra'<£}  rm  ~l 

+  S  {£m-2  cos  (m  -  2)  <£  +  Mm^  sm  (m  -  2)  <£} 
cos  m'<t>  -  Gm  sm  mf<f>}  rm  "1 


_  -  (m  -  2)  vm^Lm^  cos  (m  -  2)  <£ 
+  (mJ/m_2  -  (m  -  2)  vm_,Mm^)  sm  (m  -  2)  <£}  r»- 

where      vm_2  =  {(A.  +  2/x)  m  -  p.  (w  -  2)}  /  {(A.  +  2/i)  (m  -  2)  - 

and  w,  tn'9  G)H9  Dttn  LM_*9  Mltl_  nc  aihitraiy  constants  to  be  deteinuned 
by  the  surface  conditions,  ^  e  ,  the  values  of  the  sti  esses  over  (i)  the 
surfaces  0  =  a  and,  <^>--  a,  and  ovei  (11)  a  cylmdiical  surface  of  small 
ladms  about  the  axis  of  st  giving  the  internal  stiesseb  m  the  body  at 
small  distances  fioin  the  edge  The  latter  stresses  f?,  7$  will  be  of 
the  form 


-  7 

r  =  al}  +    2     (  an  cos  -  —  -  +  o.  sm 

7 


/      p*w   (  /          V*<l>      i/          pr<l>\       \ 
>~a^+  S     (  a  /,cosdf—  —  +  6  ^sin7  —  -} 

^=1    \  a  a  /      / 


AND  I:AIT 


where  t&e  v&lues  of  the  constants  ap9  bp,  a'p  and  b'p  aie  supposed 
teown  The  former  stresses  ?£,  J?  are  according  to  Thomson  and  Tait 
&0  fee  0ero  IB  the  neighbourhood  of  the  edge,  i  e  to  vanish  with  r 

By  forming  from  (i)  the  expressions  for  *5r  and  Z$  we  find  from  (n) 

£  and  m-  2  will  both  be  of  the  form  ^-  ,  and  that  accordingly 


both  7?  and  f$  will  involve  poweis  of  r  of  the  order  ^—  -  2     Hence 

in  order  that  the  stresses  may  not  become  infinite  at  the  angle  we  must 
have 

PTT  >  2a, 

&,  since  from  (n)  the  least  value  of  p  will  be  unity, 


stress  at  the  edge  will  not  be  finite  if  the  edge  be  re  entering 
|£y  taking  the  tangent  to  any  point  of  a  curved  edge  as  axis  of  %,  we  may 
the  above  analysis  to    any  small  portion  in    the  immediate 
bourhood  of  its  point  of  contact     A  very  similar  proof  holds  in 
case  of  a  conical  angle 

The  condition  that  JJ  and  r$,  over  <£  =  +  <*,  are  to  vanish  in  the 
neighbourhood  of  the  edge,  compels  us  to  give  zero  values  to  any 
constant  terms  in  the  expressions  for  yr  and  r$  Hence  the  stram 
vanishes  in  the  neighbourhood  of  the  edge,  if  it  be  a  projecting  edge 
This  is  the  first  part  of  Thomson  and  Tait's  proposition 

[1712]  §§  711-718  deal  with  the  problem  of  flexure  In  a 
marginal  note,  this  treatment  is  spoken  of  as  "  Saint-  Venant's  solution 
of  flexure  problem"  But  the  problem  to  which  reference  is  made  is  not 
that  of  the  great  memoir  of  1856  (see  our  Art  69),  but  that  much 
simpler  case  of  "circular  flexure,"  or  of  bending  a  straight  rod  into  a 
circular  arc  by  couples,  which  is  dealt  with  in  the  memoir  on  Torsion 
(pp  299-304)  and  in  the  Legons  ck  Nav^er  see  our  Arts  9—13,  170 
In  this  case  if  the  rod  be  of  isotropic  material,  and  if  z  be  the  duection 
of  the  unstrained  axis,  xz  the  plane  of  bending  and  l/p  the  curvatuie 
after  bending 

x  x  % 

**==1f:;»     s//^->     *«  =  --» 

P  P  P 

<yaz  =  o;l!e  =  (rxy  =  0 

Whence  we  have  for  the  shifts 

«  =  —  {*  +-n(x  -y%      v  =  -7}zt/,       w?=.--^, 
-P  p  p 

and  theieloie  for  the  stresses 

'—•  TP1*'  —  -        "•*        •—  *       -*.        —» 

z  =  -  £  -  ,  and  A  i  =  vy  =  nz  =   x  =  xy  -  0 
p 
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The  above  shifts  correspond  in  the  case  of  a  rectangular  cros^section  to 
the  distorted  form  depicted  in  our  Art  1485*,  the  under-edge  of  the 
section  corresponding  to  the  outer  side  of  the  beam  after  flexure,  and 
the  axis  of  x  being  positive  when  measured  towards  the  upper  edge 
of  the  section  m  our  figure  The  anticlastic  nature  of  the  curvature 
on  the  faces  of  the  beam  perpendicular  to  the  plane  of  flexure  is 
obvious 

Since  the  usual  mathematical  theory  of  elasticity  assumes  that 
measured  from  the  same  set  of  axes,  the  shifts  are  small,  it  is  clear  that 
the  radius  of  curvature  must  be  great  compared  with  x  and  y,  ie. 
with  both  the  depth  and  breadth  of  the  beam  This  is  a  point  to 
which  we  have  frequently  had  to  refer  in  cases  where  the  theory  of 
beams  has  been  applied  to  the  case  of  cylindrical  shells  see  our 
Arts  537  and  1555  Thomson  and  Tait  remark  (§  717)  that 

Unhappily  mathematicians  have  not  hitherto  succeeded  in  solving,  possibly 
not  even  tried  to  solve,  the  beautiful  problem  thus  presented  by  the 
flexure  of  a  broad  very  thin  band  (such  as  a  watchspring)  into  a  circle  com- 
parable with  a  third  proportional  to  its  thickness  and  its  breadth. 

[1713  ]  An  ingenious  application  of  the  results  in  Art  1708  is 
made  m  §§719-20  to  obtain  the  flexural  rigidities1  of  a  plate  of  iso  tropic 
material  Take  a  square  element  of  the  plate  of  unit  side  and  suppose 
the  thickness  of  the  plate  to  be  2c  Let  pairs  of  balancing  couples  ^ 
be  applied  to  one  pair  of  opposite  sides,  and  pairs  N"^  to  the  other  pair 
of  opposite  sides,  each  tending  to  produce  concavity  in  the  same  sense 
Then  we  easily  see  that  ^i  =  f^fs/p  and  2fs  =  ^^/p  Hence  by  the 
results  of  the  preceding  article,  if  v±  and  v2  be  the  total  curvatures 


l  =  3  (1^  r,  )     >                        "     3(1-V)  " 

If  w  be  the  stiain  energy  oi  the  plate  pei  unit  aiea  of  mid  plane, 

assumed  a  quadiatic  function  of  v1?  v   (see  our  Art  1698)  and  A   and 
c   the  *  flexural  rigidities     we  have 


v:  +v 
whence  N1  =  dw\dv±  =  A'v 

Thu,  ^ 


These  reaults  agiee  with  those  given  by  Knclilioli  by  aid  of  a  \ti} 
different  piocess     see  oui  Aitb   1237  and  1296 

1  So  teimed  by  our  authois    notwithstanding  that  they  ha\e  pieviouslj  defined 
'iigidity  '  with  reference  to  resistance  to  shearing  action    see  our  Ait  1709   (d) 
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[1714]  §§  724-9  deal  with  what  we  have  termed  "the 
c  equivalence  of  statically  equipollent  systenu  of  load", 
special  reference,  however,  to  Thomson  aixd  Tait's  recon- 
on  of  the  Kirchhoff  and  Poisson  boundary  conditions  for 
&  tfaiix  plata  It  is  shewn  that  systems  of  forces  in  equilibrium 
Applied  to  elementary  lengths  of  the  edge  of  a  plate  produce 
6nly  insensible  shifts  at  a  distance  two  or  three  times  the 
iihickness  from  the  edge  These  investigations  take  as  their 
sfearfcing-pomt  Saint-Venant's  solution  for  the  torsion  of  a  flat 
pstsm  of  rectangular  cross-section  They  are  a  necessary  part  of 
lie  Thomson  and  Taat  reconciliation  and  a  valuable  contribution 
to  our  knowledge  of  the  exact  meaning  of  the  above-mentioned 
juiwaple  of  elastic  equivalence  At  the  same  time  we  shall  not 
<&cuss  them  furthei  here,  as  the  whole  matter  has  been  investi- 
gated at  a  later  date  with  rather  more  complete  results  by 
Boussinesq,  and  these  results  have  been  already  cited  m  our 
Chapter  XIII 

[1715  ]  §§  730-4  deal  with  the  solution  of  the  general  body- 
shift  equations  of  elasticity  with  certain  special  applications 
Lamd,  as  we  have  pointed  out,  first  introduced  the  potential  solution 
into  the  theory  of  elasticity  see  our  Aits  1062*  and  1489  But 
to  Thomson  and  Tait  belongs  the  honour  of  having  indicated  its 
wide  applications  ,  —  applications,  which  have  been  earned  out  with 
great  ingenuity  by  Cerruti  and  Boussinesq  see  our  Arts  1486- 
1524 

Without  enteimg  into  the  elegant  analysis  by  which  our 
authors  obtain  their  solutions  we  may,  in  our  own  notation 
and  terminology,  record  their  results  for  the  important  cases 
with  which  they  deal 

(a)  Let  a  spherical  element  (radius  a)  of  an  infinite  homogeneous 
isotropic  elastic  solid  be  subjected  to  the  constant  body  forces  pX,  pF, 
pZ9  so  that  the  type  of  body  shift  equation  is 


Then  Thomson  and  fait  find  shifts  of  the  type 


W' 
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where  the  centre  of  the  sphencal  element  is  at  the  origin  and  r  is  its 
distance  from  the  point  at  which  we  are  measuring  the  shift. 

(I)  From  the  second  of  the  above  results  oui  authors  easily  deduce, 
by  making  a  vamshmgly  small,  expressions  for  the  shifts  at  a^  y,  z  in 
an  infinite  elastic  medium  subjected  to  the  body  forces  X.\  T,  2? 
at  j/9  y',  zf  Let  R  =  {x  -  aQ°  +  (y  -  yj  +  (z  -  a')2}*  and  let  the  body 
forces  be  such  that  R*JX'*  +  Y*  +  27*  approaches  zero  as  the  point 
X,  yf,  zf  moves  to  an  infinite  distance  from  the  origin  Then  the  type 
of  the  shifts  is  given  by 

1 


{2  (2X  Hh  5/i)  &  -  (X  +  ,1)  JP  ^  (^)J         (m), 


wheie  p'^'  =  {p'X'(x  -  a/J+p'F  (y  -  ^)  +p7^  (*-  »')}/^  or  is  the  body-force 
lesolved  in  the  line  joining  xf,  y',  z'  to  x,  y,  z  The  integration  must 
be  extended  over  the  whole  poition  of  the  medium  to  which  body 
foice  is  applied  (§  731) 

[1716  ]  (c)  As  the  authors  point  out,  the  above  general  solutions 
for  an  infinite  solid  enable  us  to  reduce  the  body  bhift  equations  foi  a 
finite  solid  to  the  type 


wheie  the  body  forces  have  been  removed  by  aid  of  a  solution  of  the 
above  type  and  by  imposing  the  needful  surface  stresses  01  surface  shifts 
(§  732) 

(d)     If  the  body-forces  foini  a  conservative  system,  or 

p  (Xd%  +  Ydy  +  Zdz)  =  dW, 
it  is  pointed  out  in  §  733  that  they  give  rise  to  a  dilatation 


and  that  the  shifts  which  lemove  the  body  foices  aie  then  of  the  type 


U  =~ 


~ 

X  -I-  2/x,  d& 

wheie  x  lb  a  solution  of    V^  =  —W      If  W  =5  Wn    W,  being   a   solid 

?  ^ 
spherical  harmonic  of  degree  *,  then  x  =  —  5  ^-7%  -  T\  ^          (&  ^^ 

The   remaiks  in  the  aiticle  cited  on  conseivative  systems   aie  of 
gieat  interest  and  should  be  consulted 
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[1717  1    In  ^  735-9  two  important  general  cases  are  solved 

ft)  The  strain  ui  a  solid  sphere  or  spherical  shell  subjected  either 
$$  given  surface-stresses  or  to  given  surface-shifts  these  problems  have 
already  been  dealt*  with  in  our  discussion  of  the  memoir  of  1862  see 
our  Arts  1651-5 

(n)  The  general  solution  for  uniplanar  strain  in  terms  of  polar 
coordinates.  The  values  given  for  the  radial  and  cross  radial  shifts 
agree  with  those  of  our  Art  1711  in  other  symbols  and  with  other 
for  the  four  series  of  constants  of  the  solution 


[1718]    A  few  remarks  must  suffice  to  indicate  the  remaining 
es  of  this  portion  of  the  Treatise 


(a)  In  §  740  a  general  proposition  of  importance  is  stated     The 
authors  draw  attention  to  the  fact  that  if  two  elastic  solids  of  like 
substance  and  similar  shapes  be  taken,  and  by  the  application  of  force 
i&ey  be  similarly  strained,  then  the  stresses  across  similarly  situated 
elements  either  of  real  boundary  or  of  geometrical  surface  within  the 
substance  will  be  equal     The  total  stresses  across  any  similar  surfaces 
are  accordingly  as  the  squares  of  the  linear  dimensions  of  the  two 
bodies,  but  any  similar  body  forces  or  the  mass-accelerations  are  as  the 
cubes  of  the  linear  dimensions     Hence  it  follows  that  the  greater  body 
will  be  the  more  strained     The  strains  at  similar  points  will  be  simply 
as  the  linear  dimensions,  while  the  shifts  at  similar  points  will  be  as  the 
squaies  of  the  linear  dimensions 

Analytically  we  may  look  at  this  result  in  the  following  manner 
Taking  the  body-stress  equations  we  see,  since  the  body-foi  ces  per  unit 
volume  are  the  same,  and  since  the  bodies  are  similar,  that  the  stresses 
must  be  as  the  linear  dimensions  Therefore  the  strains,  since  the 
bodies  are  of  the  same  elastic  substance,  are  also  in  the  ratio  of  the 
linear  dimensions,  while  the  shifts  are  as  the  squares  of  those  dimensions 

(b)  In  §  741  our  authors  adopt  the  term  plasticity  for  that  group  of 
phenomena,  wherein  bodies  change  indefinitely  and  continuously  their 
shape  under  the  action  of  continued  sti  ess      This  is  the  sense  in  which 
the  woid  has  been  used  m  our  History     They  further  describe  under 
the  term  viscosity  of  solids  "  a  distinct  /notional  resistance  against  every 
change   of  shape"  which  they   say  has  been  demonstrated    by  many 
experiments  ("  on  metals,  glass,  porcelain,  natuial  stones,  wood,  mdia 
rubber,  homogeneous  jelly,  silk  fibre,  ivoiy,  etc  ")  and  has  been  "  found 
to  depend  on  the  speed  with  which  the  change  of  shape  is  made  "   They 
further  state  that 

A  \er}  lemaikable  ind  obvious  pi  oof  of  frictional  resistance  to  change  of 
hhape  in  oidiiui}  solids  ib  affoided  by  the  giaduil,  more  01  less  iipid, 
subsidence  of  \ilnationb  of  elastic  solids,  marvellously  lapitl  in  mdia  rubbei, 
and  e\en  in  homogeneous  jelly,  less  rapid  m  glass  and  metal  springs,  but 
still  demoiibti  ably  much  moie  rapid  than  can  be  accounted  foi  by  the 
resistance  of  the  an 
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The  last  statement  embodies  Knpifer's  discovery  of  1852  see  our 
Art  748  The  reference  to  &lk  suggests  Weber's  classical  experiments 
see  our  Art  707*  Yet  in  both  these  cases  the  reduction  of  the  ampli- 
tude of  oscillation  was  attributed  to  elastic  after  strain  l$ow  it  seems 
to  me  difficult  to  identify  fnctional  resistance  and  elastic  after-strain. 
The  "  creeping  back  "  to  the  original  shape  which  goes  on,  it  may  be  for 
minutes,  hours  or  even  days  after  the  removal  of  the  load  (see  <w 
Arts  720*  817*  827*  1224*-6*  and  1431*),  can  hardly  be  due  to 
any  factional  action1  I  have  previously  referred  to  the  danger  of 
masking  the  real  nature  of  elastic  after  strain  by  the  use  of  the  term 
viscosity  see  our  Arts  708*  ftn  and  750  I  think  it  would  be  better 
to  limit  the  use  of  the  term  viscosity  to  after  set 

[1719]  The  only  other  portion'  of  Thomson  and  Tait's  great 
Treatise  with  which  we  as  elasticians  are  concerned  is  contained  in 
§§  832-48,  and  deals  with  the  earth  as  a  solid  elastic  body  A  great 
deal  of  this  portion  is  rewritten  with  supplementary  articles  by 
G  H  Darwin  in  the  second  edition,  which  I  follow  in  this  analysis. 
The  problem  itself  is  stated  m  the  following  words 

A  few  years  ago  [see  our  Art  1663],  loi  the  first  time,  the  question 
was  raised  Does  the  earth  retain  its  figuie  with  practically  perfect 
rigidity,  or  does  it  yield  sensibly  to  the  deforming  tendency  of  the 
moon's  and  sun's  attractions  on  its  upper  strata  and  interior  mass  ?  It 
must  yield  to  some  extent,  as  no  substance  is  infinitely  rigid  but 
whethei  these  solid  tides  aie  sufficient  to  be  discoverable  by  any  kind  of 
observation,  direct  or  indirect,  has  not  yet  been  ascertained  [see  our 
Art  1726]  §832 

[1720  ]  The  first  point  to  be  dealt  with  is  the  limit  to  the 
mathematical  theoiy  This  is  consideied  in  §  832',  but  in  a 
manner  with  which  the  Editor  of  the  present  volume  cannot 
express  himself  satisfied  The  following  statements  should  be 
noted 

(a)  Nature,  howevei,  does  impose  a  limit  on  the  stresses  if  they 
exceed  a  limit  the  elasticity  breaks  down,  and  the  solid  eithei  flows  (as 
in  the  punching  or  crushing  of  metals)  or  ruptures  (as  when  glass  01 
stone  breaks  undei  excessive  tension) 

1  A  cuuous  example  ot  elastic  aftei  strain,  which  some  of  our  leadeis  may  ha\e 
lemaiked  occius  occasionally  with  lazois  A  lazoi  which  seems  by  lough  01 
continual  usage  to  have  quite  lost  its  shaipnebb  will  iiequently  if  laid  abide  foi  a 
few  weeks,  be  found  quite  capable  of  again  peifoimmg  its  functions  aftei  this  lapse 
of  time 

An  Appendix  iepioduce&  the  Appendix  to  bn  William  Thomsons  inernoii  of 
1863  see  our  Aits  1661  and  1250 
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(6)  The  theory  of  elastic  solids  as  developed  in  §§  658,  663,  <fec , 
skews  that  when  a  solid  is  stressed,  the  state  of  stress  is  completely  deter- 
W&e4  when,  the  amount  and  direction  of  the  three  principal  stresses  are 
toown>  or,  speaking  geometrically,  when  the  shape,  size,  and  onentation 
c|  i&e  stress-quadnc  is  given.  It  is  obvious  that  the  tendency  of  the 
solid  to  rupture  must  be  intimately  connected  with  the  shape  of  this 
quadnc. 

(<?)  The  precise  circumstances  under  which  elastic  solids  break  have 
not  hitherto  been  adequately  investigated  by  experiment  It  seems 
oetfeam  that  rupture  cannot  take  place  without  difference  of  stress  m 
Afferent  directions.  One  essential  element  therefore  is  the  difference 
between  the  greatest  and  least  of  the  three  principal  stresses  How 
much  the  tendency  to  break  is  influenced  by  the  amount  of  the  inter 
&*&ebate  principal  stress  is  quite  unknown 

Now  throughout  the  investigation  the  stress-difference  ib 
calculated  from  the  elastic  theory,  and  therefore  the  very  import- 
ant assumption  appears  to  be  made  that  the  elastic  theory  holds 
up  to  the  beginning  of  plasticity  or  even  to  rupture  This  is  far 
from  being  borne  out,  except  for  very  special  materials,  by  experi- 
mental facts  see  our  Vol  I ,  pp  891-3  The  stress-quadric  as 
found  from  "the  mathematical  theory  of  elastic  solids"  can  only 
be  used  m  discussing  the  limit  to  perfect  elasticity,  i  e  to  a  linear 
stress-strain  relation  At  the  same  time  we  have  seen  in  the 
course  of  our  work  that  it  is  rather  a  value  of  stretch  than  of 
stress  which  ought  to  fix  a  limit  to  the  application  of  the 
mathematical  theory  The  stretch-quadnc  may  determine  the 
fail-hrmt  (see  our  Arts  5  (e)  and  169  (#))  but  it  is  very  doubtful 
whether  we  have  any  right  to  associate  this  fail-limit  with  the 
rupture-limit 

In  the  next  place  the  statements  quoted  do  not  seem  to  me  to 
clearly  mark  the  distinction  between  materials  which  flow  pre- 
viously to  rupture,  and  those  which  do  not  Nor  further,  if  the 
material  be  one  which  flows,  is  it  cleai  that  it  will  in  all  cases  of 
stress  have  the  power  of  doing  so  It  is  well  known  from  Tresca's 
experiments  that  flow  commences  in  a  plastic  solid  when  the 
maximum  sheai  (or  half  the  difference  between  the  greatest  and 
least  of  the  principal  stresses)  reaches  a  certain  value  see  0111 
Arts  136b*,  2o9  and  1586  But  the  general  equations  of  plasticity 
(see  our  Ait  250)  are  not  those  of  mathematical  elasticity,  and 
it  is  the  latter  equations  which  are  applied  by  Thomson  and 
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Tait  and  Darwin  to  the  present  problem  That  the  equations  of 
mathematical  elasticity  hold  up  to  flow  is  not  borne  out  by  the 
simple  phenomenon  of  stricture  in  a  bar  under  longitudinal 
traction  see  our  Vol  I ,  pp  889-91  Even  if  plasticity  followed 
at  once  on  linear  elasticity,  it  does  not  seem  justifiable  to  apply 
the  plastic  condition  to  rupture,  which  follows,  if  at  all,  long  after 
plasticity  has  been  established  and  linear  elasticity  disappeared. 
Further,  the  theory  that  rupture  depends  only  on  the  maximum 
stress-difference  leads  us  to  the  conclusion  that  neither  a  plastic 
nor  a  brittle  material,  if  subjected  to  a  strain  in  which  the  principal 
stresses  are  all  three  equal  will  ever  give  way  It  may  be  incon- 
ceivable that  any  amount  of  uniform  pressure  applied  to  the 
surface  of  a  solid  sphere  of  isotropic  material  would  cause  it  to 
rupture,  but  it  is  also  very  difficult  to  believe  that  a  uniform 
tension,  if  it  could  be  applied  to  its  surface,  would  not,  were  it 
indefinitely  increased,  produce  rupture  To  hold  that  such  a 
tension  would  not  produce  rupture  seems  to  involve  the  assertion 
that  mtermolecular  force  is  not  only  infinitely  great  at  an  infinitely 
small  distance,  but  also  at  some  finite  distance  If  this  were  true, 
it  would  be  difficult  to  grasp  how  even  a  shear  of  a  certain 
amount  could  cause  the  molecules  of  the  material  to  permanently 
separate  by  sliding  over  each  other ,  for  such  a  slide  is  accompanied 
by  a  finite  sepaiation  of  the  molecules  in  the  direction  of  one  of 
the  principal  axes  of  the  slide  To  sum  up  it  seems  to  me 
that  we  may  legitimately  find  a  "fail-limit"  by  the  condition  of 
maximum  stretch,  and  that  when  the  material  is  such  that  it 
has  a  very  high-elastic  limit  (eg  hard  steel),  we  may  look  upon 
the  fail-points  or  fail-surfaces  as  those  at  which,  in  the  present 
state  of  our  knowledge,  rupture  will  probably  take  place  I 
think,  that  the  maximum  stress-difference  does  not  give  a  limit 
which  can  be  safely  applied  to  the  mathematical  theory  of 
elasticity,  and,  if  we  are  to  take  it  as  a  rupture  limit,  it  ought 
only  to  be  applied  to  plastic  materials  which  are  being  dealt  with 
by  the  general  equations  of  plasticity  This  is,  I  think,  the  use 
which  Boussmesq  practically  makes  of  it,  when  applying  it  to  the 
problem  of  loose  earth  see  our  Arts  1568, 1586  and  1594  The 
remainder  of  §  832  is  a  resume  of  G  H  Darwin's  memoir  On  the 
Stresses  caused  in  the  Interior  of  the  Eaith  by  the  Weight  of 
Continents  and  Mountains  Phil  Trans,  Vol  17S  Parti  pp  187- 
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<**,     Loacton,  1882     The  discussion  of  the  results  of  thib  paper 
would  carry  us  beyond  the  scope  of  the  present  chapter 

T1T211  Chree  m  a  very  valuable  memoir  entitled  Some 
AmAwatoons  of  Physics  and  Mathematics  to  Geology  (PMosopkwal 
Maoaeine,  Vol  32,  pp  233-52  and  342-53  London  1891)  has 
dealt  with  the  application  of  the  mathematical  theory  of  elasticity 
to  the  problem  of  strains  in  a  solid  earth  He  states  some  im- 
portant objections  to  the  application  of  the  theory  of  an  isotropic 
elastic  solid  to  physico-geological  problems  These  must  be  noted 
here,  so  far  as  they  qualify  the  problem  of  the  elastic  solid  tides 
of  the  earth  The  following  causes  have  to  be  consideied  as 
contributing  to  the  deformation  of  the  earth's  surface  1°  the 
mutual  gravitation  of  its  parts,  2°  the  centrifugal  acceleration 
produced  by  the  diurnal  rotation  about  its  axis,  3°  the  gravitational 
influence  of  the  sun  and  moon 

We  may  express  the  action  of  the  last  two  causes  by  the  following 
force-function  . 

w, 


where  ««the  spin  of  the  earth  about  its  polar  axis,  p  =  the  density  of 
fte  earth  at  distance  7  from  its  centre,  <£  =  the  angle  the  direction  r 
makes  with  the  polar  axis,  ^  =  the  angle  the  same  direction  makes  with 
the  line  fiom  the  centre  of  the  eaith  to  the  tide  raising  body,  M=  the 
mass  of  the  latter  body,  D  -  its  central  distance,  and  TO,  r,  r  are  written 
for  V  W  and  %MID*  respectively  Cleaily  if  the  term  ^-coV  be  put 
on  one  side,  as  oily  producing  a  radial  extension,  the  effects  of  rotation 
and  of  the  tide  producing  body  can  be  deduced,  tbe  one  from  the  other, 
by  interchanging  T  and  -T',  and  the  line  of  centies  with  the  polai  axis 
The  solution  therefore  for  the  case  of  the  body  tides  in  an  isotropic  elastic 
sphere  can  be  deduced  from  the  results  of  our  Arts  563  and  568 

The  first  type  of  force,  that  due  to  mutual  giavitation,  leads  to  some 
difficulties  in  the  treatment  Suppose  the  sphere  m  a  state  of  strain 
owing  to  spin  or  tide  to  be  con\erted  into  the  spheroid  T  =  a  (1  +  STi), 
7,  being  a  surface  haimonic  of  degree  ^  Then  the  internal  stiess  due 
to  mutual  giavitation  will  be  partly  due  to  "the  atti action  of  the 
harmonic  inequalities"  which  produce  a  potential 


or, 
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if  g  be  the  mean  value  of  gravity  over  the  surface  neglecting  the  apin^ 
and  partly  due  to  surface  stresses  on  the  spherical  surface  r  =  a  caused 
by  the  action  of  the  haimomc  inequalities  In  the  case  of  an  mcom 
pressible  viscous  fluid  these  stresses  reduce  to  a  surface-traction  due  to 
the  weight  of  the  harmonic  inequalities,  IB  to  a  surface-tractioa 
=  -gpa^Y%  Darwin  has  shewn  that  in  the  case  of  an  incompressible 
viscous  fluid,  we  may  replace  this  surface-traction  together  with  the 
potential  clue  to  gravitational  attraction  of  the  harmonic  inequalities  by 
an  "effective  potential" 


According  to  Thomson  and  Tait,  Dai  win's  analysis  is  "  almost  ht&ra&m 
applicable  to  the  case  of  an  elastic  incompressible  spheroid  "  But  the 
hypothesis  of  incompressibihty  is  scarcely  justified  in  the  case  of  ihe 
earth.  Further,  this  result,  unlike  the  above  expression  (i)  for  F, 
necessarily  supposes  p  to  be  a  constant 

[1722  ]  Chree  in  an  impoitant  memoir  in  the  Cambridge  Philoso- 
phical Transactions  (Vol  xiv  ,  pp  278-86  Cambridge,  1888)  has  worked 
out  the  shifts  produced  by  the  mutual  gravitation  of  a  neaily  spherical 
mass,  of  which  the  boundary  may  be  represented  by  r  =  a(l  +  ^Yt) 
For  the  purposes  of  our  present  discussion  it  will  be  sufficient  to  deal 
with  his  results  (p  280)  for  the  case  in  which  ^=2,  and  Y3  =  e  (|—  cos2<£), 
i  e  the  boundary  of  the  gravitating  mass  is  a  spheroid  of  ellipticity  e' 
In  our  notation  (Art  568)  he  finds  foi  the  shifts,  uly  vl  ,  wl 


I 

-12^-t  (18X  +2 


(11) 
The  shifts  in  a  peifect  sphcie  due  to  a,  foice  function  of  the  foiin 

are  easily  found  fiom   our  Ait    568,  01  bettei   still   from  p    287  of 
Chiee's  Camb  Phil  Tians  papei  cited  above,  to  be  of  the  form 


^ 
5  (X  +  2,)    a°        3X  +  2/ 


v  -  -  t 
w      0 


(II.) 
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Here  rf  r&  be  pu>t  zero,  r  =  -r'  and  <^  replaced  by  ^  we  have  thfe 
in  a  perfect  sphere  due  to  a  tide  raising  body 


Now  several  important  conclusions  may  be  drawn  from 
ike  above  results 

fy    Consider  only  the  term  in  %  +  uz  tending  to  produce  the  same 
compression  of  the  body  along  each  radius,  %  e 


fr8 


6jrt 


Now  0-fo>20  may  be  practically  taken  equal  to  the  mean  surface  value 
g+  of  gravitational  acceleration,  and  we  then  have  the  following  results 
$$  =  ^7r  *8  WGijwheTe  negative,  but  sr  =  du'/dr  will  be  a  positive 
sfepetch  at  the  surface,  where  it  equals  s0,  say      Thus  we  nnd  UQ'  being 
Hie  radial  shift  at  the  surface 

(a)    Um-constant  isotropy,  if  E  be  the  stretch  modulus 


(I)    Incompressible  substance,  or  ft/A.  =  0 


Now  the  very  roughest  attempt  to  turn  (a)  into  numbers  shews  that  u0f 
and  s0  have  quite  impossible  values,  if  E  be  given  a  value  not  laigely 
exceeding  that  of  any  known  mineral  As  Ohree  (Philosophira  I  Magazine, 
loc  cit  pp  247-8)  has  been  the  first  to  point  out,  u0f  becomes  a  large 
fraction  of  the  earth's  radius  and  the  strain  s0  becomes  immense,  both 
suppositions  entirely  inconsistent  with  the  mathematical  theory  of  perfect 
elasticity,  which  supposes  the  shifts  and  strains  to  be  both  small  On 
the  other  hand  for  a  nearly  incompressible  substance  (for  which  ^  is 
finite)  both  the  surface  shift  and  strain  will  be  vamshmgly  small  It 
is  difficult,  however,  with  our  knowledge  of  the  materials  which  form 
the  terrestrial  crust  to  suppose  that  at  any  rate  at  the  crust  X  is 
immensely  greater  than  p,  ,  those  materials  approximate  more  closely  to 
iron  and  stone  than  to  India  rubber  in  then  nature  It  is  clear  then 
that  the  strains  produced  by  gravitation  are  such  that  peimanent  set 
and  probably  variations  in  density  would  be  pioduced,  if  the  earth 
weie  treated  simply  as  an  isotropic  substance,  compie&sed  undei  the 
mutual  gravitation  of  its  parts  We  are  therefore  compelled  to  suppose 
that  mutual  gravitation  has  pioduced  neaily  its  full  effect  before  we 
pioceed  to  investigate  the  effect  of  a  tide  producing  body  in  directly 
alteimg  the  ellipticity  of  the  eaith,  or  m  mdiiectly  alteung  it  by 
altering  the  foim  of  its  mutually  attracting  paits  But  it  will  then  be 
at  once  noticed,  that  to  treat  as  homogeneous  and  isotiopic  the  sub 
stance  of  the  eaith  which  has  consolidated  under  the  enormous  stresses 
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resulting  from  the  mutual  gravitation,  of  its  parts  is  by  no  means  a 
satisfactoiy  hypothesis  It  must  only  be  adopted  as  a  very  rough  first 
approximation,  and  until  our  knowledge  of  the  arrangement  of  density 
in  bodies  consolidating  under  great  stresses  has  advanced  beyond  its 
present  stage  These  points  do  not  seem  brought  out  very  clearly  ID 
Thomson  and  Tait's  discussion  of  this  matter  Thus  in  §  834  they 
only  remark  of  the  term  prQr*,  te  ^/xoV1,  that  its  effect  "is  merely  a 
drawing  outwards  of  the  solid  fiom  the  centre  symmetrically  all  round* 
But  this  term  may  have  very  considerable  influence  on  the  magnitude 
of  the  stresses  Indeed,  the  rotational  terms  as  a  whole,  as  Chree  has 
shewn  (Phil  Map  pp  245-6),  lead  on  Darwin's  hypothesis  of  the 
maximum  stress  difference  to  results,  under  which  it  is  certainly  doubtful 
whether  masses  of  rock  or  heterogeneous  mmeial  would  remain  per 
manently  in  equilibrium  It  seems,  therefore,  desirable  that  the  reader 
should  regard  these  articles  of  the  Treatise  on  the  distortion  of  the  solid 
earth  as  replete  with  suggestions  for  future  investigation,  rather  than 
as  expressing  the  definite  analytical  results  of  an  irreproachable  physical 
investigation 

(u)  So  fai  as  the  terms  measuring  the  ellipticity  produced  by 
rotation  directly  and  indirectly  through  the  change  in  the  character  of 
mutual  gravitation  i  e  the  terms  m  T,  are  concerned,  these  do  not  lead 
on  the  maximum  stietch  hypothesis  to  results  necessarily  incompatible 
with  the  elastic  straining  of  an  isotropic  solid  They  are,  however, 
identical  in  foim  with  those  due  to  tidal  action  and  thus  need  not  detain 
us  here 

(m)  We  now  come  to  the  terms  due  solely  to  the  tidal  action1, 
and  we  note  that  for  r  =  a  (1  +  72),  the  radial  shift  u"  -  u-^  +  uz  is  then 
of  the  foim 

«"  =  (j8,y,-Ar-&r,)o, 

=  (&€-&«  -0)7,  a 
This  gives  at  once  for  the  ellipticity  « 

€  =  £«•-  £,€-&, 

or  e  is  negative,  i  e  the  spheioicl  piolate,  and  of  ellipticity 

t'-jS  /(!-&  +  A) 

We  easily  find  on  substituting  the  valueb  of  j80,  &  and  /? 
rpa  (5A 


5/x  (A  +  2/A)  (19X  +  14ft)  (3A  +  2/ 
rpa   (5  A.  +  4/i) 


15V+  6 


1  They  aie  obtained  from  (u)  ot  Ait    1722,  and  horn  (in)  of  the  same  aiticle  b> 
putting  m  the  lattei  TO  =  0  and  -T  f or  r 
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F1724  }    We  will  consider  special  cases  of  this  result 

(a)    Suppose  the  indirect  gravitational  influence  to  be  neglected, 


If  /  be  the  dilatation-modulus  s  -g-  (3X  +  2/x),  this  may  be  thrown  into 
the  form 

a 


agrees  with  the  second  result  of  (20)  in  §  834 

t(b)    H«st  let  us  suppose  X  =  oo   and  /t  =  0,  or  that  we  are  dealing 
a  perfect  incompressible  fluid     In  this  case  if  «'  =  cg 


«,=  (§§819  and  839) 

Thus  *r  and  eff  are  respectively  the  ellipticities  due  to  rigidity  without 
^avitation,  and  to  gravitation  without  rigidity 

(c)    Generally  we  have 

1-1     1  3(10X2+15X/^+6/>t2) 

~~     + 


If  we  have  um-constant  isotropy  (X  =  p) 
1      1      31  1 

?=7+^e" 

€          €r  €g 

If  we  have  an  incompressible  substance  (//,/X  =  0) 

1      1      1 

=  _  +_ 

€        *r       % 

The  last  relation  is  stated  by  Thomson  and  Tait  m  §  840  as  if  it 
were  universally  tine  This  is  only  approximately  the  fact,  as  is 
indicated  by  the  pievious  case  of  uniconstant  isotropy 

(d)     For  uniconstant  isotropy,  er  =  T3T  rp'a2//x,  and  for  mcompressi 
bihtj    *,.  =  &r'  pa  In     Since  T3T=  2727   and   TV  -  2632,  we   see  that 
the  magnitude  of  the  ratio  X///,  does  not  exercise  a  veiy  large  influence 
on  the  value  of  er  (fc  837)      In  §  838  Thomson  and  Tait  give  the  value 
of  €r  for  a  steel  ball  of  the  size  of  the  eai  th      They  calculate  it  on  the 
supposition  that  steel  is  incompressible  and  find  fonts  value  77  x  104  r 
It  would,  perhaps,  be  better  to  suppose  the  steel  mass  to  possess  uni 
constant  isotiopy      In  that  case  a  closei  value  would  be  79  x  104  r 
The  value   of  tg  is  found  in  §  839    to  be  162  x  104   r      Thub   from 
(c)  we  see  that  the  tides  have  somewhat  lebs  effect  —  supposing  the  eaith 
as  rigid  as  steel  —  indirectly  th  tough  the  changes  they  make  in  giavita 
tional  action  between  the  parts  of  the  earth,  than  directly  through  the 
gravitational  action  of  sun  or  moon      Approximately  for  steel  cg-2cn 
and  €  -  \€y      For  glass  €'  =  fo,  about  ft  841) 
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[1725  ]     We  are  now  able  to  estimate  the  influence  of  the  elastic 
strain  of  a  solid  earth  of  uniform  density  on  the  superficial  water-tides, 

Disregarding  the  diurnal  rotation  the  equation  to  the  form  of  the 
prolate  spheroid  that  would  be  assumed  by  the  solid  earth  is  r  =a(l  -e'  F/) 
This  produces  a  potential  at  a  point  outside  itself  given  by 


Thus  neglecting  the  self  attraction  of  the  superficial  coating  of  water,  it 
will  have  for  its  level  surface  under  tidal  attraction 


g  —  %g  -5  €'F2'  -  rViy  =  constant 

This  is  clearly  a  prolate  spheroid  of  elhpticity  c"  given  by 

,,=  3,     T^ 

Hence  the  difference  of  ellipticity  between  the  solid   earth  and  the 
superficial  fluid  is 

e  =  €'W  =  — -.fc'==f.(^-€'),  by  (b)  of  Art 
ff 

If  we  write  v  for  the  expression 

|  (10X2  +  15X/A  +  6/i2)/(5X  +  4/x)  (3X  +  2/L), 
we  find  by  (c)  of  Art  1724 


9 

For  the  case  of  an  incompressible  solid  v=  1,  and  we  have 

r'a 


which   agrees  with   Thomson   and  Tait's   result  in  i$  842     In   rough 
numbers  (Art  1724)  for  steel  e,,-2e,,  whence 


Thus,  if  the  eaith  were  as  ngid  as  steel,  its  elastic  yielding  would  i  educe 
the  height  of  the  tide  to  about  |  of  its  value  as  calculated  from  a 
theory  in  which  the  earth  is  supposed  to  be  absolutely  rigid  If  the 
earth  had  only  the  ngidity  of  glass  (*f/=  j€,  about),  then  the  tide  \vould 
be  decreased  by  as  much  as  j  of  its  value  on  the  absolutely  rigid 
theory  Thomson  and  Tait  remark 

Imperfect  as  the  comparison  between  theory  ind  obbeivation  at»  to  the 
actuxl  height  of  the  titles  his  been  hitheito,  it  is  bcaicel}  possible  to  behe\e 
that  the  height  is  in  icality  only  two  fifths  of  \\hat  it  would  be  if,  as  his  been 
universally  assumed  in  tichl  theories,  the  eirth  weie  peifectly  iigid  It  seems, 
therefore,  nearly  certain,  with  no  otha  eudence  th  in  is  affoided  b\  the  tides>, 
that  the  tidal  eflfettue  iigidit\  of  the  eaith  must  be  gieitci  than  that  of  glass 
(^  843) 
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There  is  a  point  here  which  it  is  important,  however,  to  bear  m 
T)rt  The  theory  really  deals  with  the  "  equilibrium  hypothesis-3',  and 

itai  hypothesis  there  is  an  admitted  '  lagging '  of  the  tides  It  is 
Bardly  reasonable  to  suppose  that  the  water  and  earth  tides  will  lag 
at  the  same  rate  There  is  no  reason  therefore  why  the  maior  axes  of 
the  two  prolate  spheroids  corresponding  respectively  to  water  and 
earth  tides  should  approximately  coincide,  unless  we  are  dealing  with 
tides  of  long  period,  ^  e  at  least  with  the  fortnightly  tides  It  is  these 
fortnightly  and  monthly  tides  which  G  H  Darwin  has  considered  in 
detail* 

[1726  ]  The  remaining  sections  of  the  Treatise,  §§  844-8,  deal  with 
evidence  deducible  from  tidal  data  in  favour  of  earth  tides  The  evidence 
is  chiefly  due  to  G  H  Dai  win,  who  does  not  feel,  however,  that  it  justi- 
fies any  very  definite  statements  He  sums  up  with  the  remark 

On  the  whole  we  may  fairly  conclude  that,  whilst  there  is  some  evidence 
of  a  tidal  yielding  of  the  earth's  mass,  that  yielding  is  certainly  small,  and 
that  the  effective  rigidity  is  at  least  as  great  as  that  of  steel  (§  848,  Part  II , 
p  460  of  2nd  Edition) 

In  a  later  paper  (Dynamical  Theory  of  the  Tides  of  Long  Period 
Royal  Society's  Proceedings     Yol    41,  pp    337-42      London,    1886) 
Darwin  raises  an  ob]ection  to  Laplace's  equilibrium  theory,  and  he 
concludes  from  a  dynamical  theory  which  neglects  friction  (p  342) 

1°  That  it  is  not  possible  to  evaluate  the  effective  rigidity  of  the 
earth  as  attempted  m  the  Natural  Philosophy  from  the  fortnightly  and 
monthly  tides  by  aid  of  the  equilibrium  hypothesis 

2  That  the  investigation  in  that  work  may  however  be  accepted 
as  confirming  Sir  William  Thomson's  view  of  "  the  great  effective 
rigidity  of  the  whole  earth's  mass" 

3°  That  Laplace's  theory  would  hold  for  the  minute  tide  of  nearly 
nineteen  years'  period,  but  that  this  tide  cannot  piobably  be  appieciated 

4°  That  "  it  does  not  seem  likely  that  it  will  ever  be  possible  to 
evaluate  the  effective  rigidity  of  the  earth's  mass  by  means  of  tidal 
observations  " 

With  the  words  cited  at  the  commencement  of  this  article 
the  text  of  Thomson  and  Tait's  Ti  eatise  closes  If  occasionally 
the  analysis  adopted  does  not  seem  to  the  present  writer  free  from 
difficulties,  yet  the  work  as  a  whole  made  mathematical  elasticity 
a  branch  of  academic  instruction  in  Great  Britain  Few  works  on 
elasticity  have  been  published  which  present  so  much  that  is 
suggestive,  and  arouse  in  the  reader  so  great  a  desire  to  push 
further  the  main  inquiries  which  the  authois  pi  ice  bofoie  him 
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[1727  ] l  Note  on  Mr  Gore'*  Paper  on  Electro-torsion.  Phdo- 
wphical  Transactions,  Vol  OLXIV,  pp  560-2  London,  1874 
This  refers  to  the  twisting  observed  by  Gore,  and  previously  by 
G  Wiedemann,  in  an  iron  wire  when  magnetised  at  once  longi- 
tudinally and  circularly  An  explanation  of  the  twisting  is 
derived  from  the  alteration  of  length  in  magnetised  iron  bars 
observed  by  Joule  (see  our  Ait  688)  The  direction  of  the 
resultant  magnetisation  is  inclined  to  the  axis  of  the  wire,  and 
so  in  accordance  with  Joule's  results  (for  intensities  lower  than  the 
critical  points  found  by  Shelford  Bidwell,  Proceedings  of  the  Royal 
Society,  Vol  L,  pp  109-133  London,  1886  and  subsequent 
papers)  theie  is  a  lengthening  of  the  material  in  this  direction 
and  a  contraction  m  a  perpendicular  direction  The  two  strains 
are  equivalent  to  a  torsional  strain  round  the  axis  This  theory 
had  been  already  given  by  Maxwell  though  m  a  less  complete 
form  (Electricity  and  Magnetism,  Vol  II ,  Art  448  Oxford,  1873) 
It  does  not  appear  to  be  accepted  by  Wiedemann  (see  Annalen 
der  Physik,  Bd  27,  S  381-2),  but  it  fits  in  well  with  a 
number  of  the  facts  (see  Knott  Trans  Roy  Soc  Edinburgh,  Vol 
XXXVI,  p  507  Edinburgh,  1892)  At  the  end  of  the  paper 
it  is  inferred  irom  the  effects  of  loading  observed  by  Joule  (see  our 
Art  688,  (iv))  that  with  sufficient  longitudinal  and  torsional 
stress  the  direction  of  the  twist  would  be  le versed  A  reversal 
has  in  fact  been  obtained  by  Shelford  Bidwell  in  high  fields 
(Philosophical  Magazine,  Vol  XXII ,  pp  251-5  London,  1886) 

[1728]  Electrodynamic  Qualities  oj  Metals*  — Pa?  t  VI  Effects 
of  Stress  on  Magnetization  Phil  T?ans,Vo\  CLXVI,  pp  693-713 
London,  1877  (M  P ,  Vol  u,  pp  332-53)  An  abstract  is  given 
in  Pi  oceedings  Royal  Society,  Vol  xxm ,  pp  445-6  London, 
1875  (M  P ,  Vol  II,  pp  401-3)  This  deals  with  the  influence 
of  longitudinal  load  on  the  induced  arid  lesidual  magnetisation 
of  steel  and  iron  wires  The  wne  ttas  suspended  vertically  and 
magnetised  by  a  cunent  in  a  suiiounding  coil,  its  magnetic  changes 
being  observed  by  the  ballistic  method  The  eaithb  \trtical 
magnetic  component  iuuamtd  uncomptnsattd  during  the  expen- 
ments  on  rtsidual  magnetisation  The  principal  rtsultb  \ie  given 

1  I   owe  the  following  eleven   aiticles  to  the  kindness  of  Mi  C    Cliiet, 
knowledge  of  the  topics  discussed  in  them  is  ±ai  muie  extensive  than  1113  o\\n 
Poi  the  earhei  poitions  of  this  memoii     see  oui  Ait^> 
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in  the  abstract  in  the  Proceedings  and   on  pp   712-3  of  the 
The  following  are  the  results  given  for  steel 


(1)  The  magnetization  is  diminished  by  hanging  on  weights,  and 
xrscreased  by  taking  the  weights  off,  when  the  magnetizing  current  i*r 
kept  flowing 

(2)  The  residual  magnetism  lemaining  after  the  current  is  stopped 
13  also  diminished  by  hanging  on  the  weights,  and  incieased  by  taking 
them  off. 

($)  The  absolute  amount  of  the  difference  of  magnetization  produced 
by  pattiiig  on  or  taking  off  weights  is  greater  with  the  mere  residual 
magnetism  when  the  current  is  stopped,  than  with  the  whole  magnetism 
when  the  magnetizing  current  is  kept  flowing 

(4)  The  changes  of  magnetization  produced  by  making  the  magnet- 
Tjgrcig  current  always  in  one  direction  and  stopping  it  are  greater  with  the 
weights  on  than  off 

(5)  After  the  magnetizing  current  has  been  made  in  either  direction 
and  stopped,  the  effect  of  making  it  in  the  reverse  diiection  is  less  with 
the  weights  on  than  off 

(6)  The  difference  announced  in  (5)  is  a  much  gieatei  difference 
than  that  in  the  opposite  direction  between  the   effects   of  stopping 
the  current  with  weights  on  and  weights  off,  announced  in  (4) 

(7)  When  the  current  is  suddenly  reversed,  the  magnetic  effect  is 
less  with  the  weights  on  than  with  the  weights  off 

[1729  ]  These  results  refer  apparently  only  to  a  single  field, 
123  c  G  S  units  approximately  (see  p  696),  and  to  hard  steel  piano- 
forte wire  underloads  from  about  an  eighth  to  a  halt  of  the  breaking 
load  When  btatmg  them  Sir  W  Thomson  was  not  awaie  of 
the  previous  observations  of  Matteucci  (see  our  Ait  705)  and 
Villan  (Annalen  der  Physik,  Bd  126,  S  87-122  Leipzig,  1865) 
The  latter  observer  had  found  the  induced  magnetisation  in  iron 
and  some  specimens  of  soft  steel  to  be  increased  01  diminished  by 
longitudinal  pull  according  as  the  field  was  low  or  high  Prof 
Ewmg  has  found  similar  phenomena  even  in  hard  pianofoite  steel 
wire  (Phil  Tians,  Vol  cixxvi,  p  625  London,  1886)  Thus 
(1)  is  true  only  in  fields  above  the  V^llar^  &  itical  field  ds  it  is 
called,  and  theie  is  a  similar  limitation  with  icspect  to  (2)  The 
critical  fields  or  magnetisations,  as  Ewmg  Ins  shewn,  depend 
greatly  on  the  nature  of  the  wire,  and  are  lower  the  larger  the 
load  The  phenomena  to  which  conclusions  (3)-(7)  refer  are  also 
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largely  dependent  on  the  field  and  the  load  (see  Ewing,  Ic., 
pp  623-630)  In  his  experiments  on  iron  Sir  W  Thomson 
found  what  seemed  very  anomalous  results.  These  find  however 
a  satisfactory  explanation  in  the  existence  of  the  Villan  critical 
field,  which  he  did  not  recognise  till  later 

[1730  ]  Effects  of  Stress  on  Inductive  Magnetism  in  Soft  Iron. 
Proceedings  Royal  Society,  Vol  xxm ,  pp  473-6  London,  1875 
(M  P,  Vol  II,  pp  353-7)  This  records  the  rediscovery  of  the 
Villan  critical  field  for  soft  iron  Observations  were  made  in  a 
large  variety  of  fields,  and  the  results  are  shewn  in  curves  whose 
abscissae  represent  the  fields  and  ordmates  the  changes  in 
magnetisation  due  to  load,  p  475  (M  P ,  Vol  II ,  p  356)  The 
exactness  of  the  information  as  to  the  fields  and  the  relative 
magnitudes  of  the  changes  in  magnetisation  in  different  fields 
mark  a  great  advance  from  the  somewhat  vague  data  previously 
existent 

[1731  ]  Mkctrodynamic  Qualities  of  Metals  —Part  VII  Effects  of 
Stress  on  the  Magnetization  of  li  on,  Nickel,  and  Cobalt  Phil  Trans , 
Vol  CLXX,  pp  55-85  London,  1880  (M  P,  Yol  n ,  pp  358-395) 
An  abstract  occuis  in  Proceedings  Royal  bowety,  Vol  xxvn  ,  pp  439- 
443  London,  1878  (M  P ,  Vol  n  ,  pp  403-7)  This  commences  with  a 
refeience  to  Villan's  disco  veiy  of  a  cutical  field  It  then  describes, 
pp  56-63  (M  P ,  Vol  ii ,  pp  359-69),  experiments  detei mining  how  the 
efiect  of  tension  on  a  soft  iron  wiie  depends  on  the  temperature  The 
wiie,  75  mm  in  diametei,  received  a  small  permanent  stretch  under  a 
load  of  18  Ibs  and  was  then  subjected  to  cycles  of  load  on  and  off 
with  a  load  of  14  Ibs  Experiments  \\eie  made  in  a  senes  of  fields 
up  to  about  40  c  G  s  units  In  each  field  loading  and  unloading  \\  ere 
repeated  until  the  changes  of  magnetisation  became  cyclic,  and  it  is 
this  cyclic  change  that  is  dealt  with  Observations  weie  taken  at  the 
oidmaiy  tempeiature  and  at  100  C  The  results  are  shewn  in  plate  3 
and  on  p  61  (M  P ,  plates  n  aud  in  )  The  position  of  the  Villan 
point  was  practically  the  same  at  both  tempeiatures,  but  the  magnitude 
ot  the  cyclic  change  of  magnetisation  in  helds  both  above  and  below  the 
Villan  point  was  gieatei  at  the  lowei  tempeiature  P  62  and 
plate  4  (M  P,  pp  367-8,  plates  iv  and  v)  describe  similai  lesults 
when  the  load  was  7  Ibs  01  21  Ibs  Ihe  statement  on  p  62  that 
the  Villari  field  was  much  greatei  foi  7  Ibs  than  foi  14  Ibs  is  in 
accordance  with  the  geueial  conclusion  of  Ewing  (Phil  Tians,  Vol 
CLXXVI  ,  pp  621-3  London,  1886)  The  le&ult  howe\er  that  the 
Villan  held  was  highei  for  21  Ibs  than  foi  14  Ibs  seems  anomalous, 
unless  pei haps  the  elastic  qualities  of  the  wire  were  alteied  by  the 
gieatei  weight 
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[1732  ]  Pp.  62-3  and  plate  5  (M  P ,  Yol  n  ,  pp  368-9,  and  plateg 
vi  and  vn )  describe  some  experiments  of  the  following  character 
A  load  of  H  Ibs  or  21  Ibs  was  applied  and  removed  10  times,  and 
with  it  off  the  magnetising  current  was  made  and  the  throw  ^  of  the 
ballistie  gah  anomeucr  observed  Then  while  the  current  continued  to 
flow  14  Ibs.  or  21  Ibs  was  applied  and  removed  10  times,  and  with  4 
oC  the  current  was  broken  and  the  galvanometer  throw  tz  observed 
Both  ti  and  tz  were  considerably  greater  at  an  ordinary  temperature 
than  at  100  0  for  all  the  fields  tried 

[1733  ]  Pp  64-7  (M  P ,  Vol  11 ,  pp  370-4)  treat  of  the  effects  of 
^tfcansverse  stress"  on  the  longitudinal  magnetisation  of  iron  The 
uaner  surfece  of  a  gun  barrel  oi  "  tolerably  soft  iron  "  was  subjected  to 
^P&catj&ns  and  removals  of  a  hydrostatic  pressuie  1000  Ibs  per  sq 
moh,  and  the  (cyclic  ?)  changes  of  magnetisation  were  observed  by  the 
jtta^a^tometric  method.  The  effect  was  found  to  be  the  exact  opposite 
<$  €hat  of  longitudinal  pull,  *  e  pressure  diminished  or  increased  the 
magnetisation  according  as  the  field  was  below  or  above  a  critical  field 
TSbe  data  on  p  65,  and  in  curves  (2),  plate  7  (M  P  ,  Vol  n  ,  p  371  and 
plate  x  ),  seem  to  prove  that  this  Vifiari  field  was  much  lower  for  the 
material  near  the  middle  of  the  barrel  than  for  that  at  the  ends  This 
may  be  accounted  for  in  part  by  the  probable  hypothesis  that  the 
intensity  of  magnetisation  was  greatest  near  the  middle  It  would  be 
desirable,  however,  to  know  the  distribution  of  strain  in  the  barrel,  as 
the  validity  of  interpretations  of  the  phenomena  may  depend  largely  on 
this  Pp  65-7  and  plates  8  and  9  (M  P ,  Vol  n  ,  pp  371-4,  plates  xi 
and  xn  )  deal  with  the  changes  in  the  induced  and  residual  magnetisa 
tions  of  the  gun  barrel  produced  in  each  case  by  10  pressure  cycles 
These  changes  measure  what  may  be  called  the  non-cyclic  effects  of 
pressure  In  weak  fields  the  pressure  cycles  caused  a  marked  mciease 
in  induced  magnetisation ,  and  the  general  effect  on  the  residual 
magnetisation  was  a  marked  decrease  (see  Wiedemann  Lehre  wn  der 
Elektmcitat,  Bd  in ,  S  666-7)  The  phenomena  were  howevei  complicated 
by  the  uncompensated  action  of  the  earth's  vertical  magnetic  component 

[1734]     P  67  (M  P,  Vol  n  ,  pp   373-4)  piopounds  the  theory  of 
the  development  of  an  "aeolotropic  piopeity  ot  different  magnetic  in 
ductive  susceptibility  in  different  directions  '  by  all  systems  of  stress 
other  than  uniform   normal   tension  or   pressure      Thus  in  a  circular 
cylmdei  under  torsion  the  stiam  consists  of  equal  stietch  and  squeeze 
in  lines   inclined  at  45    to  the  axis  in   planes  oithogonal  to  peipen 
diculais  on  the  axis,  and  Sir  W  Thomson  assumes*,  as  the  lesult  of  his 
expeuments  in  fields  below  the  Villan  point,  au  ma  eased  susceptibility 
in  the  dii action  of  the  stietch  and  a  diminished  susceptibility  in  the 
dn  action  of  the  squeeze      Tint,  view  had  been  alieady  piopounded  by 
Maxwell,  Electi  icity  and  J[/a</?^$m,  Vol   n  ,  Art  447      Oxfoid,  1873 
bn  William  Thomson  thence  argues  that  when  the  torsion  of  a  wire  is 
\eiy  small  the  magnetic  susceptibility  m  the  direction  ot  its  length  is 
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unaltered,  and  if  finite  torsions  produce  a  change  in  susceptibility,  it 
"must  ultimately  (for  veiy  small  torsions)  vary  inversely  [^  directly] 
as  the  square  of  the  amount  of  torsion  "  He  apparently  considers  this 
explanatory  of  the  results  of  Matteucci,  Wiedemann  and  Wertheim  (see 
our  Arts  703,  712  and  813  (11)),  viz  that  in  the  cyclic  state  magnetisation 
is  diminished  by  torsion  in  either  direction  and  increased  by  detorsion 

[1735  ]  Pp  67-72  and  plates  10-12  (M  P,  YoL  n ,  pp  374-80, 
plates  xni  -xix  ),  describe  the  effects  of  torsion  on  a  soft  iron  wire  (22 
B  W  G  )  exposed  to  longitudinal  pull  of  vanous  amounts.  The  wire, 
whose  length  was  81  cm  ,  passed  through  the  cycle  of  twist1  0°,  -f  320% 
0°,  —  200°,  0  ,  where  the  +  sign  refers  to  the  duection  of  the  nrst  twist, 
the  angles  referring  to  the  twisted  end  of  the  wire  Readings  were 
taken  for  every  20  of  twist,  the  magnetizing  force  being  simply 
the  earth's  vertical  component  The  general  character  of  the  results 
was  always  the  same,  viz.  that  with  torsion  in  eithei  direction  there 
was  a  loss,  and  with  detorsion  a  recovery  of  magnetisation  The  effect 
of  the  torsion  varied  but  little  as  the  longitudinal  pull  was  raised  from 
10  to  20  Ibs ,  but  as  the  load  was  further  increased  the  effect  of 
torsion  fell  off  rapidly  The  wire  was  not  in  a  cyclic  state,  there  being 
always  a  fall  in  the  magnetisation  as  the  result  of  the  torsion  cycle,  but 
in  some  of  the  later  experiments  the  result  of  a  second  torsion  cycle 
is  given  Attention  is  drawn,  p  72  (M  P ,  Vol  n ,  p  379),  to  a 
"lagging  of  quality",  or  what  Ewing  has  since  called  Hysteresis 

The  necessity  for  a  more  exhaustive  enquiiy,  distinguishing  between 
the  cyclic  and  non  cyclic  effects,  and  varying  the  magnetic  field  and 
the  torsion  cycle,  is  abundantly  shewn  by  the  experiments  of  G- 
Wiedemann  (Annalen  der  Physik,  Bd  27,  S  376-403  Leipzig,  1886) 
With  a  torsion  cycle  0  ,  210  ,  0°  in  soft  iron  wire  he  found  in  the 
cyclic  state  that  the  cuive  whose  abscissae  give  the  twists,  and  oidmates 
the  changes  of  induced  magnetisation,  was  nearly  symmetrical  about  a 
maximum  ordinate  answering  to  the  mean  twist  (see  also  our  Ait. 
813,  (111)) 

Recent  experiments  by  Nagaoka  (Philo^hical  Magazine,  Vol 
xxvn,  pp  117—132  London,  1889)  having  shewn  that  the  pheno 
niena  which  accompany  the  application  of  twist  to  loaded  magnetised 
nickel  wires  completely  altei  in  chaiacter  ab  the  load  and  nekl  are 
varied,  the  sign  even  of  the  magnetisation  being  sometimes  leversed, 
fresh  experiments  were  undei  taken  by  Bottomley  and  Tanakadate 
(Philosophical  Magazine,  Vol  xxvu ,  p  138  London,  1889)  on  a 
piece  ot  the  non  wne  used  by  Sn  W  Thomson  They  tried  whether 
in  a  very  weak  held  and  v-ith  a  heavy  load  the  effect  of  t\\ist  would 
change  m  chai  icter  —as  suggested  by  what  happens  with  nickel — 3  but 
they  found  no  such  change,  then  results  being  ot  the  same  chaiacter 
as  Sir  W  Thomson's  They  do  not,  howevei,  piofe&b  to  regaid  the 
question  as  nnally  settled 

1  9  the  leading  on  the  toibion  ciicle  \\hon  the  toibion  was  nil  seems  m  geneial 
to  have  been  about  -f  40° 
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Pp  73-4  (M  P,  Vol  ii,  pp  381-2)  refer  to  the  discovery  by 
Wiedemanii  (see  his  Lehre  von  der  Elektricitat,  B<L  in  ,  S  680)  of  the 
p^diiiotion  through  torsion  of  longitudinal  magnetisation  in  a  wire 
^^go-etoe^  by  an  axial  current  Sir  W  Thomson  refers  to  his  theory 
of  "aeolotropic  susceptibility",  which  gives  results  according  with 
Wiedemann's  if  we  assume  the  magnetisation  below  the  Yillari  point 
He  believes,  however,  that  explanation  to  fail,  as  he  supposed  Wiede- 
i&aBn's  currents  so  strong  as  to  have  given  a  field  above  the  critical,  and 
to,  a  footnote  he  adds  that  experiments  he  had  made  with  very  strong 
currents  gave  effects  the  same  as  Wiedemann's  A  possible  explana 
turn  has  been  suggested  by  Ewmg  (see  his  Magnetic  Induction  in 
>  tmd  other  Metals,  pp  223-4  and  footnote  London,  1891) 


[1736  ]  Fp  74-9  (M  P  ,  Vol  n  ,  pp  382-7)  describe  experiments 
fey  s&e  niagnetometnc  method  on  the  effects  ot  longitudinal  pull  on  the 
TOg^e&sate&aja  of  bars  of  nickel  and  cobalt  magnetised  by  the  earth's 
Tetf&ea!  component,  and  compare  the  effects  with  those  in  a  tolerably 
s$&  iron  bar  bimilarly  situated  In  the  nickel  bar  the  non  cyclic  effect 
€i  pall  was  as  in  iron  to  increase  the  magnetisation,  the  only  difference 
besag  the  much  greater  proportional  change  in  the  nickel,  but  when  the 
cyclic  state  was  reached  the  effect  of  pull  was  the  exact  opposite  ot  that 
m  iron,  i  e  in  nickel  the  magnetisation  was  least  when  the  load  was  on 

In  cobalt  the  same  phenomena  were  observed  as  in  nickel,  but  the 
bar  broke  at  an  early  stage  ot  the  proceedings,  and  no  experiments  were 
made  in  higher  fields  bubsequent  experiments  have  confirmed  these 
conclusions  lor  cobalt  in  weak  fields  A  cntical  field  however  ensues, 
much  higher  than  the  Villari  field  usually  is  in  iron,  and  in  stronger 
fields  the  effect  of  stiess  is  the  same  as  in  iron  below  the  Villan  neld 
(see  Chree,  Phil  Titans,  Vol  CLXXXI,  A,  pp  329-387  London, 
Ib91,  and  Ewmg,  Magnetic  Induction  in  Iron  p  9J  and  pp  210-J) 
Pp  79-83  (M  P  ,  Vol  n,  pp  388-93)  descube  furthei  experiments  on 
nickel  with  higher  nelds  With  cycles  of  load  the  residual  magnetisa 
tion  always  shewed  a  distinct  minimum  when  the  load  was  on,  and  the 
cyclic  change  of  magnetisation  after  stiong  fields  shewed  no  tendency  to 
diminish  but  seemed  to  tend  to  an  asymptotic  limit  With  the  induced 
magnetism  theie  was  ummstakeably  the  same  effect  in  weak  fields,  but 
as  the  field  was  laised  the  cyclic  change  passed  bluough  a  maximum 
and  then  decreased 

An  attempt  was  made  to  reach  a  Villari  critical  field  with  a 
second  smaller  nicsel  bar,  and  this  seems  at  hist  to  have  been  thought 
succes&fui  ,  but  a  note  dated  June  4,  1679,  says  the  result  had  not  been 
confirmed  by  latei  experiments  There  lemains,  howcvci,  011  p  83  (M 
P,  Vol  n,  p  393)  an  uncontradicted  statement  that  a  Villaii  cntical 
field  and  a  distinct  ie\eisal  of  the  effects  of  pull  weie  obtained  by 
altering  the  iiiagnetoinetei,  ougmally  opposite  an  end  ot  the  bar,  bo  as 
to  bung  it  moie  nearly  opposite  the  centie  (cf  oui  Ait  1166)  It 
tliib  can  be  tiusted,  a  Villari  field  actually  exists  But  Ewmg,  who 
liats  expeumented  with  nickel  under  both  tension  and  picssuie  (Phil 
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Trans,  Vol  CLXXIX,  A,  pp  325-32  and  333-7  London,  1880), 
while  confirming  Sir  W  Thomson's  conclusions  as  to  the  opposite 
behaviour  of  nickel  and  iron  m  weak  fields,  has  found  no  trace  of  a 
Villari  field  in  nickel  He  appears,  it  is  true,  from  his  p  331  aiad 
footnote  to  have  looked  ior  a  Villan  point  in  low  fields,  so  his 
experiments  are  perhaps  hardly  conclusive  His  results  and  those  of 
Sir  W  Thomson  refer  to  the  total  magnetisation  For  the  teMporapy 
magnetisation — i  e  the  magnetisation  which  disappears  on  the  removal 
of  the  magnetising  force — a  Villan  field  has  since  been  found  bv 
H  Tomhnson  (Philosophical  Magazine,  Vol  xxix.,  pp  394-400 
London,  1890)  The  reader  should  also  consult  the  conclusions  reached 
by  Shelford  Bidwell  (Proceedings  of  the  Royal  Society,  VoL  XLVIL,  pp, 
478-9  London,  1890)  Pp  84-5  (M  P,  Vol  u,  pp  393-5)  describe 
some  experiments  by  the  magnetometric  method  on  the  effects  of  pull 
on  very  soft  iron  wire  The  results  are  in  agreement  with  those  ob 
tamed  by  the  ballistic  method 

[1737  ]  Note  on  the  Direction  of  the  Induced  Longitudinal 
Current  in  Iron  and  Nickel  Wires  by  Twist  when  under  Longitudinal 
Magnetizing  Force  Philosophical  Magazine,  Vol  29,  pp  132-3 
London,  1890  A  statement  is  here  given  of  how  the  direction  of 
these  currents  may  be  specified  by  reference  to  the  directions  of 
twist  and  magnetisation,  A  specification  had  been  given  for  iron 
by  Matteucci  (see  our  Art  701)  In  nickel  under  similar  conditions 
the  longitudinal  current  is  opposite  in  direction  to  that  in  iron 
The  rule  so  far  as  is  known  applies  for  all  intensities  of  magnetisa- 
tion ,  for  though  the  longitudinal  currents  dimiDish  in  intensity 
when  the  field  is  sufficiently  raibed,  a  reversal  in  sign  has  not  yet 
been  observed  (see  X  ,  ,  Philosophical  Magazine,  Vol  xxix , 
pp  123-132  London,  1889,  01  Ewmg,  Magnetic  Induction  in 
lion,  pp  225-8) 

In  tiacmg  the  complicated  relationships  between  mechanical 
strain  and  magnetisation  the  reader  will  denve  much  assistance 
from  a  study  of  pp  47-72  of  J  J  Thomsons  Applications  q/ 
Dynamics  to  Physics  and  Chemist  t  y  (London,  1888),  but  a  complete 
explanation  of  some  of  these  relations  \\ill  piobably  require  account 
to  be  taken  of  possible  permanent  ditieicnces  of  elastic  (and 
magnetic)  quality  m  different  dnections,  moie  especially  in  the  case 
of  the  magnetic  phenomena  accompanying  toision  in  wiies,  as  the 
strain  is  then  fiequently  much  above  the  elastic  limit 

[1738]     The  Rigidity  of  the  Eaith      batwe,  Vol    v,  pp    223-4 
London,  1872      This  consists  mainly  of  extracts  from  the  niPmon  of  the 
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title  published  in  1&62,  and  from  the  Treatise  on  Natural  Ph^loso~ 
see  our  Arts  1663  and  1719-25 

The  Internal  Fluidity  of  the  Earth      A  letter   to   Mr   9   Poulett 
Ncrtwr^Vol  v,pp  257-9    London,  1872    This  letter  brings 
ts  against  the  mteinal  fluidity  of  the  earth     see  our  Art    1665 
arguments  introduced  into  this  lettei  based  upon  the  effects  on 
r          p?ecessiom  of  the  elastic  yielding  of  the  Earth's  surface  were  withdrawn 
1  %  Sir  "William  Thomson  in   1876     see  Mathematical  and  Physical 

*  Fvper*,  Yol  m,  p   321 

$ 

T7w  Internal  Condition  of  the  Earth,   as  to  Temperature, 
cmd  Rigidity      Transactions    of  the    Geological    Society    of 
,  Voi  vi   (1876-80),  pp    38-49      Glasgow,  1882      This  paper 
is  n©a!iy  a  resume  without  mathematical   analysis   of  work   by  Sir 
Wills^  Thomson,  which  so  far  as  it  relates   to  elasticity  has  been 
already  sufficiently  dealt  with  in  our  History     see,  especially  for  the 
arguments  relating  to  the  rigidity  of  the  earth,  to  tides,  to  precession 
a&d  nutation,  our  Arts  1663-5  and  1719-25 

£J740  ]  On  a  new  metJiodfor  discovering  and  measuring  Aeolotropy 
of  jUlectne  Resistance  produced  by  Aeolotropic  Stress  in  a  Solid  A 
paper  read  before  the  Physical  Society1 ;  Abstract,  Nature,  Vol  xviu , 
pp  180-1  London,  1878 

A  diminution  of  electric  conductivity  is  pioduced  by  sti  etching 
metallic  wires  see  our  Arb  1647  Now  the  toision  of  a  wire  produces 
slide,  which  may  by  Saint- Venant's  Theoiem  (see  our  Art  1570*)  be 
resolved  into  a  stretch  and  a  squeeze  in  the  principal  axes  of  the  slide, 
or  in  directions  making  angles  of  very  neatly  45  with  the  axis  of  the 
wire  Thus  the  electricity  m  a  wue  would  tend  to  flow  in  bpirals,  01 
have  a  component  of  flow  round  the  wire  The  exteinal  effect  of  this 
flow  would  be  sensible  near  the  terminals,  01  inside  the  twibted  tube 
Evidence  of  its  existence  was  demonstrated  by  M'Farlane  and  Bottomley 

[1741  ]  Elasticity  This  is  an  aiticle  contributed  to  Vol  vn 
(pp  796-825)  of  the  Ninth  Edition  of  the  Encyclopaedia  Britanmca 
London  and  F<  i  1  •  _i  1878  United  to  the  aiticle  on  Heat 
contributed  to  the  same  woik,  it  afterwards  appealed  ab  an 
off  print  (Edinburgh,  1880)  Finally  it  was  reprinted  on  pp  1-112 
of  Vol  in  of  the  Mathematical  and  Physical  Pupeis  (Cambridge, 
1890)  The  article  incorporates  two  important  memoirs  by 
the  authoi  namely  Elements*  of  a  Mathematical  Tlieoiy  of 
Elasticity  Philosophical  Transaction*,  Vol  CLXVI  ,  pp  481-98, 
London,  1856,  and  On  the  Elasticity  and  Viscosity  oj  Metals 
Proceedings  of  the  Royal  Society >  Vol  xiv,pp  289-97  London, 

1  The  title  only  is  printed  m  Vol  m  ot  the  Society  &  Piotudtnyt, 
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1865  These  memoirs  have  <i«  >id'n/\  not  been  separately  dealt 
with  in  their  proper  chronological  order  The  article  forms  one 
of  the  chief  elementary  accounts  of  the  physics  of  elasticity  m  the 
English  tongue  All  we  can  do  here  is  to  notice  individual  ppin$3 
m  connection  with  it,  especially  where  the  author's  definition  drffer 
or  his  conclusions  add  to  those  already  adopted  or  recorded  ra  this 
History 

[1742]     The  first   36  sections  deal  with  the  definitions  of 
elasticity  and  treat  of  the  limits  of  elasticity,  of  viscosity,  etc  ,  etc. 

(a)     The  following  definition  is  given  of  perfect  elasticity  in  §  1 

The  elasticity  is  said  to  be  perfect,  when  the  body  always  requires  the 
same  force  to  keep  it  at  rest,  in  the  same  bulk  and  shape  and  at  the  same 
temperature,  through  whatever  variations  of  bulk,  shape  and  temperature  it 
be  brought 

This  definition  clearly  covers  the  whole  range  between  the  nsual 
"  limits  of  elasticity",  but  this  need  not  necessarily  mean  the  propor- 
tionality of  stress  and  strain  see  our  Arts  929*,  299  and  Vol  i , 
pp  891-3  Thus  this  definition  of  'perfect  elasticity7  covers  more 
than  what  the  mathematicians  include  in  their  treatises  on  *  the 
mathematical  theory  of  elastic  solids"  The  'perfect'  in  the  one  refers 
in  the  first  place  to  a  physical  conception,  and  in  the  othei  to  a 
simplified  set  of  formulae — le  linearity  of  the  stress  strain  relations 
Hodgkmson's  "defect  of  elasticity"  (see  our  Vol  i,  p  891)  would 
be  covered  by  Sii  William  Thomson's  definition  ot  f  perfect  elasticity J 
In  §  37  we  read 

But  now  must  be  invoked  minutely  accurate  experimental  measurement  to 
find  how  nearly  the  law  of  simple  proportionality  holds  through  finite  ranges 
of  contraction  and  elongation  The  answer  happily  for  mathematicians  and 
engineers  is  that  Bookers  law  is  fulfilled,  as  actuiately  as  any  experiments 
hitherto  made  can  tdl,  for  all  met  lib  and  hard  solids  eich  thiough  the  \vhole 
range  within  its  limits  of  elasticity ,  \nd  foi  woods,  coik,  india  mbbei,  jellies, 
when  the  elongation  is  not  more  than  two  01  thiee  pei  cent,  01  the  angular 
distortion  not  more  than  a  few  hundredths  of  the  ladian  (01  not  more  than 
about  two  01  three  degrees; 

In  the  light  of  the  lesearches  recorded  in  the  volumes  of  oui  Hist 01  y 
it  it,  impossible  to  identify  generally  the  lange  between  the  elastic  limits 
with  proportion dity  of  stiess  and  strain  (see  oui  Vol  i,  p  891-3) 
Sir  William  Thomson  himself  adds  that  a  small  deviation  fiom  Hooke's 
law  has  been  found  by  M'Farlane  for  steel  pianoforte  wne  under 
combined  toisional  and  tensile  stiain  The  exceptions  aie  wider  than 
this  isolated  example  might  lead  the  reaclei  to  infei  and  occur  e\en  fin 
simple  tensile  tests 
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(6)  As  m  Thomson  and  Tart's  Treatise  (see  our  Art  1709  (d))  the 
important  distinction  between  elasticity  of  bulk  and  elasticity  of  shape  is 
emphasised  Homogeneous  solids  such  as  crystals  and  glasses  are  stated 
d  3)  to  probably  possess  elasticity  of  bulk  to  perfection — ^  e  no  amount 
of  compression  would  produce  set  in  them  It  is  clear  of  course  that  the 
450mpressive  test  is  practically  the  only  one  to  which  we  can  readily 
S&lgeefc  such  bodies,  but  theoretically  it  must  be  considered  a  very 
doubtfdl  question  whether  such  bodies  would  exhibit  elasticity  of  bulk 
to  perfection  could  we  submit  them  to  a  uniform  surface  traction  of  any 
arbitrary  amount  To  assume  that  it  is  so,  is  to  reject  a  priori  the 
maximum  stretch-limit  to  safe-loading  Such  an  assumption  leaves  us 
iBsdeed  m  a  very  vague  position  as  to  what  the  limit  of  elasticity  really 
meaas  when  we  are  dealing  with  diverse  types  of  strain,  or  how  we 
are  to  apply  the  results  obtained  from  a  tensile  test  to  more  complex 
sterns  of  strain  Some  of  the  interesting  points  connected  with  this 
SEi%6ct  are  noted  in  §§  8  and  21 l  On  the  whole  the  tieatment  of  the 
efesiac  limits  in  these  sections  requires  modifying  in  the  light  of  the 
spleadid  researches  of  Bauschmger  and  others,  to  bring  the  statements 
quite  up  to  the  present  state  of  knowledge2  The  paper  by  James 
Thomson  incorporated  in  §§  10-20  and  to  which  we  have  already 
referred  does  not,  I  think,  fully  represent  the  state  of  our  existing 
knowledge  on  the  alteration  of  the  elastic  limits  see  oui  Arts  1379*- 
81*  709-10  and  767 

(c)  The  following  definitions  of  brittle  and  ductile  solids  may  be 
compared  with  those  of  Rankine  (see  our  Art  466) 

If  the  first  notable  dereliction  from  perfectness  of  elasticity  is  a  breakage, 
the  body  is  called  brittle, — if  a  permanent  bend  [more  generally  a  set?],  plastic 
or  malleable  or  ductile  (§  7) 

(d)  In  §  23  the  elastic  limit  for  slide  or  change  of  angle  appears  to 
be  deduced  from  the  elastic  limit  for  stretch      If  a  bar  be  pulled 
longitudinally  till  it  reaches  its  elastic  limit  s,  then  on  the  supposition 
of  i&otropy  theie  is  a  slide  in  planes  at  45°  to  the  axis  of  the  bar  of 
magnitude  s(l  +  •>?),  but  the  converse  does  not  hold,  namely,  that  when 
there  is  a  slide  of  this  magnitude  then  there  will  necessarily  be  a  stretch 
of  magnitude  5      Indeed  a  pure  slide  of  this  magnitude  would  have  foi 
its  components  a  stretch  and  squeeze  each  of  magnitude  £9  (1  +07),  and 
would  not  therefore  on  our  theory  conespond  to  the  elastic  limit      As 
we  have  shown  in  the  course  of  our  woik,  an  elastic  limit  for  stretch  5 
corresponds  to  an  elastic  limit  for  slide   5-  =  2s   and   not   =5(1+77) 

1  The  hypothesis  of  the  maximum  stretch  limit,  supposing  the  elastic  limit  to 
coincide  with  the  limit  to  linear  elasticity,  has  perfectly  definite  answers  to  the 
questions  asked  in  §  21   and  there  does  not  seem  to  me  any  a  pnon  leason  to 
doubt  the  physical  correctness  of  the  answers  it  gives 

2  A  correction  should  be  made  in  §  9  where  by  a  slip  it  is  stated  that  in  the  case  of 
the  flexure  of  a  bar  of  any  shape  of  cross  section  by  opposite  bending  couples  applied 
at  the  ends  one  half  the  substance  is  stretched  the  other  half  shortened  —the 
tirnmint  of  the  substance  stretched  or  squeezed  depends  on  the  shape  of  the  section 
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Thus  for  the  numerical  case  taken  by  Sir  William  Thomson  the  hmsfe 
to  angular  distortion  would,  on  the  maximum  stretch  theory,  be  ^  an4 
not  -fa  of  a  radian 

[1743  ]  §§  29-36  are  occupied  with  a  discussion  on  msccmfy 
We  have  already  referred  to  the  sense  m  which  Sir  William 
Thomson  uses  the  word  '  viscosity'  In  oui  History  a  material  is 
termed  '  viscous ',  when  a  shear,  however  small,  if  applied  for  a 
sufficiently  long  period  produces  set  On  the  other  hand  a 
material  is  teimed  'plastic',  if  a  shear  above  a  certain  magnitude 
is  required  to  produce  set  The  word  shear  is  here  used  instead 
of  stress  generally,  merely  to  mark  that  a  uniform  surface  pressure 
would  not  give  a  test  of  either  viscosity  or  plasticity  The  dy- 
namical equations  for  viscous  and  plastic  matenals  differ  very 
considerably  see  our  Arts  246,  and  250  Further  it  is  difficult 
to  associate  the  phenomena  of  "  after-strain"  with  anything  of  the 
nature  of  either  viscous  or  plastic  action  in  our  senses  of  these 
words  see  our  Arts  708*  ftn  and  1718,  (6)  The  viscosity  of  fluids 
may  be  represented  by  a  force  of  resistance  directly  proportional 
to  the  velocity  of  change  of  shape  Hence  the  small  effects  can  be 
superposed  This  superposition  does  not  seem  to  be  true  for  elastic 
after-strain  (see  our  Ait  717*)  Weber,  Kupffer  and  Sir  William 
Thomson  himself1  appear  to  attribute  the  diminution  of  the 
amplitude  of  vibiations  to  elastic  aftei -strain  Lord  Rayleigh  in 
his  Theory  of  Sound  introduces  a  Dissipative  Function  into  his 
treatment  of  the  vibrations  of  elastic  bodies,  which  corresponds 
to  true  viscous  terms  (i  e  a  resistance  proportional  to  the  velocity 
of  the  strain)  Without  venturing  an  opinion  as  to  whether  the 
subsidence  of  vibrations  is  due  to  true  fluid  viscosity  or  to  elastic 
after-strain,  it  seems  to  me  most  important  to  keep  the  two 
notions  distinct  until  their  real  nature  and  possible  relationship 
have  been  cleaily  ascertained  The  'cieeping  back'  in  elastic 
after-strain  seems  to  distinguish  it  fundamentally  from  molecular 
friction  or  viscosity  see  our  Art  750 

[1744]     At  the  same  time  Su  William  Thomson  does  not 

1  "It  was  in  fact  as  it  would  be  if  the  result  \\eie  wholly  01  paitially  due  to 
imperfect  elasticity  01  elastische  nachwirkung  — elastic  atter  woikmg— as  the 
Germans  call  it  (§  36)  We  may  remaik  that  imperfect  elasticity  may  mean 
either  an  elastic  stress  strain  relation  which  is  not  linear  01  a  stress  accompanied 
by  a  set  strain  In  neither  case  does  it  correspond  to  elastic  after  strain  i  e 
introduce  a  time  element 
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suppose  like  Lord  Rajleigh  that  the  resistance  which  he 
viscosity  IB  solids  is  simply  proportional  to  the  velocity  of  change 
of  shape,  he  only  suggests  that  this  molecular  friction  is  some 
totcfeion  of  this  velocity  of  change  of  shape 

After  dismissing  the  thermodynamic  dissipation  of  energy/, 
\vhith  occurs  with  every  strain  in  an  elastic  solid,  as  in  many  cases 
too  small  to  account  for  the  loss  of  energy  observed  (§  31)>  h$ 
continues 

Thefriclional  resistance  against  change  of  shape  must  in  every  solid 
&e  infinitely  small  when  the  change  of  shape  is  made  at  an  infinitely 
$low  rate,  since  if  it  were  finite  for  an  infinitely  slow  change  of  shape, 
there  would  be  infinite  rigidity,  which  we  may  be  sure  does  not  exist  m 
ntftare.  Hence  there  is  in  elastic  solids  a  molecular  friction  which  may 
be  properly  called  mscosity  of  solids,  because,  as  being  an  internal  resis 
taee  to  change  of  shape  depending  on  the  lapidity  of  the  change,  it 
Brest  be  classed  with  fluid  molecular  friction,  which  by  general  consent 
3$  called  viscosity  of  fluids  (§  32)1 

Sir  William  Thomson's  experiments  were  made  upon  the 
torsional  vibrations  of  round  wires  supporting  different  vibrators 
and  his  first  conclusion  §  34  (a)  runs 

It  was  found  that  the  loss  of  energy  in  a  single  vibration  through 
one  range  was  greater  the  greater  the  velocity  (within  the  limits  of  the 
experiments),  but  the  difference  between  the  losses  at  low  and  high 
speeds  was  much  less  than  it  would  have  been  had  the  resistance  been, 
as  Stokes0  has  proved  it  to  be  in  fluid  friction,  appioximately  as  the 
rapidity  of  the  change  of  shape 

The  expenments  were  not  however  sufficient  to  determine 
any  simple  law  of  relation  between  viscous  lesistance  and  strain- 
velocity 

[1745  ]  Sir  William  Thomson's  second  series  of  experiments  relate 
to  the  alteration  of  the  torsional  viscosity  of  wires  owing  to  increase  m 
the  longitudinal  traction  They  may  be  compaied  with  Kupffei's  lesults 
cited  m  our  Arts  735  (in)  and  751  (d)  It  is  not  quite  clear  ho\\  far 
Sir  William  Thomson's  vibiators  were  sufficiently  heavy  to  produce  by 

1  If  like  Sir  William  Thomson  and  others  (see  our  Arts  928*,  192  (a)  and  299) 
we  apply  Maclaurm  s  Theorem  to  deduce  Green  s  expression  ioi  the  strain  energy, 
there  seems  precisely  as  much  or  as  little,  reason  foi  applying  it  to  the  pioblem  of 
\iscosity  If  we  do  apply  it,  howevei,  we  only  leach  Lord  Eayleighs  Dissipative 
Function,  or  fluid  viscosity 

0  The  leference  is  I  suppose,  to  Stokes*  memoir  of  1845  Poisson  in  1831  and 
Saint  Venant  in  1843  had  anived  at  the  like  conclusion,  the  latter  by  a  method 
\\hich  appeals  to  be  as  satisfactoiy  as  Stokes 
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mw&  tension  aitlier  sensible  elastic  after-strain  or  set  in  tihe  wires 
used.  He  found  that  when  the  weight  of  the  vibrator  was  increased  tine 
viscosity  of  the  vibratoi  was  always  at  first  much  increased,  but  that  it 
feimis&ed  day  by  day  and  ultimately  became  as  small  m  amount  as  it 
had  been  with  the  lighter  vibrator  (§  34  (5))  Here  again  no  genial 
law  was  ascertained 

[1746  ]  The  third  series  of  experiments  relate  to  the  subswlenee  of 
vibrations  in  aluminium  wires  Sir  William  Thomson  found  that  the 
lumber  of  vibrations  during  the  subsidence  from  a  higher  to  a  lower  ampli- 
tude (say  20  to  10)  was  less  when  the  vibrator  was  started  at  40,  and 
allowed  before  counting  to  sink  first  to  20,  than  if  it  were  started  at  20 
itself  (§  34,  (c))  The  author  does  not  appear  to  have  noticed  the  effect 
remarked  on  by  Kupffer  that  the  period  of  vibration  was  a  function  of 
the  amplitude  (see  our  Arts  735  (m),  709  and  751  (d))9  nor  is  it  dear 
whether  the  drag  of  the  air  on  the  vibrator  was  allowed  for  see 
@$r  Art  735  (i)  The  remark  as  to  the  air-resistance  on  a  spring  in 
§  31  does  not  seem  to  entirely  cover  this  difficulty  Possibly  it  was  tested 
and  found  to  be  negligible  Kupffer,  however,  endeavoured  to  measure 
and  then  eliminate  it 

[1747  ]  The  third  series  of  experiments  seemed  to  indicate  that 
1  viscous'  action  depends  on  previous  molecular  condition,  namely  on 
whether  the  wire  is  started  from  rest,  or  has  immediately  beforehand 
been  subjected  to  still  larger  repeated  strains  A  fourth  series  of 
experiments  was  accordingly  instituted  in  which  two  equal  and  similai 
wires  with  equal  and  similar  vibrators  were  dealt  with, — one  being  kept 
in  as  far  as  possible  a  continual  state  of  vibration,  the  other  being 
vibrated  only  for  the  sake  of  one  daily  experiment  It  was  found 
in  the  case  of  two  copper  wiies  that  the  quiescent  one  subsided  through 
the  same  range  of  amplitudes  only  after  longei  time  and  more  vibrations 
with  a  shorter  mean  period  than  the  frequently  vibrated  one1  (§  34  (d)) 

[1748  ]  Finally  series  of  experiments  with  much  smaller  maximum 
distortions  were  made  in  order  to  determine  (i)  the  law  of  subsidence  of 
range  in  any  single  series  of  undisturbed  oscillations,  and  (11)  the  relation 
between  the  laws  of  subsidence  for  two  sets  of  oscillations  with  the 
same  elastic  body  performing  oscillations  of  diffeient  penods,  owing  not 
to  a  change  of  weight,  but  to  a  change  of  the  moment  of  inertia  in  the 
suspended  vibiator  (§  35)  The  answer  to  the  fiist  question  "so  far  as 
the  irregularities  depending  on  pievious  conditions  of  the  elastic  sub- 
stance allowed  any  simple  law  to  be  indicated"  was  that 

The  difieiences  of  the  logiiithms  of  the  ranges  were  pioportional  to  the 
intervals  of  time  (§  36) 

1  Thus  while  the  amplitude  was  reduced  a  half  the  quiescent  wire  made  98 
vibrations  with  a  mean  period  2  4  sees  ,  while  the  frequently  \ibrated  one  made  59 
vibrations  with  a  mean  penod  2  45  sees  A  possible  reduction  in  the  period  with 
the  change  of  amplitude  is  not  referred  to 
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,  ^js'ltetci  fordfetotton  Bmch  smaller  than  the  palpable  elastic  _._ 
ffee  resf*&  resembles  that  di*e  to  a  true  fluid  viscosity,  or  that  produced 
by  the  <lrag  of  the  air  on  a  vibrator 

The  onJy  approach  found  to  an  answer  to  the  second  question 


the  proportionate  losses  of  amplitude  in  the  different  cases  are  not  such  as 
i&G$  wosW  be  if  the  molecular  resistance  were  simply  proportional  to  the 
yejocfcty  of  change  of  shape  in  the  different  cases  (§  36) 

Here  agam  it  seems  as  if  Kupffer's  experiments  and  results  might 
fc-ave  been  totfnd  suggestive  On  the  whole  the  experiments,  especially 
&e  last  -three  senes,  appear  to  suggest  the  influence  of  that  *  creeping 
back  *  which  is  peculiar  to  after  strain  and  seems  quite  masked  undei 
$he  term  ms&mty  Sir  William  Thomson  speaks  of  these  later  results  as 
stewing  a  very  remarkable  "  fatigue  of  elasticity  "  (§  30)  It  would  be 
Sfffeeresting  to  know*  whether  this  fatigue  was  only  of  kinetic  or  also  of 
fc&t&fe  elasticity,  and  farther  whether  the  distortions  being  below  the 
elastic  hmrb,  the  elastic  limit  and  even  the  absolute  strength  were  affected 
%y  it  Hie  term  fatigue  although  appropriate  has  been  used  by  engineers 
in  such  a  definite  sense,  namely  the  lowering  of  the  absolute  strength  of 
a  material  by  repeated  strain  below  the  rupture  strain,  that  it  is  perhaps 
unadvisable  to  give  it  a  new  meaning  in  reference  to  elasticity  It  is 
clear  that  Sir  William  Thomson's  'fatigue'  is  a  phenomenon  differing 
from  that  dealt  with  by  Braithwaite  or  Wohler  see  our  Aits  970  and 
997-1003 

Sir  William  concludes  his  remarks  on  viscosity  by  suggesting  an 
elastic  vesicular  solid,  the  vesicles  being  filled  with  a  viscous  fluid  like 
oil  Such  a  model  solid  would,  he  holds,  suffice  to  elucidate  some,  but  far 
from  all,  of  the  pioperties  noted  in  the  above  series  of  experiments  (§  36) 

[1749  ]  §§  37-72  repi  oduce  matter  from  the  author's  memoirs  or  from 
the  Treatise  on  Natural  Philosophy  which  has  already  been  amply  dealt 
with  in  our  History  The  arguments  in  favour  of  bi  constant  isotropy  from 
the  action  of  cork  and  jellies  are  again  referred  to  We  have  already 
pointed  out  that  they  will  only  become  valid  when  it  has  been  demon 
strated  experimentally  that  cork  and  jelly  are  true  isotropic  elastic 
solids,  le  can  have  all  relations  between  stiess  and  stiain  expressed  by 
aid  of  two  constants  see  our  Art  192  (I)  In  this  mattei  we  must  bear 
in  mind  what  Sir  William  Thomson  himself  (§  37)  says  of  such  "elastic 
or  semi  elastic  '  soft'  solids"  as  cork,  india  rubber  or  jellies 

The  exceedingly  imperfect  elasticity  of  all  these  solids,  and  the  want  of 
defimteness  of  the  substance  of  many  of  them,  renders  accurate  experimenting 
unavailable  for  obtaining  any  very  definite  or  consistent  numerical  results 

In  fact  the  elastic  action  of  cork  on  the  one  hand  and  of  gelatinous 
substances  on  the  other  would  probably  be  best  exemplified  theoretically 
by  ti eating  them  at,  porous  elastic  solids,  the  pores  cont  lining  air  and 
liquid  lespectively  The  aigument  used  m  ^  48  for  multiconstancy 
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based  on  a  jointed  bar  mechanism  we*  shall  deal  with  in  our  Arls. 
It  is  really  an  appeal  to  the  principle  of  "modified  action."  The 
articles  on  Resilience1  >  §§  52-56,  are  reproduced  from  the  Treatise 
They  conclude  in  the  reprint  in  the  Mathenwtical  Papers  (YoL  HL, 
p  47)  with  a  table  of  the  elastie  resiliences  and  the  slide-  &a<t  stretch- 
moduli  of  a  variety  of  wires  This  table  is  based  on  experiments  carried 
out  in  the  Physical  Laboratory  of  Glasgow  University  Im  §  62  (1)  w^ 
note  that  Sir  William  Thomson  adopts  the  Bresse  SainkTewat  mdflb 
of  dealing  with  the  flexuie  of  beams  when  the  stretch  modulus  vanes 
from  point  to  point  of  the  cross  section  see  our  Arts.  169  (e)  —  (/) 
and  515 

[1750  ]    §§  73-6  deal  with  the  thermo-elastic  relations,  and  of 
course  draw  laigely  on  the  memoir  of  1855    see  our  Art  1631 
Turning  to  Equation  (vi)  of  our  Art  1633,  or 

rr  t   dw 


where  t  is  measured  in  the  absolute  scale,  let  r  be  the  increase  of 
temperature  due  to  the  sudden  application  of  a  stress  8  corre- 
sponding to  a  strain  —  s,  %  the  strain  produced  by  an  elevation  of 
tempeiature  of  one  degree  when  the  body  is  kept  undei  constant 
stress,  —  this  strain  being  measured  in  the  opposite  sense  to  that 
of  the  constant  stress2,  K  the  specific  heat  of  the  substance  per 
unit  mass  under  constant  stress,  p  the  density,  and  J  Joule's 
equivalent,  then 

TT     rr         dw        ads         j  ds 
H=Zpr,     Tt=~STt, 

whence  we  deduce 


With  regard  to  this  formula  Sir  William  Thomson  remarks 

The  constant  stress  for  which  K  and  x  aie  leckoned  ought  to  be  the 
mean  of  the  stresses  which  the  bod}  expenences  with  S  and  without  *S 
Mathematically  speaking,  S  is  to  be  infinitesimal,  but  practically  it  may 
be  of  any  magnitude  modei  ate  enough  not  to  give  any  sensible  difference 

1  The  historical  statement  that  Lewis  Goidon  fiist  mtioduced  the  word  resilience 
to  denote  the  work  done  by  a  spiiug  or  othei  elastic  body  returning  to  the  unstrained 
state  from  some  strained  limit  is  eironeous     He  only  adopted  the  word  fiom  Young 
see  our  Vol  i    p  875 

2  That  is     x  must  be  an  expansion  if  S  denotes  a  pressure  uniform  in  all 
directions  or  x  must  be  a  stretch  if  S  denotes  a  longitudinal  compression  etc 

29—2 
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IB  4ite vatae  of  either  K  or  x>  whether  the  "constant  stress"  be  with  8 
or  without  8,  or  witih  the  mean  of  the  two  (§  74) 

? *  '[1751  ]  §  75  deals  with  the  important  distinction  between 
static  and  kinetic  elastic  moduli  This  distinction  appears  first  to 
^tve  been  jvomted  out  in  a  clear  scientific  manner  by  Sir  William 
Thomson  himself 

When  change  of  temperature,  whether  in  a  solid  or  a  fluid  is 
produced  by  the  application  of  a  stress,  the  corresponding  modulus  of 
elasticity  will  be  greater  in  virtue  of  the  change  of  temperature  than 
what  may  be  called  the  static  modulus  defined  as  above,  on  the  under 
standing  that  the  temperature  if  changed  by  the  stress  is  brought  back 
to  its  primitiA  e  degree  before  the  measurement  of  the  strain  is  performed 
fhe  modulus  calculated  on  the  supposition  that  the  body,  neither  losing 
nor  gaining  heat  during  the  application  of  the  stress  and  the  measuie 
ment  of  its  effect,  retains  the  whole  change  of  temperature  due  to  the 
stress,  will  be  called  for  want  of  a  better  name  the  kinetic  modulus, 
$>ecause  it  is  this  which  must  (as  in  Laplace's  celebrated  correction  of 
Newton's  calculation  of  the  velocity  of  sound)  be  used  in  reckoning  the 
elastic  forces  concerned  in  waves  and  vibrations  in  almost  all  practical 
cases 

Let  M  be  a  static,  M'  the  corresponding  kinetic  modulus  Clearly, 
if  a  body  is  not  allowed  to  either  lose  or  gain  heat,  then  the  strain  will 
be,  since  there  is  a  change  of  tempeiature  T,  equal  to 

8 


but  this  equals  SjM'  ,  equating  the  two  -we  have  by  using  (i) 

M'  1 


JKp 

Further  if  K  and  K'  denote  thermal  capacities  of  a  given  quantity  of  the 
substance  under  constant  stress  and  constant  strain  respectively  then 

M1      K  ,    . 


The  values  of  the  ratios  M'fM  or  K\K'  are  tabulated  m  two  "Thermo 
dynamic  Tables1"  for  a  temperature  of  15   0,  the  quantities  J,  p,  ff,  M 
and  x  being  the  experimental  data      Thus  Sir  William  Thomson  gives 
for  the  ratios 

1  In  the  first  Table  we  find  "«7=  42400  centimetres'  and  the  slip  is  repeated  m 
the  reprints  Heie  is  a  chance  foi  the  foot  pound  that  unhappy  "no  system  to 
have  its  levenge  ' 
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Dilatation  Modulus 

F'fF 

Stretch 

Modulus  B'lJB 

Glass     (flmt) 

1004 

Zinc 

10080      ; 

Brass  (drawn) 

1028 

Tm 

1  00362 

Iron 

1019 

Silver 

1  00315 

Copper 

1043 

Copper 
Lead 

1  00320 
1  00310 

Glass 

1  00060 

Water 

1004 

Iron 

1-00259 

Ether 

1577 

Platinum 

1  00129 

We  have  tabulated  these  values  here  because  they  throw  considerable 
light  on  a  point  often  referred  to  in  our  History,  namely  the  difference 
between  the  kinetic  and  static  moduli  As  Sir  William  Thomson  poin&s 
out,  the  difference  between  the  values  obtained  by  Wertheim  for  these 
moduli  cannot  be  explained  by  thermal  influence,  they  must  be  due  to 
errors  of  observation  A  similar  opinion  had  been  expressed  by  Clausius 
see  our  Arts  1297*,  1350*,  and  1403* 

[1752  ]  In  §  18,  Tables  Y ,  YI  and  YII ,  will  be  found  recorded  a 
number  of  results  for  the  dilatation  modulus,  stretch-modulus,  slide- 
modulus,  tenacity,  elastic  stretch,  and  resilience  of  a  variety  of  materials 
These  lesults  are  taken  from  the  memoirs  or  tables  of  Wertheim, 
Kankme,  Everett,  Gray,  and  others1  They  are  heie  conveniently 
brought  together  and  i  educed  to  common  units  At  the  same  time 
such  results  are  only  roughly  approximate  The  elastic  moduli  and 
limits  are  physical  quantities  which  vary  very  widely  with  the  form, 
exact  process  of  manufacture  and  individual  working  of  each  test  piece  of 
a  given  type  of  material,  and  as  it  is  of  course  impossible  in  tables  of  this 
kind  to  give  infoimation  with  regaid  to  the  actual  specimen  of  each 
material  to  which  the  results  refer,  the  data  given  cannot  be  of  very 
great  service  in  accuiate  physical  investigations  It  must  ever  be 
lemembered  that  the  elastic  propeities  of  a  body  are  characteristic 
and  pecuhai  to  the  preparation  of  the  specimen  itself,  and  aie  not 
solely  determined  by  the  material  of  which  it  is  made 

[1753  ]  §§  78-81  deal  with  the  important  problem  of  the  effect  of 
woikmg,  01  of  peimaneiit  moleculai  changes,  on  the  elastic  moduli  of  a 
body  They  cite  the  lesults  of  expeiiments  made  by  D  M'Farlane  and 
A  and  T  Gray  Sa  Willum  Thomson  refeis  to  Weitheim  and  others 
who  have  investigated  this  problem,  "but  solely"  he  writes  "with 
lefeience  to  Young's  modulus"  (§  78)  The  elaboiate  jLeseaiches  of 
Kupffei  appeal  to  h\ve  escaped  his  notice  bee  our  Aits  752-6 

1  The  error  by  which  ice  is  given  double  the  stietch  modulus  of  an>  other 
material  is  repeated  m  the  Papeis  see  oui  Ait  372* Jtn 
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(a)  In  §  78  and  Table  VIII  we  have  results  of  expenments  by 
M'Fariane  on  the  results  of  a  setatretch  in  wires  upon  their  slids 
modulus.  The  effect  of  a  set-stretch  was  partly  decrease  of  density  with, 
as  a  rule,  decrease  of  the  slide  modulus  The  results  may  be  compared 
with  tibose  of  Kupffer  see  our  Arts  735  and  741,  (6) 

(6)  Besults  for  the  change  of  the  stretch  modulus  with  the  tern- 
perature  were  in  the  earlier  issues  of  the  paper  cited  from  Wertheim's 
memoir  of  1844  (see  our  Art  1292*)  but  they  are  removed  from  §  79  of 
the  reprint  in  the  Mathematical  and  Physical  Papers  (Vol  in  ,  p  80) 
as  "  vcrr  far  uroug  "  The  sole  result  cited  in  the  latter  work  is  one  for 
a  steel  tuning-fork  due  to  Macleod  and  Clarke1,  from  which  it  would  ap 
pear  that  the  stretch  modulus  for  steel  diminishes  at  the  rate  of  23  2  x  10"5 
of  itself  per  degree  centigiade  of  elevation  of  temperature 

Results  for  the  influence  of  temperature  on  the  slide  moduli  of  iron, 
copper  and  brass  are  cited  from  F  Kohlrausch  and  F  E  Loomis2 
There  is  no  reference  to  the  results  of  KupiFer  see  our  Arts  754-6 


§  80  records  some  expenments  by  J  T  Bottomley  on  soft 
iron  wire,  from  which  it  appears  that  the  gradual  addition  of  stress 
during  a  long  interval  increases  the  ultimate  tensile  stiength  This 
point  had  been  previously  noticed  by  several  technical  elasticians  An 
iron  bar  tested  to  the  beginning  of  stricture,  will  after  being  left 
quiescent  for  a  period  suffer  striction  at  a  different  section  and  a  higher 
load,  and  in  this  manner  the  ultimate  stiength  may  be  raised  very 
considerably  In  some  of  Bottomley's  experiments,  the  increase  of 
tensile  strength  amounted  to  as  much  as  15  to  26  p  c  see  our  Arts  1503* 
and  1125 

[1755]  Finally  in  §  81  we  have  the  effect  of  permanent  torfc  on 
the  elastic  nature  of  wires  Thus  it  developed  seolotropy  in  the  sub- 
stance of  the  wire,  and  altered  both  the  stretch  and  slide  moduli  For 
example,  the  slide  modulus  of  copper  permanently  toited  decreased  with 
the  increase  of  tort  even  to  1/6  of  its  ongmal  value,  and  then  slightly 
increased  again  before  rupture  Steel  pianoforte  wne  shewed  a  dimi 
nution  and  then  a  slight  augmentation  of  the  slide  modulus  under  tort 
Thus  it  fust  sunk  from  751  x  106  grammes  per  sq  centimetie  to  414  x  106 
and  then  lose  to  430  x  10s  lion  wire  shewed  a  diminution  of  14  p  c  of 
the  original  value  befoie  rupture 

In  copper  wire  the  stretch  modulus  on  the  other  hand  was  increased 
10  pc  by  a  permanent  tort  In  steel  wne  no  sensible  alteration  due 
to  tort  was  noticed  in  the  stretch  modulus 

Theie  is  no  reference  to  the  experiments  of  G  Wiedemann  on  the 
subject  of  tort  see  oui  Aits  708  and  714 

1  Phil  Trans  Vol  CLXXI    Part  i  ,  pp  1-14     London  1881 
Annalen  dei  Physik,  Bd  CXLI  ,  pp  481-503     Leip/ig  1870 
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[1756]  As  an  appendix  to  the  article  we  have  the  mathe- 
matical theory  of  elasticity  to  which  reference  has  been  made  m 
our  Art  1648  All  but  the  last  Chapter,  %  e  xvn  ,  appeared  in  t&e 
Ph^l  Trans  for  1856  Several  important  points  in  this  megaoir 
must  be  noticed 

Chapter  I  Def  I  A  stress  is  an  «t  /  7  i/'j/n  //  appkcatwn  of 
force  to  a  body 

This  definition  of  stiess  appears  to  identify  it  rather  ^th  loa<l 
or  body-force  than  with  stress  in  the  sense  of  this  History  It 
does  not  readily  suggest  the  idea  of  "  stress  across  a  plane  m  the 
material"  The  vagueness  of  this  use  of  the  word  is,  I  tbiafc, 
exemplified  bv  Def  I  of  Chapter  II 

A  stress  is  said  to  be  homogeneous  throughout  a  body  when  equal 
and  similar  portions  of  the  body,  with  corresponding  lines  parallel, 
experience  equal  and  parallel  pressures  or  tensions  on  corresponding 
elements  of  their  surfaces 

If  a  cylindrical  shell  or  part  of  a  spherical  shell  were  turned 
inside  out,  it  could  hardly  be  descnbed  in  customary  language  as 
having  in  its  new  state  an  application  of  force,  but  it  is  very  clearly 
m  a  state  of  stress  It  seems  better  to  preserve  the  primitive  use 
of  the  word  stress,  as  adopted  by  Rankine  and  sanctioned  in  the 
Treatise  on  Natural  Philosophy 

Chapter  III  Coi   3      Here  the  following  ellipsoid  is  introduced 


where  the  axes  aie  the  principal  axes  of  the  stress,  Tlt  T^  T3  aie  the 
principal  tractions  (see  our  Art  603*),  and  e  any  indefinitely  small 
quantity  This  repi  events  the  stress  in  the  following  manner 

From  any  point  P  in  the  surface  of  the  ellipsoid  chaw  a  line  in  the  tangent 
plane,  half  way  towards  the  point  where  this  plane  is  cut  by  a  perpendicular 
to  it  through  the  centre,  and  from  the  end  of  the  firbt  mentioned  line  diaw  \ 
radial  line  to  meet  the  surface  of  a  sphere  of  unit  radius  concentric  with  the 
ellipsoid  The  tension  at  this  point  of  the  suiface  of  a  sphere  of  the  solid  is 
in  the  line  from  it  to  the  point  P  and  its  amount  pei  unit  of  surf  ice  ib 
equal  to  the  length  of  that  infinitely  small  line,  divided  b}  e 

The  construction  does  not  seem  so  simple  as  that  of  the  usual  stiess 
quadric  ,  and,  given  the  diiection  of  any  plane,  it  is  not  cleai  how  ^e 
should  find  fiom  the  above  construction  except  b}  a  tentative  piocess 
the  diiection  and  magnitude  of  the  stiess  acioss  it 
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OJwpter  IV     Prop  3     An  ellipsoid  of  the  following  type  is  given 


wnere  the  axes  are  the  principal  axes  of  the  strain  (or,  as  is  well  known, 
of  tbe  stress  see  our  Art  614*)  and  %,  *2,  *a  are  the  principal  stretches 

^  »the  position,  on  the  surface  of  this  ellipsoid,  attained  by  any  particular 
tMsmt  of  the  solid,  is  such  that  if  a  hne  be  drawn  in  the  tangent  plane,  half- 
way to  the  point  of  intersection  of  this  plane  with  a  perpendicular  from  the 
centre,  a  radial  hne  drawn  through  its  extremity  cuts  the  primitive  spherical 
iurface  m  the  primitive  position  of  that  point 

[1757  ]  We  now  reach  on  the  basis  of  the  preceding  ellipsoids  the 
following  definition  (Chapter  IV  ,  Prop  3,  Ooi  1  and  Def  2) 

For  every  stress,  there  is  a  certain  infinitely  small  strain,  and  conversely, 
|br  every  infinitely  small  strain,  there  is  a  certain  stress,  so  related  that  if, 
-$|f!ef  the  stain  is  being  acquired,  the  centre  and  the  strain  normals  [=prm 
opal  axes  of  strain]  through  it  are  unmoved,  the  absolute  displacements  of 
particles  belonging  to  a  spherical  surface  of  the  sohd  represent,  in  intensity 
(according  to  a  definite  convention  as  to  units  for  the  representation  of  foice 
by  lines)  and  in  direction,  the  force  (reckoned  as  to  intensity,  in  amount  per 
unit  of  area)  experienced  by  the  enclosed  sphere  of  the  sohd,  at  the  different 
parts  of  its  surface,  when  subjected  to  the  stress 

Such  a  stress  and  the  infinitely  small  strain  related  to  it  are  termed 
of  the  same  type 

This  type  requires  five  quantities  to  define  it,  two  ratios  between 
principal  tractions  (or  principal  stretches)  and  three  angular  directions 
defining  the  position  of  the  principal  axes 

Further  definitions  of  what  is  meant  by  orthogonal  stresses  and 
strains  are  given  in  Chapter  VI  ,  Def  1-3 

A  stress  is  said  to  be  orthogonal  to  a  strain  if  work  is  neither  done 
upon  nor  by  the  body  in  virtue  of  the  action  of  the  stress  upon  it  while  it  is 
acquiring  the  strain 

Two  stresses  [or  strains]  are  said  to  be  orthogonal  when  either  coincides 
in  direction  with  a  strain  [or  stress]  orthogonal  to  the  other 

[1758  ]  Chapter  VIII  is  entitled  Specification  of  /Strains  and 
Stresses  by  their  Components  according  to  chosen  Types 

Six  sti  esses  or  six  strains  of  six  distinct  arbitrarily  chosen  types  may  be 
determined  to  fulfil  the  condition  of  having  a  given  stress  or  a  given  strain  for 
their  resultant,  provided  these  six  types  are  so  chosen  that  a  strain  belonging 
to  any  one  of  them  cannot  be  the  resultant  of  any  strains  whatever  belonging 
to  the  others 

This  follows  from  the  fact  that  six  independent  parameteis  are 
lequired  to  specify  any  stress  or  strain  whatever  The  six  arbitrarily 
chosen  types  of  stresses  or  stiams  are  termed  type**  of  reference 

Definition     An  orthogonal  system  of  types  of  rcfeienco  ifc  one  in 
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which  the  six  strain  or  stress  components  are  all  six  mutually 
gonal  (OJtapter  IX)  When  the  types  of  reference  expressing  tJie 
strain  constitute  an  orthogonal  system  then  the  component  stresses  may 
be  expressed  by  the  differentials  of  the  strain  energy  with  regard  to  the 
six  component  strains 

This  principle  is  deduced  in  Chapters  XI  and  XIIL  by  a  considera- 
tion of  what  is  defined  as  concurrence  between  stress  and  strain. 

[1759]  We  now  tarn  to  the  contents  of  Chapters  XIV- 
XVI  which  form  perhaps  the  most  important  portion  of  the  paper 
under  consideration 

Let  £,  fa,  fs,  &,  £5,  f6  specify  a  strain  by  means  of  one  system 
of  types  of  reference,  and  £,  f2J  &,  &,  &,  &  the  same  strain  by 
means  of  another  system  Then  any  strain  &  will  be  a  linear 
function  of  the  f-system  and  the  relation  will  contain  six  constants. 
In  general  there  will  be  30  constants  connecting  the  £-  and 
f-systems  Now  the  strain-energy  is  a  quadratic  function  of  the 
strain-components  and  involves  21  constants  We  can  accordingly 
always  make  use  of  15  out  of  our  30  disposable  constants  to 
eliminate  the  product  terms  of  the  strain-energy  by  a  linear 
transformation  Thus  in  an  infinite  variety  of  ways  the  strain- 
energy  can  be  expressed  in  the  form 

w  =  i  (A&  +  A£f  +  A&  +  A£  +  Agf  +  A£f) 
In  this  case  a  strain  of  any  one  of  the  %  types,  if  impressed  on  the 
solid  will  be  accompanied  by  a  stress  orthogonal  to  the  five  others 
of  the  same  system     The  stress  will  be  proportional  but  not  gene- 
rally equal  to  dw/d£ 

[1760]  The  investigation  of  the  previous  article  has  left  us 
with  15  disposable  constants  and  we  can  employ  these  to  make 
the  six  strain  types  f  mutually  orthogonal ,  for  the  condition  that 
two  strain  types  shall  be  mutually  orthogonal  involves  only  one 
relation  and  theie  are  just  15  pairs  in  6  things  This  follows 
from  the  algebraic  theoiy  of  the  linear  tiansformation  of  quadratic 
functions,  associated  with  the  condition  foi  orthogonality  see 
Chapter  X,  Cor  1  and  2 

Thus  we  reach  the  following  impoitant  proposition 

a  single  system  of  six  mutually  orthogonal  types  may  be  determined 
foi  any  homogeneous  elastic  solid,  so  that  its  potential  eneigy  when 
homogeneously  attained  in  any  way,  is  txpres&ed  by  the  sum  of  the 
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j  tia$  square  of  the  components  of  the  strain,  acoording  ta 
those  types^  respectively  multiplied  by  six  determinate  coefficients 
(£iwpter  XT  Prop  1) 

1   Definition.    The  six  strain  types  thus  determined  are  called  the  Six 
Pnncipal  Strain-Types  of  the  body 


[1761]  If  Si,  &,  &>  &>  ?»  &  denote  the  S1X  praropal  strain 
s,  and  $,,  &,  S,,  &,  8S)  S6  the  corresponding  stresses  we  have 
strain-energy  of  the  form 


aacE  generally  flf  = 
>     It  Mows  that  the  stress  requiied  to  maintain  a  given  amount 
is  a  maximum-minimum  if  it  be  one  of  the  six  pnncipal 
(Prop  4) 

We  can  now  return  to  §  41  of  the  article  on  Elasticity  for  the 

*  11     ---    4,vfiv»    f  rtr^g 

lasticity  is  the  number  obtained  by  dividing  the  number 
by  the  number  expressing  the  strain  which  it  produces 
d  a  principal  modulus  when  the  stress  is  such  that  it 
__  >f  its  own  type 

An  seolotropic  solid  has  in  geneial  six  principal  elasticities,  namely, 
the  A-coefficients  of  the  above  value  for  the  strain  energy  Sir  William 
Thomson  appears  in  §  41,  (6)  of  the  article  on  Elasticity  to  identify  the 
six  principal  elasticities  with  six  principal  moduli  I  am  not  certain 
how  far  this  is  consistent  with  the  definition  that  a  modulus  is  the  latio 
of  the  number  expressing  stress  to  the  number  expressing  the  strain 
which  it  produces  My  point  of  difficulty  is  whether  a  '  pnncipal  stress 
type  J  is  always  capable  ol  being  expressed  by  a  single  numerical  stress, 
or  whether  it  will  not  often  consist  of  a  system  of  stresses  Thus  the 
bulk  modulus  in  Sir  William  Thomson's  sense  (see  oui  Art  1776  and 
footnote)  might  be  a  principal  elasticity,  but,  as  it  coriesponds  in  some 
cases  to  a  system  of  sti  esses,  is  it  always  a  principal  modulus  ' 

[1762]  Sir  William  Thomson  gives  in  Chapter  XV  Prop  2 
the  following  exdinples  of  principal  elasticities 

(a)     Foi  cubical  ceolottopy  (see  our  Arts   450,  (v)  and  1639) 
Modulus  of  compressibility,  the  rigidity  agimst  diagonal  distoition 

in  any  of  the  principal  planes  (thiee  equal  elasticities),  and  the  ngidity 

against   lectangulai    distortions   of   a   cube   of    symmetiy    (two   equal 

elasticities) 

In  the  notation  of  oui  Arts  1203  (d)  and  1206  these  moduli  would 

be  \  (a  +  2/'),  d  and  J  (a  -/')  lespectively 
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(b)     For  perfect  wotropy 

Modulus  of  compressibility  and  the  rigidity  (five  equal  elasticity) 
In  our  notation  tliese  moduli  are  ^  (3X  4-  2/*)  and  p, 

Further  statements  as  to  principal  moduli  will  be  found  m  §  4:1  of 
the  article  on  Elasticity,  but  I  do  not  clearly  comprehend  their  meaning  ^ 
thus  it  is  said  that  a  crystal  of  the  rectangular  parallelepiped  (or 
"tesseral")  class  has  six  distinct  principal  moduli  —  "three,  of  ^e 
three  (generally  unequal)  compressibilities  along  the  three  axes,  and 
three,  of  the  three  ngidities  (no  doubt  generally  unequal)  relatively  $o 
the  three  simple  distortions  of  the  parallelepiped  "  I  do  not  follow 
what  is  meant  by  the  "three  compressibilities  along  the  three  axes'*  — 
they  cannot  refer  to  the  three  stretch  moduli  as  these  are  not  prvneqpal 
moduli 

The  whole  discussion  would  have  been  much  clearer  if  the  sfcra*n~ 
energy,  for  a  tesseral  crystal  say,  had  been  written  down  in  terms  of 
the  principal  moduli  aud  the  six  principal  strain-types,  these  principal 
moduli  being  then  given  as  functions  of  the  usual  nine  elastic  coefficients 
and  the  principal  strain-types  in  terms  of  the  usual  stretch-  and  slide- 
components  of  strain  I  have  not  succeeded  in  accomplishing  this1 
I  am  indeed  in  doubt  as  to  how  to  apply  the  condition  for  "orthogo- 
nality of  strains  "  ,  —  nor  if  a  dilatation  can  be,  a  principal  strain  am  I  at 
all  clear  what  is  the  corresponding  principal  stress  ,  it  certainly  cannot 
be  like  most  stresses  a  dwected  quantity 

[1763  ]  In  Chapter  XV  ,  Prop  6,  Sir  William  Thomson  lemarks 
that 

A  homogeneous  elastic  solid,  crystalline  or  non  crystalline,  subject  to 
magnetic  force  or  free  from  magnetic  force,  has  neither  right-handed  nor  left- 
handed,  nor  any  dipolar  properties  dependent  on  elastic  forces  simply  propor 
tional  to  strains 

Hence  he  argues  that  the  elastic  forces  concerned  in  optical  pheno 
mena  such  as  occur  m  quartz  or  tartanc  acid  cannot  depend  on  the 
magnitude,  but  can  solely  depend  on  the  heteiogeneoubness  of  the  strain 
m  the  portion  of  the  medium  through  which  the  wave  passes  Polar 
piopeities  of  crystals  whethei  crystallographic,  optical  or  electrical,  can 
have  no  coi  responding  charactenstic  m  elastic  forces  which  are  simply 
proportional  to  the  stiam 


[1764]  Chtyrtw  XVII  is  entitled  Plane  Waies  in  a  Homogeneous 
jEolotropic  Solid  It  does  not  go  furthei  than  demonstrating  that  m 
general  three  pairs  of  plane  waves  aie  possible  in  such  a  medium  —  m 
the  case  of  an  mcompiessible  solid  reducing  to  two  pans  in  which  the 
motion  is  parallel  to  the  wave  fiont  The  thiee  velocities  of  these  three 
pairs  of  waves  aie  determined  neither  m  teinis  of  the  21  elastic  con 


i 


It  is  easy  Sir  William  Thomson  tells  u«i  to  imestigite  the  pimcipal  strain  tjpe 
and  principal  elasticities  foi  a  ciystal  of  the  tesseial  class  (Chapter  \VI    Coi  ) 
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s,  nor  of  the  direction  of  the  wave  front  The  problem  had  been 
previously  discussed  by  Blanchet  (see  our  Arts  1  166*-78*)  and  has  been 
exhaustively  dealt  with  by  Chjistoffel  see  Annah  di  Matematica,  T  vni^ 
193-248  Milano,  1877,  and  Love  Treatise  on  ih&  mathematical 
of  Etastwity>  Vol  I,  pp  134-40  Cambridge,  1892 


[065.]  Notes  of  Lectwres  on  Molecular  Dynamics  and  the  W&ue 
Theory  of  Light  Delivered  at  the  Johns  Hopkins  Ui  <i  '  /  Balti- 
more Stwiographically  reported  by  A  8  Hathaway  Baltimore, 
This  is  a  shorthand  report  reproduced  by  papyrograph  of 
Sir  William  Thomson  said  in  twenty  lectures  delivered  at 
Baltimore  before  a  distinguished  audience  of  physicists  and  mathe- 
i^tacaaas  in  1884  The  preface  to  Vol  ill  of  the  Mathematical 
md  Physical  Papers  announces  that  Vol  IV  will  contain  a  printed 
^tteion  of  these  lectures  That  volume  not  having  yet  appeared, 
ofur  references  will  be  to  the  pages  of  the  papyrograph  (pp  1-328  + 
fedex)  The  report  was  not  revised  by  the  lecturer,  owing  to 
his  departure  from  America 

We  shall  put  on  one  side  the  large  portion  of  these  lectures 
devoted  to  molecular  theories,  treating  only  of  those  points  which 
rplatp  to  the  theory  of  elasticity,  and  briefly  of  some  problems  m 
;hat  theory  is  applied  to  the  luminiferous  ether 

[1766]  Lecture  I  (pp  1-20)  is  chiefly  historical  and  intro- 
ductory The  position  of  the  lecturer  at  that  time  is  indicated 
in  the  following  words 

In  the  fhst  place  we  must  not  listen  to  any  suggestion  that  we  must 
look  upon  the  luminiferous  ether  as  an  ideal  way  of  putting  the  thing 
A  real  matter  between  us  and  the  lemotest  stars  I  believe  there  is,  and 
that  light  consists  of  leal  motions  of  that  mattei,  motions  just  such  as 
are  descubed  by  Fiesnel  and  Young,  motions  in  the  way  of  transverse 
vibrations  If  I  knew  what  the  magnetic  theory  of  light  is,  I  might  be 
able  to  think  of  it  in  i  elation  to  the  fundamental  principles  of  the  wave 
theory  of  light  But  it  seems  to  me  that  it  i&  rather  a  backwaid  step 
from  an  absolutely  definite  mechanical  motion  that  is  put  before  us  by 
Fiesnel  and  his  followers  to  take  up  the  so  called  electro  magnetic  theoiy 
of  light  in  the  way  it  lias  been  taken  up  by  seveial  writeis  of  late  In 
passing,  I  may  say  that  the  one  thing  about  it  that  seems  intelligible  to 
me,  I  scaicely  think  is  admissible  What  I  mean  is,  that  there  should 
be  an  electnc  displacement  peipendiculai  to  the  line  of  propagition  and 
a  magnetic  distuibance  perpendiculai  to  both  It  seems  to  me  that 
when  we  have  an  electro  magnetic  theoiy  of  light,  we  shall  see  electric 
displacement  as  in  the  dnection  of  propagation  —  simple  vibiations  as 
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described  by  Fresnel  with  lines  of  vibration  perpendicular  to  the  line  of 
propagation — f or  the  motion  actually  constituting  light  I  merely  say 
that  in  passing,  as  perhaps  some  apology  is  necessary  for  my  insisting 
upon  the  plain  matter  of  fact  dynamics  and  the  true  elastic  solid  as 
giving  what  seems  to  me  the  only  tenable  foundation  of  the  wave  theory 
of  light  in  the  present  state  of  our  knowledge 

The  lummiferous  ether  we  must  imagine  to  be  a  substance  which  so 
far  as  lummiferous  vibrations  are  concerned  moves  as  if  it  were  an 
elastic  solid  I  do  not  say  that  it  is  an  elastic  solid  That  it  moves  as 
if  it  were  an  elastic  solid  in  respect  to  the  lummiferous  vibrations,  is  tfae 
fundamental  assumption  of  the  wave  theoiy  of  light  (pp  5-6) 

In  the  last  eight  years  Sir  William  Thomson  has  without  doubt 
modified  his  view  as  to  the  respective  merits  of  an  elastic  solid 
and  an  electro-magnetic  theory  of  light  see  in  particular  his  papers 
referred  to  in  our  Arts  1806-16  But  the  emphasis  laid  on  the 
"real  matter"  and  "real  motion"  of  the  lummiferous  ether  seems 
to  the  Editor  of  this  History  a  grave  danger  m  this  method  of 
speaking  of  the  ether  The  ideal  nature  of  geometry  involves  the 
ideal  nature  of  kinematics  and  ultimately  of  mechanism,  and  the 
"lummiferous  ether"  is  only  an  intellectual  mode  of  briefly 
summarizing  certain  wide  groups  of  sensations  The  advantage  of 
the  electro-magnetic  over  the  elastic  solid  theory  of  light  appears 
to  lie  in  the  wider  range  of  phenomena  it  enables  us  to  epitomise 
under  one  conception 

The  difficulty  of  the  passage  of  the  stellar  bodies  through  the 
ether  is  explained  by  aid  of  the  principle  first  indicated  by  Sir 
G  G  Stokes  (see  our  Art  1266*),  le  that  as  in  the  case  of 
cobblers'  wax,  which  vibrates  to  rapidly  alternating  forces,  long 
continued  but  very  small  forces  suffice  to  produce  permanent 
change  of  shape1 

Whether  mfmitesimally  small  foices  pioduce  change  of  shape  01  not 
we  do  not  know ,  but  very  small  foices  suffice  to  pioduce  change  of 
shape  All  we  have  got  with  respect  to  the  lummiferous  ethei  is  that 
the  exceedingly  small  forces  lequned  to  be  bi  ought  into  play  m  the 
luminifeious  vibiations  do  not,  in  the  times  dunng  which  they  act 
suffice  to  produce  any  sensibly  peimanent  distortion  The  come  and 
go  effects  taking  place  in  the  period  of  the  luminifeious  vibrations 
do  not  give  use  to  the  consumption  of  any  laige  amount  of  energy, 

1  Glycenne  is  also  suggested  as  an  example  illustiatmg  the  ethei  on  p  119 
and  Maxwell  a  experiment  in  which  the  sudden  tuin  of  a  stick  in  Canada  Balsam 
gave  the  medium  a  double  refractive  power,  which  giadually  disappeared  is  leierred 
to  on  pp  119—20 
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not  large  enough  an  amount  to  cause  the  light  to  be  wholly  absorbed  m 
say  its  piopagation  from  the  lemotest  visible  star  to  the  earth  (p  8)     f 


{1717  ]  iectwrell  (pp  20-5)  opens  with  a  brief  elementan  theory 
d£*  etetety  containing,  however,  nothing  beyond  what  is  given  in  tfe 
Sn&ydopaedta  article  on  Elasticity  see  our  Art  1741  Lecture  III 
{pp  Bl-3)  indicates  the  general  solution  of  the  equations  of  vibration  for 
*  fvAmrwrAttamis  isotropic  solid  Lectwre  IV  (pp  38-48)  develops  thfe 


eneous  isoropic  -  ops      g 

,  chiefly  in  reference  to  the  sound  vibrations  represented  by  an 
<e*fuatioax  of  the  type 


(pp   57-66)  continues  the  discussion  of  these  sound  vibra- 


[1768}    Zeetwre  VIII  (pp    77-91)  deals  with  distortional  waves, 
th,os$  fo*  which  the  dilatation  0  =  0      Consider  the  function 


which  satisfies  the  equation 


r  being  the  distance  from  the  origin,  C  and  I  being  constants 

(a)    A  solution  of  the  body  shift  equations,  subject  to  6  =  0,  is  given 

A  d$  d<l> 

w  =  0,     v  =  -f  ,     w  =  ~- 

dz  dy 

At  a  considerable  distance  from  the  origin  the  solution  takes  the 
approximate  form 

n  nfaz  /-^TT  y 

u  =  0,     v  =  -  C  -=-  --s  cos  g,     ^  =  t/  -y-  ~3  cos  0, 

69*^  67* 

where  q  is  written  for  -^-  f?  -     /-  n 

Further  the  twists  at  a  consideiable  distance  are  given  by 

TT2/^         1\ 


Thus  there  are  rotations  proportional  to  —  (sin  q)/t  round  the  axis  of  cc, 
and  to  (sm  q)  x/r*  round  the  radius  vector 

If  you  think  out  the  nature  of  the  thing,  you  will  sec  that  it  is  this 
a  globe,  or  a  small  body  at  the  origin,  set  to  oscillating  about  Ox  as  an  axis 
You  will  have  turning  vibrations  everywhere  ,  and  the  light  will  be  everywhere 
polarized  in  planes  through  Ox     The  vibrations  will  be  everywhere  perpendi 
cular  to  the  radial  plane  thiough  Or  (p  79) 
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(b)     Besides  this  solution  for  a  torsional  vibration,  BIT 
Thomson  gives  (p  84)  the  solution  for  a  small  to  and-fro  motion 
axis  of  x,  viz 


~n  -y:a,                  7-T-,            =  -=-T-. 

Z2  ^  (for**          %do;'           dzdx' 
<f>  having  still  the  value 

C  2 


At  a  considerable  distance  from  the  ongm  we  have  approximately 

-4n*r*-a? 

w-tf---  sin?,     v  =  - 


where  #  has  the  same  value  as  above,  and  clearly  the  resultant  of  these 
shifts  is  perpendicular  to  the  radius-vector  Further  at  a  great  dista&ee 
theie  is  no  appreciable  shift  at  points  in  the  axis  of  as  at  all  In  the  plaae 
of  yz  we  have  v  =  w  =  0,  or  the  shift  is  perpendicular  to  this  plane,  ^  e. 
light  would  be  polarised  in  this  plane  (p  86) 

Sir  William  Thomson  refers  with  regard  to  this  solution  to  Sir 
G  G-  Stokes'  theory  of  the  blue  light  of  the  sky  He  further  deals  at 
considerable  length  with  models  of  vibrators  which  would  produce 
vibrations  corresponding  to  either  of  the  above  cases  It  is  clear  that 
the  solutions  given  by  Sir  William  Thomson  ai  e  special  cases  of  those 
due  to  Yoigt  and  afterward  dealt  with  by  Kirchhoff  see  our  Arts 
1309-10 

[1769  ]  While  Case  (b)  of  the  preceding  article  deals  with  the  to-and 
fro  motion  in  the  axis  of  a;  of  a  single  small  body  at  the  origin,  Lecture 
IX  (pp  92-4)  considers  the  case  of  a  doublet  of  such  motions  at  the 
origin  Such  a  motion  might  be  considered  as  given  by  discs  attached 
to  the  two  ends  of  a  tuning  fork,  neglecting  the  prongs,  or  by  two  small 
balls  connected  by  a  spring  and  pulled  asunder  so  as  to  vibrate  in  and 
out  (p  94)  The  expressions  foi  the  shifts  may  be  found  fiom  those 
given  in  Case  (b)  above  by  simply  differentiating  them1  with  regard  to 
x  and  introducing  a  new  constant  into  <f>  Thus,  at  a  considerable 
distance  from  the  vibiatoi  the  bhifts  will  be  appioximately  of  the 
forms 

™xP-r  n,&  y  n>  ®*Z 

u  =  C  x  cos  q,     v  =  C  -£  cos  q,     w=C  —  cos  q 


It  is  easy  to  prove  that  the  complete  solution  lepiebents  a  distortional 
vibration  (0  =  0),  and  that  the  ladial  component  of  shift  at  a  considerable 
distance  is  7eio  Theie  is  zeio  shift  in  the  plane  of  yz  and  along  the 
axis  of  x  Furthei  treating  the  motion  as  that  of  light,  we  see  that  light 

1  The  papyrograph  has  a  slip  at  this  point  it  speaks  of  dufdx,  di/dy  and  du^L 
&s  the  shifts  (p  93) 
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w^M  be  ^poknzed  in  the  plane  through  the  radius  of  the  point  corai 
d^red  and  perpendicular  to  the  radial  plane  through  Ox  "  (p  93)  i 

Sir  William  Thomson  holds  that  "  This  is  the  simplest  set  of  vibra^ 
tioaas  that  we  can  consider  as  proceeding  from  any  natural  source  of 
light*  (p  94) ' 

Much  of  the  remainder  of  this  Lecture,  dealing  with  the  simplest 
conceivable  form  of  elementary  vibrator  in  the  case  of  light,  is  of  great 
interest,  but  it  would  lead  us  beyond  our  legitimate  subject  to  discuss 
the  lecturer's  suggestions  here 

[17703  Lectwre  XI  (pp  124-37)  treats  of  seolotropic 
elastic  solids  The  first  nine  pages  (pp  124-32)  deal  with  the 
'constant'  controversy  After  referring  to  the  meaning  of  the 
fc§n&  woloftropic,  and  "the  somewhat  cloud-land  molecular  be- 
ganui&g"  of  the  theory  of  elasticity,  Sir  William  Thomson  remarks 
that 

we  have  long  passed  away  from  the  stage  in  which  Fathei  Boscovich 
is  accepted  as  being  the  originator  of  a  correct  repiesentation  of  the 
ultimate  nature  of  matter  and  foice  Still,  there  is  a  never-ending 
interest  in  the  definite  mathematical  problem  of  the  equilibrium  or 
motion  of  a  bet  of  points  endowed  with  inertia  and  mutually  acting 
upon  one  another  with  any  given  force  We  cannot  but  be  conscious 
of  the  one  grand  application  of  that  problem  to  what  used  to  be  called 
physical  astronomy  but  which  is  more  properly  called  dynamical  astro 
nomy,  or  the  motions  of  the  heavenly  bodies  We  have  cases  in  which 
we  have  these  motions  instead  of  the  appioximate  equilibriums  or  in 
fLmtesimal  motions  which  form  the  subject  of  the  special  molecular 
dynamics  that  1  am  now  alluding  to  (pp  125-6) 

It  is  then  pointed  out  that  those  who  have  treated  the  theory 
of  elasticity  from  the  standpoint  that 

matter  consists  of  particles  acting  upon  one  another  with  mutual  forces, 
and  that  the  elasticity  of  a  solid  is  the  manifestation  of  the  force  required 
to  hold  the  particles  displaced  mhmtesimally  from  the  position  in  which 
the  mutual  foices  will  balance  (p  126), 

have  been  led  to  rari-constant  equations  This  statement  should, 
I  think,  be  modified  by  the  addition  to  "  mutual  forces "  of  the 
words  "which  act  in  the  line  joining  the  particles  and  are  functions 

1  This  statement  is  modified  in  Lecture  XII  (p  145),  where  the  lecturer  points 
out  that  the  condition  for  the  centroid  of  a  molecule  remaining  stationary  while 
the  molecule  acts  as  a  vibrator,  would  be  satisfied  not  only  by  the  double  to  and  fro 
motion  of  our  Art  1769  but  also  by  Case  (b)  of  our  Art  1768,  if  the  vibrator  were  a 
Thomson  "  shell  spring '  molecule — le  one  with  a  massive  nucleus  carrying  an 
external  shell  surface  of  extremely  small  mass  by  means  of  connecting  springs 
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only  of  the  mutual  distances JJ  The  statement  of  the  Lectures  does 
irot  exclude  the  hypotheses  of  modified  action  and  of  aspect, 
either  of  which  being  admitted  lead  to  multi-constant  equations  , 
see  our  Arts  276  and  302-6 

Sir  William  cites  Sir  G  G  Stokes  as  having  first  called  attention 
to  "the  viciousness  of  this  conclusion  (le  uni-constancy)  as  a 
practical  matter  in  respect  to  the  realities  of  elastic  solids.** 
Jelly  and  india-rubber,  our  old  friends,  are  referred  to  as  examples 
of  elastic  solids  which  do  not  fulfil  the  uni-constant  condition,  but 
no  attempt  is  made  to  complete  the  validity  of  the  argument  by 
demonstrating  that  they  are  true  elastic  solids  at  all,  %e  that 
two  elastic  moduli  will  suffice  to  determine  absolutely  the  relations 
between  all  types  of  small  stresses  and  strains  in  these  materials. 
For  example,  in  the  case  of  these  materials  are  the  stretch  and 
squeeze-moduli  practically  the  same,  and  if  the  slide-modulus  and 
the  dilatation-coefficient  (X,  see  Vol  I ,  p  884-5)  be  determined 
from  torsion  and  pure  traction  experiments,  are  the  values  of  the 
dilatation-modulus  (\+|/L6),the  spread-modulus  [^(3X+2/t)/(X+2/A)] 
and  the  plate-modulus  [4/4  (//,  4-  X)/(X  -h  2/u.)]  calculated  from  these 
results  m  agreement  with  experiment  ?  These  points  require  very 
careful  consideration  before  the  argument  from  jelly  and  india- 
rubber  can  be  recognised  as  conclusive  see  our  Arts  1636  and 
1749 

[1771  ]  Sir  William  Thomson  now  raises  a  more  interesting 
argument  against  ran-constancy  He  introduces  it  with  the 
following  remark 

Stokes  also  referred  to  a  promise  that  I  made,  I  think  it  was  in  the 
year  1856,  to  the  effect  that  out  of  matter  fulfilling  Poisson's  condition 
[i  e  ran  constant  matter]  a  model  may  be  made  of  an  elastic  solid,  \\  hich 
when  the  scale  of  parts  is  sufficiently  reduced  will  be  a  homogeneous 
elastic  solid  not  fulfilling  Poisson's  condition  Stokes  iefeib  to  tint  promise 
of  mine  which  was  made  very  nearly  30  years  igo  I  piopose  this  moment 
to  fulfil  it  never  having  done  so  befoie  It  is  a  very  simple  affan  (p  127) 

The  following  is  the  model  suggested 

Take  a  geometucal  light  six  face  as  our  element  and  suppose  8  particles 
at  its  angles  These  may  be  connected  by  the  12  edges,  the  four  inteinal 
diagonals  and  the  12  face  diagonals  Each  edge  will  ho\\evei  belong 
to  foui  such  light  six  faces,  and  each  face  diagonal  to  two  light  six  faces  ; 
hence  we  are  left  with  only  13  disposable  links  for  each  element 
Suppose  these  links  leplaced  by  13  springs  of  diffeient  elasticities 

T  E  Pi  II  30 
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*Pm  grm  us  13  arbitrary  constants  Two  further  constants 
from  the  ratios  of  the  three  edges,  and  three  from  the  arbitrayyj 
dnections  which  we  may  take  for  our  coordinate  axes  of  referenca 
Thus  we  have  at  present  18  arbitrary  constants  To  get  three  mor$ 
constants  Sir  William  Thomson  places  bell  cranks  at  each  corner  and 
@^#Bee£s  them,  by  pieces  of  wire,  so  that  the  wire,  thought  of  for 
t&e  moment  as  continuous  through  the  bell  cranks,  passes  twwe 
rouad  the  edges  of  the  right  six  face  This  can  be  done  in  a  variety 
of  ways.  These  pieces  of  wire  connecting  the  bell  cranks  can  be 
taken  of  different  elasticities  in  the  directions  of  the  three  principal 
axes,  and  we  thus  have  three  more  disposable  constants,  or  21  in  all 
^  W^lljam  Thomson  speaks  of  this  arrangement  as  "  a  model  of  a  solid 
Iptv^ng  the  ,21  independent  coefficients  of  Green's  theory"  He  draws 
^tention  to  the  fact  that  for  the  case  of  an  isotropic  solid  if  the  bell 
crank  wires  are  inelastic,  the  right  six  face  can  suffer  no  dilatation  In 
fefc^,  we  might  place  smooth  rings  at  the  corners  and  take  a  continuous 
in/extensible  strmg  twice  round  the  edges ,  for  small  strains  the  soh$ 
Would  then  be  inextensible  (if  not  incompressible) l 

[1772  ]  Now  there  seems  to  me  to  be  grave  difficulties  about  this 
model  It  consists  really  of  a  space  framework  with  a  considerable 
number  of  supernumerary  bars,  besides  a  binding  of  wire  and  bell  cranks. 
These  involve  18  disposable  constants  But  why  stop  at  1 8 1  We  cannot, 
indeed,  put  in  any  moie  straight  supernumerary  bars,  but  there  is  nothing, 
I  think,  to  hinder  us  lunning  wire  and  bell  cranks  round  the  diagonal 
bracing  bais  in  a  great  variety  of  ways  I  see  no  reason  why  the  dis- 
posable constants  should  stop  at  18  Yet  no  one  will  assert  that  because 
we  can  build  up  a  frame  with  supernumerary  bais,  bell  cranks  and  wires 
which  has  24  or  perhaps  30  disposable  constants,  that  theiefore  we  can 
have  an  elastic  solid  with  24  01  30  disposable  coefficients  Clearly  there 
is  a  portion  of  the  argument  which  is  veiy  far  from  completed  by  the 
lecturer  Out  of  material  obeying  ran  constant  conditions,  we  can  build 
up  a  frame  with  18  (or  possibly  80  disposable  constants),  but  it  has  yet 
to  be  proved  that  the  relations  between  stress  and  strain  foi  such  a  frame 
will  contain  tlw  same  number  of  independent  coefficients  The  complexity 
of  the  supernumeraiy  bars  in  Sn  William  Thomson's  model  fiamework 
renders  it  difficult,  if  not  impossible,  to  work  out  the  relations  between 
the  elasticities  of  the  vaiious  mernbeis  and  the  elastic  coefficients  of  the 
corresponding  elastic  solid  Till  that  is  done,  however,  we  have  no  evi 
dence  that  ceitam  inter  constant  relations  may  not  after  all  hold  for  this 
model2 

1  An  mextensible  string  alone  would  not  answer  the  purpose  m  the  case  of  an 
aeolotropio  medium,  for  if  a  b,  c  be  the  edges  of  the  right  six  face  the  condition  of 

mextensibility  gives  $a  +  &&  +  &!=0,  but  that  of  mcompressibihty  ~  +  T  + -=0 

Cl  0          C 

The  further  conditions    a  —  b  =  c  are  necessary  and  sufficient 

2  Sir  William  Thomson  remarks  on  p  131      '  We  have  18  available  quantities 
T\hich  \\ill  make  by  solution  of  hneai  equations  the  iequued  18  moduluses  '      This 
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Even  tlie  particular  case  of  isotropy  is  by  no  means  easy  of  analysis  m 
the  model,  we  have  of  course  straight  off  only  one  edge  elasticity,  one  face 
diagonal  elasticity,  one  internal  diagonal  elasticity  and  farther  oae  elas- 
ticity of  the  binding  wire,  four  constants  m  all  Sir  William  Thomson 
tells  us  (p  129)  that  without  the  binding  wire  the  three  other  ekstieitiss 
for  isotropy  reduce  to  a  single  one  and  that  "  an  isotropie  sobd 
in  this  way  will  have  an  absolutely  definite  compressibility,  we 
make  the  compressibility  what  we  please  "  It  would  be  an 
but  I  fear  complicated  piece  of  analysis  to  ascertain  even  in  this  case 
relations  between  the  elasticities  of  the  three  bars  and  to 
whether  the  stretch-modulus  is  or  is  not  -|  of  the  slide-modulus. 

[1773  ]  Since  Sir  William  Thomson  introduces  supernumerary  &w» 
into  his  frame,  it  is  clear  that  the  action  between  any  two  partioks 
depends  on  the  action  between  other  pairs,  for  a  strain  in  one  bar 
produces  strain  in  all  the  others,  which  strains  of  course  inHum-ae 
the  stress  in  the  first  bar  Thus  he  is  really  constructing  a  model 
which  introduces  the  hypothesis  of  modified  action.  This  hypothesis 
is  expressly  excluded  by  the  assumptions  of  Javier  and  Poisson,  and 
we  have  already  recognised  that  it  may  lead  to  multi-constancy  Whether 
it  leads  in  the  case  of  the  model  described  in  this  lecture  to  complete 
multi  constancy,  I  do  not  think  we  have  evidence  enough  to  determine 
Clearly  the  model  does  not  carry  us  further  than,  if  indeed  as  far  as,  the 
statement,  that  modified  action  leads  to  multi-constancy  see  our  Arts 
1529*  (and  ftn  ),  276  and  305  The  remainder  of  the  Lecture  (pp  132-7) 
is  devoted  to  a  discussion  of  wave  motion  in  an  aeolotropic  medium  and 
covers  practically  the  same  ground  as  the  Encyclopaedia  article  on 
Elasticity  see  our  Art  1764 

[1774  ]  Lecture  XII  (pp  1 37-43)  discusses  the  differences  between 
aeolotropic  and  isotropie  solids  m  the  matter  of  wave  motion  It  indi- 
cates rather  by  suggestion  than  analysis  what  is  the  probable  solution  for 
waves  in  the  former  case,  and  also  the  nature  of  the  conditions  which 
must  hold  m  order  that  condensational  may  be  separated  from  distor 
tional  waves  As  to  indications  of  the  former  wave  Sir  William 
Thomson  savs 

The  want  of  indication  of  any  such  actions  is  sufficient  to  pio\e  that 
if  there  are  any  in  natuie,  they  must  be  exceedingly  small  But  that  there 
are  such  waves  I  believe,  and  I  believe  that  the  velocity  of  propagation  of 
electrostatic  foice  is  the  unknown  condensational  \elocity  that  \ve  are 
speaking  of  I  do  not  mean  that  I  belie\e  this  ab  a  matter  of  religious 
faith,  but  rather  as  a  matter  of  strong  scientific  probability  (p  143) 

[1 775  ]  Lecture  XIII  (pp  154-62)  contains  some  rather  disconnected 
but  still  suggestive  remarks  on  aeolotropy  and  wave  motion  in  aeolotiopic 

does  not  I  think  mean  that  the  18  coefficients  aie  linear  functions  of  the  18 
moduluses  They  come  out  I  think,  very  complicated  functions  of  the  16  elasti 
cities  and  the  two  length  ratios,  hut  I  do  not  see  a  pt  ion  why  these  functions  must 
be  independent 

30—2 
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poljds.  On  p  156  ths  form  of  the  equations  for  wave  motion  in  an  wcomr 
pressMe  isotropic  solid  is  generally  indicated,  and  the  method  of  obtaining 
$*osef0r  11  >i  pr<  -IMIUO'  i  >P'<  solid  is  suggested  Franz  and  Carl 
Neumann  had  dealt  previously  at  some  length  with  these  problems  see 
our  Arts.  1215  et  seq  The  lecturer  then  turns  to  Rankine's  nomenclature 
and  deals  especially  with  cyboid  or  cubic  aeolotropy  see  our  Arts  443^ 
52,  especially  Art  450  (v)  He  points  out  that  Rankme  had  remarked 
$at  according  to  Sir  David  Biewster  this  soit  of  variation  from  isotropy 
w&s  to  be  found  in  analcime1  He  then  quotes  Sir  G  G-  Stokes  to  the 
effect  that  no  optical  phenomenon  observed  in  cubic  crystals  gives  any 
evidence  in  favour  of  the  existence  of  this  sort  of  aeolotropy,  and  that  not 
even  Brewster's  experiment  is  a  true  instance  Thus  we  are  thrown  back 
<m  physical  elasticity  rather  than  on  optics  for  examples  of  cyboid  aeolo 
Iropy,  and  the  lecturer  illustrates  it  from  woven  material  and  basket  work, 
where  the  elasticity  may  be  the  same  in  the  direction  of  the  two  (or  three) 
principal  axes,  but  the  resistance  to  shear  may  vary  widely  with  the 
direction  of  the  shear  He  refers  on  p  159  to  the  error  of  Rankme 
noticed  m  our  Art  421 

Starting  from  cyboid  aeolotropy,  Sir  William  Thomson,  supposing  in 
compressibility  and  annulling  the  "  difference  of  rigidities  for  the  pnn 
cipal  distortions  in  each  of  the  three  principal  planes,"  reaches  an  elastic 
solid  with  three  pnncipal  moduli  and  giving  Fresnel's  wave  surface  For 
a  fuller  discussion  of  the  details  of  this  investigation,  which  is  only  in 
dicated  in  the  briefest  manner  in  the  Lectures,  we  may  lefer  the  reader 
to  the  memoirs  cited  in  our  Arts  917*-18*,  148-50  and  1214-15  As 
in  Neumann's  investigation  the  shifts  lie  in  the  plane  of  polarization 
(pp  161-2) 

[1776]  Lecture  XIV  (pp  173-78)  has  some  interesting 
remarks  and  results  bearing  on  various  features  of  aeolotropy 

(a)  The  first  elastic  problem  is  to  find  the  bulk  modulus,  i  e  the  dila 
tation  modulus  for  an  aeolotropic  solid  (p  174)  We  take  the  bulk 
modulus8  to  be  the  elastic  constant  by  which  uniform  piessure  on  the 
surface  of  any  portion  of  a  homogeneous  aeolotropic  solid  must  be  divided 

1  See  Herschel  s  I^Tit    Art  1133    Encyclopaedia  Metropolitan*!    London,  1854. 

2  Sir  William  Thomson  here  defines  the  bulk  modulus  to  be  the  mean  normal 
pressure  divided  by  the  compression  when  the  solid  is  compressed  equally  m  all 
directions    i  e    when  the  strain  denotes  a  pure  change  of  si?e     This   however, 
does  not  give   the  relation  between  pressure  and  dilatation  for  the  case  which 
we  can  actually  experiment  on,   namely     a  uniform  surface  piessure     Further 
making  an  aeolotropic  body  incompressible  for  the  stress  winch  produces  pure  change 
of  size  does  not  insure  that  the  body  is  really  incompressible  for  every  form  of  stress 
The  bulk  moduli  in  Sii  William  Thomson's  sense  and  in  oui  sense  of  the  word 
coincide  only  for  cubical  ciystals  and  isotropic  bodies      In  other  cases  it  is  difficult 
t )  see  how  this  modulus  m  Sir  William  Thomson  s  sense  satisfies  his  definition  of 
a  modulus  of  elasticity    see  our  Art  1761      It  is  the  ratio  not  of  an  actual  but  of  an 
average  stress  to  the  dilatation     This  bulk  modulus  cannot  be  ascertained  by  any 
simple  experiment  and  no  arrangement  of  load  capable  of  being  practically  applied 
would  pi  oduce  such  a  pure  change  of  size  in  an  aeolotropic  body 
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in  order  to  obtain  the  compression  per  unit  volume  of  the  solid.  |f 
this  be  so,  the  proper  method  of  procedure  seems  to  be  to  equate  tfe@ 
three  tractions  in  their  most  general  form  to  the  pressure  with  its  sa&a 
changed  (-p),  and  further  to  put  the  three  shears  zero  From  $te  si& 
equations  so  obtained  the  slides  must  be  eliminated  and  the  three  stretches 
found  The  sum  of  the  three  stretches  then  gives  the  dilatation  (&&  ife 
compression)  in  terms  of  the  pre^suie,  and  so  determines  the  dilatation- 
modulus  The  answer  can  be  at  once  wiitten  down  in  tfee  form  of 
determinants,  but  to  expand  them  for  the  most  general  case  of  aa 
aeolotropic  solid  is  very  laborious  For  the  case  of  three  planes  of 
elastic  symmetry,  we  find  for  the  dilatation  modulus  F  in  the  notation  of 
Art  117 

__  abc  +  2df>/  '  -  ad'*  -  be*  -  cf'2  _ 
bG-d^  +  caf^e^  +  ab^ffz  +  2(dfe/-cf)^2(fldf-bet)  +  2(ef^a^) 

This  agrees  with  Neumann's  result  in  our  Art  1205  for  a  special  case 
and  also  with  the  value  of  F  for  isotropy 

Sir  William  Thomson,  with  the  definition  of  the  footnote  to  our  Art. 
1776  deduces  from  the  expression  for  the  strain-energy  that  (p  168) 

F-  £  {\xxxx\  +  \ym\  +  I*MW|  +  2  (\yyxx\  +  \zzxx\  +  \xxyy\)} 


for  the  general  case  of  aeolotropy,  the  notation  being  that  of  our  Art. 
116,  ftn  This  result  does  not  involve  like  the  previous  one  the  direct 
slide  coefficients  nor  those  of  asymmetrical  elasticity 

For  the  case  of  three  planes  of  elastic  symmetry  it  becomes 


which  differs  fiom  the  lesult  given  above      It  agrees  with  that  result 
and  with  the  usual  value  (X  -f  ^u.)  in  the  case  of  isotropy 

This  \alue  of  F  given  on  pp  168  and  174  leads  me  to  believe 
that  the  second  pioblem  treated  by  Sir  William  Thomson,  namely 
the  value  of  the  strain  energy  foi  an  incompressible  aeolotiopic  elastic 
solid,  is  erroneously  worked  out1 

(b)  The  thud  pioblem  is  entitled  To  annul  skewneskes  relatively  to 
Ox,  Oy,  Oz  This  amounts  to  equating  to  zero  the  coefficients  of  asym 
metrical  elasticity  see  our  footnote  p  77 


(c)     The  fourth  problem  is     To  annul  weblike  aeolotropy,  the 

being  annulled  (pp  173-8)  By  "annulling  the  weblike  aeolo 
tiopy"  Sir  William  Thomson  understands  introducing  a  condition  of  the 
following  kind 

Take  a  plane  perpcndiculai  to  any  one  of  the  axes,  sa}  that  of  0^, 
and  suppose  lines  in  the  diiection  Oy  to  leoeive  a  stretch  A*,  md  lines  in 

1  I  have  used  the  woid  'erroneous'  here  although  the  matter  ib  lather  one  of 
definition  We  are  dealing  with  two  bulk  moduli  (tasmomic  and  thlipbinomic) 
diffeiently  defined  But  it  seems  to  me  impossible  to  consistently  define  a  solid,  in 
which  some  systems  of  loading  do  produce  completion,  as  incompressible 


46£  BIB  WILLIAM  THOMSON 

tke  direction  0»  a  squeeze  -  J*,  then  the  work  done  in  this  strain  is  to 
be  eqoal  to  the  work  done  in  giving  a  face  perpendicular  to  y  a  sMe 
parallel  to  z  of  magnitude  8  Geometrically  the  slide  and  the  stretch 
aad  squeeze  are  equivalent,  and  Sir  William  Thomson  introduces  an 
isetropy  with  regard  to  slide  in  the  planes  perpendicular  to  each  of  the 
coordinate  axes  Thus  the  condition  is 

to  express  that  there  is  such  a  deviation  from  aeolotropy  as  would  be  produced 
if  we  were  to  annul  the  differences  of  rigidity  relatively  to  a  shear1  produced 
bv  pulling  out  one  diagonal  and  shortening  the  other  compared  with  the  shear 
of  sliding  one  face  past  the  other  (p  177) 

The  strain-energy  <£  for  an  aeolotiopic  solid  in  which  the  "skew 
nesses  are  annulled  n  is  easily  seen  to  be 


fience  for    sy  =  £s,  s^  =  -  £s,  we  have,  all  the  other  strains  being  zero 

2<£  =  i(&  +  c-2d')s% 
and  for  cr^  =  8,  and  all  the  other  strains  zero 


Thus  the  condition  for  annulling  weblike  aeolotropy  is  d=  J(6  +  c  -  2d'), 

*(b  +  c)  =  (2d  +  d') 
Similarly 


Now  these  are  piecisely  Saint  Tenant's  ellipsoidal  condition^  of  the 
second  kind  (see  our  Art  230),  or  "  weblike  aeolotropy"  is  not  consistent 
with  the  aeolotiopy  produced  by  permanently  stiammg  an  isotropic  elastic 
solid  so  as  to  have  three  planes  of  elastic  symmetry  see  our  Art  231 

[1777  ]  There  is  another  way  of  looking  at  the  results  of  the 
preceding  aiticle,  which  is  not  without  mstiuctneness  Consider  a 
strain  confined  to  the  plane  xy,  md  defined  by  the  three  strain 
components  *X1  t>yl  and  cr^  Let  r'  be  a  line  in  this  plane  which  makes 
an  angle  6  with  the  axis  of  x  and  let  r  be  a  line  perpendiculai  to  it 
Then  we  easily  nnd  foi  a  solid  with  the  skewnesses  annulled 

°V  =  (fy  -  O  sin  20  -t-  <rLtf  cos  20, 
and  r?  =  1  {^  (/  -  a)  +  6V  (b  -/)}  sm  ^  +S<r*y  c°s  W 

See  (vi)  and  (viu)  of  oui  Ait   133 

The  second  result  holds  in  the  case  of  weblike  aeolotropy     Now  give 

1  Shea)  is  here  used  for  sham,  in  the  sense  of  our  slide 
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any  umplanar  strain  without  dilatation,  or  such  that  8x  +  8y= 
if  there  is  to  be  isotropy  of  slide,  we  must  have 


^e 


or  the  same  condition  as  before  This  method  of  obtaining  the  result 
brings  out  more  clearly  that  absolute  isotropy  of  slide  does  rfeally  «xisl 
when  webkke  aeolotropy  is  annulled  in  each  principal  plane  for  strains 
without  dilatation  in  that  plane 

[1778  ]  Sir  William  Thomson  uses  (pp  169,  177-8)  the  results  of 
the  previous  article  to  obtain  an  expression  for  the  strain  energy  <£  of  an 
elastic  solid  without  either  '  skewnesses',  or  '  web-like  aeolotropy  '  and 
strained  without  dilatation  He  takes  to  insure  the  latter  condition 


We  then  find1 


Thus  we  have  the  sfciam  eneigy  expressed  in  terms  of  the  three  slide 
moduli   alone,    and   so    in  a  foim   suitable  for   discussing  waves  of 
distortion 

[1779  ]     In  Lecture  XV  pp    182-93  aie  devoted  to  the  subject  of 
elasticity  and  the  elastic  theoiy  of  light     The  lemarks  on  pp   182-3 
as  to  the  conditions  for  incompiessibihty  seem  to  me  doubtful,  owing  to 
the  use  of  the  particular  value  of  the  dilatation  modulus  befoie  lef  erred  to 
see  our  Ait    1776      Sir  William  then  passes  to  the  thlipsmomic  co 
efficients      Adopting  the  notation  for  these  coefficients  suggested  in  our 
Art  448,  we  have  as  types 

83,  =  (aaaa)  *Z  +  (aabb)  TV  +  (aacc)  *T  +  (aabc)  P  +  (aaca)  T  +  (aaab)  ay, 
<Ty  =  (bcaa)  M  4-  (bcbb)  TV  +  (bccc)  ^  +  (bcbc)  T  +  (bcca)  £T  i-  (bcab)  Tv 
Cieaily  we  must  then  \vnte 


(aaaa) 
+  (aabb) 
+  (aacc) 


(aabc)    T  +  (<*>aca)    ^7  +  (aaab) 


(bbbb)         +(bbtc)  !       +  (bbbc)        +(bbca)        +(bbal] 
(ccbb)          +(cnt)    |       +(ccbc)  ,      +  (cccn)         +(ccab) 


1  Thepapyiogiaph(p  169)appeais  to  ha\e  the  factoi  2  instead  of1  in  the  thiec 
last  terms 
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iir  vBt 

Hence  we  hare  the  following  six  conditions  for  complete  mcompress^ 

Wity  under  all  forms  of  stress 

(0000)  +  (0066)  +  («**)  =  0,        (aabb)  +  (bbbb)  +  (cc&o)  =  0, 
(oocc)  +  (Mcc)  +  (ccco)  =  0,         (oa6c)  +  (666c)  +  (ccbc)  =  0, 
(ooca)  +  (bbca)  +  (ccca)  =  0,        (<zoa&)  +  (56o5)  +  (ccab)  =  0 
Sir  William  Thomson  remarks  (p  184) 

It  is  starting  to  think  of  six  equations  to  express  incompressibility,  I  have 
not  really  noticed  it  before,  but  it  is  quite  right 

In  thhpsxnomic  coefficients  it  is  clear  that  the  conditions  of  in 
eompressibihty  can  only  be  expressed  by  the  above  six  relations ,  but  it 
itf  xtot  so  clear  that  in  the  case  of  tasmomic  coefficients  six  lelations 


e  Beoessarv 

For  example,  we  have,  in  the  case  of  three  planes  of  elastic 
symmetry1,  when  the  plagiothliptic  coefficients,  le  those  of  un- 
symmetrjcal  pliability,  vanish  (see  our  Art  448) 


where  A  =  abc  +  2dV/'  -  ^/2  -  £/2  -  c/'2 

Hence  the  conditions  for  incompressibility  reduce  to 


, 
0' 


Now  we  can  satisfy  these  by  making  all  thi  ee  numerators  zero,  wlucli 
does  not  involve  any  of  the  tasmomic  coefficients  being  infinite  (and 
certainly  not  all  six,  a,  6,  c,  d\  e',  /'  infinite,  as  seems  to  be  suggested  by 
the  lectuiei  on  p  175),  01  we  can  take  A  =00  ,  without  making  the  nu 
meiators  mnmte  Foi  example,  if  we  take  a  and  d!  infinite,  01  b  and  e' 
infinite,  01  c  and  /'  infinite,  the  conditions  of  mcompiessibility  will  be 
satisfied  To  judge  from  this  special  case  the  geneial  lule  seems  to  be 
the  following  which  is  not  in  complete  agieement  with  that  stated  by 
Sir  William  Thomson  For  mcompiessibility  it  suffices  that  six 
lelations  be  satisfied  among  the  tisinomic  coefficients,  none  of  them 
becoming  infinite  ,  but  in  special  cases  the  becoming  infinite  of  a  number 

1  The  leadei  must  caiefully  distinguish  between  the  at  b  c  of  the  symbols  foi 
the  thlipsmomic  coefficients  which  denote  merely  diiectiom,  and  the  a,  b,  c  which 
are  the  direct  stretch  coefficients  (tasinomio  constants)  of  an  elastic  solid  with 
three  planes  of  elastic  symmetry 
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less  than  six  of  the  tasmomic  coefficients  will  suffice  to  ensure 
sibility 

The  further  condition  for  the  vanishing  of  the  "  skewnesses  J>  m 
thlipsmomic  coefficients  is  discussed  on  pp  186-7  It  is  of  course 
merely  the  vanishing  of  Rankme's  plagiothkptic  coefficients.  BIT 
William  Thomson  speaks  of  them  here  as  -well  as  of  the  plagiotatie 
coefficients  as  "  side-long  coefficients  "  They  are  the  coefficients  such  as 
\*yy*\,  \™xz\,  (able),  (aaac)  etc,  which  contain  an  odd  number  of  any 
subscript  letter 

The  remainder  of  Lecture  XV  (pp  187—93)  and  the  first  part  of 
Lecture  XVII  (pp  209-13)  contain  a  criticism  of  Green's  "extraneous 
pressures  "  The  cuticism  misses,  I  venture  to  think,  the  real  point  of 
what  Oauchy,  Green  and  Saint  Venaut  denote  by  these  "  extraneous 
pressures,"  or  by  what  we  have  by  prefeience  in  our  History  termed 
^n^t^al  stresses  see  our  Aits  616*,  1210*  and  Vol  I  ,  p  883  It  is  of 
the  very  essence  of  such  initial  stresses  that  the  principle  of  the  super- 
position of  small  strains  does  not  apply  Compare  our  Arts.  129  and 
1445-6  with  Sir  William's  remaiks  on  p  192,  noting,  however,  his 
p  212  The  footnote  p  189  together  with  the  addition  on  p  213  must, 
I  think,  be  taken  as  probably  marking  a  withdrawal  after  further  con- 
sideration from  the  standpoint  of  the  lectures  see  also  our  Art  1789 

[1780  ]  The  only  other  part  of  Lecture  XVII  (which  is  mainly 
occupied  with  considerations  as  to  the  reflection  and  refraction  of  light 
at  the  interface  of  two  media,  and  as  to  the  plane  of  polarisation)  relating 
closely  to  our  subject  ib  the  further  discussion  of  aeolotropy  on  pp 
213-6  Sir  William  Thomson  refers  in  paiticular  to  c  web  like  asym- 
metry' and  refers  to  biaced  structures  having  only  one  set  of  diagonal 
bracing  bars  as  representing  something  analogous  in  framework  He 
refers  also  to  the  probability  that  crystals  of  the  cubic  class  possess  it, 
and  suggests  the  importance  of  experiments  Clearly  were  we  to 
annul  c  web  like  asymmetry  J  in  i  egular  crystals,  they  would  become 
isotropic  elastic  bodies1,  and  they  would  cease  to  be  ciystals  fiom  the 
elastic  standpoint  Klang  as  eaily  as  1881  and  Voigt  m  a  beiies  of 
memoirs  have  determined  the  constants  a,  /  and  d  for  regular  ciystals, 
and  shewn  that  the  lari  constant  i  elation  a=2d+J'  is  very  far  from 
holding  see  oui  Arts  1203  (d),  and  1212  How  fai  then  experiments 
inspiie  lull  confidence  will  be  discussed  later 

[1781  ]     Ledure  XVIII  (pp   227-49)  dealb  with  the  letiection  and 
lefraction  of  light  at  the  mteiface  of   two  media  on  the  elastic  solid 
theoiy      The  method  adopted  is  veiy  close  to  Loul  Ravleigh's  treat 
ment  of  Green's  theoiy     see  the  Philosophical  Magazine,  \Tol   XLII  ,  pp 
81-970,  London,  1871      The  discussion  is  very  suggestive  on  a  number  of 
points,  but  thfy  belong  rathei  to  the  theoiy  of  light  thin  to  tint  of 


1  This  follows  at  once  if  we  introduce  the  annulling  condition  01  a  =  2d  +  i  into 
the  stress  stiam  relations  of  our  Ait   120d  (d) 
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The  first  suggestion,  I  have  come  across  of  using  an  elastic 
medium  loaded  with  gyrostatic  molecules,  as  a  mode  of  explaining 
tike  rotation  of  the  plane  of  polarisation  by  quartz,  etc  is  given  on 


Lztfwre  XIX  (pp  256-69)  so  far  as  it  concerns  elasticity  deals 
farther  with  the  subject  of  the  reflection  and  refraction  of  light  at  an 
interface  It  discusses  chiefly  from  Lord  Rayleigh's  standpoint  the 
«  condensational  wave  "  The  language  used  (p  267)  as  to  Neumann's 
work  —  especially  if  we  consider  the  latest  form  of  his  researches  —  seems 
to  me  both  in  the  present  and  previous  lectures  too  severe 


(pp  270^-88)  concludes  the  body  of  the  work  It  deals 
with  the  theory  of  light,  but  one  or  two  points  are 
ekse  to  oui  subject  to  be  noted  here 

(a)  Sir  William  Thomson  refers  on  p    270  to  Rankine1  as  the 
originator  of  the  idea  of  "  aeolotropy  of  density  "  in  the  medium  which 
tptnsfers  light  in  a  crystal     This  idea  was  deduced  by  Rankine  from 
to  hypothesis  of  "molecular  vortices"    see  our  Arts    424  and  440 
Speaking  of  this  hypothesis  the  lecturer  says  (p  270) 

/* 

*     *        I  do  not  think  I  would  like  to  suggest  that  Rankme's  molecular  hypothesis 

*  is  of  very  great  importance     The  title  is  of  more  importance  than  anything 

else  in  the  work.  Rankine  was  that  kind  of  genius  that  the  names  were  oi 
e&ormous  suggestiveuess ,  but  we  cannot  say  that  always  of  the  substance 
We  cannot  find  a  foundation  for  a  great  deal  of  his  mathematical  writings 
and  there  is  no  explanation  of  his  kind  of  matter  I  never  satisfy  myself  unti 
I  can  make  a  mechanical  model  of  a  thing 

The  hypothesis  of  "  aeolotropy  of  density  "  has  been  further 
investigated  by  Lord  Rayleigh  see  the  Philosophical  Magazine 
Vol  XLI  ,  pp  519—28  London,  1871 

It  leads  to  equations  practically  identical  with  those  adopted  b 
Sariau  and  Boussmesq  to  explain  double  refraction  see  oui  Aits  1476 
1480  and  1483  The  hypothesis  itself  is  lejected  by  Sir  William  o 
the  ground  of  a  paper  by  Stokes  in  the  Proceeding*  of  the  Royal  Societt 
Vol  xx,  pp  443-4  London,  1872  Stokes  had  veuhed  Huyghen 
construction  as  the  tine  law  of  double  lefraction  for  Iceland  spar  withi 
the  limits  of  errois  of  observation  and  had  lemaiked 

This  reault  is  sufhcient  absolutely  to  disprove  the  liw  resulting  from  tl 
theory  which  makeb  double  refraction  depend  on  a  difference  o?  ineitia 
diffeient  directions  (p   444) 

(b)  Some  further  considerations  on  the  difficulty  of  the  motion 
molecules  through  the  ethei  occur  on  pp   277-80     bee  our  Ait   1766 

1  Philosophu al  Magazine,  Vol  I ,  pp  4-U-45      London,  18  j  I 
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Here  we  have  the  particles  going  with  a  velocity  of  half  or  a  quarter  <o£  & 
kilometer  per  second  m  the  kinetic  theory  of  gases,  and  yet  we  hav©  the 
molecules  creating  waves  of  light  by  vibrations  of  a  velocity  which  ms% 
not  be  more  than  one  kilometer  per  second,  and  cannot  probably  be  as 
much  as  a  thousand  kilometers  per  second  (pp  277-8) 

Sir  William,  however,  falls  back  on  the  analogy  of  glye$na$, 
namely  that  it  is  not  the  velocity  of  the  vibrations,  b*it  the  sbort&esfc  ipl" 
their  period  which  enables  the  ether  to  act  as  an  elastic  soW  f 

Why  does  a  collision  between  molecules  in  the  kinetic  theory  of  gases 
give  rise  to  velocities  of  one  or  two  kilometers  per  second,  or  change  the 
velocity  one  or  two  kilometers  per  second  1  Answer,  because  the  wltde  tete 
of  collision  is  enormously  greater  than  the  four  hundred  million  milliofrti*  0£ 
a  second  or  than  the  slowest  of  vibrations  that  Langley  has  found  1&$ 
medium's  being  perfectly  elastic  for  the  to  and  fro  recoverances  of  mofeons  m 
the  20  million  millionth  of  a  second  is  perfectly  consistent,  it  seems  to  me, 
with  its  being  like  a  perfect  fluid  in  respect  to  forces  acting  perhaps  for  one 
millionth  of  a  second  (p  279) 

See  our  Arts  930*  and  444 

(c)  On  pp  288-9  will  be  found  TIw  Lament  of  the  21  Coejfiew&te, 
this  deserves,  perhaps,  a  passing  reference  here  as  the  one  occasion  m 
the  histoiy  of  our  subject  on  which  a  poet  (Piofessor  G  Forbes)  has 
condescended  to  touch  such  a  serious  theme  as  elasticity 

[1782  ]  Certain  appendices  to  this  volume  of  lectures  may  be 
briefly  referied  to  here 

(a)  On  pp  290-3,  320-327  and  328  will  be  found  an  Appendix 
entitled  Improved  G-yrostatic  Molecule  This  Appendix  not  only 
discusses  the  dynamics  of  two  types  of  gyrostatic  molecule,  but  applies 
the  theory  of  an  elastic  medium  in  which  an  infinitely  great  number 
of  such  molecules  aie  imbedded  to  explain  the  lotational  effect  of  certain 
media  on  the  plane  of  polarisation  of  transmitted  light  To  discuss  the 
details  would  lead  us  beyond  oui  piopei  sphere ,  the  subject  has  been  very 
fully  treated  by  J  Lannoi  in  a  papei  entitled  The  equations  of  propaga 
tion  of  disturbances  in  yytostatically  loaded  media  Proceedings  of  tlie 
London  Mathematical  Society,  Vol  xvni,pp  127-35  London,  1891 

(6)  The  second  Appendix  deals  with  Metallic  Reflection  and 
occupies  pp  294-313  It  staits  with  a  development  of  the  Green 
Rayleigh  theoiy  of  the  icflectiou  and  i  eh  action  of  waves  at  the 
interface  oi  two  elastic  media,  ind  endeavours  to  apply  the  results  to 
metallic  lefi action  by  making  the  square  of  the  index  of  lefraction 
negative  The  little  chiomatic  dispeision  in  leflection  at  metallic 
surfaces  foims  a  difficulty  in  the  theory 

We  aie  thus  loiccd  to  idmit  th  it  oui  dyiumioal  theoiy  of  metallic  leflection 
is  a  failiue  for  the  present,  but  it  is  not  unsiiggestiv  e  ind  it  ma)  possibl}  help 
to  the  true  dynumcil  examination  which  is  so  much  (lesiied  Tint  it  does 
indeed  contain  part  of  the  essence  of  the  tiue  dynamical  theory,  can  scarceh 
be  doubted  after  we  have  considered  the  next  two  subjects  on  \\hioh  \\e  aie 
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going  to  try  it  the  translucency  of  thin  metallic  films,  and  the  effect  of 
magnetism  on  polarised  light  incident  on  polished  magnetic  poles,  or  travers- 
ing thin  fllma  of  magnetised  iron,  nickel  or  cobalt  (p  313) 


(c)  The  third  Appendix  entitled  Trcmslucency  of  Th^n 
J?iJm$,  occupies  pp  314-9  Here  we  require  an  application  of  the  Green- 
Jfcayleigh  conditions  at  each  of  the  two  faces  ol  the  plate  or  film  Sir 
William  agam  puts  the  square  of  the  refractive  index  negative,  and 
obtains  an  expression  for  the  intensity  of  the  wave  transmitted  througfe 
the  film  and  for  the  advance  of  the  phase  in  the  two  cases  of  vibrations 
IB  and  perpendicular  to  the  plane  of  the  incident  and  transmitted  rays 
The  results  although  suggestive  are  not  m  accordance  with  the  experi- 
ments of  Qumcke  (p  317)  The  theory  explains  Kerr's  results  for 
ibe  normal  reflection  of  polarised  light  from  magnetic  poles,  but  not 
Kund^s  lor  the  transmission  of  polarised  light  through  thin  magnetised 
mm  sheets  Being  unable  to  abandon  a  pure  imaginary  value  of  the 
refractive  index  for  metals,  Sir  William  hopes 

that  extmctivity  on  a  true  dynamical  foundation  in  connection  with  our 
molecular  theory1,  which  it  must  be  remembered  is  due  originally  to 
Sellmeyer,  may  serve  to  solve  the  numerous  difficulties  in  connection  with 
metallic  reflection  and  transmission,  which  give  us  so  much  anxiety  (p  319) 

As  a  last  remark  on  the  elastic  theory  of  light  we  may  cite  the 
remaining  words  of  this  Appendix 

Extmctivity,  however,  cannot  help  to  solve  the  great  difficulty  as  to  re 
flection  at  the  interface  between  two  transparent  mediums,  in  the  case  oJ 
vibrations  in  the  plane  of  the  three  rays  Green's  attempt  to  explain  thic 
difficulty  by  gradualness  in  the  transition  of  physical  quality  from  one 
medium  to  another  seems  to  me  most  unpromising  if  not  utterly  hopeless 
There  remains  Green's  other  suggestion  of  "  extraneous  force,"  by  which  ai 
we  have  seen  he  opened  a  door  for  explaining  how  the  velocity  of  light  in 
crystal  can  depend  on  the  direction  of  the  line  of  vibration  irrespectively  o 
the  line  of  propagation  If  this  suggestion  becomes  realised  it  must  modift 
the  circumstances  at  the  interface  which  determine  the  reflection  Is  i 
possible  that  it  can  lead  to  the  true  law  for  reflection  of  waves  consisting  o 
vibrations  in  the  plane  of  the  three  rays  ?  (p  319) 

[1783  ]  Sir  William  Thomson's  Baltimore  Lectures  are  undoubtedl 
a  most  suggestive  and  interesting  study—  such  a  study  as  brings  th 
reader  into  the  creative  workshop  of  a  great  scientist  But  the 
are  a  study  which  should  be  undertaken  after  rather  than  before  th 
perusal  of  what  other  leading  physicists  —  Green,  Neumann,  Lor 
Rayleigh,  Sairau,  Boussmesq  etc  -have  achieved  in  the  same  fiel< 
This  seems  to  me  the  sole  method  of  fanly  weighing  the  btiengt 
of  the  authoi'b  ciiticisms  and  of  duly  appieciatmg  the  importance  < 
ln&  ideas  A  caielul  study  of  this  kind  would  go  a  long  way  i 
coirvince  the  student  that  the  elastic  theory  of  light  cannot  in  tl 
foim  of  "the  mathematical  theory  of  peifectly  elastic  solids"  (wha 

1  See  pp  246-7  ot  the  lectuu*  toi  considerations  on  the  storm    of  luminifero 
eneigy  by  the  attached  molecules,  especially  m  relation  to  anomalous  dispersion 
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ever  be  their  degree  of  aeolotropy)  prove  serviceable  as  a  dynaimcal 
explanation  of  optical  phenomena. 

[1784  ]  Elasticity  mewed  as  possibly  a  Mode  of  Motion  Pro- 
ceedings of  the  Royal  Institution  of  Great  Britam>  Vol  rsu,  pp. 
520-1  London,  1882  Popular  Lectures  and  Addresses,  VoL  L, 
1st  Edn  ,  pp  142-6  This  is  a  bnef  r&um<£  of  a  lecture  given  on 
March  4,  1881  Numerous  examples  are  cited, — spimung-tops, 
hoops,  bicycles,  chains,  etc ,  in  motion — where  a  stiff  elastie-ldse 
firmness  is  produced  by  motion  The  lecturer  suggested  that  the 
elasticity  of  every  ultimate  atom  of  matter  might  be  thus  explained 

But  this  kinetic  theory  of  matter  is  a  dream,  and  can  be  nothing 
else,  until  it  can  explain  chemical  affinity,  electricity,  magnetism, 
gravitation,  and  the  inertia  of  masses  (that  is,  crowds)  of  vortices. 

[1785  ]  (a)  Oscillations  and  Waves  m  an  Adynamic  Gyro- 
static  System  (1883) 

(6)     On  Gyrostatics1  (1883) 

The  titles  of  these  papers  only  are  given  in  Proceedings  of  tke 
Royal  Society  of  Edinburgh,  Vol  xn ,  p  128     Edinburgh,  1884 
Their    contents    relate    probably   to   'elasticity   as    a   mode    of 
motion '    Some  slight  account  of  them  will  be  found  in  Nature, 
Vol    xxvii,  p   548 

[1786  ]  Steps  towards  a  Kinetic  Theory  of  Matter  Report  of 
the  British  Association  (Montreal  Meeting,  1884),  pp  613-22 
London,  1885  (Nature,  Vol  xxx  ,  pp  417-21 ,  Popular  Lectures 
and  Addresses,  Vol  I,  1st  Edn,  pp  218-52)  This  paper  still 
further  develops  the  gyrostatic  theory  of  elasticity,  i  e  elasticity  as 
a  mode  of  motion  In  particular  the  author  indicates  how  a  model 
spring  balance  might  theoretically  be  constructed  from  a  four-link 
frame,  each  link  carrying  a  gyrostat  so  that  the  axis  of  rotation  of 
the  fly-wheel  is  in  the  axis  of  the  link  which  carries  it  (pp  618-9) 
He  further  extends  the  conception  to  the  constitution  of  elastic 
solids  and  to  the  model  of  a  solid  which  would  piesent  the 
magneto  optic  rotation  of  the  plane  of  polarised  light  (pp  619-20) 
The  paper  concludes  by  shewing  that  perforated  solids  \vith  fluid 

1  On  the  general  theory  of  gyiostatics  see  Arts  319  Example  (G)  and  845  '— 
345  vlil  of  Thomson  and  lait  s  Natuial  Philosophy  Part  i  Cambridge,  1879 
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circulating  through  them  might,  if  linked  together,  be  made  to 
replace  a  system  of  linked  gyrostats 

fl78T  ]  On  tJie  Reflection  <md  Refraction  of  Light  Philosophical 
M®gwfaie,  Vol  xxvi  ,  pp  414r-25  London,  1888 

The  expression  for  the  work  of  an  isotiopic  elastic  medium  is  given 
bj  the  integral 

JF=l///{^  +  2/*V^ 

If  T  be  ike  resultant  twist  this  is  easily  thrown  into  the  form 

dv 


dvdu 


Integrating  the  teim  in  curled  brackets  by  parts  we 
W^  |///{(X  -f  2fi)  ffi  +  W}  (Zaxfyefo 

dw     ,dw 


where  I,  m,  n  are  the  direction-cosines  of  the  normal  diawn  outwards 
from  the  element  dS  of  the  bounding  surfaces  Now  if  the  medium  be 
rigidly  fixed  at  the  bounding  surfaces  (ie  u  =  v  =  w  =  0  there),  then  the 
surface-integrals  vanish  Further,  the  medium  may  change  its  density 
at  any  surface,  provided  that  at  this  surface  u,  v,  w  are  functions  of  the 
same  function  of  #,  y,  %  and  t  (Glazebrook  Philosophical  Magazine, 
Yol  xxvi  ,  p  523  London,  1888),  and  lastly  there  be  equality  of  /A 
on  both  sides  of  the  surface1  Subject  to  these  conditions,  if  there  be  a 
fixed  boundary  or  boundaries,  W  wall  always  reduce  to 


Su  William  Thomson  now  notes  that  this  expression  for  the  work 
will  be  positive  if  X  +  2/x,  is  positive,  or  even  ?ero,  provided  /x,  be 
positive  Thus  the  medium  as  a  whole  will  be  stable  Accoiding  to 
our  Vol  i  p  885,  the  dilatation  modulus  =  ^  (3X  +  2/jt,)  ,  hence  if  X  =  -  2/A, 
this  dilatation  modulus  is  negative,  or  the  medium  would  collapse  if  not 

1  The  interfaces  between  two  media  being  either  closed  surfaces  or  extending  to 
infinity,  the  surface  integrals  may  be  thrown  into  the  form 

4/*JJ{  lit  (sx  -6)  +  mv  (sy  -0)  +  nw  (s,  -  0)}dS 


Hence  for  media  for  which  X  +  2^=0,  we  must  have  at  an  interface  lux*  -f  mv  Ty  +  nwn 
the  same  for  both,  if  these  surface  terms  are  to  disappear  Sufhcient  conditions 
would  be  (a)  u  v  w  the  same  and  the  tractions  xx,  £y,  »  the  same  foi  both  media, 
or  (b)  u  i  w  the  same,  /*  the  same  and  the  stretches  sx,  sy,  <tg,  the  same  for  both 
media  Lase  (a)  does  not  appear  to  involve  the  sameness  of  p. 


1788—1790]  SIR  WILLIAM  THOMSON 

fixed  to  rigid  boundaries  As  an  example  of  this  kind  of  medium,  Sir 
William  Thomson  cites  "homogeneous  air-less  foam  held  from  collapse 
by  adhesion  to  a  containing  vessel,  which  may  be  infinitely  distant  all 
round  "  (p  414)  Such  a  medium  "  exactly  fulfils  the  condition  oi  zem 
velocity  for  the  condensational-rarefactional  wave ,  while  it  has  a  d&fimfce 
rigidity  and  elasticity  of  form,  and  a  definite  velocity  of  distortions! 
wave,  which  can  easily  be  calculated  with  a  fair  approximation  to 
absolute  accuracy"  (p  415) 

[1788]  Unlike  Green,  who  made  his  ether  absolutely  raeom- 
pressible,  Sir  William  Thomson  suggests  a  "  contractile  ether,"  Jor 
which  X  +  2/x  =  0,  fixed  to  an  infinitely  distant  containing  vessel  He, 
then,  in  a  manner  very  similai  to  Green's,  investigates  the  intensities  of 
the  reflected  and  lefracted  rays  at  the  interface  of  two  media,  and  finds 
Fresnel's  sine  law  for  vibrations  perpendicular  to  the  pkne  of  incidence 
and  his  tangent-law  for  vibrations  in  the  plane  of  incidence  (pp.  421 
and  425) 

In  the  paper  itself  the  authoi  takes  /*  the  same  for  both  media  with 
a  view  of  simplifying  his  results  In  a  Note  added  on  pp  500-1  of  the 
same  volume  of  the  Philosophical  Magazine,  Sir  William  Thomson 
states  that  Glazebrook  had  pointed  out  to  him  that  the  equality  of  p, 
for  both  sides  of  the  interface  of  two  media  for  which  X  +  2/i  =  0,  is 
needful  for  stability  Glazebrook  himself  extends  Sir  William  Thomson's 
hypothesis  of  a  contiactile  ether  to  double  refraction,  dispersion,  etc, 
in  a  papei  which  will  be  found  in  the  same  volume  of  the  Philosophical 
Magazine,  pp  521-40 

[1789]  On  Cauchy's  and  Gheen's  Doctrine  of  Extraneous 
Force  to  explain  dynamically  Fresnel's  Kinematics  of  Double 
Refraction  Proceedings  of  the  Royal  Society  of  Edinburgh, 
Vol  xv,  pp  21-33  Edinburgh,  1889  This  paper  was  read  on 
December  5,  1887  It  is  also  printed  in  the  Philosophical 
Magazine,  Vol  xxv,pp  116-28  London,  1888  Our  references 
will  be  to  the  pages  of  the  latter  journal 

This  is  an  important  paper  in  that  it  gives  an  expression  for 
the  energy  of  an  incompressible  elastic  medium  initially  isotropic, 
but  subjected  to  a  finite  homogeneous  strain,  when  a  small 
uniform  slide  is  given  to  it  in  any  direction  It  then  applies  this 
result  to  the  elastic  theory  of  light,  the  ether  in  crystals  being 
supposed  incompressible  but  subjected  to  a  surface  stress  which 
produces  a  homogeneous  strain  throughout  the  mtenor 

[1790  ]  Let  ASf,  -  1,  S  -  1,  *Sf]-  1  be  the  pimcipal  stretches  of  the 
homogenc  ous  initial  strain,  and  let  a  slulo  <r,  whose  cube  ma)  be  neg 
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teeted*  be  given  to  the  material,  so  that  the  plane  with  diroc  hon  OOMTH  s 
K  m't  ri  receives  a  shde  in  the  direction  I,  m,  n  Let  the  directions  of 
4&  initial  principal  stretches  be  taken  as  axes  of  x,  y,  z  Then  the  point, 
W&QS&  coordinates  are  before  initial  strain  o>,  y,  2,  aftei  the  initial  strain 
and  the  slide  is  gi\en  by  the  coordinates  #',  y',  «'  where 


,  y 


where          p  =  ^>Si  +  m'ySs  +  w'aS'aj  and  ^  +  mm/  +  nn'  =  0 

et  the  principal  stretches  after  the  slide  cr  be  S^  8^-1,  S2+$S2-  1, 
8^-1,  theii  they  are  to  be  found  by  making  x'z  +  y"*  +  #/2  a  maxi 
or  minimum  for  variations  of  x,  y,  z,  subject  to  the  condition  that 


V  As  typical  result  we  find,  neglecting  a3 

'  (\ 

f 


Whence 


with  similar  values  f  01  SSJS^  and 

Now  let  JS  +  SJB  be  the  strain  energy  in   the  condition 
S*  +  &S;,  ^  +  8^3J  then  it  must  be  a  function  of  ^  +  SS19  Ss  +  8^2,  >S3 
or,  (neglecting  cubes  of  the  small  quantities  SS19  8^,  8^3)  8J£  must 
Taylor's  theorem  be  of  the  form 


wheie  the  quantities  A,  J?,  C,  a1}  615  c1}  a2,   S>,  c    are  functions 

^U    $2»    'S's 

Now  since  the  medium  is  mcompiessible 

81838*  =  1, 
and  theiefore 


+     +     +  _ 

^i      ^2      ^3       8*83       8±S1       iSj  Sy 
Hence  still  neglecting  cubes  we  have  relations  of  the  type 

9  S&SSi     (8^  _^  (85  )2  _ 

"   &^,  "    ^2         ti* 
which  enable  us  to  throw  (in)  into  the  form 

^f-t^'^' 

where  ^4,  .g,  C,  ^^  H^  7t  are  functions  of  the  initial  strains  #1}  S  ,  > 
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[1791  ]  Noting  that  (mri  +  ww')2  =  1  -  Za  -  Z'2-i-2  (Z^- 
(since  Z?  +  WM»'  +  nn'  =;  0,  P+  m2  +  w2  =  1  and  Z'2  +  m'2+n'a  =  1)  with  similar 
relations  for  (nl'  +  lnj  and  (Im'  +  mlJ,  we  find  by  transforming  (u), 
substituting  in  (iv)  and  neglecting  o-8,  that 


r     SSf-CSf  CSf-ASf          ASt-£S? 

where       ^  =  -^T^,^-    ^..^    >  g*_g* 

This  result  agrees  with  Sir  William  Thomson^  on  p    124,  if  we  put 
2£,  2F,  2/  respectively  for  our  ffi-  J4,  #i-i-B,  A-i^ 

f  179  2  1     A  physical  meaning  can  be  found  for  the  constants  A,ByC 
The  work  done  per  unit  volume  in  producing  a  change  8/519  8£2,  8S»of 
mfinitesimal  magnitude  in  ft,  >S2,  S*  mav,  if  2\,  ^,  T.  are  the  normal 
forces  per  unit  area  in  the  dnections  of  ft,  >S2,  Aa,  be  written 


smce      = 

or  the  latter  aie  the  initial  principal  stresses     Cleaily  since  the  material 
is  incompressible 

^1  +  -D  +  0  =  v 

T1793  1  Sir  William  Thomson  now  supposes  a  nuite  plate  of  the 
medium  ot  thickness  h  and  veiy  luge  area  a  to  be  displaced  by  the 
shear  o-,  the  medium  being  initially  in  a  state  of  sttam  given  L  by  •  i,,  A.,  A, 
The  bounding  faces  of  this  plate  aie  supposed  unmoved  and  all  the  solid 
exteuor  to  the  plate  undisturbed  by  a  except  some  slight  strain  lound 
its  edge  If  a-  be  given  as  some  function  of  p  the  distance  fiom  one  face 
of  the  plate,  =f(p)  siy,  then  clearly 


Furthei  neglecting,  since  the  aiea  of  the  plate  is  very  gieat,  the  work 
done  at  the  edge  of  the  plate  as  small  compared  with  the  stiarn  eneigy 
due  to  slides,  we  have  foi  tho  total  -n  un  •  i  <  '-n  of  the  plate 

17=  a  idpBF 

Jo 
=-  4  (L  -t  M  +  X-IV-Mm  -  Nn 

'' 
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By  wave-theory  tihe  problem  is  now  to  find  the  values  of  I,  m,  n  which    I 

make  the  coefficient  of  |    o*dp  a  maximum  or  minimum      This  reduces 

JQ 
to  finding  the  principal  diameters  of  the  section  in  which  the  ellipsoid 


is  cut  by  the  plane 

I'x  +  m'y  +  n'z  =  0 

These  two  directions  of  Z,  m,  n  are  those  for  which  the  force  of  restitution 
and  the  shift  coincide  in  direction  The  magnitude  of  the  velocity  F  of 
the  two  simple  waves  with  fronts  peipendicular  to  I',  m',  n'  is  then  given 


where  p  is  the  density  of  the  medium  and  {/J1  is  the  maximum  or 
minimum  value  of  the  factor  in  curled  brackets  on  the  light  of  (vii), 
such  value  being  obtained  from  the  values  of  I,  m,  n  found  for  the 
principal  axes  of  the  section  of  the  above  ellipsoid  (p  125) 

[1794]  Taking  the  case  of  a  wave-front  perpendicular  to  the 
principal  plane  yz,  we  have  I'  -Q  and  the  factor  in  cuiled  brackets 
in  (vii)  will  then  be  a  maximum  or  minimum  (p  125)  either  for 


(vibration  perpendicular  to  principal  plane) 
or,  for  1  =  0,  m  =  -  n'9  n  -  m' 

(vibration  in  principal  plane) 
In  the  first  case 

V*p  =  (M+N)  +  (B-M)m"  +  (C-N)n"  (ix), 

and  m  the  second  case 

F>  =  L  -l-  Bmn  +  Cri*  +  2  (H,  +  A  -  2L  -  ±fi  -  \C  )  m'*n'      (x) 


According  to  Fresnel's  theory  F2p  in  (ix)  must  be  a  constant,  and 
the  coefficient  of  mV  m  the  value  of  F  p  in  (x)  must  vanish  These 
results,  taking  into  account  the  symmetucal  results  foi  the  othei  prm 
cipal  planes,  lead  to 


since  A  +  B  +  C  =  0 

1  {  J}  is  clearly  the  elastic  modulus  foi  the  strain  when  the  shift  and  the  force  ot 
restitution  are  concuiient 
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If  p!  be  a  function  of  S19  $3,  S3  we  find  from  these  equations  in  the 
roannei  indicated  by  Sir  William  Thomson  on  p  126  that 


,  ,          1     1 

wnere 


and  B,  G,  M,  2f,  Hlt  71}  are  given  by  proper  interchanges 
[1795  ]     Substitute  (xi)  in  (iv)  and  we  find 


To  terms  of  the  third  order  the  coefficient  of  pf/S*  vanishes  owing  to 
the  considerations  stated  in  Art  1790  above  To  the  same  order  the 
coefficient  of  p!  is  equal  to 

l        l 


Thus  we  have 


Thus,  if  fji  be  constant,  we  have  (p   127), 


If  in  the  value  (iv)  of  $&  we  put  ^  =  ^  =  ^=1,  8^  =  0,  we  find, 
since  A  =  J3=  (7=0,  and  ffl  =  I1=^fjL  by  (xi) 


JSTou  for  a  pure  sliding  strain  (#  +8S^(Ss  +  8S3)  =  l,  whence  it  may 
easily  be  shewn  tint  neglecting  teims  of  the  cubic  oidei,  the  slide  <r  is 
given  by 

a   - 

Thus 

or,  if  ^  be  consid(  r(  tl   is  a  constant,  we  see  that  it  is  the  slide  modulus 

/*  of  the  isotropic  mateiiil  Ixfoie  initiil  stiam 

[1706  ]     If  the  value  of  {  /}  in  (vui)  be  calculated  by  aid  of  (xi)  we 
have  (p    12N) 
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Clearly  the  velocity  of  a  wave  for  vibrations  parallel  to  any  one  of  three 
duections  of  initial  principal  stietch  may  be  found  by  dividing  th< 
velocity  of  transveise  vibrations  in  the  isotropic  material  by  the  cone 
spending  ratio  of  elongation  Sir  William  Thomson  indicates  that  the 
results  are  entirely  in  agreement  with  FresneVs  Kinematics  of  Double 
Refraction,  and  therefore  of  course  with  the  view  that  the  vibration  u 
perpendicular  to  the  plane  of  polansation  If  we  take  the  vibration  ^/ 
the  plane  of  polarisation,  Fm  (x)  must  be  constant,  for  this  would  noTa 
be  the  ordinary  ray  But  this  involves  A  —  B  =  G  =  0,  01  perfect  isotropj 
without  of  course  double  refi  action 

[1797  ]  The  general  method  indicated  in  this  memoir  of  cal 
culatmg  the  strain-energy  when  there  are  initial  strains  seems  o 
great  value  So  far  as  it  relates  to  the  ether  the  assumption 
made  are  that  in  a  crystal  (i)  the  ether  is  incompressible,  (11)  i< 
in  a  state  of  homogeneous  initial  strain,  and  (111)  that  the  quantity 
p'  of  our  Arts  1794-5  is  a  constant  for  all  values  of  the  mitia 
strains  The  investigation  seems  in  several  important  respect 
superior  to  that  of  Green  see  our  Arts  917*  and  1779  (p  465) 

[1798]  Molecular  Constitution  of  Matter  Proceedings  of  tin 
Royal  Society  of  Edinbwgh,  Vol  xvi,pp  693-724  Edinburgh 
1890  If  P,  Vol  m,  pp  395-427  This  paper  although  o 
very  great  interest  only  explicitly  touches  on  the  topic  of  oui 
Histoiy  at  one  or  two  definite  points  and  then,  alas  f  without  th( 
mathematical  analysis  which  "  must  be  deferred  for  a  futim 
communication"  see  the  final  sentence  of  the  memoir  On< 
of  the  chief  results  of  the  memoir  is  that  Sir  William  Thomsoi 
withdraws  the  repioach  he  had  pieviously  cast  on  Boscovich' 
theory  see  our  Art  924*  He  remarks 

Without  accepting  Boscovich's  fundamental  doctrine  that  the  ulti 
mate  atoms  of  matter  aie  points  endowed  each  with  ineitia  and  witl 
mutual  attractions  or  lepulsions  dependent  on  mutual  distances,  am 
that  all  the  pioperties  of  matter  are  due  to  equilibrium  of  these  foices 
and  to  motions,  or  changes  of  motion,  produced  by  them  when  the^  an 
not  balanced,  ^e  can  learn  something  towauls  an  nuclei  standing  of  th< 
real  moleculai  stiuctuie  of  mattei,  and  of  some  of  its  theimodynamu 
properties,  by  consideration  of  the  static  and  kinetic  problems  which  i 
suggests  Hooke's  exhibition  of  the  foims  of  oyst  ils  by  piles  of  globe^ 
Navier's  and  Poisson's  theory  of  the  elasticity  of  solids,  Maxwell's  ant 
Clausius'  work  in  the  kinetic  theoiy  of  gases,  and  Tait  s  rnoie  locen 
\voik  on  the  same  subject — all  developments  of  Boscovich's  theory  pui 
and  simple— amply  justify  tins  statement  (§  14} 


1799]  SIR  WILLIAM   THOMSON  477 

Sir  William  Thomson's  increased  respect  for  Boscovich's  theory 
may  possibly  have  arisen  from  his  discovery  that  it  will  suffice  to 
explain  multi-constancy  We  shall  consider  below  the  conditions 
by  which  he  attains  this  result,  while  avoiding  the  limitations  of 
Cauchy  and  Poisson 

[1799  ]  The  memoir  opens  with  some  introductory  remarks 
which  belong  so  essentially  to  our  subject  that  they  may  be 
quoted  here 

The  scientific  world  is  piactically  unanimous  in  believing  that  all 
tangible  01  palpable  matter,  molar  matter  as  we  may  call  it,  consists  of 
groups  of  mutually  interacting  atoms  or  molecules1  This  molecular 
constitution  of  matter  is  essentially  a  deviation  from  homogeneousness 
of  substance,  and  appaient  homogeneousness  of  molar  matter  can  only 
be  homogeneousness  in  the  aggregate  "A  body  is  called  homogeneous 
when  any  two  equal  and  similar  parts  of  it,  with  conesponding  lines 
parallel  and  turned  towards  the  same  parts,  aie  ^indistinguishable  from 
one  another  by  any  difference  in  quality  "  [Treatise  on  Natutal  Philosophy, 
Part  ii ,  §§  675-8]  I  now  add  that  unless  the  "part7'  of  the  body  referred 
to  consists  of  an  enormously  great  number  of  molecules,  this  statement 
is  essentially  the  definition  of  ciystalhne  structure  It  is,  indeed,  very 
difficult  to  imagine  equilibiium,  static  or  kinetic,  in  an  megulai  landom 
crowd  of  molecules  Such  a  ciowd  might  be  a  liquid, — I  can  scarcely 
bee  how  it  could  be  a  solid  It  seems,  therefore,  that  a  homogeneous 
isotropic  solid  is  but  an  isotiopically  macled  crystal;  that  is  to  say,  a 
solid  compobed  of  crystalline  portions  having  then  crystalline  axes  01 
lines  of  symmetry  dibtributed  with  i<mdom  equality  in  all  directions 
The  proved  highly  peifect  optical  isotiopy  of  the  glass  ol  object-glasses 
of  gieat  refracting  telescopes,  and  of  good  glass  prisms,  seems  to  demon 
strate  that  the  ultimate  moleculai  structure  is  fine  grained  enough  to  let 
theie  be  homogeneous  crystalline  portions,  which  contain  ver)  laige 
numbers  of  molecules  while  then  extent  throughout  space  is  veiy  small 
in  eomparibon  with  the  wive  length  of  light  (^1) 

Sir  Willnm  lliombon's  remarks  ab  to  the  "  ibotropically  macled 
crystal "  seem  to  suggest  Samt-Venant's  amoiphic  bodies 

These  bodies  (bee  our  Arts    231    and  308)  have   ekbtic  constants 
batibfymg  rditioiib   eitliei   ot  the  type     2d-t-d-\/bc,  or    of  the  type 
Id  4-  d'      j  (b  +  ( )       In  both  easeb  ibotiopic    'ainorphie  bodies  '  have  a 
burgle  inter  const  int    ulihon    2d  +  d  =  a,    which   reduceb  then    stress 
relitionb  to  the  types 

TL     (2tl  +  d')  b   -\  d  (i>v  +  s  ),          fi^  =  darl/t 

1  Hit,  1  ditoi  ot  llus  ///s/ony  can  hudlypisb  thib  sentence  without  a  uoid  of 
itspectiul  piotest  \Vh  it  SUUILL  stems  to  him  to  have  atlne\ed  ib  the  description 
(m  some  lebpectb  very  icciuutt)  oi  the  sequences  ot  the  perceptual  \\oild  (or  \\oild 
oi  sense  impie&sions)  by  aid  ot  a  conccptuil  model  ot  itom-s  and  molecules — \\hich 
corpuscleb  have  not  ucctssuily  cquivalcutb  in  the  miteiial  umvtise 
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or,  to  the  usual  bi-constant  types  On  the  assumption  of  lan  constancy 
we  should  further  have  d-d  On  both  these  hypotheses  therefore  there 
is  no  distinction  in  the  elastic  constants  between  an  absolutely  homo- 
geneous isotropic  solid  and  an  isotropic  amorphic  body  (&  e  an  isotropi- 
cally  macled  crystal)  The  reason  for  this  apparent  paradox  seems  to 
he  in  the  fact  that  the  elements,  the  action  between  which  we  consider  in 
our  elastic  theories,  are  supposed  to  contain  an  enormously  great  number 
of  the  individual  crystals,  and  so  are  dealt  with  as  if  they  were  essentially 
homogeneous  If  the  element  does  not  contain  this  great  number,  then, 
I  think,  the  above  stress  strain  relations  must  not  be  considered  as 
holding  for  the  stress  across  any  individual  element  but  only  for  the 
mean  of  the  stresses  across  a  great  number  of  individual  elements 
subjected  to  the  like  stiam  I  think  this  idea  might  be  used  to  throw 
some  moie  light  on  the  question  of  bi  constant  isotropy  Such  bicon 
stant  isotropy  may  be  physically  due  to  amorphism,  such  amorphism 
not  being  so  fine-grained  as  to  admit  practically  of  the  application  of 
that  principle  of  absolutely  homogeneous  distubution  to  which  the 
rail  constant  elasticians  appeal  in  calculating  the  stresses  fiom  their 
molecular  hypothesis 

[1800]  §§  3-13  deal  with  Space-Periodic  Partitioning  and 
homogeneous  distributions  of  assemblages  of  points  To  consider 
these  matters  would  lead  us  beyond  our  limits  They  are 
still  furthei  discussed  in  §§  45-61,  \vhich  contain  a  Summary 
of  Bravais  Doctrine  of  a  Homogeneous  Assemblage  of  Bodies, 
and  deal  generally  with  what  Sir  William  Thomson  calls  the 
"molecular  tactics"  of  crystals  Attention  may  be  drawn  to 
the  explanation  given  of  H  Baumhauer's  discovery  of  the  artificial 
twinning1  of  Iceland  spar  by  means  of  a  knife  in  §§  58-61  The 
structure  of  Iceland  spar  is  here  built  up  as  suggested  by  Huyghens 
(see  oui  Art  836  (a))  of  oblate  ellipsoids  of  revolution,  and  the 
twinning  is  described  on  eithei  of  two  hypotheses  by  aid  of  the 
turning  and  sliding  of  these  oblates,  accompanied  by  a  shrinkage 
and  an  elongation  of  their  figuies  The  explanation  is  thus  based 
on  a  geometrical  change  in  certain  rather  artificial  elements  oi 
which  Iceland  spai  is  assumed  to  be  built  up,  and  it  presents: 
to  my  mind  the  old  difficulty  as  to  what  is  the  exact  physical 
equivalent  of  these  closely  packed  geometrical  globes  and  ellipsoids 

[1801]      ^  14-44  entitled     On  Bouowch's  Tlieouj,  and  ^  62-71 
On  the  Equilibrium  of  a  Homogeneous  Assemblage  of  mutually  Attt  acting 

1  The  subject  ot  the  aitificial  U\ inning  of  ciyst  da  is  tieated  with  ample  leleieiiu 
to  the  original  meinons  of  Bamnhauei  and  otheis  in  Th   Liebisch 
hu,  S  104-18      Leipzig  1891 


ADDENDUM  TO  AKTS  1801-5 


On  June  15,  1893,  Lord  Kelvin  communicated  a  paper  to  the 
Royal  Society  entitled  On  the  Elasticity  of  a  Crystal  according 
to  JBoscovich  I  owe  to  the  courtesy  of  the  author  the  sight  of  a 
brief  abstract  of  a  portion  of  this  paper  Its  contents  refer  to  the 
following  topics  (i)  Demonstration  that  the  simplest  Boscovichian 
system  leads  to  ran-constancy,  (11)  Demonstration  that  a  homo- 
geneous group  of  double  points  enables  us  to  give  any  arbitrarily 
assigned  value  to  each  of  the  twenty-one  coefficients  by  assigning 
very  simple  laws  of  variation  to  the  forces  between  points,  (m) 
Determination  of  the  values  to  be  assigned  to  the  twenty-one 
coefficients  so  as  to  render  the  medium  incompressible  The 
discussion  seems  based  on  action  between  nearest  neighbours 
The  paper  may  remove  some  or  all  of  the  difficulties  felt  by  the 
Editor  in  the  paper  of  1890,  and  the  reader  is  accordingly  re- 
quested to  consider  our  Arts  1801-5  in  conjunction  with  this  new 
paper  Models  illustrating  the  "moleculai  tactics  '  of  crystals 
discussed  in  oui  Arts  1798-1805  were  exhibited  at  the  annual 
soiree  of  the  Royal  Society,  June  7,  1893  A  brief  account  of 
them  (as  well  as  of  a  model  of  an  incompressible  elastic  crystal 
with  twelve  arbitrarily  given  rigidity  moduli)  will  be  found  m 
Nairn  e,  Vol  48,  p  159  London,  1893 


fact  p    47()  of  Pint  It 


1802  —  1803]  SIR  WILLIAM  THOMSON  479 

Points  deal  more  closely  with  our  subject  They  begin  by  describing 
the  construction  of  various  homogeneous  assemblages  of  points  A 
homogeneous  assemblage  of  points  having  been  denned  as  "an  assemblage 
which  presents  the  same  aspect  and  the  same  absolute  orientation  when 
viewed  from  diffeient  points  of  the  assemblage"  —  such  an  assemblage 
as  the  centies  of  equal  globes  piled  homogeneously  (§§21  and  45), 
Sii  William  Thomson  tells  us  that  he  has  investigated  the  moduli  of 
elasticity  produced  by  a  homogeneous  strain  in  such  an  assemblage  He 
finds  that  the  solid  so  constituted  is  not  elastically  isotropic  if  we 
deal  only  with  forces  between  nearest  neighbours,  and  suppose,  as  on 
Boscovich's  theory,  that  the  forces  act  in  the  lines  between  pairs  of 
points  and  are  functions  only  of  the  distances  between  individual  pairs 
of  points  (i  e  admit  no  modified  action)  The  solid  possesses  in  fact  the 
properties  of  a  cubic  crystal,  ie  its  stress-strain  lelations  may  be 
expressed  in  terms  of  the  three  moduli  —dilatation  modulus  F9  slide 
modulus  for  a  face  fj.ly  and  for  a  diagonal  plane  /^  * 

Extending  the  investigation  to  include  forces  between  next  neaiest 
neighbours,  the  moduli  still  remain  unequal,  but  can  be  equalised  by 
certain  hypotheses  as  to  the  forces  between  points  If  they  aie  equalised 
then  we  find  uni  constancy  results  — 

it  will  no  doubt  be  found  that  this  restriction  is  valid  for  any  single 
equilibrated  homogeneous  distribution  of  points,  with  mutual  forces  according 
to  Boscovich,  and  spheie  of  influence  not  limited  to  nearest  and  nest  nearest 
neighbours,  but  extending  to  any  large,  not  infinite,  number  of  times  the 
distance  between  nearest  neighbours  (§  65) 

[1802]  In  §27  Sir  William  Thomson  seems  to  indicate  that  foi 
any  single  homogeneous  assemblage  of  Bosco\  ichian  atoms  he  finds  the 
relation 


It  this  be  so  then  in  §  60  the  cubical  itohopy  of  which  he  speaks  — 
le  the  elasticity  of  a  cubical  crystal  —  is  not  the  cubical  isotiop}  of 
multi  constancy,  but  as  we  see  fiom  the  footnote  to  the  pie\ious  aiticle, 
it  involves  d=f\  or  hvu//|  =  |.u*///|  the  i  an  constant  condition  see  oui 
p  77,  ftn  Hence  the  single  homogeneous  assemblage  ah\ays  leads  to 
i(Mir-com>tani,y,  \vhethci  or  not  we  cause  it  to  lead  to  uni  constancy 
by  taking  ^  -  /*  Thus  Poisson's  icstiiction  is  essential  to  such  a  s}  stem 
apattjtom  the  qu^tion  oj  isotiopy 

[1803]     Sir  Willum  Thomson  tells  us  (§  28)  that  the  uni 
constant  relation  is  not  obhgitoiy  when 

the  clastic  solid  consists  of  a  homogeneous  a&semblage  ot  double,  01 
tuple,  01  multiple  Boscovich  itouis  On  the  conti  ny,  m\  aibitiaiih 
chosen  vilues  may  be  given  to  the  bulk  modulus  and  to  the  iigiditj,  b\ 

1  With  the  notation  of  oui  Aitb  1205  (cZ)  and  1  =J(a  +  2/  ),  /x  =  ±(«-J  )  ^  =  1! 
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propei  adjustment  of  the  law  of  foice,  even  though  we  take  nothing 
more  complex  than  the  homogeneous  assemblage  of  double  Boscovich 
atoms  above  described 

The  two-atom  system  here  referred  to  consists  of  two  simple 
homogeneous  assemblages  of  points 

reds  and  blues,  as  we  shall  call  them  for  brevity  >  so  placed  that  each 
blue  is  in  the  centre  of  a  tetrahedron  of  reds  and  each  red  in  the  centre 
of  a  tetrahedron  of  blues  (§  69) 

Such  an  assemblage  "the  next-to-the-simplest-possible  mode 
of  arranging  an  assemblage  of  points" — Sir  William  tells  us — 
produces  an  elastic  solid  realising  Greeks  ideal,  and  is  of  course 
much  easier  to  conceive  than  the  model  of  the  Baltimore  Lectures 
see  our  Arts  146  and  1771  Unfortunately  the  mathematical 
analysis  is  not  as  yet  published,  so  that  it  is  difficult  to  lealise 
whether  the  statement  made  depends  in  any  manner  on  (1)  a 
difference  between  the  forces  between  two  blues,  two  reds  and  a 
red  and  a  blue,  or  on  (2)  the  extent  of  the  sphere  of  mtermolecular 
action  That  a  very  great  number  of  mtei  molecular  actions 
should  go  to  make  up  the  stress  across  any  elementary  plane  in 
an  elastic  solid  and  that  these  actions  should  be  distributed 
practically  uniformly  in  all  directions  seems  essential  to  our 
notion  of  a  practically  isotropic  elastic  solid  It  is  certainly 
involved  in  the  principles  from  which  Poisson  and  Cauchy  deduced 
ran-constant  elasticity  on  the  basis  of  Boscovich's  theory  When 
the  condition  that  a  very  gieat  number  of  mtermolecular  action^ 
cross  an  elementary  plane  is  not  satisfied,  then  it  is  difficult  to 
treat  the  assemblage  of  points  as  situated  in  a  like  manner  with 
regard  to  every  elementary  plane  of  section,  and  we  thus  lose  the 
notion  of  an  isotropic  medium 

[1804  ]  Failing  the  mathematics  of  the  multi  const  mt  Boseovichian 
system,  v>e  aie  thrown  back  on  a  mechanical  model,  described  by  JSn 
William  in  ^§  67-b,  as  a  means  of  elucidating  the  double  atom  homo 
geneous  assemblage 

Suppose  six  equal  and  similar  bent  bows  taken  and  tittly  jointed 
togethei  so  as  to  foim  a  tetiaheclron  Take  foui  equal  l>ar&  uid  joint 
them  to  a  boss  to  be  placed  at  the  eentie  of  this  tetiahedion,  uid  let 
the  baife  connect  the  boss  with  the  angles  of  the  teti  ihedion  If  the 
bus  aiejust  the  distance  fioni  thecentieto  the  angles  m  the  unstressed 
condition  of  the  tetrahedion  the  rigidities  (i  e  the  two  slide  moduli  as 
in  oiu  Ait  1802)  lemam  unaltered  by  the  mseition  of  the  bais 
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If  the  tie  struts  are  shorter  than  this,  their  effect  is  clearly  to  augment 
the  rigidities  ,  if  longer,  to  diminish  the  rigidities     The  mathematical  mvesti 
gation  proves  that  it  diminishes  the  greater  of  the  rigidities  more  than  it 
diminishes  the  less,  and  that  before  it  annuls  the  less  it  equalises  the  greater 
to  it  (§  67) 

Looked  at  from  the  standpoint  of  a  Boscovichian  system  it  would 
seem  that  the  forces  between  the  points  at  the  tetrahedron  angles 
might  thus  be  of  a  different  sign  to  the  forces  between  the  point  at*the 
centre  and  those  at  the  angles  in  the  case  where  the  two  rigidities  are 
equal  or  there  is  isotropy  The  model  is  evidently  a  framework  with 
supernumerary  bars  (see  oui  Arts  1772-3)  What  would  be  the  nature 
of  the  force  between  two  centre-points  in  the  Boscovichian  system  is 
hardly  suggested  by  the  mechanical  model,  nor  does  the  model  include 
actions  other  than  those  of  ma/rest  neighbours 

[1805  ]     §  71  concludes  the  memoir  as  follows 

Leaving  mechanism  now,  return  to  the  puiely  ideal  mutually 
atti  acting  points  of  Boscovich }  and,  as  a  simple  example  suppose 
mutual  forces  to  be  zeio  at  all  distances  exceeding  something  between 
£  and  £  *J1 

Let  the  group  be  placed  at  rest  in  simple  equilateral  homogeneous 
distribution  — shortest  distance  £  It  will  be  in  stable  equilibiium, 
constituting  a  solid  with  the  compiessibility,  and  the  two  rigidities 
referred  to  in  §27  above  [le  those  noted  in  oui  Art  1802]  Condense 
it  to  a  ceitain  degree  to  be  found  by  measurements  made  on  the 
Boscovich  curve1,  and  it  may  become  unstable  Let  theie  be  some 
means  of  consuming  energy,  01  cauymg  away  energy  )  and  it  \vill  tall 
into  a  stable  allotropic  condition  The  Boscovich  cmve  may  be  such 
that  this  condition  is  the  configuration  of  absolute  minimum  eneigy , 
and  may  be  such  that  this  configuration  is  the  double  homogeneous 
assemblage  of  ied&  and  blues  desciibed  above  Though  marked  led  and 
blue,  to  avoid  en  cumlocutions,  these  points  are  equal  and  similai  in  all 
qualities 

According  to  the  above  statement  it  \\ould  almost  appeal  as  if 
uni-constant  isotiopy  were  the  normal  condition  and  bi  constant 
ibotropy  a  special  allotiopic  condition  which  might  be  pi  educed 
in  um-coiibtant  biibbtanceb  by  a  piocesb  of  condensation  At  any 
iate  it  becnib  in  irked  by  mtetmoleeulai  foice  being  attiactive 
between  ceitain  moleculcb  and  lepulbive  between  otheis  Until 
we  have  befoie  ut>  the  pionnsed  mathematical  i  _  i  h  it  A\ill 

be  unposbible  to  fully  lealibe  the  natiuc  of  the  aiiangemeiit  b} 

1  The  cuive  which  conncctb  intamoleculai  ioice  \vith  mteiiuokculai  distance 
and  which  is  maiked  accoidin0  to  Boscovich  by  nuineioub  tian&itioiib  iioin  atti  action 
to  repulsion 
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which  Sir  William  Thomson  has  deduced  bi-constant  isotropy 
from  a  Boscovichian  system  of  points,  nor  till  then  can  we  clearly 
recognise  the  features  m  which  the  homogeneity  of  this  system, 
and  the  extent  of  its  sphere  of  intermolecular  action  differ  from 
those  of  the  systems  from  which  Poisson  and  Cauchy  start  then 
investigations 

[1806  ]  0??  a  Mechanism  for  the  Constitution  of  Ether  Pro- 
ceedings of  the  Royal  Society  of  Edinburgh,  Vol  xvn,pp  127-32 
Edinburgh,  1890  The  author  descnbes  a  model  consisting  of 
telescopic  rods  connecting  "  an  equilateral  homogeneous  assemblage 
of  points"  and  further  of  rigid  fiames  built  up  of  three  mutually 
rectangular  bars  each  of  which  carries  four  "  liquid  gyrostats  "  and 
rests  on  a  pair  of  the  telescopic  rods  which  go  to  form  a  tetrahedron 
of  the  equilateial  homogeneous  assemblage  Such  a  model 

has  no  intrinsic  rigidity,  that  is  to  say,  no  elastic  resistance  to  change  of 
shape  y  but  it  has  a  quasi  ngidity,  depending  on  an  inherent  quasi 
elastic  resistance  to  absolute  rotation  It  is  absolutely  non  resistant 
against  change  of  volume  and  against  any  irrotational  change  ot  shape 
Or  it  is  absolutely  incompressible  (p  131) 

A  homogeneous  assemblage  of  points  with  gyiostatic  quasi  rigidity 
confeired  upon  it  in  the  mannei  described  would,  if  constructed  on  a 
sufficiently  small  scale,  transmit  vibiations  of  light  exactly  as  does  the 
ether  of  nature  And  it  would  be  incapable  of  transmitting  condensa 
tional  raiefactional  waves,  because  it  is  absolutely  devoid  of  lesistance 
to  condensation  and  rarefaction  (pp  131-2) 

[1807]  This  paper  is  repnnted  as  §§  7-15  of  Article  C, 
Vol  in,  pp  467-72  of  the  Mathematical  and  Physical  Papers 
§|  1-6  of  this  Article  (pp  466-7)  contain  the  translation  of  a 
Note  fiom  the  Gomptes  Eendus,  T  oix,  pp  453-5  Paris,  1889 
This  Note  describes  a  gyrostatic  model  of  the  ether  It  is  built  up 
by  bars  tuimnating  in  little  cups  resting  on  a  system  of  spheres, 
these  bars  carrying  gyrostats  Befoie  the  gyiostats  are  "energised" 
the  model  repiesents  a  perfectly  incompressible  quasi  liquid 
When  they  aie  "eneigised"  the  model  possesses  a  rigidity  not 
like  that  of  oidmary  elastic  media,  but  \\lnch  depends  directly  on 
the  absolute  rotations  of  the  bars  This  relation  between  quasi- 
elastic  forces  and  absolute  lotation  is  akin  to  what  we  require  for 
the  ether  as  it  offers  resistance  to  "motational  distortion  "  It  is  not 
houevei  such  a  complete  representation  of  the  ether  as  the  model 
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referred  to  in  the  preceding  article,  for  the  irrotational  distortion  of 
the  structure  requires  a  "balancing  foicive"  or  system  offeree 

[1808]  Motion  of  a  Viscous  Liquid,  Equilibrium  or  Motion 
of  an  Elastic  Solid,  Equilibrium  or  Motion  of  an  Ideal  Substance 
called  for  brevity  ETHER  ,  Mechanical  Representation  of  Magnetic 
Force  This  paper  was  published  for  the  first  time,  May,  1890,  m 
the  Mathematical  and  Physical  Papers,  Vol  ill,  pp  436-65 
Cambndge,  1890 

It  compares  the  analytical  expressions  in  the  form  of  equations, 
which  represent  the  physical  properties  of  viscous  liquid,  elastic 
solid  and  ethei 

[1809  ]  §§1-H  aie  devoted  to  the  viscous  liquid  Assuming  that 
stress  is  pioportional  to  speed  of  strain  (see  otn  Arts  1264*  and  1744) 
the  stiesseb  are  of  the  following  type 

du          ^        fdw     dv\  ,  . 

(i), 


wheie  fc  is  a  constant  termed  the  *  viscosity,  '  p  is  the  mean  piessuie,  and 
u  V)  w  are  the  speed  components  of  the  point  x,  y,  2  of  the  fluid  If  p 
be  the  density,  and  Jf,  7,  Z  the  body  forces  per  unit  mas&,  then  the 
type  of  the  equations  of  motion  is 

(du        du        du        du\        _0          v     dp  . 

pl-r  +  u-r  +  v^    +W—     =  uVw-hpA--p  (11), 

p  \dt        dx       dy        dzj      r  ^        dx         ^  n 

where  if  the  motion  be  slow  we  need  letain  only  p  -^  on  the  left-hand 
side 

[IblO  ]     ^  U-l  3  dtal  witli  tht  cquihbi  mill  01   motion  of  an  iso 
tropic  elastic  solid 

Tho  btiebs  equations  an  now  of  the  foini 

_  3X  0    du     ^        (dw     di 


when   X  is  the   dihtition  coc  fhciuit,  /x  ib  now  the  ngidity  and  u,  i,  w 
the  shifts  and  not  tlu  ^  cds      The  c  piebbiue  '  p  will  be  given  by 

(m), 


wheic  7'Tis  tht  dil  it  itiou  modulus  01  bulk  modulus 
Fm  illy  tlu  shift  tquitioiis  will  be  oi  the  typt 
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When  X/ft=oo  the  sti  esses  in  (i)  bis  become  identical  in  form  with 
(i),  and  the  body  shift  equations  are  of  the  type 


Sir  William  Thomson  speaks  of  (iv)  bw  as  being  true  for  any  elastic 
solid  (§  13)  This  is  certainly  not  the  case  if  the  constant  in  (111)  be  the 
bulk  modulus  and  $  the  '  pressure  '  as  he  supposes  The  constants  of  the 
pressure  in  the  stiess  relations  (i)  bis  and  in  the  body  shift  equations  (iv) 
aie  only  equal  to  unity  as  in  the  case  of  a  viscous  fluid  if  X/p.  -  oo 
Oui  authoi  draws  attention  to  the  case  of  F  =  oo  , 

du     dv     dw 

or  -7-  +  :r  +  :y  =  0  (v), 

U1  dx     dy      dz  ^  '' 

^  e  that  of  an  incompiessible  elastic  solid,  spoken  of  as  &  jelly  //,  being 
finite,  equations  of  the  types  (i)  and  (iv)  bw  now  hold 

We  have  then  always  four  equations  to  find  u,  v,  w  and  p  Their 
solution  for  the  case  of  equilibrium  is  easily  written  down 

The  three  equations  of  type  (iv)  by  aid  of  (m)  lead  to 

fdX     dY     dZ\ 


Thus  p  is  the  potential  due  to  an  ideal  distubution  of  matter  of 
density 

F        (dX     dY    dZ\\. 
\dau  +  dy  +  Ifa)  \      ' 


dy 

and  b}  aid  of  (iv)  u,  vy  w  aie  also  at  once  expiessible  as  the  potentials 
due  to  ceitam  distributions  of  matter     bte  oui  Arts   1653  and  1715-6 
fen   William   Thomson   teims   that   distribution   of  body  force  on 
matter  continuously  occupying  space  foi   which 

dX     dY     dZ    A 

-j-  +  j~  +-,-  =0, 
ax      dy      dz 

a  circuital  Joicive,  and  says  that  in  this  cast  p  =  0  and  ti,  v,  to  aie  the 
potentials  due  to  distributions  of  matter  ot  densities 

pZ/47T/X,        pl/^TT/X,        p^^TT^ 

bince  /xV'^t  +  pX-  0,    ^Vv  +  pY-Q,     p.Vw-\p^-Q         (vi) 

Tliub  it  the  totci\e  be  cucuital,  the  bhiltb  will  bt  the  binu   whatevci 
the  degiee  of  incompiessibility  ot  the  innmtc  body  may  be 


[Ibll  ]     ^14-20  deal  with  the  hquilibuuni  01  motion  of  an  idtal 
^tance  called  Jot  brevity,  Atke1) 
This  cthei  is  debcnbed  as  followb 

Whit  I  am  toi  the  piesent  cillmg  <thu^  is   LU  idoil  subst  uiee  usdul  ioi 
extending  the  'Methimeil  lepie^entation  oi  eleotiic,  in  ignetie   md  galvanie 
[tsce  (mi  Ait    1627]        loi  the  present  I   ^uppo^e  it  absolutely 
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incompressible  It  has  no  intrinsic  rigidity  (elastic  resistance  to  change  of 
shape)  ,  but  it  has  a  quasi  rigidity  depending  on  an  inherent  quasi  elastic 
resistance  to  absolute  rotation  This  quasi  rigidity  may  be  called  smmlv 
rigidity  for  brevity  ,  but  when  it  is  to  be  distinguished  from  the  known 
natural  rigidity  of  an  elastic  solid  it  will  be  called  gyrostatic  rigidity  (§  14) 

Sii  William  Thomson  accordingly  introduces  shears  proportional  to 
the  twists  (see  our  Yol  i  ,  p  882),  besides  which  there  may  be  something 
of  the  nature  of  fluid  pressure  He  thus  has  the  following  system  of 
stresses 


du     dw\        ^       ^ 

-_ 


These  lead  us  at  once  to  equations  identical  with  (iv)  fa<?  and  (v) 
above  for  an  incompressible  elastic  solid 

We  may  then  ask  what  is  the  difference  between  this  ether  and  a 
jelly  1  Sir  William  Thomson  answers 

No  difference  whatever  in  respect  to  the  equilibrium  displacement,  or  the 
motion,  throughout  any  portion  of  homogeneous  substance  of  either  kind,  if 
the  position  and  motion  of  every  point  in  the  bounding  surface  of  the  portion 
considered  aie  the  same  for  the  two  But  m  respect  to  the  traction  on  the 
bounding  surface  of  a  detached  portion  and  therefore  also  m  respect  of  the 
interfaciil  relition  between  portions  of  the  substance  having  different  ngidi 
ties,  there  is  in  essential  difference  between  the  two,  of  vital  importance  foi 
the  inclusion  of  magnetic  induction  in  our  mechanic  il  representation  (§  1*7) 

When  there  is  equality  of  ngidity  on  eithei  side  of  an  interface, 
while  there  is  discontinuity  (hie  to  a  diffeience  of  body  force  01  of 
densitv,  then  all  the  interfacial  conditions  are  the  same  for  both  jelly 
and  ethei,  and  iruy  be  best  expiessed  by  saying  that  p  and  the  nine 
differential  cocfhcidits  of  u,  v,  w  must  have  equal  values  foi  the  two 
media  at  tlu  mtcifiu  (§20) 


[1812]     ^21-<S   <1<  xl  with    Knwqii  o/  tfie^ed  jelly  01   of 
ethei 

Tin   sti  nn  tiuiijy  pei  unit  \ohum  of  the  stiessed  ethei  is 

=v, 

wlicie  r  is  tlu   lesultinl  twibt 

Th(   sti  1111  c  IK  igy  ]>(  r  unit  volmno  of  the  jelly 

n  (s    1  9y  +  s  )  +  VK  -t-0"    +<r  v) 

Tf  tlu  bound  u  y  of  i  volmm  F  ot  jelly  01  ether  be  /m/  then  the 
sti  un  (IK  i<^y  involved  111  my  specified  sti  \m  of  tithei  substmce  \\itlnn 
tln^  voluni*  is  th<  s  une  foi  both  (^  24)  see  om  Art  1787 

Eximpks   of  the  coin  spondencts  between  jelly  stiain  eneig>  and 
ether   stiaui  cucigy    in    gmn  in  ^25-8      Then  beaim^  is    hov^evei 
nther  on  el«tio  nn^ncti&in  than  on  elasticity 
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[1813]  §§29-45  are  entitled  Mechanical  representation  of  t/ie 
magnetic  force  of  an  electro  /nagnet 

Imagine  a  piece  of  endless  cord,  in  the  shape  of  any  closed  cuive,  to 
be  imbedded  in  a  jelly,  and  a  tangential  force  to  be  applied  to  this  coid 
uniformly  all  along  its  length  Further  let  the  substance  of  the  cord 
be  exactly  the  same  as  that  of  the  jelly  This  "  tangential  drag "  on 
the  jelly  causes  stress  and  strain  throughout  the  jelly,  becoming  ml 
only  at  infinitely  gieat  distances  The  twist  at  any  point  of  the  jelly 
caused  by  this  circuital  force  is  equal  "  to  half  the  magnetic  force  at  the 
corresponding  point  in  the  neighbourhood  of  a  conducting  wire,  taking 
the  place  of  our  tangentially  applied  force  and  having  an  electric 
current  steadily  maintained  through  it"  (§30) 

This  is  Sii  William  Thomson's  "mechanical  representation "  of 
electro  magnetic  foi  ce  due  to  a  closed  circuit,  and  completes  what  he 
bad  reseived  for  a  future  paper  in  1847  see  our  Ait  1627  Various 
special  cases  are  illustrated,  thus  a  circular  circuit  in  §§31-2,  equal 
and  opposite  currents  in  straight  parallel  conductors  in  §§  33-5  More 
general  cases  are  referred  to  in  §§  36-40 

Thus  if  X,  Y,  Z  denote  components  of  electric  cuirent,  and  F,  G,  H 
the  components  of  magnetic  force  due  to  the  current  the  mechanical 
representation  of  an  electro-magnetic  field  consisting  of  any  distribution 
of  closed  electric  currents  may  be  obtained  from  the  jelly  as  follows 

Take  the  components  of  magnetic  force  equal  to  twice  the  twisty 
then  by  means  of  (v)  we  find 

dH     dG        _8        dF     dH       _2        dG     dF 

__ -  _  vx     j —  j  =  -  v \     ~j-  -  -j~  ~= 

dy      dz  dz       ax  ax      ay 

whence  we  see  by  (vi)  that 

the  components  Jf,  F,  Z  of  electric  current,  ^  e  dlljdy  -  dG/dz, 
dF/dz  —  dH/dx,  dGjdx-dFldy  divided  by  iir,  are  proportional  to  the 
body  forces  pJT,  pY,  pZ  of  the  previous  investigation  for  the  jelly  or 
foi  any  unlimited  elastic  solid  m  the  case  of  a  "circuital  foicive  '  see 
our  Ait  1810  "We  see  further  that  if  an  infinite  homogeneous  elastic 
solid  be  acted  upon  m  some  parts  by  circuital  foicives,  then  it  points 
unaffected  by  foice 

jf-dX         r_dX         H     dx 

-T    —    —  ,  (JT    —  — -  ,  //--=-, 

d%  dy  dz 

01  the  twist  components  aie  the  diifeientials  of  \  single  function  x  The 
electio  magnetic  analogue  to  x  1S  a  quantity  differing  only  by  a  constant 
factor  fiom  the  magnetic  potential  at  7,  y,  z  of  the  electnc  cuirent  system 
T,  7,^39)' 

[1814  ]     ^  41-3  deal  with  the  Syntfosw  of  a  cwcuital  foicive  ftom 

1  The  i eduction  of  the  stiam  eneigy  to  a  single  term  propoitional  to  the  square 
of  the  twist  m  the  case  of  a  jelly  with  rigidly  fixed  boundaiies  was  pointed  out 
hy  the  Editor  of  this  Hutouj  in  a  Not?  on   Twists  in  an  injnntt   da*>iit  s>ohd 
Mes»engei  of  Mathematics,  Vol    xin    pp    84-5      Cambridge,  1884     A  somewhat 
cliff eient  elastic  analogue  to  the  electio  magnetic  field  is  gi\en  in  the  same  paper 
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a  single  force  applied  through  a,  space  comprised  uithin  an  infinitely 
small  distance  from  a  point  in  an  incompressible  elastic  solid  (jelly) 

Let  q  denote  the  tangential  foice  per  unit  length  of  the  circuit  and 
I,  m,  n  the  direction-cosines  of  its  element  ds,  distant  r  from  the  point 
of  which  u,  v,  w  are  the  shifts,  then  Sir  William  Thomson  deduces 
from  his  solution  of  the  elastic  equations  given  in  our  Ait  1810  that 


•-4/J-*  •-£/?* 

while  y  =  -2  —  , 


O  being  the  solid  angle  subtended  by  the  circuit  at  the  point  for  which 
X  is  ascei  tamed,  and  the  integrations  for  s  extending  lound  the  circuit 
The  analogue  to  the  magnetic  potential  is  here  obvious 

[1815  ]  In  conclusion  Sir  William  Thomson  asks  why,  the  ana 
logies  being  so  complete,  we  cannot  be  satisfied  with  the  jelly  for  a 
mechanical  lepresentation  of  electio  magnetism  ?  The  answer  lies  in  the 
difference  of  conditions  at  the  interface  between  two  jellies  and  between 
two  substances  of  different  magnetic  permeabilities  in  a  magnetic  field 

The  magnetic  force  being  in  our  analogy  the  rotation  of  the  jelly,  or  ether, 
we  see  that  the  proper  interfacial  condition1  between  substances  of  different 
rigidity  (/it)  is  not  fulfilled  by  the  jelly,  and  is  fulfilled  by  the  ethei  (§44) 


Referring  to  his  '  ethei  '  Sii  William  Thomson  draws  attention  to 
the  fact  that  it 

whether  extending  to  infinity  in  all  directions,  and  haung  vesicular  or 
tubular  hollows  or  a  finite  portion  of  it  given  with  a  boundary  of  any  shape, 
piovided  that  only  normal  pressure  act  on  the  boundary,  takes  precisely  the 
same  motion  for  any  given  motion  of  the  boundary  as  does  a  frictionless 
incompressible  liquid  in  the  same  space,  shewing  the  same  motion  of  boundary 
(§46) 

The  importance  of  this,  eg  m  the  length  it  goes  to\\aids  explaining 
Sir  G  G  Stokes'  theory  of  aberration,  is  pointed  out  (^  46),  but  at  the 
same  tune  Sir  William  indicates  how  very  obscuie  btill  lemains  oui 
knowledge  of  the  real  relations  between  ethei,  electncity  and  pon 
deiable  mattei  (^47) 


[1816]  Ethtf  ,  Flectricity,  and  Ponderable  Mattel  Mathematical 
and  Physical  Papers,  Vol  m  ,  pp  484-515  Oambndge,  1890  This 
papei  constituted  part  of  the  Pi  e&idential  Addiesa  to  the  Institution 
of  Electrical  Engmeeis,  delivered  on  Januaiy  10,  1889 

It   contains  some  leferences  to  the  elastic  solid  analogies  of  the 

1  Equality  of  noimal  components  of  magnetic  foice  and  pioportionahtj  of 
tangential  components  to  the  magnetic  permeabilities  on  eithei  <-ide  the  mteiface 
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ether  and  a  description  of  a  gyrostatically  loaded  network  (§§  21-6), 
which  would  serve  m  some  respects  as  a  model  for  the  ethei  The  whole 
is  more  fully  developed  in  the  memoirs  leferied  to  in  onr  Arts  1806-7 
The  addiess  concludes  with  words  of  hope  in  futuie  knowledge  following 
on  a  confession  of  present  ignorance — i  e  the  inadequacy  of  existing 
theories  to  represent  the  relation  between  ether,  electricity  and  pon 
derable  mattei 


[1817  ]  The  third  volume  of  the  Mathematical  and  Physical  Papers 
closes  with  two  papers  (Aits  cm  and  civ  ),  which  may  be  looked  upon 
as  appendices  to  the  Encyclopaedia  article  on  Elasticity  The  first 
deals  with  Tait's  expenmental  results  for  the  compressibilities  of  water, 
mercury  and  glass,  and  the  second  gives  inter  aha  (p  522)  the  velocity  of 
elastic  waves  (distortional,  pressural  in  an  infinite  solid,  longitudinal  in 
lod)  in  iron,  coppei,  biass  and  glass,  as  well  as  the  moduli  foi  the  same 
foui  materials 


[1818]  Summary  It  is  a  very  difficult  task  to  preserve  an 
accurate  histoncal  stand-point  with  regard  to  a  physicist — or,  as 
we  ought  to  call  him,  a  naturalist  (M  P  Vol  ill ,  p  318) — so  close 
both  in  time  and  country  to  ourselves  as  Sir  William  Thomson,  now 
Lord  Kelvin  We  can  hardly  see  him  in  the  same  perspective  as 
we  see  Saint- Venant  or  Franz  Neumann  At  the  same  time  the 
function  of  this  Histoiy  would  hardly  be  fulfilled  did  its  Editor 
leave  this  chapter  without  some  slight  summary  of  its  contents 
To  the  future  must  be  left  anv  real  test  of  his  critical  accuracy 

A  distinguished  biologist  once  stated  to  the  Editor  of  the 
piesent  work  that  he  had  for  many  years  given  up  endeavouring 
to  ascertain  what  others  had  done  01  were  doing  in  his  subject 
To  follow  the  great  mass  of  contemporary  work  meant  to  expend  his 
time  in  histoncal  investigations  rather  than  in  original  reseaich 
When  he  devoted  his  energies  to  the  latter,  he  was  fairly  certain 
that  fifty  per  cent  of  his  published  results  would  be  new  contribu- 
tions to  scientific  knowledge  A  man  of  Sir  William  Thomson's 
smpiismg  productivity — covering  almost  every  field  of  physical 
science — must  peiforce  be  occasionally  content  with  the  rediscovery 
of  known  laws  The  leadei  of  our  present  chapter  will  have 
maiked  instances  of  this  in  the  researches  on  the  elasticity  of 
spnngs  in  those  on  light  in  the  Baltimore  Lectures  and  more 
particulaily  in  the  investigations  on  the  relations  of  stress  and 
electio  magnetic  properties  The  repetitions  are,  however  small 
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as  compared  with  the  new  material,  or  with  the  fertile  conceptions, 
which  abound  even  in  the  treatment  of  old  themes 

In  two  points  a  further  criticism  will  also  probably  be  raised 
in  the  future,  a  paucity  of  experimental  demonstration,  which 
occasionally  accompanies  the  statement  of  an  important  physical 
law — compare  for  example  the  elaborate  experiments  of  Wiede- 
mann,  Ewmg  or  Bauschmger  with  Sn  William  Thomsons  in 
similar  fields, — and  further  the  absence  of  mathematical  analysis 
at  points  where  the  less  gifted  are  liable  to  stumble,  and  may  feel 

compelled  either  to  reserve  their  judgment  01  to  accept  on  faith 

compare  for  example  the  molecular  discussions  of  Saint- Venant 
and  the  investigations  on  crystals  of  Franz  Neumann  with  those  of 
Sir  William  Thomson's  Molecular  Constitution  of  Mattel  or  his 
Mathematical  Theory  of  Elasticity  But  this  occasional  paucity  of 
experiment  or  analysis  is  laigely  due  to  our  author's  eagerness  to 
reach  the  physical  law  as  the  all-important  goal,  he  nghtly  recognises 
experiment  and  analysis  as  only  means  and  not  ends  in  themselves 
He  is  m  this  a  pleasing  contrast  to  those  mathematical  elasticians 
who  are  far  more  desirous  of  obtaining  a  complete  solution,  what- 
ever be  its  physical  value,  than  leaching  any  approximation, 
however  important  its  bearing  on  natural  facts 

Of  the  great  advances  m  our  subject  which  will  always  be 
associated  with  the  name  of  Sir  William  Thomson  we  must 
mention  especially  the  accuiate  foundation  of  the  science  of 
thermo-elasticity,  the  suggestion  that  the  principles  of  elasticity 
ought  to  be  applied  to  the  eaith  itself,  and  the  first  consideration 
following  upon  this  biiggestion  of  tides  in  the  solid  earth  Equally 
fiuitful  of  results — if  indeed  they  are  largely  negative  lesults — 
have  been  his  researches  on  the  elastic  theory  of  light,  leading  as 
they  have  done  to  the  rejection  of  the  old  elastic  theories  Here 
it  is  that  he  has  suggested  with  his  g^iostatically  loaded  medium 
a  new  kind  of  elasticity  01  quasi- elasticity,  which  bids  fan  to  open 
up  an  entirely  new  field  of  investigation  and  which  may  in  the  end 
make  elasticity  the  piedonnnant  physic  il  science 

Not  only  in  the  border-land  of  optics,  electio-magnetism  and 
molecular  physics  have  Sir  William  Thomson's  reseaiches  widened 
GUI  knowledge  of  the  possibilities  of  elastic  theory,  but  m  conjunc 
tion  with  P  G  Tait  his  geometry  of  stiain  and  his  tieatment  of 
rods  and  plates  have  largely  contiibuted  to  oiu  appieciation  of 
T  E  PT  ii  32 
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pure  elastic  problems,  and  further  have  rendered  the  discussior 
them  accessible  to  British  students  In  these  latter  cases,  as  ^ 
as  in  his  more  recondite  researches,  there  is  that  fertility  of  n 
and  that  mark  of  genius  which  have  made  Sir  William  Thou 
the  leader  and  characteristic  representative  of  physical  science 
our  own  country  to-day 
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Ardant,  his  experiments  on  wooden 
arches,  C  et  A  p  4  his  theory  of 
circular  nbs,  0  et  A  p  10 

Armstrong,  Sir  W ,  see  Bri  Brachion 

Arnoux,  on  axles  (i)  p  610,  ftn 

Artery,  after  strain  in,  830,  832,  stretch 
modulus  of  830 

Atomic  Constitution  of  bodies,  indivisi 
bihty  of  atoms,  Berthelot  and  Saint 
Venant  on  269 ,  Boscovich  and  Newton 
on,  269 ,  Saint  Venant  on,  275—80, 
arguments  that  they  are  without  ex 
tension,  277 — 80,  atoms  as  liquid 
spheres,  841,  vibratory  motion  of  a 
sphere  of  ether  surrounding,  868 
theory  of  Boussmesq,  action  between 
atoms  of  different  molecules  neglected, 
1447  homogeneous  assemblages  of 
mutually  attracting  Boscovichian 
atoms,  1801 — 5  single  assemblage 
leads  to  ran  constancy,  1802  double 
assemblage  does  not  necessarily  lead 
to  ran  constancy  180 -J  multi  con 
stant  Boscovichian  system  desciibed 
1803 — o  see  also Intei  moleculm  Action 
and  Molecules 

Atomic  Weight  relation  to  stretch  niodu 
lus  717—21  to  hardness  841 

Atioood  G  ,  on  the  vibiations  of  watch 
balances  (1794)  (i)  p  466,  ftn 
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ugust,  E  F ,  on  simple  experiments  to 
demonstrate  Taylor's  law  for  vibrating 
strings,  (i)  p  573,  ftn 
utenheimer,    von,    on   torsion   (1856>, 
581 

$es,  feathered,  strength  of,  177  (c) 
®es,  'optic'  and  'optical'  distinguished, 
1218,  ftn  ,  dispersion  of  optic  axes, 
1218—9  and  ftn  ,  optic,  1476,  1483, 
different  sets  of  rectangular  systems 
exist  in  crystal  for  distribution  of  dif 
ferent  physical  properties,  683 — 7, 
1218 — 20,  1637 ,  Neumann's  theory  of 
distinction  between  optical  and  elastic 
axes,  1216—8,  1220,  elastic  axes  do 
not  coincide  with  optical  for  alum, 
788,  optical,  thermal  and  elastic  not 
coincident  for  gypsum,  etc  ,  1218—9 
and  ftn  ,  diamagnetic  electncal  and 
other  properties  distnbuted  about  dif 
ferent  axes,  1219 

txes  of  Elasticity  135, 137  (in)  137  (vi), 
(i)  p  96,  ftn  ,  443—51,  denned  444, 
orthotatic  and  heterotatic,  445 ,  euthy 
tatic,  446,  metatatic,  446, 137  (vi) 
Axles,  how  affected  by  prolonged  service 
and  vibration,  881  (6)  and  ftn  ,  970, 
strength,  905 ,  of  railway  rolling  stock, 
calculation    of   dimensions,    957—9, 
McConnell's  hollow  railway  axles  ex 
periments  on,  988—9 ,  flexure  of  rail 
way  axles    under    static    load    990 
resistance  to  impact  of  cast  steel,  995, 
of  ordnance    996     fatigue  under  le 
peated  flexure  of  railway,  998, 1000—3, 
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Babbagt  C  ,  haidness  of  diamond  varies 

with  direction  8-56  (d) 
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or  sound  wave   219 
Baden  Poii ell    influence   of   toision   on 

magnetisation  Hll 
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girders  (1857)   1006 
Bakti,    Vi)    B      on   the    actual    lateral 

pleasure  of  eaitliwoik  lb()(>    his  lule 

for  bieadth  of  suppoitiuj,  walls  1607 
Bancalau    A    P     on   law  ot  molecular 
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Bar,  heavy  tension  bai  of  equal  stiength 
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Bariluu      on     statically    indeterminate 
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'  beam  paradox'  by  a  theory  of  lateral 
adhesion  (1855—7),  930—8, 1016 
Barnes,  cuts  steel  with  rapidly  rotating 

soft  iron  disc,  836  (h) 
Barton,  J ,  on  wrought-iron  beanos*  1616 
Basset,  A   B  ,  on  thin  cgrhndrieal  and 

sphencal  shells,  1296  bis,  1234 
Baudnmont,  A  ,  researches  on  vibrations 

of  aeolotropic  bodies  (1851),  821 
Baumeister,  his  experiments  on  sfcretek- 

squeeze  ratio  reterred  to,  1201  {e) 
Baumgarten,  on  flexure  of  solids  of  equal 
resistance  929,  on  stretch-modulus  of 
calcspar  1210 
Baumhauer  on  twinning  of  Iceland  spar, 
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Bauschinger,  his  results  partially  aata 
pated  by  Wiedemann,  709—10,   ofc 
elastic  hmits  referred  to,  1742  (6) 
Beam,  lines  of  stress  in,  Bankrae,  468, 
Kopytowski,  556,  Scheffler,  £52 ,  nm- 
planar  stress  in,  582  (c) ,  slide  intro- 
duced into  theory,  Bresse,  535,  Jour 
avski,  939,  Scheffler,  652,  Wmkler, 
661—2,  665,  Airy,  666,  strength  o^ 
increased   by  building  in   terminals, 
571—7,  942—5 ,  strength  of,  given  by 
graphical  tables,  921  and  ftn  ,   for 
various  forms  of  cross  section,  927 , 
transverse  vibrations  of,  when  suddenly 
loaded,  539,   live  load  on,  540—1, 
formulae  for  statical  deflection  when 
loaded,   760—2,    strength  of  'split' 
beams,    928,    general   treatment   of, 
1006    Thomson  and  Tait  on    1696, 
of  variable  cross  section,  flexure  of, 
929,  small  beams  relatively  stronger 
than  large  ones,  936  (m) ,  central  line 
of,    under    transverse    load     really 
stretched,    941,    supports    of    beam 
under  tiansveise  load  leally  subjected 
to  side  pull    940     cast  iron  beam  of 
strongest  cross  section,  176,  177  (6), 
951   1023,  strength  of  various  iorms 
of  cast  iron  beams   and  Barlow's  at 
tempt  to  explain  paiadox  930—8  para 
dox  neglected  by  Morm  881  (a)   pioper 
proportion    of   web    and    flanges   in 
wi  ought  iron  beams    1016,  foimulae 
foi  stress  strum  relation  when  stretch 
and  squeeze  moduli  are  unequal  178 , 
rupture  of,  deduced  from   empirical 
sticsb  strain    i  elation,    formulae    of 
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Bom-Paradox,  920,  929,  930,  971  (4), 
1088    (6),     1043,    1049—53,    1086, 
according  to  Bell  does  not  exist  for 
large  girders,  1117  (IT) 
Beckenkamp,    verifies    F     Neumanns 
expression    for    stretch  modulus    of 
regular  crystal  in  case  of  alum,  1206 
Becquerel,  M  ,  torsions  produce  magneti 

sataon,  811 
Belanger,  J  B  ,  on  strength  of  materials 

(18o6-62),  893 
Bell*  W ,  on  the  laws  of  strength  of  iron 

{1857),  1117—9 
B^hy  on  gravitation  and  cohesion  cited, 
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Belt,  cylindrical    see  Hoop 
Beltrawi,  properties  of  potential  due  to, 

1505 
Bender,  W ,  experiments  on  hollow  axles, 
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Bmdvng  Moment,  safe  limit  of,  for  non 
symmetrical  loading,  14,  how  related 
to  total  shear,  319,  534,  556,  889, 
1861,  ftn  ,  for  beam  partly  covered  by 
a  continuous  load,  557,  synclastic 
and  antielastie  bending  stress  in 
plates,  1702 

Bent  (=flexural  set),  how  affected  by 
application  removal,  reversal,  etc ,  of 
load,  709—10 

Bergen,  T ,  on  hardness  of  gems,  836  (c) 
Bernard,  F,  on  vibrations  of  square 

membranes  (1860),  825  (c) 
Bernoulli,  Darnel,  nrst  attempted  prob 

lem  of  transverse  impact,  474  (/) 
Bernoulli  Eulerian  formulae  for  flexure, 
71,  80    theoiy  of  beams  justified  by 
Phillips  for  curved  arcs  under  couples 
677—9 

Bertelh,  F ,  statically  indeterminate  re 
actions,  nist  suggests  need  of  elastic 
theory  (1843)  and  uses  experimental 
method,  598 
Berthelot,  on  atoms,  269 
Berthot  on  law  of  intermolecular  action, 
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arched  rib  1010 
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niemoii  on  transverse  impact,  104 
he^emer    preparation  of  wrought  iron 

and  steel  891  (6)  and  (e),  1114 
hiduell,  Shelford,  cited  as  to  variations 
of  coefficient  of  induced  magnetisation 
1321     on  relation  of  stress  to  mag 
netisation,  1727,  1736 
Binet  on  elastic  rods  of  double  curva 

tuie,  155 

Biquadratic  suijace  foi  fatietch  modulus 
of  legulai  crystal,  1206 


Bismuth,  effect  of  compression  on  its 
diamagnetic  properties,  700 ,  hardness 
of,  (i)  p  592,  ftn 

Blacker,  gives  Clapeyron's  formulae  for 
springs,  482,  955 

BlaUely,  on  the  construction  of  cannon 
(1859),  1082 

Blanchard,  experiments  on  material 
under  great  pressure,  321  (b) 

Blanchet,  his  researches  on  waves  in 
aeolotropic  medium  reteired  to  by 
Boussinesq,  1559 

Body  Forces,  how  removeable  from  gene 
ral  equations  of  elasticity,  1653, 1715 , 
removal  of,  when  there  is  a  force 
function,  1658,  1716  (d) ,  when  they 
may  be  used  to  replace  surface  load, 
1695,  ftn 

Boileau,  P  ,  on  the  elasticity  of  springs 
of  vulcanised  caoutchouc  (1856),  851, 
1161 

Boiler,  cylindrical,  proper  dimensions 
for  spherical  ends  of,  125,  strength 
of  curved  sides,  of  flat  ends,  stress 
due  to  weight  of  material  and  of  water, 
642 — 5,  Joule  on  mode  of  testing, 
697  (a) ,  French  formula  for  strength 
of  iron  plate  boiler,  879  (c) ,  Prussian, 
French  and  Austrian  formulae  for 
cylindrical  boilers,  1126  old  Prussian 
government  formula  agrees  with 
Boussmesq's  for  collapse  of  belts, 
1555,  erroneous  results  for  thickness 
ot  walls  of,  961 ,  effect  of  unequal 
heating,  645,  962,  1060,  relative 
strength  of  flues  and  boiler  shell,  985, 
strength  of  materials  for,  907—8, 
strength  of  iron  and  copper  stays  for 
908,  rivetted,  904,  how  strength  of 
boiler  plates  \\ith  and  across  nbre 
alteied  by  tempeiatuie  changes,  1115  , 
cast  steel  plates  for,  1130,  1134  see 
also  Flues 

Bolley,  on  molecular  propeities  of  zinc, 
1058 ,  effect  of  vibrations  in  producing 
crystalline  and  brittle  state,  1185 

Bolt*>,  iron,  effect  of  case  hardening 
comparative  strength  of  screwed  and 
chased,  1147 

bolt~nwnn  /  on  longitudinal  impact  of 
bars,  203,  lesttede  on  Kirchhoff  (n) 
p  39,  ftn  ,  his  theoiy  of  stiess  on 
elements  of  dielectric  criticised  by 
Kirchhoff,  1317 
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ture,  1218  ftn 
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ciuvilmear  coordinates,  673 
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921 ,  experiments  on  wooden  and  cast 
iron  bars  of  triangular  cross  section, 
971 

Bo&covich,  his  theory  of  atoms,  (i)  p  185 
280,  deprived  atom  of  extension,  269 , 
his  theory  criticised  by  Thomson  and 
Tait,  1709  (c),by  Sir  W  Thomson,  1770, 
remarks  on,  276 ,  does  his  theory  lead 
to  ran  constancy?  423,  not  necessarily 
if  molecules  are  groups  of  atoms, 
(Gauchy,  1839),  787,  his  theory  used 
by  Sir  W  Thomson  to  reach  multi 
constancy,  1799 — 1805 ,  single  homo 
geneous  assemblage  of  Boscovichian 
atoms  leads  to  ran  constancy,  1801 — 
2,  double  or  multiple  assemblage  does 
not  necessanly  involve  uni  constancy, 
1802  ,  model  illustrating  double  Bos 
covichian  assemblage  and  multi  con 
stant  solid,  1803 — 4 ,  doubts  as  to  its 
nature,  1803—5 

Bottamley,  effect  of  twist  on  loaded  and 
magnetised  iron  wire,  1735 ,  on  aeolo 
tropy  of  electric  resistance  produced 
by  aeolotropic  strain,  1740 ,  on  increase 
of  tensile  stiength  by  gradual  increase 
of  stiess,  1754 

BoiicM,  A ,  on  molecular  attraction 
(1859—60),  870—1 

Bouiget,  on  vibrations  of  square  mem 
branes  (1860),  825  (e) 

Bousunesq,  pupil  of  Saint  Venaut,  416, 
1417,  Saint  Venant's  views  on  his 
theory  of  light  265,  on  his  theory  of 
pulveiulence  1619,  general  analysis 
ot  his  researches  292 ,  accounts  of  his 
work,  1417,  Flamaiit  on  his  solution 
for  transveise  impact  414,  on  his 
theory  of  pulveiulence  1610—11 
1025 ,  publishes  with  Flamant  a  lite 
and  bibhogiaphy  ot  baint  Venant 
415 

A6/6/6/IC6S  to  pi oves  conditions  ot 
compatibility  foi  ^iven  system  of 
stiamb  112  (1120)  proves  ellipsoidal 
conditions  ten  amoiphic  bodies  sub 
jected  to  pcimancnt  stiain  230 
points  out  uioi  in  bamt  Venant  s 
meraon  of  18(>-i  2-58  ,  on  stability  of 
loose  earth  212  on  solution  m  nmtc 
turns  ot  longitudinal  imp  ictof  bar  2')7 
401—2 ,  his  tieatmeiit  of  thick  plates, 
322,  (i)  p  22-i  -53>  on  his  apph 
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with  gi  eat  velocity  -371  (iv)  (15-57)  his 
issumptions  in  thtoiy  ot  thin  plates 
oHO  (11*7— 10)  his  eoutioveisy  on 


thin  plate  problem  with  L£vy, 
(1441,  1522) ,  his  corrected  of  # 
of  Eesal's  with  regard  to  fiezure  of 
pnsms,  409 

Eesearches  of  on  elasfee  bocbes 
one  or  more  dimensions  of  which  are 
small  as  compared  with  others  (rods, 
1871,  complement,  1879),  1418-^6, 
(plates,  1871,  complement,  1879,) 
1437—40,  controversy  with  Levy  on 
contour  conditions  and  local  perturba- 
tions m  thin  plates  (1877—8),  1441 
theory  of  periodic  liquid  waves  (with 
equations  of  motion  of  any  medium, 
1869),  1442—6,  on  the  moleeqlar 
constitution  of  bodies  (1873),  1447, 
on  the  interaction  of  two  molecules 
(1867),  1448 ,  on  tne  theory  of  lunun 
ous  waves  (1873),  1449,  on  two  simple 
laws  of  resilience  (1874)  1450^5,  on 
geometrical  constructions  for  stress 
and  strain  (1877),  1456—9,  on  hydro- 
dynamical  analogies  to  the  problem  of 
torsion  (1880),  1460 ,  on  the  stretches 
produced  by  the  deformation  of  a 
curved  elastic  membrane  (1878),  1461, 
on  the  transverse  vibrations  of  an 
indefinitely  large  plate  (1889),  1162 , 
Lectures  on  Mechanics  (1889),  1463 , 
on  the  physical  explanation  of  fluidity 
(1891),  1464 

Essay  on  the  theory  of  Light 
(1865),  1465,  on  vibrations  of  iso 
tropic  media  (1867),  1466  on  waves 
in  media  subjected  to  initial  stress 
(1868),  1467—74,  on  vibrations  and 
diffraction  m  isotropic  and  crystalline 
media  (1868),  1475—7  ,  new  theory  of 
luminous  waves  (1868),  1478—82 ,  ex 
tension  of  this  theoiy  (1872)  14=83—4 

On  calculation  by  means  of  poten 
tials  of  the  stiains  in  an  indefinitely 
large  isotropic  medium  (1882),  1485 
Ireatise  on  the  application  of  poten 
tials  to  elastic  problems  (188o),  1486 — 
1559 ,  strain  in  an  infinite  elastic 
solid  bounded  by  a  plane  to  which 
strebs  is  applied  (1888)  1489—96  on 
the  collapse  of  rings  and  contioveisy 
theieon  with  Levy  (1883)  Ioo4— bl 

On  the  application  of  conjugate 
functions  to  plasticity  (1872)  Io62 — 7 , 
on  an  expenmental  mannei  of  deter 
mining  the  plastic  modulus  (1872), 
1^08 — 9  on  the  mtegiation  of  the 
equation  in  conjugate  t unctions  of  a 
pulvemlent  inabS  (1873),  Io70  Essay 
on  the  theory  of  the  equilibrium  ot 
pulverulent  masses  (187b)  1)71 — 
1604  on  the  umpUnai  distiibutiou 
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of  stress  for  isotropie  bodies  in  a  state 
of  limiting  equilibrium  (1874),  1605, 
on  the  lateral  pressure  of  a  pulverulent 
mass  with  horizontal  talus  (1881), 
1006 — 7,  on  horizontal  thrust  of  pul 
verolent  masses  against  vertical  walls, 
etc  (1882—5,  diverse  memoirs),  1608 
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Braemg  Bars,  on  distorted  form  of,  in 
multi  bracing,  1017,  1026,  1028,  ex 
penments  on  buckling  of,  1019  see 
also  Girders 

Brwtthwmte,  F ,  on  fatigue  of  metals 
•(1853— 4),  970 

&mme,  C&.,  on  planes  of  cleavage,  849 , 
experiments  on  iron  plate,  1106 

Brass     elastic  flexures   increase  more 
rapidly  than  loads,  709  (i),  flexural 
sets   or   bents,   how   influenced    by 
alterations  of  load,  etc  709 ,  effect  of 
rolling  and  hammering   on  stretch 
modulus,  741  (a) ,  thermo  elastic  pro 
perties  of,  752,  754,  756,  after  strain 
and    temperature,    756,    relation   of 
stretch  modulus  to  density,  759  (e), 
(i)  p  531,  824,  836  (b) ,  ratio  of  kinetic 
and   static    stretch  moduli,    824,    of 
kinetic  and  static  dilatation  moduli, 
1751,  slide  ,  stretch  ,  and  dilatation 
moduli  of,  1817 ,  thermal  effect  on  slide 
modulus,    1753    (b) ,    thermo  electric 
properties  under  strain,   1646,   ren 
dered  bnttle  by  sudden  atmospheric 
changes,   1188      nature  of  rupture, 
1667 

Bravais,  on  homogeneous  assemblages  of 
bodies,  1800 

Breguet,  on  velocity  of  sound  in  iron 
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Breithaupt,  attempts  to  introduce  a 
new  scale  of  hardness,  835  (d) 

Bresse,  Researches  oj  memoir  on  the 
flexure  of  arches  (18o4)  514—30, 
treatise  on  applied  mechanics  (1859 — 
60),  532—42  on  elliptic  flues,  537 , 
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of  elastic  rods  commended  by  Saint 
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produced  792 — -i  the  pimciple  of 
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794,  797  (e) ,  on  production  of  crystal 
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Taiascon,  520  (b) ,  transverse  vibra 
tions  of,  539,  1034—5,  effects  pro 
duced  by  a  rolling  load,  372 — 82, 
Bresse  corrects  error  of  Phillips',  540 
repeated  loading  of,  1035 ,  deflections 
of  Flemish  bndges,  1020,  treatises 
and  text  books  on  bridge  construction, 
883,  885—90,  915,  950,  historical 
account  of  (1857),  890 ,  '  Bitter's 
method ",  915  (b) ,  minor  memoirs 
on,  1004—36 
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Hungerford,  579  ,  Manchester,  1007 , 
Newark  Dyke,  1012,  Coin,  1019, 
Flemish,  1020 ,  Niagara,  1025 ,  de  la 
Eoche  Bernard,  1033 ,  over  the  canal 
Saint  Denis,  1034 

Bndges,  Suspension,  form  of  chains,  579 , 
oscillations  of,  612,  883,  impact  on, 
883 ,  iron  wire  for,  904 ,  when,  where 
and  by  whom  first  introduced,  (i)  p 
622,  ftn  ,  girder  suspension  bndges, 
1025 

Bnll,  points  out  an  error  in  Saint 
Venant's  memoir  of  1863,  239 

Bnllouin,  on  the  elasticity  fluidity  and 
rigidity  of  bodies,  1464 

Bi  lot  Saint  Venant's  views  on  his  theory 
of  light,  265 

Brittle,  defined,  466  (vii),  1742  (c), 
metals  not  rendered  by  cold,  697  (c) , 
state,  1185,  1188 

Bi  ix,  on  strength  of  railway  rails,  C  et 
A  p  11 ,  on  fail  points  of  uniformly 
loaded  beams  C  et  A  p  12 ,  erroneous 
theory  of  resistance  of  cylinder  to  in 
ternal  pressure,  (i)  p  712,  ttn  on 
strength  ot  stone,  1181,  on  set  m 
cast  iron  due  to  heating,  1186 

Bronze  gun  metal  effect  of  head  on  cast 
ing,  1038  (/),  10oO ,  rupture  of  imgs 
of  1044,  guns  of  1045  physical 
properties  of,  1063  and  ftn  ,  stress 
strain  diagrams  foi  1084  toisional 
stiength  of,  1039  (c),  1113,  116b,  ten 
sile  strength  of,  1113  1166 

B)oolb,  C  H ,  erioneous  theory  of  resist 
ance  of  hollow  cylmdeis,  1080 

Btown    Captain   introduces  iron  cables 
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(1811),  904 ,  experiments  on  wrought 
iron  cables,  879  (e) 

Brown,  Samuel,  builds  first  suspension 
bridge  in  Great  Britain  (1819),  (i)  p 
622,  ftn 

Browning,  C  L  ,  on  the  tensile  stretch 
and  set  of  wrought  iron,  1125,  1186 

Buckling  Load,  of  struts,  under  dead 
load,  11,  under  impact,  407  (2),  1552, 
error  as  to  in  Vol  i  corrected,  C  et 
A  p  2,  of  columns,  477—80,  on 
bracing  bars,  1019,  theory  of,  modi 
fiedform  of  Schemer's  theory,  649—50, 
Schwarz,  Bitter,  etc  ,  on  889,  914, 956, 
Eankine  on  Tredgold  Gordon  formula, 
469  see  also  Columns  and  Struts 

Buffers,  railway,  formulae  for  resilience 
of,  595,  969  see  Springs 

Burg,  A  von,  on  Kohn's  experiments 
as  to  repeated  torsions,  991,  on  the 
strength  of  cast  steel,  1130,  on  strength 
of  aluminium,  1162 

Bursting,  of  glass  cylinders  and  globes 
under  pressure,  857 — 60  of  wrought 
iron  tubes,  983 ,  of  cannon,  1038, 1055, 
1074,  of  musket  barrels  1038  (c),  of 
gutta  percha  tubes,  1160 ,  of  earthen 
ware  pipes,  1171 

Cable    see  Chain 

Cadmium,  hardness  of,  (i)  p  592,  ftn  , 
thermo  electric  properties  under  strain, 
1646 

Calcspar,  haidness  of    836  (d)  and  (i) 
strain  due  to  change  of  temperatuie, 
1197 ,  expeinnents  on  stretch  modulus 
of,  1210 

Gallon  erroneous  theory  of  boileis  961 

Calve)  t,  I1  C  on  hardness  of  metals 
and  alloys  (1860)  845  ,  on  chemical 
analysis  ot  cast  a  on  attei  lepeated 
meltings,  1100 ,  influence  ot  piepaia 
tion  on  elasticity  set  and  strength  of 
cast  iron  (1853)  1102 

Canada  Balaam  doubly  refractive  po  we  i 
produced  in,  by  sudden  tuin  of  stick 
1766  itn 

Cannon    rescaiches  on  btiength  of  ma 
tenals  tor    KH7— <)2  11H    bolid  and 
hollow  cast,  1038  (tj)    cast  iron  1048 
resilience  of  vatious  metals  foi    1062 
built  up  by  fahiinkmrf  on  coils    1069 

1070  1076—82    1078    1082 ,  tables  of 
physical  constints  toi  materials  foi 

1071  (a)    lmistnu,ot  10-58  1055  1074 
expci  imcnts  on  j,uns  built  up  by  coils 
of  wiie  lound  cylinder    1078    on  ex 
trcmc  pioof  ot   1047  (b),  1092 

Cantilevers     equality    ot    strength    in 
straight  and  cur\cd    ()2(> 


Caoutchouc,  divergency  between 
therm's  and  Clapeyron's  expenmeate 
on,  192,  experiments  of  CSapeyioa  on 
ratio  X//ifor,  610 ,  to  be  excluded  from 
mathematically  elastic  substances  ? 
1326,  1749,  slide-modulus  of,  $  p 
420,  ftn  ,  on  springs  with  alternate 
discs  of  iron  and  vulcanised  caout- 
chouc, 851  experiments  on  elas&e 
fore  and  after  strain  of,  1161 

Carbon,  influence  of,  on  strength  of  cast- 
iron,  1047  (c),  how  amount  vanes 
with  repeated  mel&ngs  of  easfe-nxHi, 
1100,  is  not  sole  cause  of  difference 
between  elastic  properties  of  iron  and 
steel,  (i)  p  736,  ftn 

Castings,  stronger  at  the  periphery  than 
the  core,  974  (c) ,  influen.ee  of  size  on 


1045,  effect  of  dead 
,  1050,  1060 


relative  sti 
head,  1038  (J 
Catenaries 
Cauchy,  References  to'  reports  on  Samt- 
Yenants  torsion  memoir,  1,  reports 
on  Wertheim's  memoirs,  noticing  ftlhat 
his  value  of  the  stretch  squeeze  ra^o 
is  inconsistent   with  rari-constartey, 
787,   notices   that  if   molecules  are 
built  up  of  atoms,  the  Boscovichian 
atomic  theory  does  not  necessarily  lead 
to  ran  constancy,  787,  192  (d) ,  a  slip 
of,  corrected  by  Wertheim  and  Saint 
Venant,  809    his  theory  of  elasticity 
discussed,  1193,  1195,  his  ellipsoids 
226  1194 ,  suggests  vanation  of  angle  of 
torsion  across  cross  section  of  pnsm, 
20 ,  on  torsion  of  prisms  of  rectangular 
cross  section     25     29,    his    torsion 
formula  wiongly  applied  by  Wertheim 
805 — 6 ,  his  erroneous  method  of  deal 
mg  with  flexure,  75    316,   and  with 
torsion  191,  on  his  erroneous  method 
of  appioximation  m  general,  1225 — 6 
enor  in  his  theory  of  impact  of  bars, 
204     on  contour  conditions  for  thin 
plate    395—6,  his  geneial  equations 
tor  stress  m  terms  of  strain    when 
there  is  initial  stiess    129,  criticism 
ot  his  deduction  of  stress  strain  rela 
tions,  192  (a),   Saint  Venant s  vie\vs 
on  his  theory  of  light  265    on  double 
letraction    195    1214     his  theory  of 
clispeision    1221   criticised,  549     his 
lesearches  on  waves  m  an  aeolotropic 
medium  lefeired  to  by  Boussmesq, 
1559 

Caialli,  J ,  on  the  resistance  of  solids 

subjected  to  impulses  like  the  firing 

of  cannon  (1860),  1083—92     on  the 

strength  of  stone  (1861),  1184 

Cement  luptme  ot  169  (c)    stiength  of 
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880  (A),  before  and  after  immersion, 
etc,  1168,  tensile,  compressive  and 
transverse  strengths  of  Portland  and 
Boman,  1169,  strength  of,  ascertained 


^ 

r  on  application  of  potential  to 
theory  of  elasticity,  338,  1489,  1626, 
Ins  researches  on  the  equilibrium  of 
elastic  solids,  particularly  certain  pro 
blems  in  the  stress  and  strain  of  a 
solid  bounded  by  an  infinite  plane 
(1882),  1489 
Ohalcedomf,  attacked  by  rotating  iron 

dise,8S6(fe)  „    A 

Chaw  Cables,  first  introduced  by  Captain 

Brown,  904 

Gkam*,  I/mifes  of,  general  theory  of, 
618--21  frnk  symmetrical  about  two 
axes,  622,  circular  link  (or  anchor 
rang),  623—5,  circular  link  with  stud, 
626—7,  comparison  of  links  with  and 
without  studs,  628,  rule  as  to  welding, 
629,  oval  link  with  flat  sides,  630—  2, 
elliptic  link  with  and  without  stud, 
633—8,  640  ,  comparison  of  strengths, 
weights  and  extensions  of  circular,  oval 
andelliptichnks,  639,  absolute  strength 
of  chains,  641,  strength  of  wrought 
iron  chains  depends  on  shearing  stress, 
879  (e),  absolute  strength  of  links  of 
iron  and  steel,  1132,  break  later  at 
less  than  proof  load,  1136  ,  effect  of 
red  heat  on  absolute  strength,  1136  , 
testing  of,  1154 
Chappe",  T  F  experiments  on  cast  iron 

elliptic  arches,  1011 

Chemical  Composition   its  influence  on 
elasticity,  791,  how  affected  by  re 
peated  meltings  1100  ,  its  bearing  on 
physical  structure  1047  (c),  1081 
Ch6ry,  graphical  tables  for  strength  of 

beams,  921  ftn 

Chladm  his  values  tor  notes  of  circular 
plates  tested  by  KirchhofFs  calcula 
tions,  1242—8 

Chladm  Figures,  mode  of  foirmng,  613 
uninfluenced  when  vibrating  plate  is 
placed  in  electromagnetic  field,  699 
bee  Nodal  Line*,  Plates,  Membranes 
Chiee,  C    on  velocity  of  sound  in  rods, 
437  —  8     on  elasticity  of  solid  eaith, 
567    570,  on  longitudinal  vibrations 
of  lods,  821    on  some  applications  of 
physics  and  mathematics  to  geology, 
1721    on  the  equations  of  an  isotropic 
elastic  solid  m  polai  and  cylindrical 
coordinates,  their  solution  and  appli 
cation,  1722,  analysis  of  Sir  W  Thorn 
son  s  papers  on  the  relations  of  stress 
and    magnetisation     1727     ftn  ,    on 


Villari     critical     neld    in     cobalt, 
1736 

Chnsto/el,  on  waves  m  aeolotropic 
medium  (1877),  1764 

Cmndbar  molecular  condition  of,  861 

Circular  Arc,  expression  for  normal  shift 
of,  585  see  also  Arches 

Clapeyron,  his  formula  for  springs,  482, 
his  theorem  of  the  three  moments 
(1857),  603,  his  theorem  of  elastic 
work  (1858),  608—11 

Clapeyron1  s  Theorem  see  Moments,  Theo 
rem  of  three,  and  Continuous  Beams 

Clarinval,  on  hardness  of  metals  (1860), 
846 

Clark,  on  iron  nvets,  903,  on  iron  plate, 
902, 1121 

Clausen,  on  form  of  pillars  (1851) ,  476 — 80 

Clausius,  discussion  by  Saint  Venant  of 
his  views  as  to  elastic  constants,  193 , 
criticism  of  them  by  Wertheim,  819 , 
on  after  strain,  etc  ,  197 

Clay  becomes  as  hard  and  dense  as  rock 
by  great  compressive  stresses,  1155 

Cleavage,  Planes  of,  taken  by  Bankine 
perpendicular  to  euthytatic  axes —a 
doubtful  hypothesis— 451,  how  related 
to  hardness  m  crystals,  839 — 40,  po 
sition  of,  849 — 50,  doubtful  if  they 
determine  planes  of  elastic  symmetry, 
1637 ,  produced  by  continuous  shear 
ing  ?  1667 

Cleaving,  defined,  466  (a) 

Clebsch,  References  to  his  wrong  limit 
of  safety,  5  (c),  1327,  1348  (#)— (h), 
criticised  by  Saint  Venant,  320 ,  com 
bines  Saint  Venant's  flexure  and  toi 
sion  problems  under  one  analysis,  17, 
1332,  Saint  Venant  on,  198  ( / ) ,  his 
treatment  of  elastic  constants  dis 
cussed  by  Saint  Venant,  193,  his, 
tieatise  on  elasticity  translated  by 
Flamant  and  Saint  Venant,  annotated 
by  latter,  298  1325  ,  his  treatment  ot 
Kitchhoff  s  Principle,  1253,  on  thick 
plates,  13oO — 7,  on  thin  plates,  137o — 
85,  how  his  treatment  of  plates  is 
i elated  to  that  of  Kirchhoff  and 
Orehrmg,  1292 — 3,  1375 — <)  criticism 
of  it  by  feamt  Venant  383  on  thin 
rods,  1358 — 74,  how  his  treatment 
differs  from  Kirchhoffs,  1257,  1258, 
1265  1270,  1282  1358—9  fiom  that 
of  Thomson  and  Tait,  1691,  1695 

Researches  of  on  the  equilibrium 
of  flexible  strings  (1860),  H22— 3  on 
the  theory  ot  circulaily  polarised  media 
(1860),  1324  ,  his  Treatise  on  the  Elas 
ticity  of  Solid  Bodies  (1862)  1325—90 
(cnticibed  1325,  1390)  Ins  posthum 
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ous  Principles  of  Mathematical  Optics, 
1391,  on  reflection  at  a  spherical 
surface,  1392 — 1410,  accounts  of  his 
life  and  work,  1390,  (11)  p  107, 
ftn 

Cobalt,  effect  of  longitudinal  stress  on 
magnetisation,  ViHari   cntical  field, 
1736 
Coefficient  of  Optical  or  Photo  elasticity, 

795 

Coefficient  of  Plasticity  (K),  or  plastic 
modulus,  247,  249,  259,  does  it  vary? 
1568—9,  1586,  1593  see  also  Pla* 
ticity 

Coefficient  of  Restitution,   or  dynamic 
elasticity,  209,  217,  847 ,  really  vanes 
with  masses,  sizes  and  shapes  of  col 
hding  hodies,  1682—3 
Coefficients,  Elastic,  names  for  in  this 
History,  (i)p  77,  ftn  ,  Tables,  445,  448 , 
Homotatic,  136,  446 ,  of  Pliability  are 
reciprocals  of  coefficients  of  "Rigidity, 
425,    of  Extensibility    (longitudinal 
and  lateral,  or  direct  and  cross)  and 
Compressibility,  425,   Tasinomic  (eu 
thytatic,  platytatic,  goniotatic,  plagio 
tatic),  445 ,  Thlipsinomic  (euthythhptie, 
platythhptic,  goniothhptic,  plagioth 
hptic),  448,  transformation  of,  Ban 
kine's  use  of  surface  of  fourth  order, 
432 ,  in  any  direction  expressed  sym 
bolically,   133,   for  various  crystals, 
1203—5,  numerical  values,  1212,  for 
a  material  with  three  planes  of  elastic 
symmetry,  307    for  amorphic  bodies, 
282   (8),    308     foi    equal   transverse 
elasticity,  308  (a) ,  ot  wood  do  not  ad 
imt  of  ellipsoidal  conditions,  308  (a) , 
for  bodies  possessing  various  types  of 
elastic  symmetry,  281 — 2 ,  expenmen 
tal  methods  of  determining,  283,  1205 
— 11      expressions   lor,   in   terms   of 
initial  stress,   240     effect  of  initial 
stress  on  stietch  modulus,  241    effect 
of  set  on  cross  stietch  coefficients  194, 
Lament  of,  1781  (c)    see  also  Constants 
and  Moduli 

Cohesion,  Herschel,  b£gum  and  Sir  W 
Thomson  endeavour  to  explain  it  by 
molecules  of  infinitely  gieat  density 
and  infinitely  small  volume  attracting 
according  to  Newtonian  law  865,  (i) 
p  600  ftn  ,  1650  supposed  by  Zabo 
rowski  to  depend  on  absolute  con 
tmuity  of  mattu,  867  see  Molecule*, 
^tiengtlt,  etc 

Colladon  and  Dana,  cut  steel,  chalce 
dony  and  quail/  by  non  disc  in  rapid 
rotation,  836  (h),  1?3H   ttn 
Colladon  ami  S/NJM   thai  theoiy  of  pie 


zometer  referred  to  by  P 
1201  (c) 

CoUet  Meygret,  on  bndge-sferaetee 
(1854),  1109—12,  cited,  169  {«),  ® 
p  368,  ftn 

Golwams,  best  form  o^  discussed  fey 
Clausen,  476—80 ,  sfeengih  of  woodem, 
880  (a) ,  cast-iron,  tables  and  curves  for 
strength  o^  880  (e),  do  not  obey  odb- 
nary  elastic  theory,  1117  (v),  Hodgfcm- 
son's  later  formulae  for  strength  of,  $73 
(cf  469,  f  •  "0  r»i  tli  i  IICT  h 
of  those  *  »  u  1  i  *  ,i  *NlK*l 
ends,  974  (a),  loss  of  relative  streng& 
due  to  removal  of  external  crns^  974 
(c),  strength  of  square  triangular 
and  circular  cross  sections,  974  ($ , 
on  strength  of  long  columns,  978, 
empirical  formulae  for  steel  columns, 
rounded  and  bedded  ends,  978 ,  ditto 
for  wrought  iron  columns,  978  see 
also  Struts 
Combes,  report  on  Phillips'  memoir  on 

springs,  482 

Combination  of  Sti  ains  see  Strain,  Com- 
bined 

Compatibility,  of  given  system  of  strains 
conditions  for,  112,  190  (c),  proved 
by  Boussinesq,  112,  1420,  by  Kirch 
hoff,  1279 

Compression,  difficulty  of  experiments  to 

determine  squeeze  modulus,  influence 

of  buckling  in  long  and  friction  in 

short  specimens,  793 

Condenser,  spherical  glass,  strain  pro 

duced  by  charge,  1318 
Conductivity  electric,  of  iron  and  copper 
how  alteied  by  strain,  1647    rendered 
aeolotropic  by  aeolotropic  stress,  1740 
Cone,  very  sharp,  vibrations  notes  and 
fail  point  of,  1306 — 7 ,  truncated,  im 
pact  longitudinal  on  223  duration  of 
blow,  maximum  strain,  etc    1542 — 4 
Conjugate  function*,  m  toision  problem 
285    1460    1710,   used  to  solve  uni 
planar  equations  of  plasticity  1562 — 7, 
to  solve  those  of  pulverulence   1566 
1570 

Connecting  Rod,  stiess  pioduced  by  vi 
biations  m  088  by  variations  of  pies 
sure,  681—2 
Conseivative  systems  oj  totce,  1709  (a), 

1716  (d) 

Constants,    Mastic,   equality  ot   cross 
stietch  and  direct  slide  on  lari  con 
stant  hypothesis    73     contro\eisy  a 
bout,  68  192   193,  196, 197,  276,  301 
bi  constancy  of  iron  and  brass  wire, 
727      bi  constancy    investigated    by 
sti  etching  hollow  pi  isms,  802    1201 
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ify?  Wertheim's  views  on  um-con 
staricy,  819 ,  multi  or  ran  constancy 
ol  <sr$rstals,  1212,  1636,  methods  of 
^investigating  bi  constancy,  1201  (a)— 
te),  no  crucial  test  of  bi  constancy 
trim  tones  and  nodal  Jines  of  circular 
plafces,  1242 — 3,  nor  from  expenments 
on  wires,  1271, 1273,  nor  from  action 
of  cork,  india  rubber  and  jelly,  192  (6), 
$10,  1326,  1749,  Kirchhoff's  expen 
raents  on  steel  and  brass,  1271—3, 
reference  to  other  experiments,  1201 
\e),  the  21  constant  model,  1636, 
1771—3,  Sir  William  Thomson  on 
constant  controversy,  1636—7,  1709 
(<?},  1749,  1770,  21  constant  model 
as  argument  for  multi  constancy,  1771 
—2,  leads  no  further  than  hypothesis 
of  modified  action,  1773 ,  remarks  on 
constants  of  amorphic  bodies  and  on 
bi-oonatant  isotropy,  1799,  single  as 
semblage  of  Boscovichian  atoms  leads 
to  ran  constancy,  1802 ,  double  assem 
blage  to  either  uni  or  bi  constancy, 
1803 — 5,  but  certain  difficulties  remain 
to  be  cleared  up,  1803, 1805 ,  views  of 
Bnllouin  and  Boussmesq,  1464,  F 
Neumann's  36  constant  medium 
1202,  1216,  1218,  relations  between 
constants  required  for  elastic  theory 
of  double  refraction,  1214—5  (but  see 
Refraction,  Double)  the  Lament  of  the 
21  coefficients  1781  (c)  see  also  Inter 
mokcular  Action,  Sti  eteh  Squeeze  Ra 
tio,  Ran  constancy,  Multi  comtancy 
Coefficients,  Elastic 

Continuous  Beams,  Bresse  s  work  on, 
532,  535  increase  of  strength  by 
building  m  terminals,  574—7,  Dorna 
supposes  beam  ngid  and  only  supports 
elastic,  599—602,  Clapeyron's  Theo 
rem  of  the  Three  Moments  603,  607, 
893 ,  bcheffler  s  treatment,  653  special 
cases  of,  890 ,  general  case  aud  special 
treatment  of  five  spans,  946  two 
bpans  mid  support  not  on  same  level 
as  terminals  947  thiee  spans,  com 
plete  numerical  tieatment,  948,  foui 
spans,  complete  numencal  treatment, 
949,  geneial  theory  of  949,  Clebschs 
treatment  uniformly  loaded,  equi 
spanned  1386  (c)  Thomson  and 
Tait's  treatment,  1696 
C  out)  act  ile  t  the)  theory  of  1787—8 
Coppet,  theiinal  effect  of  stretching  689 
692  theiinal  effect  ol  compression 
b95  ,  thermo  elastic  propeities  of  752 
7o4,  756  ,  after  stiam  and  tempeia 
ture,  7o6 ,  ratio  of  kinetic  and  static 
dilatation  and  stretch  moduli  1751 


thermal  effect  on  stretch  modulus,  752, 
on  slide  modulus,  690,  754,  1753  (6) , 
effect  of  tort  on  slide  and  stretch 
moduli,  1755,  no  magnetic  influence 
on  strain  of  wire  observed,  688  effect 
of  electric  current  on  absolute  strength 
of  wire,  1187 ,  effect  of  strain  on 
thermo  electnc  properties,  1642 — 6 
electric  conductivity  altered  by  stretch, 
1647 ,  slide  ,  stretch-  and  dilatation 
moduli  of,  1817 ,  stretch  modulus  of, 
743,  by  transverse  vibrations,  771,  how 
related  to  density,  (i)  p  531 ,  tensile 
strength  of,  1166,  (i)  p  707,  ftn  ,  hard 
ness  of,  (i)  p  592,  ftn  ,  (i)  p  707,  ftn  , 
836  (6) ,  ductility,  etc ,  (i)  p  707,  ftn  , 
nature  of  rupture,  1667 ,  rotating  wheel 
of,  used  to  cut  glass,  1538,  ftn  ,  stays 
for  boilers,  strength  of,  908 

Cord    see  String 

Core,  introduced  by  Bresse,  515,  533, 
discussed  by  Bankine  and  applied  to 
structures,  465  (e) 

Coriohs,  on  longitudinal  impact  of  bars, 
204 

Coik,  1749 

Cornelius,  C  S  ,  on  the  constitution  of 
matter  (1856),  868 

Cornu,  his  experiments  on  the  stretch 
squeeze  ratio  and  the  value  of  elastic 
constants  referred  to,  235,  269,  282, 
284,  1201  (e) 

Co?  omilob)  experiments  on  stretch  moduli 
of  gypsum  and  mica,  1210 

Corundrum  cut  by  quartz  sand,  1538,  ftn 

Coulomb,  comparison  of  Saint  Venant  s 
and  his  torsion  results,  19  ,  cited,  800 , 
on  his  theory  of  the  thrust  of  a  pulve 
rulent  mass,  1609,  1620,  1623 

Cox,  Home]  sham    on  impact,  165     Ins 
method  of  dealing  with  impact  con 
sidered  by  Saint  Venant,  201 ,  his  hy 
pothesis  for  the  tiansverse  impact  of 
bars,  344,  366    368—371     his  hypo 
thesis  demonstrated  geneially  by  Bous 
smesq,  1450 — 5     on  the  mass  coefh 
cient    of   resilience     1550,    ftn  ,    on 
trussed  cast  iron  ^udeis,  1015 

C/  aig,  W  Or  ,  on  India  rubber  railway 
springs,  969  (b) 

Ci  am,  wrought  iron  tubular  909,  960 

Crank  stress  in,  681 

Ciesy,  on  punching,  1104 

C)osi>  sections  ot  bars  remain  plane 
difficulty  of  supposition,  in  pioblema 
of  impact  414  in  treatment  ot  lods, 
1687,  1691 

t, tusking,  defined  466  (a),  ot  cast  iron 
1100  see  Strength  Crushing,  It  on 
<>tone  etc 
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Crystalline  Axes,  differ  for  each  physical 
property  see  Axes 

Crystalline  Form,  how  related  to  elas 
ticity,  791,  1056 

Crystalline  State,  of  iron,  861,  970, 1185, 
produced  by  vibrations,  1189,  hm 
dered  by  impurities,  1189 

Crystalline  Structure,  produced  in  pow 
ders  and  soft  solids  by  stress,  864, 
produced  according  to  Mallet  by  pas 
sage  of  heat  through  body,  1056,  is 
the  cause  of  difference  between  iron 
and  steel,  how  changed  by  tempering 
and  annealing,  (i)  p    736,  ftn  ,  pro 
bably  that  of  most  isotropic  bodies, 
but  macled,  1799 

Crystallisation,  Confused,  115,  192  (d) 
Cauehy's  hypothesis  as  to,  192  (d), 
Sir  W  Thomson  on,  1799 

Crystals,  problem  of  their  classification 
by  elastic  constants,  451,  of  monoclmo 
hedric  system,  relationship  of  their 
various  physical  axes,  optic,  acoustic, 
thermal,  diamagnetic,  electric  and  of 

hardness  (Angstrom's  experiments  on 
gypsum  and  felspar),  683—7,  1218—9 
and  ftns  ,  directions  of  various  physi 
cal  axes  do  not  coincide  with  those  of 
elasticity,  or  with  each  other,  684, 

686  Angstrom  holds  that  elastic  axes 
of  this  system  of  crystals  are  not  rect 
angular,  687  ,  optical  axes  do  not  in 
regular  crystal  coincide  with  elastic 
but  change  with  pressure  788  with 
temperature  1218  ftn  ,  1229  (d) 

Effect  of  pressure  in  altering  double 
lefractive  power  of  rocksalt  fluorspai 
and  alum   789     why  they  exhibit  no 
rotatoiy  power  in  magnetic  neld  698 
(iv)    hardness  of  how  related  to  planes 
ol   cleavage    839—40,  how  shape  of 
is  influenced  by  change  of  temperature 
11()7,  1211     RtiesH  strain  relations  foi 
vaiious  types  of  12(H   1639    effect  ot 
uniform  pleasure  on  le^ular  and  rhom 
bohedral  ciystals  120)    stietchmodu 
his  of  iif,"lar   in  anY  direction  120b 
— 7     stietch  squu/e  ratio  ol  legular 
1208      altuation    ot    angles   between 
faces  oi  n^ulai,  diu  to  tiaction,  12()() 
stictch  modulus      toi     ihombohuhnl 
ciystals  1210    ch  mj,e  ot  facial  uncles 
ot  ihombohcdi  il   due  to  siuface  pus 
suit    1211    i  elation  to  thciuial  tftect 
1211      clastic    constants   ot    locksalt 
fluoispai    ct(     1212     distinction    k 
t\\een    ciystallo^raphic     clastic    and 
optical  ciystals   1212  ftn    121 > ,  Nen 
uittnn  b   theoi}   of   change   ot   optical 


axes  with  temperature  and  pressure, 
1220,  Sir  W  Thomson  on  axes  of 
crystals  1637,  on  regular  ezyefeUs, 
1639, 1780,  on  principal  elashei&ee  of, 
1762  artificial  twinning  of,  I860  and 
ftn 

Cubitt,  J ,  experiments  on  defiaefcoa  of 
Warren  girders,  1012 

Curvature,  geometncal, of  rods  discussed, 
1669,  of  surfaces,  anticlasfee  and  syu- 
clastic,  1671 

Curvilinear  Coordinates,  expression  for 
Laplacian V2ni  tennsof,  (ifp  374»ffeL , 
um  constant  equations  of  elasticity  m 
terms  of,  673 

Cyboid  aeolotropy,  Rankme  on,  450  (v) , 
Sir  W  Thomson  on,  1775 

Cylinder,  solid,  under  combined  torsio-n 
and  flexure,  1280 

Cylinder  hollow  subjected  to  surface 
pressures,  when  its  material  has  ey 
hndncal  elastic  distribution,  130, 
conditions  for  longitudinal  or  lateral 
failure,  122 ,  when  elastic  distribution 
is  ellipsoidal,  122  ,  subjected  to  inter 
nal  pressure  rupture  first  on  mmfa 
1055, 1082 ,  bursting  of,  under  external 
and  internal  pressure,  858 — 60  of 
steam  engines,  formulae  for  strength 
of,  900 ,  when  unequally  heated,  962, 
645,  resistance  to  hydrostatic  pressure, 
experiments  on  1038  (c) ,  rupture  of 
cylindrical  belts,  1044  ,  five  erroneous 
formulae  for  resistance  of  to  internal 
pressure,  1069  a  sixth,  1080 

Cylindrical    Coordinates    equations   of 

elasticity  in  terms  of   (i)  p   79   ftn 
Cylindrical  Vhell  Love  and  Basset  on 
1296  bts 

Daglish,  J ,  on  strength  of  wire  ropes 
and  cables  1136 

Dahbnann  B  on  absolute  stiength  of 
certain  kinds  of  iron  and  steel  1122 

DAlembeit  on  statically  indeterminate 
leactions  (i)  p  411  ftn 

Dalton  elastic  properties  of  nou  and 
steel  due  to  nature  of  ci> stallisation 
(i)  p  736  ftn 

Daner  and  Colladun  on  rotating  iron 
disc  attacking  steel  chalcedony  and 
quartz  836  (h)  Io38  ftn 

Dcu win,  G  H  on  elasticity  of  solid 
earth  ob7  570  1719— 2o  on  the 
stresses  m  the  interior  of  the  earth 
caused  by  the  \\eight  of  continents  and 
mountains  (1882)  1720  on  the 
dynamical  theor}  of  tides  of  long 
penod  (1886)  1726  on  the  horizontal 
thrust  of  sand  (1883)  1609  Boussi 
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nesq  on  his  experiments,  1609—11, 
1623 

Demies,  on  beam  of   strangest   cross 
section,  951,  1028 ,  on  wrought  and 
east  iron  beams,  1023 
De  Clercq,  on  the  distorted  form  of  the 

tesaciag  bars  of  lattice  girders,  1026 
Xtecom&te,  experiments  on  the  rupture  of 

cast-iron  beams,  1024 
Dehaignp,  on  galvanisation  of  iron  wire 

for  suspension  bridge,  1096 
Melanges,    on   -tatitalh    indeterminate 

reactions,  (i)  p  411,  ftn 
Deloy,  confirms  experimentally  Phillips' 

theory  of  springs,  596 
JDewatty,  how  related  to  elasticity,  791 , 
to  stretch-modulus,  741  (a),  759  (<?), 
T72 ,  to  hardness,  1043 ,  to  tenacity, 
891  (a),  1039  (a),  1047  (a),  1050  ,  how 
It  influences  ratio  of  transverse  to 
absolute  strength  in  cast  iron,  1086 , 
diecreasedby  wire-drawing,cold  rolling, 
etc ,  1149 ,  indicates  '  quality '  of  iron 
but  not  of  steel  1149 ,  how  affected 
by  head  and  bulk  of  casting,  (i)  p  707, 
ftn  ,  produced  in  bodies  by  enormous 
compressive  forces,  1155 
DespZoces,  on  bridge  structure,  1109—12 , 

cited,  169  (e),  (i)  p  368,  ftn 
D'Estocguois,  on  molecular  attraction  in 

liquids,  863 

Diamagnetism    see  Magnetism 
Diamond,  and  graphite,  relation  of  den 
sities  and  elasticities   791  and  ftn  , 
squeeze  modulus  of,  797  (/) ,  hardness 
of  vanes  with  direction,  836  (d)  and  (e) 
Dielectnc  Polarization,  strain  due  to, 
considered  by  Kirchhoff,  1313—21,  es 
pecially,  1318 
Dienger,  his  contnbution  to  theory  of 

elasticity  (1854)   549 
Dtetzel,    on    elasticity    of    vulcanised 

caoutchouc,  etc ,  1161 
Diffraction  Boussinesq  on  1477 
Discontinuity    remarks  on,  in  mathe 
matical  and  physical  problems  loll 
Dispersion,  Cauchy's  theory  of,  i  ejected 
by  Dienger,  549     is  not  sensible  in 
aitificial    double  refi action,   796     of 
the  optic  axes  1218  and  ftn  ,  1229  (d), 
m  uncrystallme  media  references  to 
theory  of  F    Neumann,   of  Cauchy 
and  of  0  Brien,  1221    Boussinesq  on, 
1465,   1481      in    metallic    leflection, 
1782  (I) 

Dissipatne  I  unction  1743 — 4  and  ftn 
Donhtn     his    equation    for    transverse 
\ibrations  ot  lods  moie  general  than 
Seebeck  s     471      mis  cites    Seebeck, 
472 


Doohttle,  I ,  on  Barnes'  discovery  as  to 

iron  cutting  steel,  836  (h) 
Dorna,  A  ,  on  statically  indeterminate 

reactions,  599—602 
Double  Refraction         see     Refraction, 

Double 
Doyne,  criticises  Hodgkmson's  beam  of 

strongest  cross  section,  1016,  1119 
Drum  head,  irregularly  stretched,  equa 

tion  for  vibrations  of,  1300  (c) 
Ductile,    denned,    466    (vi),    1742  (c), 

coefficient    of   ductility— after  strain 

coefficient,  739    see  also  Plasticity 
Dufour,  L ,  on    changes   in   absolute 

strength  of  wires  produced  by  long 

continued  transit  of  electnc  currents, 

1187 
Duhamel,  his    priority  as   to   thermo 

elastic  equations,  1196 
Duleau,  his   experiments   on   bars   of 

circular  and  square  cross  section,  31, 

191 
Dunn,  T ,  on  chain  cable  and  timber 

testing  machines  (1857),  1154 
Duportail  A   C  Benoit  ,  theory  of  rail 

way  axles  (1856),  957—9 
Dupuit,  on  thrust  on  points  of  support 

of  beam  under  flexure,  940 

Earth,  Figure  of,  Lamp's  and  Resal  s 
investigations,  561 — 70,  elastic  equi 
hbrmm  of  spherical  crust  of  a  planet 
spinning   about    a    diameter,   under 
action  of  mutual  gravitation  of  parts 
and  with  external  and  internal  pres 
sures  (ResaVs  Pioblem)    562,    shifts 
and   stresses    due   to  pressures  and 
gravity,  application  to  case  of  eaith 
563—7,  shifts  due  to  spin,  568—70 
times    of   oscillation    of    gravitating 
liquid  sphere  of  density  and  si/e  ot 
earth  and  of  steel  globe  ot   si/e  of 
earth  under  ellipsoidal  deformation 
1659 

Farth,  Rigidity  of    &ohd  elastic    166 -J 
value  of  elhpticity  1664   eaith  cannot 
be  thin  shell  enclosing  liquid  mass 
1664, 1738—9 ,  effect  of  elastic  yielding 
on  precession  and  nutation,  1665     n 
legularity   of    eaith   as   timt  keepei 
1665   does  it  yield  to  solid  tides  9  1719 
1738—9    force  function  due  to  mutual 
giavitation,   centnt%al   acceleration 
and  attractions   of    sun   and  moon, 
1721,   shifts  due  to  mutual  gravita 
tion    1722     shifts  due  to   spin  and 
tide  raising  influences    1722     unless 
eaith    be    mcorapiessible    strain    at 
surface    \\ould    be    immense     1723, 
difficulties     of    inoowi  possibility    of 
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earth,  1723,  of  its  isotropy,  1723  (i), 
of  Thomson's  and  Darwin's  investi 
gation,  1723  (i),  ellipticity  due  to 
tidal  action,  1723  (ui),  parts  due  to 
rigidity  and  to  gravitation,  1724  (a)— 
(c),  numerical  values  for  steel  and 
glass  globes  ot  size  of  earth,  1724  (d) , 
effect  of  solid  earth  tide  on  super 
ficial  water  tide,  1725 ,  attempt  to 
determine  effect  by  tidal  observations, 
1725 — 6  t  improbability  of  evaluating 
effective  rigidity  of  earth  from  tidal 
data,  1726  (4°) 

Earth,  Stability  of  loose,  L6vy,  Saint 
Venant,  Boussrnesq.  and  Bankine  on, 
242,    Bankine' s   treatment  of,  453, 
Holtzmann's,  582  (b),  Boussinesq's, 
1570 — 1625     see  for  full  references 
Pulverulence 
Earth,  Talus,  slope  of  natural,  tables 

for  various  kinds  of,  1588 
Earthenware  pipes,  strength  of,  1171, 

empirical  formula  for,  1172 
Ease,  State  of,  4  (7),  5  (a),  164,  709-10, 
749,   767,  for  cast  iron,  896,   1084 
see  also  Elastic  Limits 
Easton  and  Amos,  their  experiment  re 

ferred  to,  164 
Ecrouiswge,  denned,  169  (b) 
Edge,  of  elastic   solid,   if   re  entering 
ought  to  be  rounded  off  to  prevent 
weakness,  1711 

Plastic  Curve  of  Bernoulli,  forms  of, 
traced  by  Thomson  and  Tait  and  by 
Saalschutz,  1094  and  ftn 
Elastic  Equivalence  of  statically  equi 

pollent  loads     see  Loads 
1  I  istic    Life    of    materials,    Kupffei's 
scheme  for  investigating,  731    undei 
slowly  increasing  load,  1144 
Elastic    Limit?,     distinction    between 
physical  and  mathematical,  1742  (a) 
how  aft  toted  by  id  le 

•veisal  ot    load  767 

Morm  s  erroneous  views  on  878  m 
cast  mm,  81)5—0  1084  in  steel 
11-54,  m  wood  1157,  Clebsch  on 
132()  discussion  of  by  Ihonibon  and 
Lait  doubtful  assumption  that  a  solid 
liovvs  01  luptuicb  when  elastic  limit  is 
leached  1720  Sn  W  Thomson  on 
1742  (/>)  limits  to  sliding  stiain  dis 
(usstd  1742  (d)  set  also  J  ase  S£<//< 
of  bad  Point  S/H*S  \tnun  Relation 
hneanty  ot,  ttc 

7*  fast H  /  tut  wlu  11  tlcxuie  is  not  small, 
172,  elemental  y  proof  ot  equitions 
to  dut  to  Poucelet  188  at  built  m 
tnds  ot  beam  or  cantihvei  has  abiupt 
change  ot  Mope  188  foi  initially 


straight  lamina,  1694,    for  *ods  ol 
double    curvature,   291     see   Reds, 
Wires,  Beams,  eke. 
Elastic  Moduli    see  Moduli 
Elastic  Solid,  probable  molecular  struc- 
ture of,  1799,  when  subject  to  specaal 
types  of  surface  load  or  of  body  foaeee 
see  S&bd>  Elastic 

Elasticity,  as  a  mode  of  motion,  gyro- 
static  theory,  1784—6 ,  modern  liheory 
of,  originated  according  to  F  Neumann 
and  others  in  the  inability  of  hydro- 
dynamical  equations  to  explain  Fres- 
nePs  new  theory  of  light,  119$, 
Bankme's  distinction  between  fluid 
and  solid  elasticity,  invahd  as  deduce* 
by  him,  423—4,  1448,  short  history 
of,  by  Saint  Venant,  162, 

how  influenced  by  working,  782,  ol 
cast,  rolled  and  forged  bodies,  effects  of 
working  on  elastic  homogeneity,  115 , 
its  dependence  on  density,  obeoueal 
constitution  and  crystalline  form,  7S1 , 
httle  influenced  by  set,  1064 
Plasticity,  perfect,  definition  of,1709(&), 
1742  (a) ,  linear  as  distinguished  from 
perfect,  (i)  p  9,  ftn  ,  limit  of  linear, 
164,  relation  to  temperature,  1709  (b), 
1742  (a)    is  not  identical  with  range 
of  Hooke's  Law,  1742  (a) 
Elasticity,  -ixes  of   see  Axes 
Elasticity,  Character  of,  (distribution  of 
homogeneity)  symmetrical  about  three 
planes,  117  (a),  isotropic  in  tangent 
plane  to  surface  of  distribution,  117 
(11),  for  amorphic  body,  117  (c)    for 
ran  constant  amorphic  body  117  (d) 
ellipsoidal  distribution,  117  (c)     see 
also  Ellipsoidal  Distribution 
Elasticity   Distribution  of   round  any 
point  ot  a  solid  126,  127  et  seq  ,  135 
symbolical  method  of  treating  198  (e), 
Kankine  on  443—52 
Elasticity    Genet al  Equations  of  ha\e 
unique  solution,  6   10   198  (b)  1198, 
(proof  ioi  crystal')  1199,  1240  125o 
(if    equihbiium   stable)    1278    1331 
1061—2,     foim    of,    deduced,    from 
moleculai     consideiations,    228,    on 
laii  constant    lines    from   moleculai 
potential,  bb7— 72  1195   by  Navier  s 
method     1195      by    Poisson  s    and 
Gauchy  s  methods  119o  deduced  from 
stiain  eneigy  by  principle  of  \irtual 
moments  1235  discussed  b}  Thomson 
and   Tait,    1709     in  cui  ulmeai   co 
ordmates,    118    673     in    cylindrical 
cooidmates  (i)  p  79  ftn    m  spherical 
coordinate^   (i)  p  79,  ftn     expressed 
symbolically    134 ,   solutions   of    b\ 
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Bankine,  442,  by  Popoflf  in  cylindrical 
coordinates,  511—2,  in  umplanar 
polar  coordinates,  1711,  1717  (11),  by 
Thomson  and  Tait,  1715-6,  in  po 
teatial  foams,  1628—30,  method  of 
removing  body  forces  from,  1653, 
1716 

Elasticity,  Generalised  Equations  o/, 
-with  initial  stress,  with  large  shifts, 
190  (a)— (c) ,  involving  initial  state  of 
steam,  237,  on  ran  constant  lines, 
retaining  shift  fluxions  of  high  orders, 
234,  of  fourth  order,  549 ,  when  strain 
is  not  small,  0  Neumann,  670,  1249, 
Sir  W  Thomson,  671,  1661,  1249 , 
when  strain  depends  on  speed  of 
straining  motion,  1709  (a) ,  when  shift 
is  large,  obscure  treatment  of  Kirch 
hoff,  1244—8,  when  squares  and  pro 
ducts  of  shift-fluxions  are  not  negli 
gible,  234, 1443—6 

Elasticity,  General  Theory  of  Saint 
Tenant,  4,  72, 190,  224,  F  Neumann, 
1194,  Kirchhoff,  1277—9,  Glebsch, 
1326 ,  Sir  W  Thomson,  1661,  1709, 
1756—65, 1767 

Elasticity,  Principal,  defined,  1761, 
six  values  for  aeolotropic  solid,  1761 , 
values  for  cubical  aeolotropy,  isotropy, 
etc ,  1762 

Elastico  kinetic  Analogy,  1267,  1270 
1283  (b)  and  (c),  1364,  1694 

Electric  Current,  influence  if  long  con 
tinned  on  absolute  strength  of  wires, 
1187 ,  how  affected  by  torsion  of  con 
ducting  wire  or  tube,  1740 

Electricity,  distribution  of,  on  disc,  etc  , 
1510  (c)     elastic  analogue  to,  1630 
Sir  W  Thomson  on  relation  to  ether 
and  ponderable  matter,  1815—6 

Ellipsoid    of   optical    elasticity     1218 
and  ftn  ,  1483    Cauchy's,  226, 1194 
Lame's,  1194,  in  tangential  coordi 
nates,  1326     Clebsch's  tieatment  of, 
1348  (g) 

Flhpsoidal  Conditions,  198 (e) ,  in  terms 
of  thhpsmomic  coefficients,  311  sup 
posed  by  Eankme  to  hold  for  all 
homogeneous  substances,  430  hold 
foi  initially  stressed  isotropic  bodies, 
1470  1474  \ibiations  in  medium 
obeying  1559  annul  weblike  aeolo 
tiopj  1776  (c)  adopted  for  drawn  01 
lolled  metaL  stone  etc  282  (8) 
for  amorphic  bodies  117  (c)  230 
application  of  potential  of  second  kind 
to  elastic  equations  \\hen  these  con 
ditions  hold  140,  2So  reduce  tasi 
nomic  quaitic  to  ellipsoid  139  hold 
for  amorphic  solids  for  forged  diaun 


or  rolled  materials,  142 ,  proof  of  this 
on  ran  constant  lines,  143 ,  identical 
with  Cauchy  Saint- Venant  conditions 
for  double  refraction,  149 ,  applied  to 
wood,  152,  but  do  not  hold,  308  (6), 
strain  energy  under,  163 

Ellipsoidal  Harmonics,  properties  of 
proved  by  Pamvin,  544 

Ellipsoidal  Shell,  vibrations  of,  544 — 8, 
cannot  be  entirely  dilatational,  548, 
bursting  of  glass  globes  in  form  of, 
857 

Ellis,  W  M ,  experiments  on  strength 
of  vanous  metals  (1860),  1166 

Emerson's  Paradox,  174 

Energy,  Conservation  of,  assumptions 
made  in  usual  proofs  of,  303 ,  intrinsic 
of  body,  defined,  1631  potential,  of 
strained  solid  see  Q  nun  7"w<  /  <  i/ 

Enervation,  defined,  Iby  (b) ,  175 

Equations  of  Elasticity  see  Elasticity, 
General  Equations  of 

Erdmann,  0  L  ,  on  molecular  state  of 
tin  as  affected  by  vibrations,  862 

EtJier,  Lummiferous,  number  of  its  elas 
tic    constants,    145—9,    452,    1214, 
elastic    jelly    theory   of,    1213 — 21, 
Cauchy,  F   and  C   Neumann,  Lam6 
and  others  on,  1214 — 6,  1274,  under 
pressure,   1215    fixed  at  an  infinite 
distance,  1215 ,  initial  stresses  in  ether 
of   crystal,    1216—7,     MacCullagh's 
views   on,    1274     Kirchhoff  s    views 
on,  1274,  1301 ,  Clebsch  really  makes 
rariconstant   1391,  fixed  at  surface  of 
totally  reflecting  body  by   Clebsch, 
1393 ,  treated  as  an  initially  stressed 
isotropic  solid  by  Boussmesq  1467 — 
74,     Sir    W     Thomson's    views   on 
(1884),  1766    illustrated  by  cobbler's 
wax    and    glycerine,   1766  arid   ftn 
1781  (b)     difficult}   as  to  transit  of 
molecules  tinough    1781  (b)     hypo 
thesis  of  aeolotropy  of  density  of  in 
crystals    17H1     contractile    used   b> 
Sir  W   Thomson  and  Gla/ebrook  to 
explain  reflection    refraction,  double 
lefraction    dispersion    etc     17H7— 8 
gyrostatic  models  of   1806—7    1H16 
equations  of  motion   of  ideal    1811 
compared  with  those  of  stressed  jelly 
1809 — 12    lelation  to  electricity  and 
pondeiable  nwttu    1815 — b 

hitler  on  problem  ot  plate  1(>7  on 
statically  indeterminate  reactions  (\) 
p  411  ftn  ,  Lis  formula  f  or  transvei  se 
\ibiationb  ot  loaded  bar,  759  (ft)  his 
formula  foi  buckling  load  of  stints 
974  (b)  and  (d)  977  ()79 

futhytatic   Axe\    446    taken    by    Kan 
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kine  as  basis  for  classifying  crystals, 

451 
Everett,    his   experiments    on   stretch 

squeeze  ratio  referred  to,  1201  (e) 
Ewing,  on  coefficient  of  induced  mag 

netisation  cited,  1314  ,  on  relation  of 

strain  and  magnetisation  cited,  1321. 

1729,  1731,  1735—7 
Expansibility,    Coefficient  of,    by  heat, 

for  brass,  730,  823 
Extinctimty,  1782 
Extraneous  Forces    see  Stress,  Initial 

Fabian,  C  ,  on  extensibility  of  alumi 
mum,  1163 

Fabre,  concludes  from  experiment  that 
central  line  of  a  beam  under  flexure  is 
really  stretched,  941 

Factory  Chimneys,  stability  of,  463 

Fagnoli,  G-  erroneous  treatment  of 
problem  of  body  resting  on  more  than 
three  points,  509 

Fail  Limit  see  also  Fail  Point,  general 
equation  for,  5  (d)  —  (e)  ,  experimental 
determination  of  relation  between 
shearing  and  tractive,  185  ,  in  case 
of  combined  strain,  183  ,  modified  for 
mula  for,  321  (c) 

Fail-Pointy  (Poncelet'fa  point  danget  eux) 
5  (e)  ,  in  case  of  torsion  it  lies  near 
est  to  axis  of  prism,  23  ,  relation  to 
lield  Point,  169  (g)    tor  flexuie,  173, 
177  (a)  not  necessary  at  point  of  great 
est  stress,  C    et  A   p   9  (b)  and  (t.) 
of  feathered  axis,  177  (c)  ,  for  torsion, 
181  (e)     for  a  cantilever    321  (d)  ,  of 
uniformly  loaded  beam,  C  et  A  p  12 

Failure  to  be  measured  bv  strain  rathei 
than  by  stiebb  1327,  1348  (g)-(h) 
\  iSb  (b)  difficulties  of  maximum  stress 
difference  adopted  as  limit  by  Thomson 
and  Tait  and  by  Darwin  1720,  on 
maximum  stretch  limit  to  saiety 
1742  (b) 

frail  ban  n  Sn  11  on  collapse  of  globes 
and  cylinders  and  strength  ot  glass 
(1850)  85d—  00,  on  useful  metals 
(1857),  891  his  Useful  Infoimation 
toi  Engineers  (18r>5—  GO)  ()06—  10 
on  tubular  craneb  %0  on  application 
ot  iron  to  building  puiposes  (1854) 
911  (a]  ,  on  iron  ship  building  (1865) 
911  (b)  on  collapso  ot  tubes  and  flues 
(1R58)  980—5  on  repeated  loadings 
oi  a  plutt  gnder  (1860),  1035  on  effect 
of  repeated  melting  on  cast  irou 
(1852)  1097—1100  on  tensile  strength 
oi  wionfjit  non  at  vanous  tempera 
tin  (4  (18%)  111  >  on  deiihities  pio 
dined  by  enoimous  compiessive  torces 
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(1854),  1155,  on  soiidifiaatKMi  of 
bodies  under  pressure  (1854), 
on  strength  of  mixtures  of 
and  nickel  (1858),  1165  on 
rupture  surfkee,  etc.  of  stone  (1856), 
1182 ,  on  punching  reststemee,  11M 

his  expermiecits  on  sfesi&Ha  of 
plates  rejected  by  Mallet,  1066,  dealt 
with  by  Monn  879  $,  by  1***$, 
902  on  effect  of  repeated  meltings  o<a 
cast  iron  by  Hawkes,  1101 
Fatigue  of  Metals,  169  (g),  970,  Six  W 

Thomson's  sense  of  term,  1748 
Felspar,  axes  of,  optic,  aeonstie,  thermal, 
diamagnetic  and  electee   686,  bard 
ness  of,  686,  840 

Films  translueency  of  thin  metallic 
Sir  W  Thomson's  discussion  «!, 
1782  (c) 

Fink,  on  increased  resistance  of  wooden 

beams  to  flexure  when  subjected  to 

traction    918,    on  formulae  for  the 

flexure  of  briciges,  1036 

Finley  J ,  builds  first  suspension  bndge 

(1796),  (i)  p  622,  ftn 
Fire  Box  strength  of,  908 
Flamant,  pupil  of  Saint  Tenant,  416, 
translates  Clebsch  with  Saint- Venant, 
298    writes  memoir  on  longitudinal 
impact  with  Saint- Yenant,  401,  on 
absolute  strength,  (i)  p  117  ftn  ,  is 
sues  posthumous  memoir  of   Saint 
Venant,  410 — 4    publishes  with  Bous 
smesq  a  notice  of  Saint  Venant  415 , 
gives  an  account  of  Phillips  on  springs, 
508    throws  Bankme's  researches  on 
loose   earth   into   geometrical  form 
1571,  his  discussion  of  pulverulence, 
1571    his  application  of  Boussmesq  s 
theoiy  of  pulverulence    1606  his  ap 
proximate  formulae  for  that  theoi} 
1611    his  numerical  tables  for  thrust 
of  pulverulent  niasbes    1625     his  re 
sM7/te  of  Boussmesq  s  theoiy  1610 
Flaws  Bitter  s  en  01  ab  to   91b  (b)    Lar 
moi  on  1348  ( t )    case  of  rotten  core 
m  torsion  1348  (t)  1430 
Mexute    list    of  authors   dealing  with 
subject  befoie  Saint  Venant   70    his 
toiy  of  problem  31o 

Saint  Venant  b    tieatment      some 
icsults  toi  gi\en  in  Toibion  Memou 
12     when  load  plane  ib  not   one  of 
ineitial  Hymmetiy  of  cioss  section^  of 
pi  ism  14  lorprisniboliectangulaiand 
elliptic  ciobs  sections    14     di  toition 
of  crobs  sectionb  lo   of  pi  isms  Saint 
Venant  s  chiet  memoir  on  published 
00    stiength  of  beams  undei  bke\\  <> 
171  (a)     Beinoulli  Eulenan  foimulae 
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for,  71,  80 ,  Poisson    and   Cauchy, 
erroneous  theory  of,  75 ,  general  equa 
ti&as  of,  Samt  "VenanVs  assumptions, 
7? — 79, 190  (fy ,  integration  of  general 
fcfuutioas,  82 — 4 ,  errors  of  Bernoulli 
lulerian  theory,  80, 170, 1849,  limited 
nature  of  load  system  admitted  by 
Saint- Venant,  80—81,  form  of  dis 
torted    cross  sections,    84,    92    and 
frontispiece  to  Part  (i) ,  total  deflec 
tion,  84    treatment  of  special  cases, 
85 ,  cross-section  an  ellipse,  87  90  (i) 
a  circle,  87,  90  (n)    a  false  ellipse,  60, 
88    a  rectangle,  62,  93—6 ,  deflection 
when  shde  is  taken  into  account  96 , 
distortion  of  cross  seeteon,97,  of  prism 
with  any  cross  section,  98,  comparison 
*>f  Sainfc-Yenant's  and  the  ordinary 
theory  of  flexure,  91 ,  elementary  proof 
ol  formulae  99    load  not  in  plane  of 
inertial  symmetry  of  cross  section,  171 , 
position  of  neutral  line  and  'devia 
toon,'  171 ,  elastic  line,  when  flexure 
not  small,  172 ,  rupture  by,  and  fail 
point  in  case  of,  173 ,  of  beam  of  great 
est  strength,  177  (&),  when  stretch  and 
squeeze-moduli  are  unequal,  theory  of 
rupture,  178,  elementary  discussion 
of,  179,  combined  with  torsion    180, 
183,  for  circular  section    1280,    for 
elliptic    section,    1283     approximate 
methods  for  flexural  slide,   183  (a), 
producing  plasticity,  256 

Clebsch's  treatment  1332—47,  he 
criticises  Bernoulli-Eulenan  theory, 
1349  Monn's  superficial  treatment' 
881  (a)— (6)  Eoffiaen's  treatment  of, 
925,  1090,  unpublished  memoir  on, 
by  Wertheim,  820,  Kupffer's  first  me 
moir  on,  747  his  doubtful  formulae 
m  case  of  loaded  rod  759  (e),  cnticised 
and  corrected,  760—2 

'Circular'  flexure,   dealt  with  by 
Saint  Venant    11,  170,   by  Thomson 
and    Tait,   1712,  flexure  ot  rods  or 
nbs  with  cuived  but  plane  cential 
line  by  couples   677—9,  initial  form 
of  bar    which  will  become  straight 
under  flexure,  919 ,  resilience  of  611 
rupture  under  Saint  Venant's  theory 
(178)  applied  to  cast  iron,  1053    rup 
tuie  of  cast  iron  girders,  1031 ,  flexure 
ot  gndeis  under  not  accurately  tians 
verse  loading  1036,  experimental  de 
termination    ot    stretch  modulus  by 
728—9  1289—90    wooden  bais  under 
flexuie  have  inci eased  strength  if  sub 
jected  to  traction    918,   effect  of  re 
peated  flexmal  loading  on  bars  992 
on   iail\va>    axles    y<is    1000— -i    on 


girders,  1035,   stress  strain  diagram 
for  flexural  loading,  1084 
Flexural  Rigidity,  C   et  A    p    8,  168 
and  ftn  ,    determined   for   plate    c 
isotropic  material,  1713 
Flexwral  Set    see  Bent 
Florimond,  on  bnttleness  produced  i 
brass  by  sudden  changes   of   atmc 
sphenc  temperature,  1188 
Flow,  of  ductile  solid,  233,  1667     se 

Plasticity 

Flue,  elliptic  dealt  with  by  Bresse,  53 
by  M!acalpine  538,  by  Winkle 
642—5 ,  formulae  for  collapse  of  boile 
flue,  980 — 5 ,  empirical  formulae  bas< 
on  Fairbairn's  experiments  and  di 
to  Grashof  and  Love,  986—7 ,  streng 

of,  deduced  from  ring,  1554 5    s 

also  Tubes 

Fluid,  nature   of    stress   in,  582   (a 
elastic  analogue  to  the  stretching 
1709,  ftn 
Fluid  Action,  as  factor  of  mtermoleeu] 

force,  424,  429,  431,  1448 
Fluidity,  hypotheses  as  to,  1464 ,  co 
ficient  of,  with  Kankme  sX-^,  42 
with   Kupffer  =  after  strain    or   v 
cosity  constant,  734,  738—9,  748— 
Fluor    Spar,    double    refractive    po^ 
under  compression,  789  (6) ,  haidn 
of,  836  (d),  839,  elastic  constants  i 
1212 

Fly  wheel,  danger  of  certain  speeds  \ 
359  and  ftn  ,  stress  due  to  spin 
646,  influence  of  spokes,  647 
theory,  584 — 8 
loibes,  G  ,  on  rupture  of  glaciers,  16 

as  poet  1781  (c) 

Force,  analysis  of,  as  applied  to  elas 
medium,  isorihopic  and  ihopune 
axes  for  455—7  removal  of  be 
force  from  elastic  equations,  1( 
1716  Saint  Venant  on,  294  B< 
smesq  on  14G-* 
* 01  Live  cncuital  defined,  1810  diB 

sion  ot   m  jellies  1813—4 
Fonjmy*   much  weaker  when  large  i 

oiigmal  iron   11^8 
founej,  on  waves  ot  tiansverse  vibra 
m  infinite  plate  14(>2,  m  infinite 
1534 

Fowke  1<  experiments  on  strength 
and  elasticity  of  various  woods  ( 
—67)  1158— 0 

Xiacture    nature  of    classified  by 
kme  466  (a)     ot  hard  and  soft  b< 
by   Torsion     810     16(>7      ot    cii 
under  internal  picssme    810    1 
in  brittle  and  in  viscous  solids 
1720     genual  lemaiks  on    172< 


INDEX 


east  iron  copper,  zinc,  tin  and  alloys, 
(i)  p  707,  ftn  ,  1099,  1100,  whether 
'  crybtallme '  or  'fibrous1  and  bow 
such  may  he  produced,  1143 ,  effect  of 
concentration  and  distribution  of 
stress  in  determining  nature  of 
fracture,  1143  see  also  Ruptwe, 
Stone,  Iron  Cast  etc 

Framework,  M6nabreVs  principle  of 
minimum  work  of  elastic  stresses, 
604— 6,  Bitter's  method,  915  (6), 
supernumerary  bars,  single  node  load 
ed  and  attached  to  any  number  of 
fixed  points  1387  ,  case  of  nodes  m 
bars  themselves,  1388 ,  isosceles  truss 
with  vertical  strut,  1388,  experiments 
of  Morm  to  test  stresses  in,  given  by 
theory,  881  (c) ,  wooden,  C  et  A  p  5, 
925,  1022  see  also  Girders,  lattice, 
etc 

Franlenhewi,  among  first  to  give  valu 
able  results  for  hardness  (1829),  836 

(g) 

Franz,  R  ,  on  the  hardness  of  minerals 
and  a  new  process  of  measuring  it 
(1850),  837—40 

Fresnel   on  artificial  double  refraction 
793  (in) ,  his  researches  on  light  con 
sidered  by  F  Neumann  to  be  starting 
point  of  modem  elastic  theory,  1193 
Cauchy  Saint  Venant   conditions  for 
his  wave  surface    148  -9     his   laws 
of  double  refraction  deduced  by  F 
and  C    Neumann  and  by  Lams'  from 
elastic  jelly  theory  of  the  ether,  1214 
—6  ,  his  laws  deduced  by  Boussmesq, 
(1st  theory)    1472—4     (2nd   theoiy) 
1476,  (Srd  theory)  1481,  1483 ,  by  Sir 
W    Thomson  trom  cyboid  aeolotropy 
1770     his   la\\h  do  not  follow  from 
hypothesis  of   aeolotropy  of  density 
1781  (a)    deduced  by  Sii  W  Thomson 
horn  theory  of  initial  sti esses  1789— 
96     sec  also  lit  ft  action,  Double 

Indian,  Jlmd  equations  foi  given  by 
Poisson  (1H-31)  Saint  Vtnant  (1843), 
and  Stoles  (1815)  1744 

Inution  nititnal  oj  piilouuhnt  incite 
1587,  8lopc  of  natural  talus  loi  various 
sands  and  caiths  158H  m  sand 
1609  soe  also  Piilvtruhmt 

Inutwu  oj  so//rts  1744  see  also  V  ts 
comity 

frution  iollnnj  explained  on  theoiy  of 
elasticity  1% 

liohth  his  views  as  to  rays  refened  to 
byKiiclihoft  1^11 

Lno*t  influence  on  absolute  stiength  of 
non  t>97  (<)  1148 

7//<//s    on  ciystallmc  foims  of 


lands  of  iron  and  steel,  (i)  p    736, 

ftn 
Fuswuen,  on    statically  l 

reactions,  (i)  p  411,  w 
Fuswn,  its  influ 


Galopm,  o/n  double  re&asfcon,  1$4 
Galvanisation  its  influence  on  str-eajgth 

and  ductihty  of  iron  wu?eT  &$&,&$& 

not  increase  strength  of  certain  iron 

plates,  1145  (IB) 
Gaudet,  on  steel,  897 
Gauss,  his  theorem  as  to 

surface  proved  by  Boussinesq, 
Gay  Lussac,  on  magnetisatian  produced 

by  vibration,  811 
Gehnng,  on  aeolotropic  plates  (I860), 

1411—-5  ,  comparison  of  his  researches 

with  Kirehhol's,  m&-3     oaM  by 

Glebsch,  1375,  1412^$ 
Gems,  tested  by  hardness,  8£6  (c) 
General  Equations  of  Elasticity     see 

Elasticity,  General  Equations  of 
Generalised  Hooke's  Law     see  Hwttf* 

Law  and  Stress  straw,  Relations 
Geological    Problems,    application     of 

elastic    theory  to    1577  with  1583, 

1664—5 
Germain  Sophie,  on  plate  problem,  167 

criticised  by  Kirchhoff,  1234 
Gilbert  vibrations,  regular  or  irregular, 

develop  magnetisation  811 
Gliders,  stress  m  bars  of  braced   651 

1004  —  6,  1027  ,    wrought  iron  plate 

953  ,  economic  form  of  952  ,  relative 
strength  of  cast    and  wrought  iron 

954  1008    Warren   1012    deflections 
due  to  impact  temperature  etc  ,  1013  , 
repeated  loading  of  plate  girder  1035 
theory  of  braced  gnders    1022    form 
assumed  by  bracing  bars  under  strain 
1017,  1026,  1028 

lattice  compared  with  plate  1017 
1019,  1021  1026  1027  1028—30  see 
also  ttndge*  Learn*  i'n.Jie^  etc 

Giuho    his  lesults  foi   helical   spiings 
i  cached  by  .Thomson  and  Tait   1693 

Gl(ttie),  natuie  of  mptuie   1667 

(rladttone     f     M     on    superiority  oi 
malleable  to  cast  non  gliders  1008 

Gla^    theimal  effect  of    compression 
695      theimo  elastic    pioperties    of 
752    effect  of  compiession  on  electio 
magnetic  iotatoiypo\ver  ot  ciown  and 
flint,    698      double  iefiacti\e    powei 
undei  compiession    786    aftei  stiam 
in  threads  of  (i)  p  514  ftn     ciushmg 
and  tensile  strengths  of  flint,  green 
and  ciown,  85  0—6   crushing  stiength 
oi  cubes  of  856    latio  of  tensik  and 
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compressive  strengths,  etc ,  in  bars 
and  plates  of,  859 ,  compressibility 
of  1817,  slide-,  stretch  and  dilatation 
moduli  of,  1817 ,  ratio  of  kinetic  and 
static  dilatation  and  stretch  moduli, 
1751,  resistance  of  cylinders  and 
globes  of,  to  external  and  internal 
pressures,  857 

GlazetorooJc,  criticises  Saint  Tenant's 
yiews  on  light,  147,  160,  his  Report 
on  Optical  Theories,  referred  to,  1221, 
1229,  1274,  1301,  explains  double 
refraction,  dispersion,  etc  ,  by  con 
tractile  ether,  1788 

Globes    see  Spherical  Shells 

Gobw,  experiments  on  pulverulent 
ajasses,  1610— 11, 1623 

&M,  thermo-elastic  properties  of,  752 
aJfeer  strain  and  temperature  in,  756 , 
sketch  modulus  of,  772,  (i)  p  531, 
824,  hardness  of,  (i)  p  592,  ftn ,  836 

(&) 

Gore,  on  electro  torsion  (1874),  1727 

Gough,  his  results  for  mdia  rubber  con 
firmed  by  Joule,  693 

Gough-Effect  in  mdia  rubber,  693, 1638 
(iv) 

Gouin  et  Gie,  experiments  on  rivets,  879 
(d)  903,  1108,  on  steel,  897  on 
iron  plate,  parallel  and  perpendicular 
to  direction  of  rolling,  1108  1121, 
cited  1104 

Graihch,  J ,  his  sklerometer  and  de 
termination  of  hardness  of  Iceland 
spar  (1854),  842—4 

Granite    see  Stone 

Graphical  Tables,  for  strength  of  ma 
tenals  921  and  ftn 

Graphite,  relation  of  its  elasticity  and 
density  to  those  of  diamond,  791  and 
ftn 

Grasliof  criticises  Schemer  on  struts 
etc  ,  653     on  combined  strains,  924 
on  increase  of  strength  of  beams  due 
to     building  in    terminals     943—4 , 
criticises  Schefftei's  treatment  of  this 
topic   944    on  strength  of  thread  of 
screws    966     his  empirical  formulae 
for  Fairbaiin's  results  for  tubes  986 
Giaiitation    value  to  be  measmed  by 
transveise  vibrations  of  a  \eitical  and 

loaded    rod      742    (6)      attempt    to 

explain   cohesion  by  aid  of  law  of 

865  16oO 
Gray  I?  ,  on  Tredgold's  foimula  for  cast 

iron  cyhndeis  962 
Gieen    his  theoiy  of  light,  leferred  to 

01   cnticised    (n)  p    26,  ftn,  1274 

his    conditions     for    propagation    of 

light      140      Jus    tluoiy    of    double 


refraction  cnticised,   147,   193,   229, 
«oo,   147  o 

on  initial  stresses  ('extraneous 
pressures'),  130,  147,  cnticised  by 
Sir  W  Thomson,  1779,  1782,  used 
by  Sir  W  Thomson  to  explain  double 
refraction,  1789—97 

his  form  of  strain  energy,  demon 
strated  by  Sir  W    Thomson    1632 
his  strain  energy  function  deduced  by 
ran  constant  theory  and  Lagrange's 
process,  229,   on  a  possible  modifi 
cation  of  its  form    (i)  p    202,  ftn 
Saint  Tenant  accepts  his  reduction  of 
36  to  21  constants,  116 ,  criticism  of 
his  deduction  of  stress  strain  relation 
192  (a) 
Green's  Theorem,  (in  analysis)  used  bv 

Kirchhoff,  1312 
Greenhill   on  elastico  kinetic  analogue 

referred  to,  1267 
6km     see  Cannon 
Gun  metal    see  Bronze 
Gutta  Percha,  thermal  effect  in,   689 

692 ,  bursting  of  tubes  of,  1160 
Gypsum,  optical  axes  of,  (i)  p  472,  ftn 
change  with  temperature,  685, 1218—9 
and  ffcn  ,  1229     dispersion  of  its  optic 
axes,  L218  ftn  ,  1229    acoustical  and 
thermal  axes  of  685    hardness  of  685 
836  (d)  and  (i),  839    behaviour  as  to 
electricity     and     magnetism,     685 
stretch  modulus  of  1210 
Gyrostatic    Medium,    used    to    explain 
optical  phenomena  of  quartz,  1781, 
1782  1786  ,  equations  of  propagation 
of  disturbances  m,  1782  (a)   1785  (a) 
Gyiostatic  Models  of  Fther   1806—7 
Gyi  ostatic  Molecule,  1782  (a) 
Gyiostah   1785  (6)  and  ftn  ,  in  motion 
used  to  form  an  elastic  medium   1784 
— 6 

H ,  memoirs  on  continuous  beams  with 

numerical  tables  (1858—60),  946—8 
Haqen,    his    expenments    on    stretch 

modulus  of  wood    152   198  (e)  108  (a) 
Haldat  De  sound  vibrations  have  less 

effect   than    megnlai    vibrations    on 

magnetisation   Sll 
Hamburc/ei    on  longitudinal  impact  of 

bars  203,  210,  214 
Hamdtontan  P)i)icipl<    used  by  Tviich 

hoff  1256  1277 
Hammcnnri    effect   on   stietch  modulus 

of  brass  and  iron    741  (a)     set    ilso 

If  or K UK) 
Haideninq  of  sttel  in  witei  miners  in 

oil  increases  stun^th   114r>  (i) 
Hanlnew   ot  materials  eaily  histoiy  ot 
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subject,  836  (a) — (A;),  scales  of,  for 
metals,  886  (6),  for  minerals,  $36  (d), 
varies  with  direction  886  (a)  and  (e) , 
use  of  metal  and  diamond  scribers 
886  (/)  and  (0),  varies  with  speed 
of  scratching  or  tearing  substance 
(rotating  soft  iron  discs  cut  hardened 
steel,  chalcedony,  and  quartz)  886  (&), 
first  scientific  sklerometer  used  by 
Seeheck,  886  (i) ,  problems  to  be  con 
sidered  in  testing  hardness,  836  (j) , 
definition  and  analysis  of,  887 — 8, 
ray  curves  for  hardness  in  various 
directions,  839  laws  connecting  hard 
ness  with  planes  of  cleavage  in  crystals, 
839 — 40,  relation  to  atomic  and  mo 
lecular  properties,  841,  use  of  sklero 
meter,  843 ,  scale  of  hardness  of  metals 
and  alloys,  845,  846,  (i)  p  707,  ftn  , 
Wade's  method  of  testing  by  indenta 
tion,  1040 — 2,  experiments  on  cast 
iron  wrought-iron  and  bronze,  1042 
— 3 ,  relation  to  density  in  cast  iron, 
1042—  3  for  hardness  ot  vanousmetals 
and  minerals  see  under  their  titles 

Hart,  erroneous  theory  of  shrunk  on 
coils  for  guns,  1071  (&) 

Havghton,  discovers  tasinomic  quartie, 
136,  orthotatic  ellipsoid,  137,  dis 
cussion  on  his  views  as  to  elastic 
constants  by  Saint  Venant,  193  his 
experiments  on  impact  referred  to, 
217  cited  by  Kankine  (as  to  ^r=^), 
428 

Haupt,  H  on  lesibtance  of  vertical 
plates  in  tubular  bridges,  1015 

Hausmanniyer,  on  longitudinal  impact 
oi  bars,  203 

llaiiy,  R  J  scale  ol  hardness  (1801) 
836  (d) 

HawKeb,  W  on  lepeated  meltings  ol 
cast  iion,  1101 

Haiolbhaw,  J  on  absolute  stiength  and 
deflection  ot  cast  11011  ^irdeis,  1007 

lhat    attempted  explanation  by  trans 
lational  vibiations  ot  molecules    68 
explanation  ot   its  effect  in  dilating 
bodus    and  the  nature  ot   coefficient 
ot    dilatation     2I>8      stietch   due    to 
thermal  vibitition  2(>8    tbeimal  effect 
depc  nds  on  <1<  nvntivcb  ot  second  ordei 
ot     function     Mvmtf    mtermolecular 
action   26H    diagram  ot  possible  law 
of   mtermolcuilai  action    (i)  p    17() 
phenomena     ot      accounted     toi     by 
moUuilai  tianslutionul  vibiation  271 
tlicoiy  doc    not   ippcii  in  accoi dance 
with    sputral   plunonuna    271     de 
duction   ot   pjessuie   on   smrounding 
envelope  tioiu  this  theoiy  27-*,  baint 


278  passage  of,  produees  ^^^^ 
structure  in  metals,  1066  see  also 
Expansion  Goeffi&efi&  of 

Heat,  Mechawcal  equivalent  of,  ofeecnre 
treatment  by  Besal,  716>  %  V<  " 
717,  by  Eupffer,  724^5,  745-^  J 

Heat,  Relation  to  Elastoetfiy    see  " 
mal  Effect,  Modulus  oio. 

Helix     see  Spnng*,  hekcal 
hehces  of  wu:e  1692 

Helm,  a  ,  Die  Lehre  von  for 
cited,  (i)  p  501,  ftn 

Hebnholtz,  von,  remarks  on  jvappes-u 
treatment  of  mecharneal  eqmvaleBfc  of 
heat,  (i)  p  501,  ftn  ,  geneKOisae  £F^ 
ghens'  Principle,  131§ ,  on  <3hange  of 
density  and  on  stress  due  to  magn«& 
sation,  1313, 1315, 1316 

Hewry,  on  strength  of  stonej  118© 

Heppel,  J  M ,  on  Three  Moments  ^bex>- 
rem  with  isolated  loads  (18o9),  ^^ 


of  iron  girders,  1018 

Hermite  reports  on  Sauit-Venant's  me- 
mon-  on  transverse  impact,  104 

JSerschel,  his  explanation  of  cohesion  by 
gravitating  molecules  adopted  by  Se- 
guin  and  Sir  W  Thomson  865,  (i) 
p  600,  ftn  1650 

Hertz,  on  the  impact  of  two  solid  elastic 
spheres  (1882),  1515 — 7  importance 
of  tbis  investigation,  1140  1684 

Hess,  on  elastico  kinetic  analogy,  cited, 
1267 

Hetetotatic  Axes  445 

Heterotatic  Surface  445  137  (v) ,  has 
no  existence  for  ran  constancy,  137  (v) 

Hodgkinson    account  of  his  life,   975, 
Gr    H    Love  on  his  work    895,   re 
seaiches  on  strength  of  cast  iron  pil 
lars  (1857)  972— o   his 'Experimental 
Kesearches     tianslated  into  French, 
1095,  on  the  elasticity  of  stone  and 
crystalline  bodies   (18o3)    1177,   his 
expeinnentb   on  stietch  modulus   re 
feiied  to  169  (e)    on  Emerson  s  Paia 
dox    174     his  expenments  on  beam 
ot  stiongest  ciosb  section  cntici^ed  by 
baint  Yenaut    17b    i  ejected  b\  Moll 
and  lieauleaui,  87o     evpeinnent  on 
his  beam  ot   stiongest  cross  section 
()27    Ins  beam  leteired  to  9  >1   1016 
10.H  1031    his  expenments  on  com 
piession  ciitioised  b\  Weithum   7M3 
his  foimuln  ioi  cabt  non  questioned 
b)    Bell     lllrt     his  expenments   on 
cast  non  beams  cited  b-j  Bailo\\    1H7 
(a)  and  (d)     Monn  b  giaphical  and 
numerical  piesentntion  of  his  lesultb 
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for  compression  of  wrought  and  oast 
mm,  and  his  resets  for  cast-iron  pil 
ton*  880  {«),  on  cast  iron  pillars,  972 
—5    on  elasticity  of  stone,  1177 ,  his 
mass  ooeffioient  of  resilience,  1550,  ftn  , 
inas  «mpiri<eal  formula  for  longitudinal 
B^pact  confirmed  by  Saint  Venant's 
fejory,  406(1) 
Hojmaun,  necrologue  on  Kirchbotf,  (11) 

p  09,  ftn 

Hollow  Prism,  torsion  of    see  Torsion 
Hvltpttwnn,  C ,  on  distribution  of  stress 
(1856),  582 

,  denned  by  Cauchy,  4  (77) , 
-    '   '    '       of,  4  (07),  dif 


seam  polar  distribution  i 
ferent  distributions  of,  defined,  114, 
spherical,  cylindrical,  n  it    distribu 
tions,  114— £ 

Homotatw  Coefficients,  136,  446 

Hook***  Law,  Kupffer  confirms  Hodg 
Jtason  that  it  does  not  hold  for  cast 
iron,  729,  759  (d),  767,  does  not  hold 
for  stone  and  cast  iron,  1177,  nor  for 
caoutchouc  springs,  851,   1161,   nor 
for  elastic  fore  strain  in  organic  tis 
sues     831 — 2      controversy   between 
Wundt  and  Volkmann  as  to  form  of 
stress  strain  relation  for  organic  tissues, 
833—5,     Hodgkinson's     experiments 
show  that  it  holds  for  stretch  traction 
in  wrought  iron  793  (i) ,  for  stretch 
traction  in  cast  iron   the  stretch  in 
creases  more  rapidly  than  the  traction, 
79S  (n) ,  for  squeeze  pi  ensure  m  cast 
iron,  Hodgkinson  s  experiments  not 
conclusive   793  (m),  is  not  satisfied 
for  small  stretches  or  squeezes  accord 
ing  to  Wertheim,   796,  receives  no 
support  according  to  Wertheim  from 
isochrorasm  of  sound  vibrations,  809 
see  also  Stiess  strain  relations 

Hookes  Law,  generalised,  4  (f),  169  (d) , 
reasons  for  192  (a) ,  Morm's  experi- 
ments on  198  (a)  Saint  Venant  ap 
peals  foi  proof  to  lau  constancy,  227  , 
deduction  of  299 ,  is  reached  through 
a  non  t>equitui  in  case  of  Cauchy 
Max-well  Lame"  and  Neumann  1194 
bii  W  Thomson  1635—6  its  lela 
tion  to  elastic  limits.,  1742  (a) 

Hoop  dibtoition  and  stiess  in  a  heavy 
circular  hoop  letting  veitically  on  a 
hoiizontal  plane,  (i)  p  448  ftn  ,  col 
lapse  of,  when  subject  to  external  pies 
sure  Io54 — 6  stiess  in,  \\hen  lotated 
lound  central  brie  etc  1697  (b) 

Ho2rttn\  his  formulae  foi  shear  pi oved 
h}  Potiei,  Klerk?  Levy  and  Saint 
Venant  270  by  Boussuiesq,  1458 
100'  lioklb  that  eaitli  cannot  be 


liquid  mass  enclosed  in  thin  shell, 

1664,   his  views  on  the  rupture  of 

glaciers,  1667 

Hoppe,  E  ,  on  flexure  of  rods  (1857)  593 
Houbotte,  on  deflection,  set  and  rupture 

of  plate  girders  (1856),  1021,  testing 

machine  (1855,  first  hydraulic?),  1153 
Hughes,  S  ,  on  beams  and  girders  (1857 

—8),  950 

Hugonwt,  on  impact  of  elastic  bar,  341 
Hugueny,  F,   experimental  researches 

on  hardness  of  bodies  (1865),   836, 

criticises  Franz,  (i)  p  587,  ftn 
Hunt,  T ,  on  railway  springs,  969  (d) 
Hunter,  J  JB  ,  his  specimens  of  Luders' 

curves,  (i)  p  761,  ftn  ,  and  frontispiece 

to  Part  (11) 
Huyghens,  on  grouping  of  molecules  in 

Iceland  spar,  836  (a),  1800,  on  hard 

ness  of  Iceland  spar,  836  (a) 
Huyghens  Pi  inciple,  generalised  by  Helm 

holtz  and  demonstrated  by  Kirchhoff, 

1312,    form  of  it  used  by  Clebsch, 

1400, 1406 
Hydraulic  Presses,  formulae  for  strength 

of,  900—1, 1076—8  and  ftn 
Hydrodynamic  Analogues  to  torsion  pro 

blem,  1419  (c),  1430  1460,  1710 
Hydrostatic  Arch,  468 
Hypothesis  of  modified  action,  276,  (i) 

p   185305,1773    accepted  by  Bous si 

nesq,  1447 ,  leads  to  bi  constant  for 

mulae,  1448 
Hysteresis,  1735 

Ice,  strength  of,  852 ,  melting  of,  undei 
pressure,  motion  of,  as  a  plastic  solid, 
1649,  rupture  of,  1667 

Iceland  Spar  hardness  of,  vanes  with 
direction  836  (a)  839,  844,  as  to 
whether  it  obeys  relation  between  con 
stants  required  by  Neumann,  1214, 
ftn  ,  artificial  twinning  of,  discoveied 
by  Baumhauer  theory  ol  by  Sir  W 
Ihomson  1800 

Impact  history  of  theory  of,  165  Pom 
sot  s  memoirs  on  591 ,  coefficient  ot 
restitution  on  Newtoni  in  theory,  209 
847  unsatisfactory  treated  in  ttxt 
books  1682 — 4  calculation  ol  maxi 
mum  shift  and  pimcipal  vibiation  due 
to,  in  case  ot  any  elaatic  body  1450 
^~o 

Impact  oj  Valid  J*lat>tic  hphfHt,  Hert/ s 
theory  area  of  contact  and  duration 
of  impact  etc  1515—7 

Impact,  rraiu>veii>e  of  Plate  1068  maxi 
mum  velocity  of  shot  1068  maximum 
velocity  of  impact  I'HB  shift  of  plate 
1545,  on  ciicnlai,  1550  (b) 
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Impact,  Longitudinal  of  Cone,  by  second 
cone  223 ,  by  massive  particle,  1542 — 4, 
maximum  velocity  of  impact,  1542  and 
ffcn  ,  duration  of  impact,  1542,  maxi 
mum  strain,  1544 

Impact,  Longitudinal  on  Strut,  of  neg 
ligible  mass,  which  buckles,  407(2), 
1552 

Impact,  Longitudinal  of  Bar,  202,  203 , 
history  of  problem,  204,    Thomson 
and  Tait's,  Bankine's  proofs  of  special 
problems,  205,  1683  ,  of  bars  of  same 
section  and  material,  207 — 8,  compan 
son   of   Saint  Venant's    results   with 
Newton's  for  spheres,  209 ,  diagrams 
of  compression,  etc  ,pp  141 — 2,  Voigt 
and  Hamburger's  results  disagree  with 
Saint  Venant's     theory,     210,     214, 
Voigt's  "elastic  couch,"  214,  of  bars 
of  different  cross  section  and  material, 
211 — 213  ,  duration  and  termination 
of  impact,  216 ,  loss  of  kinetic  energy, 
209,   217,    Haughton's   experiments, 
217 ,  elementary  proof  of  results,  218 , 
of  two  bars,  one  very  short  or  very 
stiff,  221 ,  of  two  bars  m  the  form  of 
cone  or  pyramid,  223,    of   bars    of 
different  matter,   one  free    and   the 
other  with  one  terminal  nxed,  295, 
solution  toi    case    of    impelling  bar 
being  very  short  or  rigid  296    solution 
m    series    coi  responding  to  that   of 
Navier  and  Poncelet,  296  ,  solution  in 
finite  terms    2()7,  of  elastic  bar,  by 
rigid    body,     339—341      history    of 
problem   310—1    Young's  Theorems, 
340   contributions  of  Naviei  Poncelet, 
Saint  Venant    Sebeit    Hugomot  and 
Boussmesq  to  problem,  341    graphical 
lepiesentation    of,    by   Saint  Venant 
and  1?  larnant,  401— 407    Boussmesq's 
solution  of  the  pi  oblem  401  1547—50, 
duration  oi  blow  403    shifts  at  various 
points  of  bai,  10  >    sketches  at  vanous 
points  of  bai    405     maximum  shiits 
and  s<iueo/(s    lOb     icpeated  impact, 
407  (1)    tc  nd<  ncy  ol   impelled  bai  to 
buckle    107(2)    <  in  ves  Mvmf,  laws  ot 
•ill— 3    companson  of  graphical  and 
analytical  results   U2     Young  t,  theo 
icin  tor,  10(>8     1    Neumanns  invosti 
Cation  ot  longitudinal  impact  ot  two 
bins    pi  101  it}   ot   publication  belongs 
to  Sunt  Venant    122i     5     Ihomson 
ind  I  ait  on   1(>H*     infinitely  long  in 
OIK      diKction       1511       Boussmesii  s 
tmitnu  nt  ol  piobh  m    1>17— 50    non 
impelled  did   in  <     maximum   strain 
duiation    ot   impact     kinetic  cnci^y 
lr)l<)     non  impelled  ond  fixed    mass 


coemcient   of    resilience,   mfl.T-.rmrm 
strain,  etc  ,  1550  (a)— (b) 
Impact,  Transverse  of  B&r,  $3,  104,  W& 
231,  342,  361,    first  attempt  fey  D 
Bernoulli  (1770),  474  (/),  report  OB. 
Saint  Venant's  memoir  o»,  1$*4  j  rela- 
tion of  Saint  Vesa-at's  researches  *o 
those  of  Cox  and  HodgJoassii,  IO&-&, 
107  analytical  solutions  for  vibraiaofis 
of  bar  with  load  attached,  when  a.  blow 
is  given,  345—354    Cox's  1 
for  transverse  impact,  &44, 
beam,  struck  horazoataQy,  i 
functions  required  when  r 
prismatic,  349  ,  beam  do? 
350 ,  cantilever  receivingHfeibw  at  feee 
terminal,  351     non  central  blow  on 
doubly  supported  beam,  352,  ease  of 
free  bar  with  impulse  at  both  ends, 
353 ,  with  impulse  at  one  end>  355  ^ 
carrying  a  load  at  its  mid  point  and 
load    receiving    blow,    355^6,    n® 
mencal  solutions  for,  case  of  €krafefy 
supported  bar  centrally  struck,  362, 
representation  by  plaster  model,  061, 
nature  of  deflection  curves,  362,  de- 
fections  tabulated,  363,   Tnaximmn 
stretch,  363 ,  Young's  theorem  nearly 
satisfied,   363    (cf    Vol    i    p    895), 
Saint  Venant's  remarks  on  the  direc- 
tions required  in  future  experimental 
research,  364,    vertical   impulse  on 
horizontal  beam,  365    hypothesis  of 
Cox    compared    with   theory   which 
includes    vibrations,    366,    true   for 
deflections    not   for  curvatuie,  366 
371  (in)    mass  coefficient  of  lesihence 
7  determined  for  a  vanety  of  impulses 
to  bar,  367 — 8,   general  value  of  7, 
368     general  value  of  deflection  m 
terms  of  7,  368 ,  approximate  value 
ot  period  ot  impulsive  vibration,  369 
beam  projecting  over  points  of  support 
and  struck  at  centie,  370  (b)       solid 
oi  equal  lesistance    for  central  impact 
on  beam,  370  (c)    maximum  stretch 
as  deduced  by  Cox  s  method  inexact 
its  hue  value  ioi  be\eial  cases,  371  (m) 
stietch  due  to  impact  ot  binall  weight 
with  ^leat  \elocity    371  (ivj     cimes 
gwin,,  1  iw&  ot  410—11  413—4    gra 
pineal    measuiement    ot    maximum 
cuivature  of  bai,  413    Loussmehq  on 
b  unt  Venant's   &olution    15-ib,   Pla 
mant  on  Boussinesqs  solution    414 
when  bai  is  loaded,   Io39— 40     sate 
stietch,  1540     maximum  \elocifrv  of 
impact  lo-V7  duiation  of  impact  need 
tul  to  ensuie  mjui>    1091     obscnie 
treatment  of  problem  by  Lenio}  ne  9bo 
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Impact,  Transverse  on  Suspension  Bridge, 

883 
J^wt&e,  Gradu&l    see  Impact  and  Resi 

kmce 
Iwputewe  Defection,  formula  for,  e  g  in 

cape  of  carnage  springs,  371  (11) ,  in 

ease  of  circular  plate,  1550  (c)    see  in 

general  Impact 
Impulsive  Loading,  of  bars  and  axles, 

991—1003 
Incompressible  Elastic  Solid,  equations 

for,  1215, 1652,  withcyboid  aeolotropy, 

1775,  conditions  for  in  terms  of  thlip 

smomie  coefficients,  1779,  of  tasmomic 

eoei&eients,  1779 
India,  iron  made  in,  tensile  transverse 

and  crushing  strengths  of,  1120 
Infaa  Rubber,  vulcanised,  heated  by 

loading,  689    thermo  elastic  proper 

ties  of,  693, 1638  (iv)    see  also  Caout 

chouc 
Inertia,   Moments  of,  for  trapezia  and 

triangles,  103 

Initial  Stress    see  Stress,  Initial 
IntermolecuUr  Action,  as   function    of 

intermolecular  distance,  169  (a) ,  dia 

gram  of  possible  law  of,  (i)  p  179  New 

ton  treated  it  as  central,  269 ,  sums  of, 
difficulty  in  dealing  with,  Poisson  and 

Naviers  errors  228,  hypothesis  of 
modified  action  and  influence  of  aspect 
on,  276,  Boscovichian  theory  does 
not  admit  of  aspect,  but  does  ol 
modified  action  (i)  p  185  change  of 
sign  in,  276 ,  modified  action  leads 
to  multi  constancy,  (i)  p  185  ,  Newton 
and  Glausius  consider  it  a  function 
only  of  distance,  300,  influence  of 
aspect  on,  S02-306  argument  against 
modified  action  from  small  influence 
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girders,  1022 

Larmor,  J,  on  flaws  in  torsion  bars, 
1348  (/),  on  gyrostatically  loaded 
media  1782 

Latticed  (jrwdeis    see  Gndets 

Laugel  A.  ,  on  the  cleavage  ot  rocks 
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Lavalley  on  steel,  8()7,  on  iron  plate, 
902 

Laves,  introduces  "split"  beam  or  gn 
der(1859)  928 

Laws  of  Motion,  how  far  legitimately 
applicable  to  atoms,  276  and  ftn ,  (i) 
p  185  ftn  305 

Lead  thermal  effect  of  sketching,  692 
695  thermo  elastic  piopertits  of  752 
hardness  of,  (i)p  592,  ftn,  846  836(6), 
theimo  electric  properties  undei  strain 
164  •) — 6,  latio  of  kinetic  and  static 
stietch  moduli  1751 ,  ruptuie  suriace 
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ot  tquilibimm   of   pulvuulent    mass 
studied  bv  him    1590     defect  ot   his 


theory,  1613 ,  establishes  general  body 
stress  equations  of  plasticity  243,  215, 
250,  his  general  equations  of  plasti 
city  corrected  by  Saint  Venant,  263 
— 4  his  method  of  nnding  deflection 
of  circular  plate  anyhow  loaded,  336 , 
his  assumptions  in  theory  of  thin 
plates,  385 ,  his  memoir  on  thin  plates 
(1877)  and  controversy  with  Boussi 
nesq  as  to  *  local  perturbations  and 
contour  conditions,'  394,  1441,  his 
views  on  thin  plates  criticised  by 
Saint  Venant  and  Boussmesq  394, 
397 ,  his  treatment  of  local  perturba 
tions  discussed,  1522 — 4  his  contro 
versy  with  Boussmesq  as  to  collapse 
of  belts  subjected  to  external  pressure, 
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/  gvy  Lambert,  abac  for  Phillips  spring 
formulae,  921,  ftn 
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gation  of,  when  ether  has  initial  stresses , 
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lumimferous  ether    requires    for  its 
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tions  for  waves  in  double  refractive 
medium,  obtained  for  deformed  iso 
tropic  medium,  1559,    on  waves  in 
aeolotropic  medium  1764, 1773,  when 
incompressible     1774—5,    1776    (a), 
1778,  Sir  W  Thomson  on  theory  of 
luminous  waves,  1765—83,  pasnm 
see    also  Refraction    Double,  Ether, 
Rotation  of  Plane  of  polarised  light, 
etc 

Limestone    see  Stone 
Limits  elastic  pulverulent  and  plastic 
nature  of,  1568—9  1585—7,  1593—5, 
1720   see  also  Elastic  Limits,  Failure, 
Fail  Point,  Strength,  etc 
Line  of  Pressure,  in  arches,  518,  1009 
Link  Polygon,  defined,  (i)  p    354   ftn  , 

used  m  theory  of  arches,  518 
Links    see  Chains,  Links  of 
Lippich,  erroneous  theory  of  vibrations 

of  light  loaded  rod,  774 
Lissajous,  J ,  on  transverse  vibrations 
of  bars  (1858),  825  (d)    on  the  optical 
study  of  vibrations  (1857),  826 
Littmann,  his  experiments  on  stretch 

squeeze  ratio  referred  to,  1201  (e) 
Live  Load    see  Rolling  Load 
"Lloyd's"  experiments  on  iron  plates 

andnvettmg  1135 

Load,  equivalent  statical  systems  of,  pro 
duce  same  elastic  strains  8,  9  21, 100 , 
this  "principle  of  elastic  equivalence 
of  statically  equipollent  loads  "  applied 
to  plates    1354,  1440,  1522-4   1714 
principle  stated  and  demonstrated  for 
body  forces  effect  of  equal  and  oppo 
site  forces  and  of  couple,  1521    eff ect 
oi  local  load  in  producing  stress  m 
extended  clastic  solid  1487  (c) ,  sudden, 
effect  on  non  and  fro/en  iron  1148 
repeated  how  affecting  m  itenals,  db4 
see  also  Antique  (yiidu  Axle  loibton, 
Hit  tut     etc      distribution    of,    over 
bane  of  a  piiBin  not  adhering  to  a 
suifacc  510    measured  by  a  scale  of 
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I  oatlpouit   r)15     0 
/  odd  <?//sfcM«»   classified    i(>l 
/o/is<,  on  the  bmklmrt  of   the  bracing 

bais  of  latticed  gudi  is   101() 
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artilleiy  (1H(>0)   107(>-H1 
/oowus     his    cxpeimunts    on    stutch 
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exi><  uments  on  influence  ot  tempeia 
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Love,  A  E  H ,  his  treatment  of  iexase, 
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sumptions in  theory  of  plates,  ^i)  p. 
86,  ftn  ,  his  Treatise  on  Mathematical 
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curves — in  wrought  iron  I-see&omal 
beams,  1190 ,  in  round  holes  punned 
in  steel  plates,  etc  ,  (i)  p  761,  ftn  and 
(u),  frontispiece 

Luminous  Point,  m  elastic  ether,  theory 
of,  1308—10  types  of  motion  started 
by,  1768—9 

Lynde  J  G  experiments  on  cast  iron 
girders  of  Hodgkinson's  section  1031 

MacConnell,  on  hollow  railway  axles 
(1858),  988—9 

HacCullagh,  his  theory  of  light  referred 
to  1274 

McFarlane,  on  aeolotropic  electric  re 
Distance  produced  by  aeolotropic 
strain  1740  experiments  on  steel 
pianoforte  wire  under  combined  trac 
tive  and  torsional  stress  1742  (a) 
as  to  effect  of  permanent  molecular 
change  on  elastic  moduli,  1753 

Maclaurm  s  2  heorem  doubtful  use  of  in 
elastic  theoiy,  1636—8,  1744,  ftn  see 
Approximation 

Uadcod  and  ClaiKe,  on  alteration  of 
stretch  modulus  of  tuning  fork  with 
tempeiature  17 o3  (b) 

Macvicar  J  G  metaphysical  vie\\s  on 
atomic  theory  (1860)  872 

Waqmtitation  Permanent  as  test  toi 
purity  of  iron,  1181) 

Magnetisation  Relation  to  ^tie^  and 
Strain,  historical  notices  Reaumur 
on  impulsive  stress  and  magnetisation 
(i)  p  564,  ftn  Scoiesby  bending  and 
twisting  (i)  p  564  ftn  Baden  Powell 
ontoision  Sll  De  Haldit  Becqueiel 
Matteucci  etc  on  torsion  Hll  -2  in 
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flnenee  of  to-rsional  elastic  and  set  strain 
on  temporary  and  permanent  magnet 
isation,  814 — 6,  Wertheim  does  not 
recognise  'critical  twist,'  818,  he  falls 
ba&k  on  a  theory  of  ether  vibrations 
to  explain  magnetic  phenomena,  817 , 
BO  sensible  results  in  case  of  torsion 
applied   to  diamagnetie  bodies,   814 
|su),  effect  of  long  repeated  torsions 
on  magnetic  properties  of  wrought  iron 
axles,  994,  influence  of  torsion  on 
electro-magnetism,  701 — 4,  on  magnet 
tsation,  703,  Matteuoci's  "bundle  of 
l&res"  theory  to  account  for  magnetic 
•eteet  of  toarsion,  701,  704,  influence 
of  twsion  on  magnetisation  of  steel 
bars,  712 ,  influence  of  magnetisation 
4  on  torsion  of  iron  and  steel  wires, 
fllS — 4 ,  comparison  of  magnetic  and 
torsional  phenomena,  714  (13)— (16) , 
edieet  of  temperature  on  magnetisa 
tion,  714    (17)— (19),    Wiedemann's 
mechanical  theory  of  magnetisation, 
715  twisting  of  iron  wire,  when  mag 
netised  in  a  direction  inclined  to  axis, 
explanation  of  Maxwell  reversal  ob 
served   by  Bidwell,  1727     soft  iron 
wire  subjected  to  longitudinal  traction 
and  then  twisted  under  earth  s  vertical 
magnetic  component,  effect  on  mag 
nefasation,  1735,   effect  of  twist  on 
loaded  and  magnetised  nickel  wires 
1735 ,  production  by  torsion  of  longi 
tudmal  magnetisation  m  wire  mag 
netised  by  axial  current,  1735    on 
direction    of    induced    longitudinal 
current  m  nou  and  nickel  wires  by 
twist    under   longitudinal    magnetic 
force,  1737 

Joule's  experiments  as  to  effects 
of  magnetisation  on  dimensions  of 
iron  and  steel  bars   free  and  undei 
tension,  688,  no  magnetic  influence 
on  copper  wires    688,    influence  oi 
tension  on  magnetisation,  705    influ 
ence  of  longitudinal  load  on  induced 
and  residual  magnetisation  of  iron 
and  steel  wires    1728    statement  of 
Sir  W    Thomson's  results  tor  steel 
pianofoite  wire  and  consideration  oi 
how  they  must  be  limited  in  light  of 
Villari  critical  neld    1728-— 9,  Villari 
critical  field  foi  sott  iion,  1730—1 
influence    of   tempeiature    1731—2 
effect  oi  longitudinal  pull  on  magnet 
isation  oi  cobalt  and  nickel,  Villan 
critical  field  foi  cobalt,  1736    as  to 
this  field  foi  nickel  (?)    1736    effects 
oi  tiansveise  stress  on  longitudinal 
maniiUisation  oi  non  1733    develop 


ment  of  aeolotropic  mduettve  suscept 
ibihty  by  stresses  other  than  pur< 
compression,  1734  diamagnetie  powei 
of  bismuth  increased  by  compression 
700 

magnetic  rotation  of  plane  o 
polarisation  in  flint  and  crown  glasi 
affected  by  compression,  no  sensibL 
rotation  in  slightly  compressed  crowi 
glass,  698 ,  rotatory  effect  on  plane  o 
polarisation  is  influenced  and  can  b 
annulled  by  mechanical  stress,  79 
(d) 

Kirchhoff's  theory  of  strain  pro 

duced  by  magnetisation,  1313 21  h 

assumes  the   coefficient   of  indu'cei 
magnetisation  constant  and  neglect 
square  of  strain,  doubtful  character  c 
his    results,    1314,    1321,    strain   i 
isotropic  iron  sphere  due  to  umfori 
magnetisation,  1319-20,  neglect  c 
terms  connecting  intensity  of  magnei 
isation  with  stiain,  1321 
Magnetism,  elastic  analogue  to  magneto 
force,  1627, 1630,  1813—5,  analogue 
to    electro  magnetic    force    and    f 
magnetic  potential  in  strained  jell-< 
1813 — 4,  failure  of  analogue  in  tl 
conditions  at  interface  of  two  jeUw 
and  of  two  substances  of   differei 
magnetic  permeabilities,  1815 
Magnus,    on    thermo  electric    curren 

pioduced  by  strain  1645  (iv) 
Mahistre,  on  stress  produced  by  rotatic 
of  wheels  (1857)  590 ,  erroneous  theoj 
of  stress  produced  by  rapidly  movir 
load  (1857),  963 
Mainardi,    on   equilibimm    of    string 

(1856),  580 
Malfatti,  on  statically  indeterminate  i 

actions  (i)  p  411,  ftn 
Malleable,  defined  406  (vi) 
Mallet,  on  deflection  of  girders  due 
rapidly  moving  load,  964    on  physic 
conditions  involved  in  the  constrn 
tion  oi  artillery  (1855)   1054—72     < 
resilience    and    influence  oi    size 
casting    1128— <)     reports  on  prop* 
ties  of  metals  (1838—43)    (i)  p    7C 
itu 
Mallock    his  experiments    on    stretc 

squeeze  latio  refeired  to   1201  (e) 
Manger    J,   on    strength    of    cemer 

(1859)    1170 
WtiHoinettt    tebted   by  temometei     7 

(e} 
Mantion,  theoretical  study  oi   a  cai 

bndfee(1860)   1034 
Maible    see  ^tont 
MM  com    on  axles   (i)  p  010   Hn 
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Marcq,  experiments  on  strength,  elastic 
limit   and  stretch  modulus  of  wood 
(1855),  1157 
Mane,  his  history  of  mathematics,  162 

and  ftn 
Mwnotte,  on  stretch  limit  of  safety. 

5(c) 
Marqfoy,  apparatus  for  recording  deflec 

tion  of  bridges  (1859),  1032 
Masson,  on  correlation  of  physical  pro 

perties  of  bodies  (1858),  823—4 
Mathieu,  pupil  of  Saint  Tenant's  416 
his  discussion  of  potential  of  second 
kind,  235 

Matter,  cannot  be  continuous,  278 
Matteucci,  on  rotation  of  plane  of  polar 
ised  light  under  magnetic  influence, 
and  on  diamagnetic  phenomena  (1850), 
698 — 9    on  the  influence  of  heat  and 
compression  on  diamagnetic  pheno 
mena  (1853),   700,    on  the   electro 
magnetic   phenomena   developed   by 
torsion  (1858),  701—5 ,  letter  to  Arago 
on  relation  of  torsion  to  magnetisation 
(1847),  812 ,  cited  on  relation  of  torsion 
to  magnetisation,  1729,  1734,  1737 
Maxwell,  discussion  by  Saint  Venant  of 
his  views  as  to  elastic  constants,  193 
196 ,  his  statements  as  to  bi  constant 
isotropy  objected  to  by  Wertheim,  797 
(c) ,  his  views  on  stress  strain  relations 
referred  to,  227    cited  as  to  lines  of 
flow,  1564 ,  as  to  relation  of  stress  and 
magnetisation  1727,  1734 
Mechanical    Equivalent   of  Heat     see 

Heat 
Mechanical  Rep) esent ation  of  Magnetic 

tone  1627,  1630,  1813—5 
Mei^ner,   M ,   on  absolute  strength  of 

iron  and  steel  (1858)   1123 
Mcmb)  ant  equation  for  transverse  shift 
of  390     F   Neumann  s  treatment  of 
1223    Kiichhotf  s  treatment  of,  1292, 
1300  (a)     membrane  terms  in  plate 
equations   1296—9  ,  stretch  m  curved 
extensible  membiane    1461     Gauss' 
theoiem  toi  mextensible  membrane 
1461,    1671      vibrations    of   flexible, 
composed  of   two  pieces  of  different 
material  551(6)    nodal  lines  ot  square 
membianes  825  (<)   122-i     tiansverse 
vibnitions  of  re^ul  tily  and  nie0ularly 
sti etched    1JOO  (<)   ot  eiieulai   1385, 
eifeet  of  stiffness  on  note  14^9 
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M&ry,  on  theory  of  arches, 

Metals,  generally  amorpine  and 
have  ellipsoidal  elastwaty,  144$  drawn 
or  rolled,  elastic  cpnstaats  for,  282, 
stress  formulae  and  elastic  constants 
for,  314,  tables  of  their  eiastie  con- 
stants, 469, 752, 754,756>?73,mi--$; 
hardness  of,  Musschenbroek^  oider, 
836  (c),  Oalvert  and  Johnson's,  M  p, 
592,ftn,ClannvaFs,846  faowtteio- 
electric  properties  are  mfloene&d  by 
strain,  1642-7  fox  geswaal  cbsops- 
sion  of  then:  elastic,  thermo-eftas&e 
and  other  physical  properties,  see  Jrew, 
Copper,  Brass  etc 

Metatatic  Axes,  treatment  by  Bankme 
and  Saint  Venant  137  (vi),  44$ 

Meyer,  0  E  ,  edits  F  Neumann's  Leo 
tures  on  Elasticity,  1192 ,  on  modern 
researches  upon  the  elasticity  of  ezys- 
tals,  1212 

Mica,  stretch-modulus  of,  1210 

Michelot,  on  strength  of  stone,  1179 

Mihtzer,  effect  of  long-continued  and 
repeated  loading  on  electrical  and 
magnetic  properties  of  wrought-iron 
axles,  994 

Millar,  W  J ,  edits  Bankme's  papers, 
418,  Bankme's  Manual  of  Applied 
Mechanics  464 

Mitgau  on  east  and  wrought-iron  gird- 
ers 954 

Mitschethch,  on  strain  m  calcspar  due 
to  change  of  temperature,  1197,  on 
change  of  optic  axes  in  bi  axal  crystal 
with  change  of  temperature  1218 

Models,  in  relief  for  torsion,  (i)  p  2,  60 
for  transverse  impact  of  bars  105, 361 
for  vibrating  string    111,   of  elastic 
structures    law  of  relation  between 
shifts  and  strains  for  large  and  small, 
1718  (a)    Sir  W   Thomson  s,  of  a  21 
constant  solid,  1771—3,  of  the  ether, 
1806 — 7,  illustrating  a  double  assem 
blage  of  Boscovichian  atoms  and  a 
multi  constant  elastic  solid,  1804 — o 
Modified  Action  hypothesis  of  276  305 
1447_8,  1770   1773,  seems  involved 
m  Sir  W    Thomson  s  multi  constant 
Boscovichian    system     1803—0     see 
also  Inteimoleiidu)  Action  and  Con 
stanh,  Lhibtic 

Modulus  and  PMHUjjfl/  Modulus  denned 
by  Sir  W  Thomson,  17bl  \alue  of 
depends  on  woiking  and  is  peculiar  to 
each  test  specimen  17o2,  difference 
between  kinetic  and  static  moduli  at 
tnbuted  by  Seebeck  to  aitei  strain, 
474  (d)  Weitheim'svieus  809  Mas 
son  s  number  824  Kupffu  s  lesnlt^ 
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728  Sir  W  Thomson  s  thermo  elastic 
investigation  of  relation  between  ki 
uetic  and  static  moduli  1750— 1 ,  tables 
Of  ifcfeo  of  two  moduli  for  various 
mateals,  1751  on  Wertheim's  ±e 
suite,  1751 

Modulus,  Dilatation  (or  Bulk,  1709  (d)), 
investigated  by  Kirchhoff,  1279 ,  how 
affected  by  temperature,  1638  and  ftn  , 
table  of  for  variety  of  materials  1752, 
for  an  aeolotropic  solid,  Sir  W  Thorn 
«om  distinguishes  two  kinds  tasino 
$®e  and  thlipsmomic,  their  values, 
1776 

Modulus,  Plate,  defined,  323,  385 

M&dutux,  Slide  (or  Rigidity,  1709  (d)), 
effect  on  torsional  resistance  of  its  varia 
tion  across  section,  186 ,  howmfluenced 
by  tort.  1755 ,  how  influenced  by  set 
sketch,  1753  (a) ,  thermal  eff ect  on, 
754,  756,  for  iron,  copper  and  brass 
1753  (b) ,  tables  of,  for  wires,  1749, 
for  variety  of  materials,  1752 

Modulus,  Stretch  (or  Young's  Modulus, 
or  Longitudinal  Rigidity,  1709  (d)), 
how  influenced  by  working  strain  an 
neahng  etc,,  727, 1753,  by  set,  194,  by 
tort,  1755,  by  initial  stress,  241 ,  varies 
with  manufacture,  size,  method  of 
placing  and  loading  of  piece  tested, 
1110,  1112,  supposed  relation  to  coef 
ffeient  of  thermal  expansion,  717,  823, 
to  atomic  weight,  719—21 ,  difference 
between  static  and  kinetic  stretch 
moduli  (from  flexural  experiments  of 
Kupffer)  w  case  of  steel,  platinum, 
brass  and  uou,  too  great  to  be  ac 
counted  for  by  specific  heats  728  like 
result  from  Masson's  experiments  824 
how  affected  by  temperature,  1753  (b) 
756 ,  relation  to  density,  741  (a)  759  (e) 
stretch  and  squeeze  moduli  not  equal 
for  small  loads,  796,  809,  nor  for  cast 
iron,  971  (2),  empirical  formulae  for 
stress  strain  relations  in  case  of  this 
inequality  178 

variation  of  value  across  cross 
section  of  prism  01  bar  169  (e)  method 
of  treatment  518  1425, 1749 ,  formulae 
for  due  to  Bresse  and  Saint  Venant, 
169  (c)  influence  of  this  vaiiation  on 
flexure  169  ( / )  example  in  case  ol 
trunk  of  tiee,  1(>9  (/ )  si  m  change  in 
value  of  169  (;),  974  (G)  1111 

in  case  of  aeolotropy  m  terms  ol 
36  elastic  constants,  7  for  bodies 
possessing  various  types  ot  elastic 
sjmmeti}  282,  its  distribution  by 
quartic  509 — 10  analysis  ot  its  values 
when  its  \  am  turns  aie  Oiadual  and 


continuous  round  a  point,  312 — 4 ,  ex 
pressions  for  values  in  stone  and  wood, 
314,  of  regular  crystal  in  any  direc 
tion,  1206,  directions  of  maximum 
and  minimum  values,  1207  to  be 
experimentally  determined  by  trans 
verse  vibrations  of  rods  cut  in  various 
directions,  821, 

methods  of  determining, — Kirch 
hoff's  theory,  by  means  of  Reflections 
of  stretched  bar,  1289 ,  from  transverse 
vibrations  of  loaded  rods,  774—84,  in 
case  of  glass  from  double  refractive 
power,  786 

tables  of  values  for  metals,  752, 
for  wires,  1749,  for  vanous  materials, 
1752,  value  for  alum,  1206,  for  calc 
spar,  gypsum  and  mica,  1210 

Mohn  on  strength,  etc  ,  of  stone,  1176 

Mohs,  modifies  Hauy's  scale  of  hardness, 
836  (d) 

Moigno,  Saint  Venant  contnbutes  chapter 
on  elasticity  to  his  treatise  on  statics, 
224 

Molecules,  translational  vibrations  of, 
used  to  explain  heat,  68,  size  of, 
according  to  Ampere,  Becquerel,  Ba 
binet  and  Sir  W  Thomson,  (i)  p  184, 
molecular  state  of  bodies  affected  by 
stress,  861,  by  vibrations,  862,  Mac 
vicar  on  molecular  phenomena  872 
Sir  W  Thomson  on  shell  spring  mole 
cule  1765,  1769  ftn  distinction 
between  velocity  of  molecule  and  of 
particle,  1463—4  Sir  W  Thomson 
on  molecular  constitution  of  matter, 
1798—1805  on  probable  molecular 
structure  of  isotropic  solid,  1799, 
molecular  tactics  their  bearing  on 
lan  and  multi  constancy  1800 — 5 
see  in  particular  IntLimoleculai  Action 
and  Atomif  Constitution  oj  Bodies 

Mohnos,  L  on  budge  construction 
(1857),  890 

Moll,  C  I  text  book  on  stiength  oi 
materials  (1853)  875 

Moment*  oj  Incitia,  values  of  for  tri 
angles  and  tiape/ia  103 

Moments,  Ihtoitm  of  the  tluec  for  con 
tinuous  loads  and  uniform  cross  sec 
tion  60d  foi  isolated  loads,  value 
ot  leactions  (>07  foi  continuous  loads 
unequal  heights  of  suppoits  and  un 
equal  flexiual  ngidities  R<)3 

AIontHjny  mode  ot  counting  vibiation 
(1852)  822 ,  his  results  contradic 
Baudiimont  b  822 

Mo)  ni  Lt^onw  dc  uidcamqut  piatiqu 
(Resistance  rhs  matmanx  (IB'H 
IHo(j))  870  H2  Ins  momniis  view 
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on  elastic  limit,  878 ,  on  elasticity  of 
aluminium,  1164 

Mortar,  strength  of,  880  (b) 

Moseley,  graphical  construction  for  line 
of  pressure,  1009 

Multi  constancy  remarks  on,  4  (f),  192, 
198,  196,  197,  results  from  hypothesis 
of  modified  action,  (i)  p  185  ,  model 
illustrating,  1771—3 ,  may  he  deduced 
according  to  Sir  W  Thomson  from 
Boscovichian  system  of  atoms,  1798 — 
1805  see  for  further  references,  Con 
stants,  Elastic,  Constant  Controversy, 
Ran  constancy 

Muscle,  after  strain  in,  828,  829—30, 
832,  stretch  modulus  of,  830 

Musscheribroek,  his  method  of  measuring 
scale  of  hardness,  836  (6) 

Muttnch,  his  experiments  on  nodal  lines 
of  square  plates,  0  et  A  p  4 

Nagaska    on   current   in   nickel  wire 
under  longitudinal  magnetizing  force, 
produced  hy  twist,  1735,  1737 
Navier,  gives  formula  for  value  of  stretch 
(sr)  m  any  direction,  4  (6) ,  his  lectures 
edited  and  annotated  by  Saint  Yenant, 
160,  on  summing  intermolecular  ac 
tion,  228     on  impact  of  elastic  bar, 
341,  his  memoir  on  rectangular  thin 
plates,  399,  on  statically  indetermi 
nate  reactions,  (i)  p    411,  ftn  ,  first 
applies  theory  of  elasticity  to  arches 
1009 ,  F  Neumann  adopts  his  methods, 
1193,  1195 
Nerve,    after  strain    of,    830,    stretch 

modulus  of,  830 

Neumann  C  ,  general  theory  of  elasticity 
(1860)  667—73  1195  intioduces  idea 
ot  incompressible  ethei  1215  and  ftn  , 
his  generalised  equations  of  elasticity, 
070,  1250  discussion  ot  his  views  as 
to  elastic  constants  by  Saint  Venant, 
19-3  his  method  of  finding  strain 
eneigy  22() 

Neiunauu,  I1  his  'Lectmes  on  the 
theory  ol  the  elasticity  ot  solids  '  (de 
hvcied  1857—74  published  1885) 
lli)2— 1228  on  the  optical  properties 
of  hcmipiisnmtic  ciystals  (18^5)  1218 
and  ttn  on  the  double  letraction  of 
htht  (18-52),  1229  (1841),  1221  on 
the  reflection  and  itfraetion  ot  light 
(18-J5)  122()  on  laeancls  foimulao 
toi  total  i  ejection  (1837),  1229  bis 
Lectures  on  theoretical  optics"  (188o), 
122()  his  tormula  for  torsion  12^0 

chiet   features   of  his  researches 
thermo  clastic    equations     1196—7 
pioot  ot  uniqueness  ot  elastic 
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s,  1198—9  has  diseossaao  of 
crystals,  1203— 12>  1210,  $r$  4ete- 
mmes  stretch  modute  qrartic,  |5I, 
remarks  on  this  (jufcrfcte,  80^  error  jjt 
Vol  i  about  tins  quartie  corrected,  p. 
209, fta,  C  etA^p  3,  his farea 
of  waves  and  elastic  theory  of 
1213—8  1220— 1,122^ 
impact  of  bars,  203,  1224—5, 
definition  of  the  plane  of  polarisation 
of  light,  1214,  gives  among  the  first 
a  true  theory  of  dispersion,  1231, 
erroneous  method  of  approximation, 
1225-6 

erroneous  identification  of  < 
line  axes  (788*— 795*)  684 
of  influence  of  traction  on 
vibrations,  735   (in),  his  method  of 
finding  stretch  squeeze  ratio  by  dis 
tortion  of  cross  sections  under  flexxrce, 
786  and  ftn  ,  notices  that,  np  to  a 
certain  limit,  volume  of  wire  increases 
under  traction,   736,    his  theory  of 
photo  elasticity  referred  to,  792,  793 
(111)    list  of  his  pupils,  1192  and  flu 
Neutral  Axis,  distinguished  from  neutral 
line,  (i)  p  114,  ftn  ,  for  flexure  tinder 
asymmetrical  loading,  171,  relation 
to  ellipse  of  inertia  and  stress  centre, 
515 ,  applied  to  elastic  bodies  resting 
on  rigid  surfaces,  515 — 6,  602,  at- 
tempted extension  to  curved  surfaces, 
602,  does  not  pass  through  eentroid, 
if  there  be  any  thrust  922,  existence 
or  not  of  strain  at,  1016  ,  in  cast  iron 
beams  does  not  pass  through  eentroid 
(?),  971,  1091,  1117  (in) ,  erroneously 
placed  by  Thomson  and  Tait,  1689 
Neutial  Line  distinguished  fiom  neutral 
axis,  (i)  p  114,  ftn  ,  coincides  closely 
with  central  line  if  load  be  transverse, 
930 

Newton  his  expenments  on  impact,  209 
his  theory  of  impact  criticised  1682 
his  pi  oof  of  \elocity  of  sound   219, 
tieated  mtei  molecular  force  as  central, 
269 

Niclel,  admixture  \\ith  cast  iron  tends 
to  reduce    strength  of  latter    1165 
pievents  ciystallisation  of  iron  1189 
effect  of  torsion  on  loaded  and  mag 
netised  nickel  wire,   173o     effect  of 
longitudinal  pull  on  magnetisation  of 
1736,    at>  to  existence    of   a  Lilian 
ciitical  held    173C     dneetion  of  in 
ducecl  longitudinal  current  b>   t\Mst 
undei    Ion0itudmal    magnetic    loice 
1737  4      . 

Nicking  how  it  pioduces  change  in  tou^n 
iion   101)7 
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N&ded  Imes,  of  square  membranes,  825 
(4,  1223,  of  plates,  (i)  p  575,  ftn  , 
l4&~-43,  1300  (5) 

Jftfr*  of  -vibrating  bars,  825  (a)—(d), 
3228 

$&&*,  pitch  of  fundamental,  asserted  by 
Wertheim  to  depend  on  intensity  of 
disturbance,  809,  of  circular  plates, 
1242,  1243,  of  membranes,  1223,  1439, 
of  rods  of  uniform  cross  section,  1228, 
1291  (&),  of  varying  cross  section, 
1302—7,  of  stretched  string,  1291 


Noyon,  on  the  suspension  bridge  of  Roche 
,  10S3 

eif  ect  of  elastic  yielding  of 
1665,  1738—9 


<FBne»,  his  theory  of  dispersion  (1842), 


Oersted,  his  theory  of  the  piezometer 

discussed  by  Neumann  1201  (c) 
Otoato,  his  mode  of  finding  stretch 

squeeze  ratio  referred  to,  1201  (e) 
Optic  Axes,  dispersion  of,  1218,  ftn  , 

Neumann's  theory  of  change  of  posi 

tion  due  to  pressure  or  temperature, 

1220 

Optical  Axes,  denned,  1218,  ftn 
Optical  Coefficient  of  Elasticity  ,  defined, 

795 

Ordnance    see  Cannon 
Orr's  "  Circle  of  the  Industrial  Arts  "  (On 

the  useful  metals  and  their  alloys, 

(1857)),  891 
Orthotatic  Axes,  137  (m),  445,  Green's 

condition  for,  in  ease  of  ether,   (i) 

p  96,  ftn 
Orthotatic     Ellipsoid,     discovered     by 

Haughton,  named  by  Bankine,  137, 

445 
Oitmann,  theoiy  of  resistance  of  ma 

terials  (1843,  1855),  922 
Owen,  on  strength  01  *  toughened*  cast 

iron  girders,  1105 


^  on  statically  indeterminate  re 

actions,  (i)  p  411,  ftn 
Painvin    on   vibrations    of   ellipsoidal 

shells  (1854),  544—8 
Pansier,  L,  uses  diamond  and  metal 

needles  to  test  baldness  (1813),  836  (/) 
Paoh    on  statically  indeteimmate  re 

actions,  (i)  p  411  ftn 
Pape   on  axes  of  atmospheric  dismte 

giation  in  crystals  1219 
Panidisi    G,  on  nodal  lines  of  plates 

(1806)   (i)p  57o  ftn 
Peat  son  K  ,  note  on  Clapeyron's  Theo 

rein  of  tin  et  momeu  ts  (<  1  astic  suppoi  ts  ) 


(i)  p  413,  ftn  ,  on  ratio  of  transverse 
to  absolute  strength  of  cast-iron,  (i) 
p  719,  ftn  ,  on  flexure  of  heavy 
beams,  387,  ftn  ,  1427  on  intermole 
cular  action,  1447,  on  condition  for 
replacing  surface  load  by  body  force, 
1695,  ftn. ,  on  the  generalised  equations 
of  elasticity,  1709  (a) ,  on  the  strain 
energy  of  a  jelly  with  rigidly  fixed  boun 
danes,  1813,  ftn  ,  on  torsion  in  axles 
and  shafting,  (i)  p  668,  ftn  and  M 
p  673,  ftn  l ' 

Pekdrek,  F ,  his  sklerometer,  842 
Pendulum,  conical,  stress  in  its  support, 

589 
Peneaux,  L    G- ,  testing  apparatus  for 

yarn,  thread,  wire,  etc  (1853),  1152 
Persy,  on  skew  loading  of  beams,  70 
C  etA  p  9  ' 

Petm,  on  steel,  897 
Petzval,  J ,  on  the  vibrations  of  stretched 

strings,  617 
Phear,  J  B  ,  on  Lame's  stress  ellipsoid, 

513 

Phillips,  E  ,  on  the  springs  of  railway 
rolling  stock  (1852),  482—508,  eriors 
in  results  for  rolling  load  on  be*am 
corrected  by  Saint  Venant  and  Bresse, 
377,  540,  on  rolling  load  on  bridges 
(1855),  165,  372-3  552-4,  on  resili 
ence  of  railway  buffers  (1857),  595 ,  on 
springs  (1858)    597     on   the    spiral 
spimgs  of  matches  and  chronometers 
(1860),  674—9,  on  the  longitudinal 
and  transverse  vibrations  of  rods  sub 
jected  to  terminal  conditions  varying 
with  the  time  (1864),  680—2,  writes 
notice  of  Saint  Venant  (1886),  415 
Photo  elasticity,  relation  of  contributions 
of  Fresnel,  Bre\\ster,   F    Neumann 
Maxwell  and  Wertheim  792  793  (m) 
Wertheim  s  theory  corrected  by  Neu 
mann's,  795 

Pianoforte  Wnes  strength  of,  1124 
Piezometer,  elasticity  of,  115    119    121, 
m  form  of  sphuical  shell    124,  ex' 
penments  on  copper  and  bias<«    dis 
cussed  192  (l>)    theory  of   1201  (c) 
Pillai?    see  Column*,  and  Sfrwfs 
Pwbtrt,  reports  on  bamt  Vcnant's  toi 

sion  memoir   1 

Pipes,  cast  lion    foimulac  tor  strength 
of,  900    when  uwquiilly  he  itecl   962 
bursting  of  wiou^lit  non  and  leaden 
pipes   fiom    mtciiuil    picssuit    %•* 
earthenware    bmstin^    sticn^tli    diy 
and  aftei  soakiu^  1171,  fonuulac  foi 
strength  of  cuthcmvue    1172     HCC 
also  lnbi\ 
Pncl    translates  Hod^kmson  M  ]<  xpen 
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mental     Researches     into     French, 
1095 

Piston  Rod,  stress  in,  681 

Plane  Surface,  of  infinite  elastie  solid 
subjected  to  given  stress  or  strain, 
1489—98 

Planet,  application  of  theory  of  elasticity 
to  figure  of  see  Earth 

Plastic  Limit,  1568,  1586,  1593—5 

Plastic  Eupture  Surface,  1667 

Plasticity,  169  (&) ,  flow  of  plastic  solid 
through  circular  orifice,  233,  coeffi- 
cients of  resistance  to  plastic  slide  and 
stretch  equal,  236 ,  name  used  in  this 
work  forplastico  dynamics,  243  trans- 
ition from  elasticity  to,  is  there  a 
middle  state?  244,257,  general  equa 
tions  of,  245,  246,  250,  Tresca's  ex 
perimental  laws  of  247,  Saint  Venant 
deals  with  uniplanar  equations  of,  248, 
1562 — 6  ,  difficulty  of  solving  equations 
of,  249,  equations  for  cylindrical 
plastic  flow,  252,  equations  of  um 
planar  plastic  flow  reduce  to  discovery 
of  an  auxiliary  function,  253  1562 — 6 , 
surface  conditions  of,  254, 1594  due 
to  torsion  of  nght  circular  cylinder, 
255,  due  to  equal  flexure  of  prism 
of  rectangular  section  256,  plastic 
pressure  is  transmitted  as  in  fluids, 
260,  of  a  nght  circular  cylindrical 
shell  subjected  to  internal  and  ex 
ternal  pressure,  261,  same  shell  with 
outer  surface  rigidly  fixed  Saint  Ve 
nant  obtains  results  differing  from 
Tresca's  262  Saint  Venant  corrects  a 
result  of  LCvy's  for  the  general  equa 
tions  of,  252  263—4  need  of  new 
experiments  on,  aud  method  of  making 
these  267,  insufficiency  of  Tresca's 
mode  of  dealing  with  theory  of  267, 
uniplanar  equations  of  solved  by 
Boussmesq  1562 — fi  'isostatic  curves 
obtam<  d  graphically  1564,  nature  of 
surf  ice  conditions  1504  uniplanar 
equations  in  polar  coordinates  1601 
belts  ot  plastic  mateiial  subjected  to 
vanous  forms  of  pres&uie  1602  (d) — 
(c)  (cf  2(>1 — 2)  action  ot  circular 
punch,  1602  (d)  wedge  of  plastic 
mateiial  sque(/td  between  two  planes 
jointed  to^othti  160-*  uniplanar  body 
wtrcss  equation  when  force  function 
exists  1605  (b) — (<)  how  defined  by 
IhorriBorMiiidTait,  1718  (ft) 

Plasticity,  Coiffuicnt  oj  (A)    244,  247, 
250    is  it  an  absolute  constant?  1568 
1586    15<B     method  of  determining 
1569 
Plastuo  (li/Mntuts 


Plate,  Ela&tw,  history  of  problem  WJ 
1234,  1293  1440,  toW  rf  to 
plate,  29,  is  generally  amor0ue>  if 
rolled,  115 

Plate  thick,  Clebseh's  treatment  ot 
1350— 5S,  1356—7,  small  ba£  not 
indefinitely  small  t&tefcness,  J$S4 
special  case  of  circular  plate  stretched 
by  any  system  of  loads  parallel  to  $fi 
mid  plane  1355,  when  infinitely  fx- 
tended,  Boussinesq's  suggestion  for 
solution,  1519  (d),  annotated  GUMh, 
Saint- Venant  and  Boussmesq's  re 
searches,  322 — 337  reotan^nla*1  plates 
simple  cylindrical  ilex  ire  32 3  double 
cylindrical  flexure,  324—825,  sab- 
jected  laterally  to  shearing  load, 
326,  circular  plates,  gymmefcpieal 
loading,  328,  335,  subject  to  lateral 
shearing  load,  329,  circular  annnltts, 
328—330,  complete  plate  resting  on 
nm  of  a  disc,  331,  333,  criticism  of 
Saint  Tenant's  solution,  S31 ,  circular 
plate  centrally  supported,  deflection 
etc ,  332 ,  deflections  for  complete 
plate  vanously  loaded,  334  complete 
plate,  deflection  of  for  any  system  of 
loading,  335—6 ,  Levy's  principle,  336 , 
assumptions  of  theory,  337 

Plate,  thin,  Kirchhoffs  first  treatment 
of  problem  1236 — 40,doubtfulassump 
tions,  1236,  expressions  for  strain 
energy  of  bent  plate,  1237,  the  two 
boundary  conditions  1238 — 9,  unique 
ness  of  solution,  1240  Kirchhoff's 
second  treatment,  1292—1300,  finite 
shifts  of  infinitely  thin  plane  plate 
1293,  obscure  step  in  Kirchhofi's 
reasoning,  1294,  Loves  views,  (n) 
p  86  ftn  further  assumption  as  to 
stresses  1295  strain  energy  of  plane 
plate,  1296  Basset's  terms  for  shell 
contribute  nothing  to  strain  energy  of 
plane  plate,  1296  bis  finite  bending 
1297  shghtbendmg  1298—9  Clebsch's 
treatment  137o— 84  finite  shifts  1376 
— 8,  mid  plane  appioximately  a  deve 
lopable  surface  1376,  small  shifts  ge 
neral  equations  when  no  suiface  load 
1379  Gehi  ing's  treatment  finite  shifts 
of  isotropic  plate  1413 — 4  errors 
1414  ti  ansvei  se  and  longitudinal  shifts 
of  aeolotiopic  plate  eiiois  of  tieat 
ment  141o  companson  of  methods 
ot  Kirchhoff  Clebsch  and  Gehrmg 
12<)2— 3  1375  1411—3  Thomson  and 
Tait  s  treatment  1608—1704  stiam 
energy  foi  pHte  with  thiee  lectangulai 
planes  oi  elastic  symmetiy  1698—9 
ciiticism  of  assumptions  made  M 
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Thomson  and  Tait,  1700—1,  1703, 
1705,  comparison  of  their  method  with 
those  of  Boussmesq  and  Saint  Venant, 
and  with  KirehbofTs  first  treatment, 
1701,  analysis  of  bending  couples  for 
plate,  1702,  synclastie  and  anticlastic 
lending  stress,  1702,  stress  couple 
equation  for  plate,  1703,  Thomson 
and  Tait's '  reconciliation  of  thePoisson 
and  Kirchhoff  boundary  conditions, 
1704,  1714,  transverse  shift  of  a  thin 
plate  strained  symmetrically  round  a 
point,  1705,  general  solution  for  a 
plate  of  any  form  under  transverse 
load,  thrown  back  on  the  solution  of 
an  equation  free  of  that  load,  1707, 
flexural  rigidities  of  isotropic  plate 
determined,  1713 ,  Boussinesq's  treat 
ment,  1438 — 40,  assumption  of  stress 
relations,  1438,  1440,  doubtful  treat 
ment  of  curved  plate,  1437,  on  contour 
conditions  (1238— 9),  1438, 1441,1^  s 
investigations  and  controversy  with 
Boussmesq  *  local*  perturbations,  1441, 
1522 — 4  Saint- Tenant's  treatment, 
383—399,  his  criticism  of  Clebsch's 
treatment,  383,  deduction  of  general 
equations,  384,  assumptions  neces 
sary,  385,  arguments  in  favour  of 
assumptions,  386,  criticism  of  these 
arguments,  387,  further  expression  of 
the  assumptions  388,  advantage  of 
this  method  of  dealing  with  problem 
over  that  which  assumes  form  of  po 
tential  energy,  388 ,  criticism  of  Lord 
Bayleigh's,  and  Thomson  and  Taits 
mode  of  dealing  with  problem,  388, 
equation  for  transverse  shift,  385 , 
equations  for  longitudinal  shifts  389 , 
contour  conditions,  391 — 394 ,  Saint 
Venant  adopts  Thomson  and  Tait  s 
reconciliation  of  Poisson  and  Kirch 
hoff  394,  his  views  on  Levy's  ob 
jeetions  394,  397  remarks  on  his 
views  394 

Plate  thin,  equilibrium  of  special  cases 
Circular  contour  (i)  rests  on  a  ring  or 
(n)  is  built  in,  uniform  surface  load 
398  (i)  and  (11) ,  shifts  in  its  own  plane 
and  transverse  shifts,  1380    built  in 
and  loaded  on  any  point  1381    built 
in  and  uniformly  loaded    deflection 
and  stress,  657    thickness  required  to 
carry  a  given  uniform  pressure,  659 
supported  or  built  m  and  subjected  to 
central  impact,  mass  coefficient  of  re 
sihence  deflection  etc    1550  (c)    Cu 
culat  annulus    subjected  to  bending 
couples  and  shearing  forces  on  its 
edges,    170(>      llttttnninlui     unifoim 


load  and  isolated  central  load,  sup- 
ported edge  399  (a)  and  (6),  subjected 
to  transverse  loads  P,  -P,  P,  -P 
at  the  four  corners  takes  anticlastie 
curvature  identical  with  torsional 
strain,  1708  Infinite,  subjected  to 
given  surface  loads  or  shifts,  1660 

Plate,  thin,  motion  of,  general  equations, 
1383  Infinite,  transverse  vibrations  of, 
1462,  when  subjected  to  an  arbitrary 
shift  varying  with  time  at  a  point, 
1535,  when  subjected  to  arbitrary 
normal  impulses,  1536,  limiting  ve 
locity  of  impact  for  safety,  1538,  im 
pact  "by  mass  striking  normally,  1545 
Tiansverae  vibrations,  1300  (&), 
1384,  when  aeolotropic,  1415  special 
case  of  circular  plate,  nodal  lines,  (i) 
p  575,  ftn ,  symmetrical  and  asym 
metrical  vibrations  of  free  circular 
plate,  1241,  calculation  and  compan 
son  with  results  of  Ohladni  for  notes 
on  two  hypotheses  (X=/x  and\=2yu), 
1242  (a)  and  1243,  calculation  and 
comparison  with  results  of  Strehlke 
and  Savart  for  nodal  circles  on  same 
two  hypotheses,  1242  (6)  and  1243, 
expression  for  fundamental  note,  1243, 
nodal  lines  dealt  with  by  Glebsch, 
1384,  special  case  of  square  plate, 
nodal  lines  determined  by  Muttrich, 
C  et  A  p  4 

Longitudinal  vibrations,  of  aeolo 
tropic  plate  1415 

Platinum,  thenno  elastic  properties  of, 
752 ,  after  strain  and  temperature, 
756  ,  stretch  modulus  and  density  of, 
(i)  p  531,  824,  absolute  strength  of 
wire,  1131  ratio  of  kinetic  and  static 
stretch  moduli,  1751 ,  hardness  of,  (i) 
p  592,  ftn  ,  thermo  electric  prop ei ties 
under  strain,  1645 — 6 

Pliability,  defined,  466  (ix)    as  thhpsi 
nomic  coefficient,  448 

Plncke),  his  results  for  crystals  cited, 
683,  685—6,  1219 

Poinsot,  his  memoirs  on  impact,  591 

Poiree  J  on  deflection  of  arched  ribs 
due  to  temperature  live  load  and  im 
pact  1013  ,  cited,  (i)  p  368  ftn 

Poison  erioncous  method  of  dealing 
with  flexuie  75  -U6  1220—7  on 
problem  of  plate  167  criticism  of  his 
deduction  ot  stiess  strun  i  elation  1()2 
(a)  error  in  liia  thcoiy  of  impact  of 
bars  204,  on  suniinirij,  ink  i  molecular 
actions  228  on  contour  conditions 
for  thin  plate  -J()l — 6  Ins  tuatmuit 
of  plates  cnticised  by  Kirchhofi  12-Ji: 
on  statically  mdctuminate  reactions 


INDEX 


(i)  p  411,  ftn  ,  his  theory  of  elasticity 
referred  to,  1193,  1195  ,  his  views  on 
uni  constancy  tested  by  the  vibrations 
of  circular  plates,  1242  —  3 
Poisson's  Ratio  see  Stretch  Squeeze  Ratio 
Polar  Coordinates,  general  solution  of 
umplanar  strain  in  terms  of,  1711, 
1717  (11)  ,  form  of  plastic  equations  in 
terms  of,  1601 

Polar  Properties  of  Crystals,  have  no 
correspondence  in  elastic  forces  pro 
portional  simply  to  strain,  1763 
Polarisation,  Plane  of,  Neumann's  defi 
mtion,  1214,  1215,  1217,  accepted  by 
Kirchhoff,  1301,  in  Boussmesq's  theo 
ry,  1472,  reached  by  Sir  W  Thomson 
from  incompressible  cyboid  aeolotro 
py  by  annulling  difference  of  rigidi 
ties,  1775  ,  Sir  W  Thomson  on,  1780 
Po  larisation,  Rotatory,  Boussinesq's  theo 
ry  of,  1481  ,  in  gyrostatically  loaded 
media,  1782  (a),  1786 
Polarising  Media,  circularly,  Clebsoh's 

theory  of,  1324 

Poncelet,  reports  on  Saint  Tenant's  Tor 
sion  Memoir,   1  ,    reports  on    Saint 
Venant's  memoir  on  transverseimpact, 
104     on  rupture,   164,  169   (c),    on 
elastic  line,  188  ,  on  impact  of  elastic 
bar,  341    his  MGcamque  Industnelle, 
0    et  A    p    10,  reports  on  Phillips* 
memoir  on  springs  482  ,  on  theory  of 
arches,  1009  ,  his  results  as  to  resili 
ence  cited  by  Mallet    1061—2 
Popojff    A  ,  integration  of  elastic  equa 
tions  for  vibrations  (1853),  olO  ,  mte 
gration  of  general  elastic  equations  in 
cylindrical  coordinates  (1855),  511  —  2 
Potential  1'  no  (jy  of  strained  solid    see 


Potential  2iuiu,hon  01  Potential,  history 
of  origin  of  ttrms,  198  (c)  ,  general 
piopeity  ot  atti  action  potential  1487 
(c)  propei  tics  of  due  to  Beltrami, 
ljO>  ,  of  elcctiieity  on  elliptic  discs, 
1513 

Poti  nttah  hrst  used  by  Sir  W   Thomson 
toi  clastic  pioblcms,  1627—30  1715 
method  of   hccnib  elastic  equations 
honi  body  fences  by  aid  of  potentials 
1715     of  second  kind   use  in  solution 
ot  clastic  equations    140   235    vibia 
tious  ot   an  infinite   clastic   medium 
discussed  b>  uu  ms  ot  1485     applied 
to  discuss  inilucncc  ot  local  stiess  01 
stiuin  on  the  stiess  01  strain  at  othei 
points   of   an   extended   solid    148(> 
^em  i  il  remaiks  on  potential  solutions 
and  companion  with  those  in  teims 
ot  fcounei  B  series   1187,  on  different 


kinds  of,  inverse  direefe  aaacl  legaaib- 
i  ic  1 1"-  l  >1P ,  TIM  nix  sjlil  U>  I'Mtad 
by  plane  surface,  snbjeefced  to  geraa 
stress,  given  strain  or  partly  one  and 
partly  otber,  1489—98*  sotesis  fey 
potentials  of  special  cases  of  pressure 
on  or  depression  of  surface  of  e3as&c 
sohd,  1499—1517,  solmteonaoi^^ajal 
cases  of  body  force  in  infinite  elasfec 
solid,  1519— 21,  "sphmeaPpo 
used  to  integrate  equations  of 
tions  of  infinite  isotropic 
1526 
Potiert  proves  Hopkins'  theorem  m  sl^eaar 

anew,  270 
Precession,  effect  of  elastic  yielding  of 

earth  on,  1665 
Pnnsep,  first  noticed  that  heatrng  p?o- 

duoes  set  in  cast  iron,  1186 
Pnsm  torsion  of    see  Torswn,  Seymse 
of    see  Flexure    see  also  jSfermn,  0&&- 
bined 
Pronmer,  C  ,  on  bridge-structure  (1857), 

890 

Pulverulence,  remarks  on  L6vy,  Sa^nt- 
Venant    Boussinesq  and  Rankme's 
treatments,   242,  Kankine  on,  458, 
Holtzmann,  582  (5) ,  umplanar  equa 
tions  of  solved  by  conjugate  functions, 
1566  1570,  memoirs  dealing  -with,  from 
elastic  standpoint,  1571 ,  Boussmesq's 
theory,  elastic   constants  of   stress 
strain  relations  for,  1574 — 5    umpla- 
nar  stress  equations,  1576 ,  analysis  of 
stress  and  strain  for  pulverulent  mass, 
1578,  solution  of  equations  of  equih 
brium  for  mass  bounded  by  sloping 
talus  1580 — 2   introduction  of  bound 
ary  wall  at  any  slope,  rough  or  smooth 
1584,  mass  m  state  of  collapse,  dis 
cussion  of  pulverulent  limit  1585 — 6 
angle  of  internal  friction  1587  natural 
slopes  of  talus  for  various  materials, 
1588     tluust    on    suppoitmg   walls 
151)0  -1   physically  incorrect  assump 
tion  m  these  solutions,  1592  bis  most 
stable    toims    of    equilibrium    1592, 
equations    foi    pulveiulent  mass   on 
point   of    collapse    1593    Rankmes 
relation,  15%    constancy  ot  velocity 
ot    pulverulent  mass  under  \arymg 
sties&  159o   conditions  at  a  re\etruent 
wall  Io97 — 8   uppei  and  lowei  limits 
to  thiust  on  a  levetment  wall  obtained 
1599    umplanar  equation  in  polai  co 
oidinate&  1001    umplanar  bods  btrebS 
equations    it  equihbiium  be  limiting 
and  there  be  a  toice  function,  160o 
(b)— (t)     Sn  B   Bakei  on  bieadth  of 
letammg  walls,  conipaiison  with  Boub 


INDEX 


smew's  theory,  1606—7,  G-  E.  Bar 
win  on  horizontal  thrust  of  sand, 
Comparison  with  Boussmesq's  theory, 
160^—11, 1623,  Gobin's  experiments, 
1610—11, 1623,  approximate  formulae 
lor  thrust,  1611,  Boussinesq's  final 
theory  for  horizontal  talus  and  verti 
eal  wall,  1612—8,  modified  method 
of  finding  superior  limit  for  thrust, 
1621—2,  numerical  tables  for  thrust 
$s  given  by  Boussinesq  s  theory,  1625, 
further  approximations  to  thrust,  not 
rapid  enough,  1624,  remarks  on  Oou 
lomb's  theory  of  pulverulenoe,  1609, 
1620,  1623 

Pmcktng,  905,  pressures  needful  for,  in 
ease  of  plate  iron,  1103,  empirical 
formulae,  1104,  graphical  representa 
tion  of  stress  due  to  by  aid  of  Luders 
earves,  1190  and  (11)  frontispiece 
Boussmesq's  remarks  on  the  action  of 
a  punch  1511 ,  action  of  fiat  punches, 
1510  (c),  of  punches  with  curved 
faces,  1512,  action  of  punch  on  plastic 
material,  1602  (d) 

Quartz,  electro  magnetic  neld  produces 
no  (?  httle)  effect  on  compressed 
laminae  of,  698  (iv),  may  be  cut  by 
rotating  iron  disc,  836  (h) ,  hardness 
of,  840,  836  ($,  used  to  cut  corundum 
in  sand  blast,  1538,  ftn  ,  Boussinesq 
on  optical  theory  of,  1481  remarks 
on  elastic  forces  concerned  in  optical 
phenomena  of  1763 ,  optical  properties 
explicable  by  gyrostatic  medium,  1781, 
1786 

Qmncke,  his  experiments  not  in  accord 
ance  with  bir  W  Thomson's  theory 
of  metallic  films,  1783  (c) 

Railway,  rail,  torsion  of,  49  (c)    182, 
transverse  stiength  of,  0  et  A  p  11 
see   also    Axle     Spnng,    Continuous 
Beam,  etc 

Eanlme,  centrifugal  theoiy  of  elasticity 
(1851),  417  laws  oi  elasticity  ot  solid 
bodies  (1850)  418—26  sequel  to  laws 
of  elasticity  (1852),  427—32,  on  the 
velocity  of  sound  m  liquid  and  solid 
bodies  (1851),  433—9,  on  the  vibra 
tions  of  plane  polarised  li^ht  (1851) 
440  on  light  (1853)  441,  geneial 
mtegi  tls  of  elabtic  equations  (H56), 
441 — 2  on  axes  of  elasticity  ind 
ciystallme  forms  (1856)  44-5-52  on 
eaitli\\oik(18o7)  453  ^uiu  al  solution 
oi  equations  ot  elastic  equilibnuin  and 
decomposition  of  external  foice  (I860 
1872)  454—62  stability  ot  factoiy 


chimneys    (1860),    463,    Manual    of 
Applied  Mechanics  (1858),  464—70 
Miscellaneous  Scientific  Papers,  418, 
competes  for  Grand  Prix,  454,  Life 
see  Millar's  edition  of  Papers 

Eemarks  on  his  work  his  termin 
ology  for  elastic  conceptions,  466,  for 
elastic  coefficients,  443—52,  (i)  p  77, 
ftn  ,  on  aeolotropy,  429,  on  axes  of 
elasticity  and  classification  of  con 
stants,  443—51,  Saint  Yenant  on,  135 , 
on  tasmomic  quartic,  136,  446,  on 
orthotatio  elhpsoid,  137,  445,  on  me 
tatatic  axes,  137  (vi),  446,  Saint 
Venant  adopts  his  symbolic  method, 
198,  his  erroneous  theory  as  to  co 
efficient  of  rigidity,  421,  on  longitu 
dinal  impact  of  bars,  205 ,  on  stability 
of  loose  earth,  242,  1590,  defect  of  his 
theory,  1613 ,  his  hypothesis  of  atomic 
centres,  423  of  molecular  vortices, 
424, 440, 1781,  of  coefacient  of  fluidity, 
423—4,  429—30, 1448,  his  hypothesis 
of  "aeolotropy  of  density"  to  explain 
double  refraction,  1781 

Ran  constancy  68 ,  a  property  of  bodies 
of  confused  crystallisation,  72,  equality 
of  cross  stretch,  and  direct  slide  co 
efficients  on  hypothesis  of,  73 ,  Saint 
Venant's  arguments  in  favour  of,  306 , 
Rankine's  attempt  to  elucidate  by 
means  of  the  coefficient  of  fluidity7 
423—4,  444,  does  not  follow  from 
Boscovich's  theory,  if  molecules  be 
groups  of  atoms,  787  (ct  192  (d),  276) 
investigated  by  stretching  hollow 
prisms  802,  by  wires  1271—3 ,  is  not 
negatived  by  expenments  on  cork, 
jelly  or  mdia  rubber,  192  (b)  610, 
1636  1770,  unless  it  is  shown  that 
bi  constancy  really  suffices  1770,  610 
nor  by  experiments  on  wiies,  1201 
1212  1271—3  1()3(>  Thomson  and  Tait 
on  170()  (0  171')  bii  W  ihomson  s 
ai^umcntartamst  based  on  21  constant 
model  1771  ciituism  ot  tins  model 
1772—  3  non  tuliilniuit  ot  i  in  con 
staut  conditions  in  case  ot  ci>stils 
1780  itui  const  nicy  follows  horn  sin 
^le  a,fesembl  IL,C  ot  lioseovichian  atoms 
1801 — 2  see  Constant*,  J  /<fs£/c  etc 

llay  defined  by  Kuchhofi  1274  theoiy 
ot,  1311—2  lioussmcsq  on  1177 
in  aeolotiopic  medium  obcyinn  dhp 
soidal  conditions  etc  1  >(>0 

ha\]hi<)h  !(»<(  on  thin  pluti  mohlcm 
388  on  1101  mul  (unctions  ot  b  u  i4<) 
overlooks  Seebt  ek  s  icnnlts  foi  stitt 
ness  ot  stunts  172  on  dissipitivi 
function,  1743  \voikt>  out  Haiikine 
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hypothesis  of  aeolotropy  of  density  to 
explain  double  refraction,  1781 ,  his 
"Theory  of  Sound"  cited,  821,  1238 
1302 

Reactions  of  body  on  more  than  three 
points  of  support  509 ,  history  of  the 
subject,  before  the  days  of  elastic 
theory,  (i)  p  411,  ftn  ,  memoirs  of 
Bertelli,  598,  of  Dorna,  599—602,  of 
Clapeyron,  603,  of  Menabrea,  604— 
6,  of  Heppel,  607  see  also  Con 
tmuous  Beams 
Reaumur,  effect  of  hammering  on  mag 

netisation,  811  and  ftn 
Rebhann,  G  ,  theory  of  wood  and  iron 
construction  (Io56),  885,  increase  of 
strength  in  beams  due  to  building  in 
terminals  (1853)  942 
Redtenbacher,  formula  for  strength  of 

hydraulic  press,  901 
Reflection,  3?  Neumann's  elastic  theory 
of,  1229  (b)  and  (c),  Boussmesq  on, 
1481 ,  KirchhofTs  elastic  theory  of  in 
crystalline    media,    1274,    Olebsch's 
elastic  theory  of,  for  wave  impinging 
on    spherical    surface     1392 — 1410, 
solution  in  solid  spherical  harmonics 
1395 — 9,   any  number  of  centres  of 
disturbance,  1400 — 2,  single  centre, 
1403,  longitudinal  wave  always  pro 
duces    longitudinal    and    transverse 
reflected  waves,  1405,  application  of 
Huyghens'     Principle,     1406,    wave 
length  large  as  compared  with  radius 
ot  reflecting  sphere  1407 — 9,  absence 
of  shadow,  1409  (111) ,  Sir  W  Thomson 
on  1780—1,  theory  of,  for  contractile 
ether  1787 — 8    metallic^  discussed  by 
Sir  W    Thomson,  1782 
Re f)  action,    theory    ot    m    crystalline 
media     ytetau     o<H     t     Neumann, 
122<)    (b)   and    (< )      kirchhoff     1274 
views    of    I1     Neumann,    MacCullagh 
and  Grieen  eit«l,  1271    Boiibsmesq  on 
tluory  of,  1181    Sn  W    Ihomson  on, 
1780 — 1      the  01  y   of,    toi    contractile 
Uhu     17H7 

liLfxH  hon  Donhlt  due  to  mitialstress  9 
780     7H<)     1407-74    178<)— <)7,    the 
ease  ot  computed  {Jiss  (eiown  plate 
01    Hint)    d<puulh    only  on    squee/e 
780    jj;iv<  s  u  iw  ans  of  lindmg  stietch 
modulus    780    78()     of  lock  salt  and 
iluoispu    undoi    eompussion     78() 
piodiutd  by  stuss  us(([  to  investigate 
ilu  sluss  stiain  K  lation  and  oqiuility 
ot  sin  Uli   and  squoe/t  moduli   7()2~ 
7     i  elation  ol  ntiess  to  dilleience  ot 
equivalent  in  paths  ot  two  rays  7()5 
double  ichaetive  power     its  relation 


to   density,   to   optical  and   _ 

properties  obscure,  797  (a),  B©  re- 
lation according  to  Werthson  befcfeea 
natural  and  artificial  double-*ekae- 
tion,  797  (6) ,  produced  by 
802,  produced  in  porotiias  a$d 
bodies  by  stress,  864 

as  to  pressural  wa^e,  101, 
Green's  theory,  147,  193> 
1789,  Saint  Venant  on 
foi,  148-9,  154  entJimsed, 
Green,  Cauchy  and  S 
views,  193—5  elasfoe 
of  Cauchy,  F  and  0  Heuraaim, 
Lam6  1213—7,  1229  (a),  Neaiaaaa 
uses  initial  stresses,  1216?  Boassiaeet's 
first  theory,  1467—74,  secoiKt  ihecay, 
1476,  third  theory,  1481,  his  equations 
obtained  for  an  aeolotropie  mechom 
satisfying  ellipsoidal  and  other  «Q£ 
ditions,  1559,  reached  ^  Sar  W 
Thomson  from  cyboSd  aeolotropy  (fres- 
nel  s  wave  surface,  but  Neumann's 
plane  of  polarisation),  1775 ,  Bankine's 
hypothesis  of  *  aeolotropy  of  density* 
discussed,  1781  (a),  deduced  from 
contractile  ether,  1788,  SirW  Thorn 
son  s  investigation  by  aid  of  *  initial 
stresses '  1789—97 

Reft  active  Index,  supposed  by  Sir  W 
Thomson  negative  for  metals,  1783 

<<0 

Regnault  explanation  of  anomalies  in 
his  piezometer  experiments,  115  119, 
121, 192  (I) 

Reibell,  his  experiments  on  wooden 
arches,  0  et  A  p  6 

Reilly,  Calcott,  on  longitudinal  stress  in 
wrought  iron  plate  girder,  953 

Renaudot,  on  impact,  165 ,  contributions 
to  problem  of  rolling  load,  372  deals 
with  problem  of  continuous  rolling 
load  381  his  problem  discussed  by 
Kopytowski,  558—9 

Roidcl  J  M  ,  on  stiength  of  cements, 
1169 

Rtnine  on  Emei son's  Paradox,  174 

Repeated  loading,  influence  of  giadual 
and  sudden  lepeated  toisional  and 
nexuial  loads  on  moleculai  structme 
9()1— 3,  Wohlei's  eaily  experiments 
on  toibion  and  flexure  of  railway 
axles  997—1003 

Rwil  H  pupil  of  Samt  Venant  416 
application  ol  elastic  equations  to  a 
planetaiy  eiust  (Re^al  i>  Pi  ublem) 
(18>5),  obi— 70,  on  stiess  produced 
by  vibrations  in  connecting  lods 
(1850)  583  on  stiess  in  the  shiunk 
on  tiies  of  wheels  (1859)  584—8  on 
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fie&ure  in  lamina  supporting  a  conical 
|>ejadulTjLm  (1860),  589  on  mechanical 
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when  constraint  or  load  at  one  end 
varies  with  the  time,  1527 — 33,  when 
initial  shift  and  speed  of  each  point 
is  given,  1534,  bearing  mass  subjected 
to  a  force  varying  with  time,  1539 , 
tiamverse  impact,  limiting  safe  velo 
city  of  striking  mass,  1537,  bar  carry 
ing  a  mass    which  is  subjected  to 
transverse  impact,  1540    see  Impact 
longitudinal,   F    Neumann's    de 
duction  of  general  equations  for  right 
circular  cross  section,  1224,  his  doubt 
ful  solution,   122o     Kirchhoff    1291 
(a)    Clebsch,    1373    (&)    Boussmesq, 
1431 ,  nodes  determined  by  Seebeck 
with  sand,  475  ,  when  terminal  con 
ditions  are  functions  of  the  time  as 
m  piston  lods   and  cianks   680 — 2 
longitudinal  andtiansveise  vibrations 
ol  same  tone    825    longitudinal  im 
patt  non  impelled  end  fixed,  401—7 
110 — 4     non  impelled   end  fixed    or 
ficc    maximum   atiain,   duration    of 
blow    kinetic  energy,  etc     1547—50 
sec  Impat  t 

to^ional  101,  1291  (a),  1373  (<), 
1*74   14-il 

(l<i*ti«)  ]  inttit     analogue,     1267 
1270  128-3  (b)  and  (c),  1364 

ho)it(ftn    hit.    experiments    on  stietch 
squeeze  latio  lefened  to   1201  (<?) 

lloflMtn  1  on  strength  of  materials 
(18)8),  8()2,  <)25  his  tieatment  of 
licxuie  1090 
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s,  on   oscillations   of   suspension 
e&ains  (1856),  612 

Rolling,  effect   on   sketch  modulus   of 
brass  and  iron,   741   (a)     see  also 


Rolling  Load,  on  beam,  girder  or  bridge, 
U7£,  540 — 1 ,  history  of  problem,  372, 
377  7  isolated  on  bridge  with  doubly 
built-in  terminals,  Phillips,  552,  solu 
tion  corrected  by  Bresse,  540,  iso 
lated  on  bridge  with  doubly  supported 
terminals,  Phillips,  553,  solution  cor 
rested  by  Saint  Venant,  373—6,  bend 
mg  moment,  S75,  deflection,  376 
Saint  Venant  takes  account  of  pen 
<adie  terms,  378 — 80 ,  the  same  problem 
{WiEks*  Problem]  solved  by  Boussinesq, 
1553,  extension  to  case  of  continuous 
load  byEenaudot,  381,  372,  Bresse, 
on  very  long  train  crossing  very  short 
bridge,  382  541,  his  theory  repeated 
by  Kopytowsfo,  558,  by  Wmkler, 
664,  investigation  of  whole  problem 
by  Kopytowski,  errors  in  treatments, 
555 — 60,  Homersham  Cox's  erroneous 
theory,  reproduced  by  Wmkler,  663, 
by  Morin,  881  (6),  by  Mahistre,  963, 
i^  TV/TO  Uet,  964 ,  experiments  on  de 

due  to,  1013—4 

u  ,     on    strength     of    wooden 
mns,   880    (a) ,    on    strength   of 
stone,  880  (6) 

Roof  Trusses,  881  (c),  history  of,  0  et  A 
p  5  see  also  Framework 

Rotating  Disc,  Bitter's  enoneous  theory 
of,  916  (e) 

Rotation  of  plane  of  polarised  light, 
produced  by  magnetic  force,  how 
affected  by  compression  in  flint  and 
crown  glass,  69d  the  more  feeble  in 
glass  the  greater  the  mechanical 
stiain  786,  797  (d)  theory  of  cii 
cularly  polarising  media,  1324 ,  theory 
of  optical  1481  theory  of  magnetic, 
1482 

Roy,  C  S  on  after  stiain  stretch 
traction  curve  hypeibohc  (1S80- 8), 
(i)  p  579  ftn 

Riihlmann  Ins  History  of  Technical 
Mechanics  cited  884 ,  his  Elements 
of  Mechanics  (1860)  917  on  stiength 
of  thiead  of  screws,  966 

Rvptuie  bee  also  Failure,  Fiattuu 
Stiength  4bsoluti  and  Safety,  Limit 
oj  conditions  for  4  (y),  5  (a)  £,enc 
lal  conditions  foi  5  (d)  32,  history 
ot  theory  of  164  Poncelet  on  164, 
109  (c)  321  (b)  conditions  foi  usul 
by  Lamd  and  Clapeyion  166  by 
compiesbion  169  (c)  due  to  lateial 


streteh  855,  856,  of  cast  iron,  of 
cement,  169  (c) ,  condition  for,  with 
skin  change  of  elasticity,  169  (/) ,  for 
wooden  prism  with  variation  in 
streteh  modulus,  169  (/),  behaviour 
of  a  material  up  to,  169  (g),  by 
flexure,  173,  relations  between  con 
stants  of  instantaneous  and  ultimate, 
175 ,  for  flexure  of  beam  with  loading 
in  plane  of  inertia!  asymmetry  of 
cross  section,  177  (a) ,  experiments  by 
Blanchard,  Kennedy  and  others  on 
rupture  by  compression,  321  (b)  and 
ftn  ,  ratio  of  coefficients  of,  by  pres 


bodies  takes  place  by  slide  and  that  of 
soft  bodies  by  stretch,  the  strain  being 
torsional,  810,  cf  Sir  W  Thomson's 
views,  1667,  rupture  stress  not  a 
proper  guide  in  construction,  875 
rupture  surfaces  of  cylinders  and 
spheres,  880  (b)  rupture  planes  of 
massive  slopes  of  rock,  1583 ,  rupture 
surfaces  of  stone  909  1182 ,  rupture 
is  not  to  be  determined  from  elastic 
equations,  difficulty  of  maximum 
stress  difference  limit,  general  dis 
cussion  of  conditions  of  failure  1720 , 
failuie  better  measured  by  stretch  than 
by  stress  limit,  1327  1348  (<7)— (h) 
1386  (b)  V  ' 

Russian  measures  of  length  and  weight, 
(i)p  520,  ftn 

Saakchntz  on  forms  taken  by  a  loaded 
rod  or  flat  spring  (1880),  1694,  ftn 

Safety,  tactois  of  1/10  m  France,  1/6 
in  England,  321  (b) ,  Eankme  s  table 
of,  466  (x) 

Safety,  Limit  of,  properly  measured  by 
stretch  and  not  traction    5  (c)     lela 
tions  between  safe  tensile  and  com 
pressive  stresses  for  wood    cast  iron, 
wrought  iron  176    Glebnch  b  assump 
tion  of  stiess  limit    -i20    comparison 
of  strebs  and  stretch  limits  the  latter 
generally  on  the  side  ot  safety  321  (a) 
321  (d)  1720,1-327  H4S  (<y)— (/,),  1386 
(b)    seeZailutt 

Saint  Gudhem  on  slope  of  natui  il  talus 
ofeaith  sand  etc  158S  102:} 

Saint  Vcnant,  Menion  s  and  Note*  Chief 
memoir  on  Toision  of  pusms  (18;>5) 
1 — 61  note  on  Hexuit  ot  pi  isms 
(1854)  62  notes  on  trausvctsc  im 
pact  ol  bars  (1S54)  (H  (18  V7)  104— 7 
(1865)  200  chiet  memoir  on  iiexuic 
of  pusms  (1856)  69—100  notes  on 
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theory  of  light  (1856),  101,  (1863)  154, 
(1872)    265 ,    notes    on   velocity    of 
sound  (1856),  102,  (1867)  202,   note 
on  moments  of  inertia  (1856),  103 , 
notes  on   torsion    (1858),  109,  110, 
(1864)  157,  (1879)  291 ,  note  on  vi 
brating  cord  (1860),  111,  note  on  con 
ditions  of  compatibility  (1861),  112 , 
note  on  number  of  unequal  elastic 
coefficients  (1861),  113,  memoir  on 
diverse  kinds  of  elastic  homogeneity 
(I860),  114—125     memoir  on  distn 
bution   of  elasticity  round   a  point 
(1863),   126—152,    notes   on   elastic 
line  of  rods  of  double  curvature  (1863), 
153,  155,  memoir  on  rolling  friction 
(1864),  156 ,  note  on  strain  energy  due 
to  torsion  (1864),  157,  notes  on  krne 
matics  of  strain   (1864),  159,  (1680) 
294,    annotated  edition  of  Navier's 
Legons  (1857—64),  160—199,  note  on 
loss  of  energy  by  impact  (1866),  201, 
202,  memoir  on  longitudinal  impact 
of  bars  (1867),  203—219,    notes  on 
longitudinal  impact   (1868),    221—2, 
(1868)     223,     (1882)    295—6,    297, 
contributions    to    Moigno's    Statique 
(1868),  224—229     memoir  on  amor 
phic  bodies  (1868),  230—232,  papers 
on  plasticity  (1868),  233,  (1870)  236, 
(1871)    243,    244,    245-257,    (1872) 
258 — 264,  (1875)  267 ,  note  on  stresses 
lor  large  strains  (1869),  234,  note  on 
of  potential  ot  second  kind 
quations  (1809)   235    me 
mon  on  initial  stress,  stiam  and  dis 
tubution   ot   elasticity  (1871)    237— 

241  pipers  on  loose  earth   (1870), 

242  ,  repoits  and  analysis  of  others' 
woik,  on  Levy  (1870—1),  242—3    on 
Lefoit    (187^)     260      011   Boussmesq 
(1880),  292,   (1884),  1019    on  Tresca 
(188r>)  2(H   notes  on  thermal  vibrations 
(1870)  208  271—271   pipeis  on  atoms 
(1870)     2(><)    (1878)    275-280    (1884) 
408     not<    on  shcai   (1878)    270    me 
mon  on  ( lastic  coellieientib  (1878)   281 
— 2Sl    iiKiiion  on  torsion  ot  prisms 
on  bases  in  form  of  ciiculir  sectors 
(1878)    285 — 2')0     annotated  edition 
oi  C  lebbch  s  ricitise  (188r$),  1325  2<)8 
—  100    memoir  (with  Jbl  imant)  on  the 
kiuphicil  upiescntation  of  longitudi 
nil   impact    (188-i)     101—7     posthu 
motis  memoii  on  the  gi  iphioal  iepie 
HI  nl  ition  ot  the  laws  ot  the  longitudi 
mil    ind   tiansveisc   impact   ot    bais 
(edited  by  Ham  mt  1880)   410-4 

(hath  of    11  r>     notices  of   lite  and 
woik    by    llullips     Boufa&mesq    and 


Flamant,  and  in  Nature  and  tite 
Tablettes  biographiques,  415,  character 
of,  416 ,  summary  of  his  work,  416^ 
analysis  of  his  works  by  himself  up  to 
1858,  and  up  to  1864,  <i)  p  2 

References  to    his  theory  of  torsion 
misinterpreted  by  Wertneua,  80& ,  his 
results  for  prisms  on  rectangular  base 
confirmed  by  Wertheun*s  experiments, 
807,    his  suggestion   of  method  of 
approximation  in  theory  of  polveni- 
lenoe,  1599,  1612,  his  report  on  Bous- 
sinesq's  theory  of  pulverulence,  1619, 
his  theorem  as  to  maximum  slide, 
4  (3),  1604 ,  his  stress-strain  relations, 
assumed  by  Kirchhoff ,  1262, 1285—7, 
of  1359 — 60,  attempt  to  demonstrate 
by  Boussmesg,  1421 — i ,  his  results  for 
helical  springs  given  by  Thomson  and 
Tait,  1693 ,  his  problems  of  torsion 
and  'circular  flexure'  dealt  "with  by 
Thomson  and  Tait,  1710,  1712 ,  ap- 
plication of  his  theory  of  rupture  to 
torsion  and  flexure  of  cast-iron,  1063 
Saint  Venant's   Problem,   so   called  by 
Glebsch,  2,  treatment  of  by  Clebseh, 
1280,  1332—45,  by  Kirchhoff   1280 
the  assumptions  £"=  w=^=0,  argu 
ments  in  favour  of,  316 ,  Boussmesq 
on,  317,   1421 — 4,    objections  to  in 
case    of    buckling,    318,    Kirchhoff 
Poisson  and  Cauchy  on  flexure   of 
rods,  316 

Sand,  slope  of  natural  talus  of,  1588, 
experiments  of  G-  H  Darwin  and 
theory  of  Boussinesq  as  to  thrust  of, 
1609—11,  1623 

Sandblast,  its  method  of  action  and  pro 
bable  theoretical  explanation,  1538,  ftn 
Sandstone    see  Stone 
Sang,  h  ,  free  vibrations  of  linear  systems 

ot  elastic  bodies,  615 
Sapphire,  hardness  of  840  836  (d) 
San  an,  pupil  of  Saint  \enants    416, 
Saint  Venant's  views  on  his  theory  of 
light,  265    his  equations  foi  double 
refractive  medium,  1476  1559 
kavait,  his  expenments  on  torsion    31 
1()1     his  results  for  nodal  lines  o± 
ciiculai  plates  tested  by  KiichhoS  s 
theoiy,  1242  (l>)    his  views  on  vibia 
tiont>  of  rods  cuticised  by  Seebeck 

47o 

^chejfht  II  ,onsticngthofbtiuts  beams 
etc  (1858),  648—50  on  stiength  ot 
tubes  (18o'J)  6o4— 5  on  the  theoiy 
ot  domes  snppoitmg  \\alls  and  iron 
bridges  (1857),  88G  on  mcieased 
strength  ot  beams*  due  to  building  in 
then  teiminala  (IBoB)  944—5 
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,   0  ,  on  form  of  chains  for 

suspension  bridges,  579 
Sckneebeli,  his  experiments  on  stretch 

squeeze  ratio,  1201  (e) 
Sckmrvh,F  ,  experiments  on  the  strength 

of   wrought  iron  and   stone    (1860), 


C,  effect  of  temperature 
and  of  nvet  holes  in  reducing  strength 
of  plates  (1858),  1127 

Sckrjtter,  A  ,  on  crystalline  texture  of 
iron  and  effect  of  repeated  torsion 
(1857),  992 

Schubler,  Ad  on  bridge-construction 
(1857,  1870),  887—9 

Bckuwrz,  obscure  theory  of  struts,  956 

Schwedler  on  braced  and  latticed  girders 
(1851),  1004—5 

Scoffen,  J  on  useful  metals  and  their 
alloys  (1857),  891 

Scoresby,  W  ,  effect  of  hammering  bend 
ing  and  twisting  on  magnetisation,  (i) 
p  564,  ftn 

Screwing,  old  dies  weaken  bolts  less 
than  new,  1147 

Screws,  strength  of,  905,  1147,  of  thread 
of,  966—7  ,  wooden  give  way  by  shear 
ing,  967 

Sealing  wax,  rupture  surface  of,  810, 
1667 

S€bert,  on  impact  of  elastic  bar,  341 

Seebeck,    on   transverse    vibrations    of 
stretched  elastic  rods  (i  e  stiff  strings) 
(1849)  471—3  ,  on  vibrations  (in  Pro 
gramm  1846),  474     contiibutions  to 
Dove's  Repertorium  (1842),  475,  died 
1849,  475    upon  testing  hardness  of 
crystals,  836  (i)  and  (j)    his  error  as  to 
hardness  of  Iceland  spar  corrected 
839 

Segmtz  erroneous  treatment  of  torsion 
(1852)  481 

Seginn  (the  elder),  builds  first  suspension 
bridge  in  France  (1821),  (i)  p  622,  ftn 

beg  wn  endeavours  to  explain  cohesion 
by  molecules  attracting  according  to 
law  of  gravitation  (1855)  865 

Sellmeyer  adopts  F  Neumann  s  view  of 
dispei  sion  1221 

Semi  inverse  Method  3  (  11  applied 
to  flexure,  9,  71  history  of,  162  its 
justification  189  applied  to  plastic 
problems,  20-i 

Senaimont,  his  lesults  foi  uystals  re 
ierredto  08-i  686  1219  and  ftn 

St£    169  (b)     effect  on  btretch  modulus 
iud    cioss  stretch    coefficients,    194 
fiexuial  709    &ee&lk>o  J>tnt    toibional 
702  709  714   see  aho  foi  t    unaccom 
pained  by  change  ot    volume    730, 


remarks  on  nature  and  relation  of 
stretch  and  squeeze  sets,  (i)  p  547, 
ftn  torsional,  increases  elastic  resist 
ance  of  soft  iron,  810  its  relation  to 
load  in  flexure  of  bronze,  cast  iron 
and  cast  steel  1084 ,  at  first  set  strain 
curve  is  linear,  aftei  wards  regular  but 
not  linear,  1084 — 5,  due  to  flexure, 
exhibited  by  drawing  lines  on  beam  of 
lead,  1119,  produced  by  repeated 
heating  of  cast  iron,  1186  ,  effect  on 
thermo  elastic  properties  of  the  metals, 
1645  (B),  1646 

s  Gravesande,  his  method  of  finding 
stretch  modulus,  1289 

Shadow,  absence  of  when  wave  length  of 
incident  ray  is  great  compared  with 
size  of  reflecting  object,  1409  (ui) 

Shear,  appropriated  by  Kankine  to  stress, 
465  (a),  used  by  Thomson  and  Tait 
for  strain,  1674,  elastic  constants  in 
its  expression  in  case  of  plane  of 
elastic  symmetry  reduced  by  rotation 
of  axes,  4  (0) ,  elementary  discussion 
of,  179,  inadmissible  theory  due  to 
Bitter,  915  (a),  fail  limit  for,  185, 
Hopkins'  theorem  as  to  maximum 
shear,  270,  1458,  1604  ,  total  in  terms 
of  bending  moment,  319,  534,  556, 
889,  1361,  ftn,  1435  (a)  in  beam 
partly  covered  by  continuous  load, 
557 

Shear,  Cone  oj,  Rankme  on  442,  used 
by  Lame  and  Kesal  567  (b) 

Shearing  Stiets,  Rankme,  468 

Sheppaid,  E  ,  uses  beam  of  lead  with 
lines  on  faces  to  measure  flexural  set, 
1119 

Shift,  definition  of,  4  (a)  large,  with 
small  strain  equations  of  elasticity 
for  190  (b) ,  large,  elastic  equations 
for  1244 — 50 ,  strain  energy  for  1256 
integral  tangential  shift  for  strained 
and  unstiamed  curve  in  solid  1679 — 
81 

Slujt  1  unction,  when  twist  vanishes 
1681 

Shot  work  done  by  impact  of  91(>  (d) 

Sidelong  Coeflunnt^  ( =  pla^iothhptic 
and  plagiotatic  coefficients),  1779 

^ilbennaim,  T  1  on  elongation  of 
scales  of  measurement  (IH^l)  848 

Sihtum,  influence  on  stiength  ot  cast 
lion  1047  (L)  amount  ot  after  re 
peated  melting  of  cant  iron  1100 

S^A,  aftei  stiam  in  thieada  of  tffect  of 
change  of  tempciatuie  on  toisional 
elasticity  of  (i)  p  514,  ftn 

Siltc}  thei mo  elastic  properties  702 
750,  after  bti am  and  tcmpeiature 
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756 ,  stretch  modulus  and  density  of, 
(i)  p  531,  824 ,  ratio  of  kinetic  and 
static  stretch  moduli,  1751 ,  hardness 
of,  (i)  p  592,  ftn  ,  836  (6) 

Similar  bodies,  similarly  strained,  how 
shifts  and  strains  related,  1718  (a) 

Skewnesses,  defined,  1776  (6) ,  strain 
energy,  if  they  be  annulled  1778, 
vanishing  of,  in  thhpsinomic  eoeffi 
cients,  1779 

Skin  Change,  of  elasticity,  169  (/) ,  in 
cast  iron  columns,  974  (c) ,  tenacity  and 
stretch  modulus  of  cast  iron  bai  dif 
ferent  at  core  and  periphery,  169  (c) — 
(/),  1111 ,  effect  of,  on  crushing 
strength  of  glass,  856,  on  its  tensile 
strength,  859 

SUerometer  (or  measurer  of  hardness), 
Seebeck's,  836  (i),  Franz's,  838,  Graihoh 
and  Pek£rek,  842 

Slate,  strength  and  deflection  of,  1174 

Slide,  definition  of,  4  (0) ,  Saint  Venant 
changes  from  cotangent  to  cosine  of 
slide  angle,  (i)  p  160,  ftn  ,  analysis  of, 

Epal  axes  and  ratio,  1674 ,  value 
>f,  in  any  direction,  4  (5) ,  Saint 
it's  theorem  as  to  maximum  of, 

4  (5),  1604    in  terms  of  stretch  and 
squeeze,  4  (5) ,  condition  for  failure  by 

5  (/)    elementary  discussion  of,  179, 
1456  1459 ,  flexural  slide,  183  (a) ,  slide 
and  stretch  in  any  direction  first  given 
by  Lam6,  226    for  large  shifts,  228 , 
slide    due  to  toision      see  Toision 
slide  due  to  flexure     see  Beams  and 
*  Icriu  e    slide  initial,  strain  energy  of 
isotropic  body  subjected  to,  1787 — 95 

Slide   Cone  of,  Bankme  on  442 

^lidc  T  unit  in  terms  of  stretch  limit  of 
safety  5  (</) 

hlidt  Modulus     see  under  Modulus 

hi idt  Wane  velocity  of  219 

hnappiiK/  defined  466  («) 

bolid*  oj  I  qual  R<  \i\tance  see  Eebibt 
ana  \olid*  oj  equal 

holid  I  hi^t ic  ni<l(  limit  ly  extended  and 
bounded  lij  plane  s?///me  stresses 
and  stiams  due  to  nimpk  ptessure  on 
any  clement  ot  surface  11()7  suiface 
deflection  duo  to  any  distribution  of 
surlacc  picsswc,  14()H  appioximate 
Holution  11()R  sin  face  deflections  for 
distribution  of  presume  uniloim  lound 
a  point  11W  rocipiocal  tlicorem  for 

I 

uniformly  loaded  circular  aieas  1)01 
_-2  cncular  aicas  with  load  varying 
alonk  ladius  1504  uniformly  de 
pressed  cncular  and  elliptic  aieas 
lr>()i  effect  ol  shcai  applied  to  small 


element  of  boundmg  surface 
nature  of  load  that  depression  may  be 
proportional  to  pressure,  1507  stresses 
and  strains  produced  by  pressmg  a 
rigid  solid  against  the  plane  surface, 
1508 — 13  ,  when  the  rigid  solid  13  one 
of  revolution,  1510  (a),  any  rigid  solid 
1510  (&),  rigid  flat  disc,  elliptic  tec, 
1510  (c),  discontinuity  at  edge,  1^11 4 
rigid  surface  pressing  with  a  pom* 
of  synclastic  curvature  on  plane  ssus 
face  of  indefinite  elastic  solid,  1512—8 
Solid,  Elastic,  heavy  and  bounded  "by 
sloping  plane,  stresses  in,  1577 ,  strains 
in  application  to  geological  problem 
of  massive  slope  of  rock,  1583, 1589, 
ftn 

Solid,  Elastic,  of  any  shape,  pressed  by 
smooth  elastic  solid  of  any  shape  at 
point  of  synclastic  curvature,  1514, 
case  of  two  elastic  spheres,  1515 — 6 
Solid,  Elastic,  infinite,  subjected  to  body 
force,  1519 ,  general  solution,  1519  (a), 
1715  (6) ,  single  force  on  element, 
1519  (6) ,  body  force  on  spherical  ele 
ment  1715  (a) 

Solid,  Elastic  aeolotropic,  its  equations 
reduced  to  those  for  an  isotropic 
solid  if  the  ellipsoidal  conditions  hold 
and  the  cross  stretch  and  direct  slide 
coefficients  have  a  constant  ratio, 
1557 — 8,  vibrations  in  such  a  solid 
1559 

Solid,   Elastic,   isotropic   and   infinite, 
solution    for    vibrations   of    various 
types  m,  sources  in  oscillating  par 
tides  and  doublets,  1767—9,  equations 
ot  motion  for  case  of  incompressibility 
(= jelly)  and  their  solution,  1810 
Sohdi,    Mastic  of   special  forms     see 
under  name  of  form  i  e    Sphere  Cy 
hndei ,  etc 

Sound,  effect  of  on  magnetisation  811 
why  it  is  checked  by  pulveiulent  mass 
like  sand  or  sawdust,  1593  ftn 
Soutid  Velocity  oj,  68,  102  219    pioof  of 
value  for  bar,  202    in  liquid  and  solid 
bodies,  433    compai  ison  of  magnitudes 
m  an  indefinitely  gieat  and  in  a  limited 
elastic   solid,    43") — 6      in  lods   and 
pi  isms  according  to  Rankine  437 — 8 
m  iion,  785    its  value  detei mined  foi 
longitudinal  vibiations  of  metal  lods 
increases  with  length   of    lod    823 
numerical  values  for  metals,  824 
Sound  Vibnitiotib    in  rods  and  stimg, 
471—) ,  torsional,  808  ,  according  to 
Wertheim  in  tor^iona!   pitch  depends 
on  intensity   809    see  also  Vibiation*. 
^>pan  petwdu  pmtitioninti  1800 
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tensile  and  crushing 
increased  by  solidification 
nder  pressure,  1156 
#r«  of  gravitating  liquid,  period  of 
jee  ofaGilauons  16  >9  comparison 
1&,  period  of  ellipsoidal  deformation 
i  solid  globe  of  steel  of  size  of  earth, 
$59 

tere,  Sohd  Elastic,  or  spherical  cavity 
p.  infinite  elastic  solid  with  given 
nrfaee  shifts,  1659 

tere,  Solid  Elastic,  radial  vibrations  of, 
027,  surrounded  by  shell  of  different 
oateriftl  subjected  to  surface  pressure, 
1201  (d) 

here,  Sohd  Inelastic, with  non  slipping 
)SdlIations  of  rotation  and  translation 
a  an  infinite  elastic  medium,  1308— 
10,  reflecting  waves  in  an  infinite 
Clastic  medium,  1392—1410 ,  special 
solution  for  case  when  wave  length  is 
great  as  compared  with  radius  of 
sphere,  1407—9 

fares,  Solid  Elastic,  impact  of,  area  of 
contact,  duration,  etc  ,  1515—7  1684 
)herical  Coordinates  equations  of  elas 
ticity  in  terms  of  (i)  p  79  ftn 
ihencal  Harmonics,  Solid,  introduced 
independently  by  Clebsch  and  Sir  W 
Thomson,  1395,  1397,  1651 
yhencal  Shell,  conditions  for  expansion 
without  distortion,  the  distribution  of 
elastic  homogeneity  being  spherical, 
123,  as  a  form  of  piezometer   124 
general   problem   solved  by  Sir  "W 
Thomson  in  terms  of  solid  spherical 
harmonics,  IGol — 8, 1717  (i),  removal 
of  body  force,  1653,  solution  of  general 
equations,  1654,  given  surface  shifts 
1655    given    surface    sti  esses    1656, 
force  function  a  solid  harmonic,  1658 , 
under  internal  and  external  pressures 
considered  by  P   Neumann    1201  (c), 
Kirchhoff,  1281,  Clebsch,  Id27,  Love, 
Basset,  etc  on  general  problem   1296 
I  is     ladial  vibrations  of,  551  (b)    of 
glass,  strength  of  undei  exteinal  and 
under  inteinal  pressure,  857 — 9 
Ipram  defined,  466  ftn 
•>pnngs    built  up  of  Laminae,  Phillips' 
fundamental  memoir,  482 — 508 ,  roll 
mg  stock  springs  matux  lamina  485, 
curvature  strain  and  deflection,  485 — 
90,    action   between   laminae    492 
resilience,  493,  best  foim  for    494 
shape  of   laps,   495 ,    calculation  of 
dimensions       496 — 500 ,        reserve 
spiiug    502 — 4,    expeiimental   data, 
507    experiments  confirming  Phillips 
theoiy      596       graphic     tables    foi 


Phillips'  formulae,  921,  ftn  ,  Bitter's 
elementary  theory,  913,  Blacher  on, 
955 ,  general  formula  for  deflection  oi 
carnage  springs,  371  (11) 

Springs,  of  Hallway  Stock  and  Buffer*, 
resilience  of,  595 — 7,  deflection,  set 
and  strength  (buffing  and  bearing 
springs),  969  (a) ,  india-rubber  springs, 
969  (b) ,  '  grooved '  plate  spring,  969 
(c)  springs  formed  of  alternate  discs 
of  iron  and  vulcanised  caoutchouc, 
851,  deflection  and  set  of  various 
types  of  railway  springs,  969  (c) — (d) 

Springs,  of  single  flat  Lamina,  forms 
taken  by  when  variously  loaded,  1694 
and  ftn 

Springs,  Spiral,  of  watches,  674—9, 
then:  isochronism,  676 

Springs,  Helical,  Kirchhoff's  treatment, 
1268—9,  1283  (c) ,   Clebsch's,  1365 
Thomson  and  Tait's,   1693,    results 
of    Wantzel,    Giulio,    Saint- Venant, 
Hooke  Binet,  J  Thomson  and  Kirch 
hoff  referred  to,  153, 155,  1693 

Squeeze  Modulus    see  Stretch  Modulus 

Stability,  critenon  of,  applied  to  prove 
uniqueness  of  solution  of  elastic  equa 
tions,  1278 ,  of  small  lelative  motions 
of  paits  of  elastic  solid,  1328— dO, 
problems  in  stability  of  wires,  1697 

Stability,  of  loose  earth  see  Eat  th,  loose 
and  Pulverulence 

Standai  ds  of  Length,  elongation  of,  848 

Steel,  thermo  elastic  properties  of,  752, 
754,  756,  W  Thomsons  thermo 
elastic  theoiy  verified  by  Joule  for, 
696 ,  after  strain  and  temperature, 
756  effect  of  temperature  on  slide 
modulus,  690  on  stretch  modulus 
1753  (b)  not  rendeied  brittle  by  cold 
697  (c) ,  hardness  of,  (i)  p  592,  ftn  , 
cut  and  cleaned  by  sandblast  1538, 
ftn  may  be  cut  by  rotating  iron  disc 
836  (h)  ,  stretch  modulus  and  density 
of  (rolled,  cast,  \\rought)  (i)  p  531 , 
stretch  modulus  of  English  and  Rus 
sian,  742  (a),  743  stretch  modulus 
determined  by  transverse  vibrations, 
771  stress  applicable  without  pro 
ducmg  set,  597  ,  absolute  strength  and 
stiicture,  902  112%  1142,  strength  of 
German,  1122  French  experiments 
on,  897 ,  rupture  surfaces,  1148  effect 
of  hauiemng  m  oil  and  in  water, 
1145  fiacture  of  hardened,  1667 
effect  of  magnetisation  in  pioducmg 
strain  in  688  effect  of  longitudinal 
pull  on  magnetisation  YilUri  cutical 
field  1728—9  ,  effect  of  torsion  on 
magnetisation  ot  812 
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Steel,  Bessemer,  strength  of  exaggerated 
by  shape  of  test  piece,  1146 

Steel,  Cast,  stress  strain  diagrams  for, 
1084 ,  Luders'  curves  for,  1190 ,  tensile 
and  torsional  strengths,  stricture  of 
Krupp's,  1113,  strength  and  elasticity 
when  prepared  by  TJchatms  process, 
1114 ,  crushing  strength  of,  1039  (e) 
axles  of,  resistance  to  impact,  995, 
1000,  processes  of  manufacture,  891 
(e) ,  plates  of,  strength  of  parallel  and 
perpendicular  to  direction  of  rolling, 
1130,  elastic  limit  and  structure  of, 
1130 ,  annealing  only  slightly  reduces 
strength,  1130,  effect  of  tempering, 
annealing,  etc  ,  on  absolute  strength 
rupture  stretch  stretch  modulus, 
elastic  limit,  resilience,  1134  see  also 
Steel,  Plates 

Steel,  Columns,  experiments  and  formulae 
for  strength  of,  978 

Steel,  Plates,  absolute  strength  and 
stricture  greater  in  direction  of  rolling, 
if  puddled,  converse  if  cast,  1142,  if 
rivetted  and  hardened  in  oil,  as  strong 
as  unrivetted  plates,  1145  Luders' 
curves  in  steel  plates  of  dredger 
buckets,  1190,  ftn  and  (i)  frontispiece 

Steel,  Puddled,  for  links  of  cables  abso 
lute  strength  of,  1132 

Steel  Wire,  thermo  electric  properties 
under  strain  and  working,  1646, 
stretch  modulus  and  density  of,  (i)  p 
531 ,  effect  of  tort  on  moduli  1755 , 
Kirchhoff  s  determination  of  stretch 
squeeze  ratio  1271 — 3  ,  absolute 
strength  oi  (i)  p  753  ftn  ,  pianoforte, 
absolute  strength  of  1124 

bfrjan,  T  general  equations  of  a  vi 
bratmg  clastic  medium  (1857),  *>94 
on  traiibveise  vibrations  of  lods  (1859) 
bib 

bKplunwn  A  on  ncutial  axis,  1016 
expc  rum  ntH  on  cast  non  101H 

Mi//mss  defined  4(>(>  (v)  how  it  affects 
note  of  musical  string  472—3,  1-574, 
1432  how  it  affects  note  of  mem 
biane  11  J<) 

htiihntj  J  1)  M  on  UanHVoisc  arid 
toiiHilc  stu  n^th  <>l  cast  und  wiought 
lion  (lHr>J)  1105 

Mo/fs  S/>  (r  d  discussion  oi  his 
views  is  to  elastic  constants  by  Saint 
Venant  1(H  fust  calls  attention  to 
diiliculticH  of  uni  constancy  1770  on 
his  doctrine  oi  continuity  1(M>  his 
icKults  for  budges  subjected  to  i  oiling 
load  172  J78— ()  (oinpanson  of  his 
Holution  of  Willis  1  robloni  with  lions 
Hiiusq  H,  I>r>*  IIIB  cxpcimunts  on 


Iceland  spar  cited  against  Bankme's 
hypothesis  of  aeolotropy  of  de^eaty 
in  ether,  1781 ,  his  sotafeum  of  ^na- 
tions for  vibrations  of  infinite  eiasfee 
medium  reached,  1526 ,  extension  of 
his  results  for  diffraction,  efee»»  to 
aeolotropio  medium  of  simtie  ted, 
1560  ^^ 

Stoletow,  on  coefficient  of  induced  mag 
netisation  for  soft  iron,  1314 

Stone,  stress  formulae  and  elastic  con 
stants  for,  314,  rupture  of,  821  {&}, 
1° ,  empirical  law  for  crushing  steeaagih 
of,  1175 ,  strength  in  frozen  condition, 
1176,  defect  of  Hooke's  law  in,  1177, 
important  influence  of  manner  in 
which  faces  of  cube  of  stone  ase 
bedded  during  test,  1175  1180, 
strength  of,  880  (6),  1133, 1153, 1176, 

1179 ,  strength  and  deflection,  1174 , 
crushing  strengths  and  rapture  BUT 
faces  of  granite,  limestone  and  sand 
stone,  1182 ,  strength  and  density  of 
sandstone,  marble  and  granite  1178, 

1180 ,  cracking  and  crushing  loads  of 
German  stones,  1181,   crushing  and 
transverse  strength  of  colonial  stones, 
1183 ,    ciushing    strength    of    Irish 
Basalt,  909,  of  American  stones  1175, 
of  colonial  stones,  1183    of  Italian 
stones,  1184 ,  r6sum£  of  English  and 
French  experiments,  1175 

Stoney,  B  B ,  on  strength  of  long 
pillars  (1864),  977  on  lattice  girders 
(1862)  1029—30 

Storer,  H  R ,  on  bursting  of  gutta 
percha  tubes  (1856),  1160 

Sti  am  pure,  definition  of,  1677 ,  appro 
priated  by  Bankme  to  relative  dis 
placement  (1850)  419  homogeneous 
Thomson  and  Tait  on  1672—80 
Kirchhoff 's  tieatment,  1276  resolu 
tion  of  homogeneous  strain  into 
stretch,  slide  and  dilatation,  1675, 
combinations  of  pure  strains,  1678 , 
general  analysis  ot  Saint  Venant,  4, 
Boussmesq,  by  simple  geometry  1456 
— 9  m  terms  of  pnncipal  stretches, 
1575  ,  components  of,  might  be  taken 
as  the  sti  etches  in  the  six  edges  of  a 
tetrahedron  1640  Sir  W  Thomson's 
general  analysis  of  stress  and  sti  am, 
types  of  lefeience  orthogonal  systems 
1756—8  principal  strain  types  1760 
— 1  generalised  expressions  foi  com 
ponents  of,  when  shifts  01  strains 
are  large,  4  (5)  1248-50,  1445, 1661 , 
permanent,  effect  on  bodies  primitively 
isotropic  deduction  of  ellipsoidal 
distribution  «»  multi  constant  lines 
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280 — 1,  initial  state  of,  in  general 
equations,  237  error  of  Saint 
Venant's  method  of  dealing  -with  on 
TOlh  constant  lines,  238— 9,  1469 

apparatus  for  recording  automati 
cally,    998—9,    1032,    directions    of 
maxima  and  minima  rendered  visible 
by  applying  acid  to  a  planed  section, 
1143  ftn  ,  1190,  graphically  analysed 
by  aid  of  Luders*  curves,  1190  and  ftn 
in  spherical  condenser,  1318,  in 
Jjsotropic  iron  sphere  due  to  magnetic 
force,  1319—21,  effect  of  strain  on 
thermo-electric  properties  of  metals, 
1642 — 6,  thermal  effect  produced  by 
sudden  strain,  689—96  1638,  1750—2 
Strain,  Combined,  slide,  flexure  and  tor 
sion,  50,  of  prism  of  elliptic  cross 
section,  52 ,  case  of  two  equal  stretches, 
two  slides  equal  and  third  zero,  53, 
case  of  two  slides  vanishing  at  fail 
point,  elasticity  asymmetrical,  general 
solution  for  prism  under  flexure,  trac 
tion  and  torsion  54 ,  case  of  non  dis 
torted  section  subjected  to  slide  and 
torsion,  55 ,  case  of  cantilever,  56  Case 
(iv) ,  influence  of  length  of  short  rect 
angular  prisms  on  resistance  to  flexure 
and  slide  56,  Case  (i)  pnsm  of  circular 
cross  section  subjected  to  flexure,  tor 
sion  and  traction,  56,  Case  (in),  of  ellip 
tic  cross  section,  1283     flexure  and 
torsion  in  shaft,  56,  Case  (v) ,  torsion 
and  flexure  for  prism  of  rectangular 
cross  section,   57,   Case  (vi)     special 
cases  of   skew  loading,    58,  flexure 
and  torsion  of  pnsm  of  elliptic  cross 
section,   59,    numerical  examples  of 
combined  strain,  60    flexure,  traction 
and  slide,  180,   torsion  and  flexure, 
183 ,  traction  and  flexure,  1289 ,  trac 
tion  and  shearing  in  case  of  axles, 
1000 

Strain  Ellipsoids,  159, 1194  1673  1677 
inverse  strain  ellipsoid,  1676    Sir  W 
Thomson's  strain  ellipsoid  1756 
Strain  Fneigy  first  legitimate  proof  that 
it  depends  only  on  strain  and  not  on 
manner  in  which  strain  ic  reached, 
1641     function  only  of  initial  and 
final  configurations  if  equilibrium  of 
temperature    maintained     1463      as 
quadiatic  function   ot  stiam  compo 
nents    1254    1277-8,    1709   (c),    in 
terms  of  orthogonal  strain  components 
1759     in  terms  of  principal  strain 
types  1760 — 1 ,  m  terms  of  puncipal 
stretches  1235 ,  m  terms  of  stresses, 
when    elasticity  is    ellipsoidal,    163 
expressed  symbolically   134    deduced 


from  ran  constancy  by  Lagrange's 
process,  229,  667,  when  products  of 
shift  fluxions  are  not  negligible,  or 
shifts  are  large,  1250,  1444—6,  when 
thermal  terms  are  included,  1200,  is 
of  two  kinds,  elastic  and  ductile,  the 
sum  expressing  total  resilience  of  body, 
1085, 1088 ,  ductile  strain  energy  erro 
neously  calculated  by  Mallet,  1128 

of  rod,  1261,  1266,  1268,  1283  (6), 
of  plate,  1237, 129b,  1699, 1703 ,  of  wire 
(or  thin  rod),  1690,  1692,  for  infinite 
elastic  medium,  with  zero  shifts  at 
infinity,  1787,  when  incompressible, 
1812 — 3,  ftn  ,  when  subjected  to  uni 
form  initial  slide  and  incompressible, 
1789—97 ,  for  jelly  and  for  ideal  ether, 
1812 

StrehlJce,   his   experimental   values    of 
nodal  circles  of  circular  plates  tested 
by  Kirchhoff's  theory,  1242—3,   his 
views  on  nodal  lines  of  square  plates 
criticised  by  Muttnch,  C  et  A  p  4 
Strength,  ultimate  (= absolute),  466  (i), 
Proof,  466  (11) ,  limit  to,  a  stretch  rather 
than  a  stress,  5  (c),  321  (a),  321  (d), 
1327,  1348  (#)—(/&),  1386  (6),  1720    in 
hard  solids,  1667 ,  in  plastic  solids  a 
shear  (?  a  slide),  236,  247, 1586  1667, 
tensile,  how  related  to  density,  891  (a) 
1039  (a),  1086,  increased  by  repeated 
stress,  1754,    increased  by  straining 
up  to  rupture    1125,    measured  by 
resilience,  1128 ,  ought  to  be  measured 
for  iron  and  steel  by  breaking  stress 
per  unit  area  of  section  of  stricture, 
1150     tensile   and  compiessive    in 
creased  by  solidification  under  pres 
sure,  1156,  crushing,  of  stone  increased 
by  lateral  suppoit,  1153, 1180,  tensile, 
of  wrought  iron  cables,  879  (e) ,  tensile 
and  crushing  of  glass  m  various  con 
ditious  and  forms    854—6   859—60, 
ratio  of  tensile  to  shewing  for  iron 
879  (d),  903,  966,  for  steel,  1145  (n), 
transverse  or  flexural   920,  of  beams 
under  flexure  produced  by  skew  load 
ing,  65    graphical  tables  in  case  of 
beams    921    and    ftn       strength    of 
materials  used  in  construction  views 
and  theories  of  Ortmann,  With,  Gras 
hof   and    Bomaen,    922—5    (see    on 
transverse   strength,  Beams    paiadox 
m  theory  of  Iron  Cttbt  lion  Wrought, 
etc  )     tors  10  iial  with  empirical  stress 
strain  i  elation  prisms  of  circular  and 
rectangular  cross  section    184  (b)  and 
(c) ,  mutual  relations  ot  tensile  tians 
verse,  torsional  and  crushing  strengths 
in  cast  iron,  1043   theory  ot,  1051—2 


application  of  SamWenantfs  theory 
to  Woolwich  experiments,  1053  see 
also  Rupture 

Stress,  appropriated  by  Ranking  to  fly 
namic  aspect  of  elasticity,  465  (a), 
r  o  <  i  adopted  in  this  sense  in 
I-  >  >  MI  U  n  ,  how  defined  by  gir 
^  I  1756,  defined  by  Saint 

Venant,  4  (e),  by  F  Neumann,  1193 , 
definition  of  importance  of  molecular 
definition,  225,  general  analysis  of, 
4, 1194,  by  simple  geometry,  1456 — 
8,  in  terms  of  principal  tractions, 
1575,  in  any  direction  in  terms  of 
stress  in  three  non  rectilinear  direc 
tions,  4  (e) ,  symbolical  representation 
of,  132  generalised  components  of, 
1245,  1445 — 6,  value  of,  on  ran 
constant  hypothesis,  when  squares  of 
shift  fluxions  are  not  neglected,  234, 
may  depend  on  speed  as  well  as  mag 
mtude  of  strain,  1709 
Stress,  Accumulation  of,  due  to  vibra 
tions,  970  and  ftn ,  992  and  ftn , 
1001,  1143 
Stress  Centres,  used  by  Bankine,  465  (5), 

by  Bresse,  515 

Stress  Ellipsoids,  513 ,  discussed  by  F 
Neumann,  1194,  by  Clebsch,  1326, 
by  Sir  W  Thomson,  1756  Stress 
director  Quadnc,  in  tangential  coordi 
nates,  1326 

Sti  ess  Equations,  obtained  when  there 
is  a  force  function,  for  elastic,  plastic 
and  pulverulent  masses,  1605  (6), 
solved  in  case  of  limiting  equilibrium, 
1605  (c) 

Stress,  Initial,  general  elastic  equations 
for,  129—131 ,  introduced  into  general 
elastic  equations  to  second  order,  549 , 
can  only  be  found  on  ran  constant 
hypothesis,  130—131,  effect  of,  in 
ether  on  propagation  of  light,  145 — 
6  made  use  of  by  F  Neumann  to  ex 
plain  double  refraction  1216—7,  made 
use  of  by  Boussmesq  tor  ether  1467 
—74  use  criticised  by  Sir  W  Thorn 
«on  1779  but  aftei wards  used  by 
him  to  explain  double  lefraction,  1789 
— 97  consideiable  strain  produced  by, 
effect  011  elastic  foimulae  190  Saint 
Vtnant  s  erroneous  determination  of 
equations  for,  1()8  (d)  mtioduced  into 
equations  of  elasticity  232  effect  on 
elastic  constants,  240  on  stretch 
modulus  241  m  laige  castings  due 
to  differential  cooling,  1058 
Stress  I  met.  oj  Principal,  in  beams, 
468,  1190 

Sttaiti  Relation*    4  (f)     see  also 


Hooke' 8  Law,  generalized,  practwally 
assumed  to  be  linear  by  Cauchy  and 
Maxwell,  227,  by  Kirchhoff,  1355,  by 
CUebsch,  1326,  why  linear,  192  (a) 
Monn's  experiments  on  ite  linearity, 
198  (a) ,  how  deduced  (Green,  Gk&eeh, 
W  Thomson,  Stoles),  299,  appeal  to 
Taylor's  or  Madannn  &  T3*eo=rem  aaad 
to  law  of  intermoleciilar  action,  300, 
1635,  Saint  \  enant  conmdcrb  it  from 
Green's  stand-point,  $01 ,  has  omitted 
terms,  302—3,  Saint- Venaat  resets 
modifying  action,  803 — 4?  for  wood, 
stone  and  metals  with  empirical  lor 
mulae  for  the  elastic  constants,  314, 
non  linear  for  cast-iron,  729,  $35,  11C^, 
1118,  1177,  for  wood,  1159,  for  stone, 
1177,  for  combined  tensile  and  tor- 
sional  strain  in  steel  pianoforte  wire, 
1742  (a),  for  elastic  fore-strain  in 
caoutchouc,  1161,  for  elastic  fore- 
strain  in  organic  tissues,  828 — 35, 
application  of  Saint  Venant's  non 
linear  relations  to  flexure  and  torsion 
of  cast  iron,  1053 

expressed  by  curves,  for  iron,  879 
(a),  for  bronze,  cast  iron  and  cast 
steel,  1084,  form  of  relations  for  elas 
tic,  fluid  and  pulverulent  masses,  1574 , 
for  various  types  of  elastic  symmetry, 
117,  314,  420,  for  crystals  see  Crys 
tals 

Stress  Systems,  Ranfcine's  classification, 
anti  barytic  and  abarytic,  458,  homa 
lotatic  459,  homaloeamptic,  homa 
lostrephic,  and  euthygrammic,  461 
and  ftn 

Stress,  Umplanai ,  general  formulae  for, 
453    465  (&)— (c),  1563,  1578,    com 
bination  of  stresses  in  one  plane,  465 
(c) ,  Kopytowski  on,  556 
Stress  Woi  king,  denned  466  (x) 
Stretch  its  value  (sr)  in  any  direction,  4 
(5),  5  (6),  1575,  stretch  and  slide  m 
any  direction  given  by  Lam 6,  226 ,  for 
large  shitts,  228  1445 
Stretch  Limit  of  Safety,  66  320— 1    see 
tail  Point  Failure  and  Safety,  Limit 
of 

Stretch  Modulus     see  Modulus 
Stretch  Modulus  Quartic  151,  1206 
^tictch  Squeeze      Ratio      (=  PoiSbon's 
Ratio  77),  value  of,  169  (d) ,  for  wood, 
169  (d)  ,  Clebsch,  and  at   one  time 
Saint  Venant,  held  it  must  be  <  £ 
308  (I)    determinate  fiom  distortion 
of    cioss  section    m    flexuie    expen 
ments,  736  and  ftn  ,  detei mined  by 
Werthemi  by  stretching  hollow  prisms, 
802 ,  Wertheim  on  hi&  value  for  it, 
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819,    erroneous    treatment    of    by 
W&te,  109S,  1    Neumann  on  its 
value  and  on  methods  of  ascertaining 
it  1201  (a)    (6)  and  (e),  he  found  it 
variable  for  wires,  736 ,  its  value  for 
apegular   crystals,    1208     r$8wn$    of 
experiments  to  find  this  ratio,  1201 
(e),  16$6,  EjrehhorTs  determination 
for  steel  and  brass,  1271 — 3 ,  its  value 
may  vary  between  wide  limits  and  yet 
give  nearly  identical  results  for  notes 
and  nodal  circles  of  circular  plates, 
1242 — 3 ,  its  value  for  set  at  section 
of  stricture  in  ease  of  east  steel,  1151 
see  also  Constants,  Elastic 
$tTtefccr«,    of    east-steel,    1113,    1134, 
1151 ,  of  wrought  iron  and  steel,  1137, 
— 50 1  may  occur  at  one,  two  or  three 
sections,  1144 ,  effect  of  working  and 
hardening,  etc  ,  on,  1145 ,  influence 
on  plastic  experiments,  1569,  when 
repeated,  occurs  at  different  sections 
and  higher  loads,  1754 
Strings,  obscure  treatment  by  Mainardi, 
580 ,  inextensible  and  flexible,  heavy, 
1322,  under  centrifugal  force,  solution 
in  elliptic  functions,  1322,  on  a  given 
surface,  1322,  elastic  and  perfectly 
flexible    1323,  flexible  and  mexten 
sible  (Thomson  and  Tait),  1686,  m 
bratwns  of,  551  (a),  when  stretched 
and  of  vanable  density,  617,  point  of, 
subjected  to  transverse  motion,  681 , 
F  Neumann's  deduction  of  equations 
for,  1222  (a)— (b)     wave  motion  in, 
reflection  and  refraction  of  wave  at 
join  of  two  diverse  pieces,  1222  (c) , 
transverse  vibrations  when    slightly 
stretched,  1291  (c)    1374 ,  when  very 
tightly  stretched    1291  (d)     musical 
note    of,   how  affected   by  stiffness, 
472—3,  1374,  1432 

Struts,  Eankme  on  Gordon's  formula, 
469 ,  Scheffler  s  theory  of,  based  on 
eccentric  loading,  649  modified  form 
of  this  theory  leading  to  the  Gordon 
Rankine  formula  650  obscure  treat 
ment  by  Schwarz,  889  956,  by 
Bitter  914 ,  thrust  taken  into  account 
m  lod  problem,  1288,  Clebsch's  treat 
ment,  1366—7,  1386  (e)  buckling  or 
not,  under  longitudinal  impact,  407 
(2)  1552  cast  iron  do  not  obey  Eu 
lenan  theory,  1117  (v)  see  also 
Columns 

Sturm,  his  theory  of  piezometer  referred 
to  by  F  Neumann  1201  (c) 

Summary,  of  Saint  Venant's  work  416 
of  the  decade  1850—60  1191 ,  of  the 
older   German  Elasticians    141C     of 


Boussmesq's  work,  1626 ,  of  Sir  "W 

Thomson's,  1818 
Suspension  Bridges     see  Bridges,  Sus 

pension 

Syemte,  hardness  of,  840 
Sytvestnan  Umbrae,  used  to  express  stress 

symbolically,  132,  443 
Symbolic  Expressions  for  stresses,  strain 

energy,  elastic  constants  and  equa 

tions,  132—4,  443—8 
Symmetry,  Elastw,  types  of,  orthotatic 

and  cybotatic    447,    rhombic,  450, 

hexagonal,  450,   orthorhombic,  450, 

orthogonal,  450,  cyboid,  450,  1775, 

non  axial,   450 ,   isotropic,  450     see 

also  Crystal,  Aeolotropy 
Szabo,  J,  influence  of  stress  on  the 

molecular  condition  of  bodies  (1851), 

861 

Tacke,  on  strength  of  earthenware  pipes, 
1171 

Tait,  G  P  ,  Treatise  on  Natural  Philo 
sophy  see  Thomson  and  Tait  ex 
penmental  results  on  compressibility 
of  water,  mercury  and  glass,  1817 

Talc,  hardness  of,  839 

Tanakadate",  effect  of  twist  on  magnet 
ised  and  loaded  iron  wire  (1889),  1735 

Tangential  Cooi  dmates,  used  for  stress 
surfaces,  1326 

Tasinomic,  Coefficients,  table  of  445, 
conditions  for  mcompressibihty  in 
terms  of,  1779,  Surface  or  Quartic, 
expressed  symbolically  by  Eankme, 
446,  166,  first  given  by  Haughton 
136 ,  oases  of,  138 ,  reduces  to  ellipsoid 
if  there  be  ellipsoidal  elasticity,  139, 
discussion  of,  198  (e) ,  Sulk  modulus. 
1776 

Tate  J ,  on  collapse  of  globes  and 
cylinders  and  on  strength  of  glass 
(1859)  853—60  assists  Fairbairn  m 
experiments  on  collapse  of  tubes  984 

Tearing,  defined  46b  (a) 

Technical  Elasticity,  Saint  Venant  s  re 
searches  in  (i)p  105  ett>eq  ,Glebschs 
work  in  relation  to,  1325,  1390 

Technical  Researches  of  decade  1850— 
60  873—1190 

Teinometer,  Chi  omatw,  principle  of,  used 
by  Wertheim  794,  (Dynamometre 
Chromatique]  797  (e) 

Tellkampf,  his  treatise  on  suspension 

bridges  (1856),  883 
Temperatm e  and  Z  latticity   see  1  hermal 

Effect  and  Heat 
lempenng,    effect    on    elasticity    and 

strength  of  cast  steel   1134 
Tenbrmcl  on  steel,  807 ,  on  non  bar,  902 
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Itor,heavy  and  of  equal  strength, 
(a) 

Terquem,  A  ,  on  longitudinal  vibrations 
of  rods  (1858-9),  825  (a)— (c),  on  the 
coexistence  of  torsional  and  transverse 
vibrations  in  rectangular  rods,  825  (/) 

Temer,  his  account  of  abacs,  921,  ftn 

Testing*  shape  of  specimen  (grooving, 
etc)  may  exaggerate  strength,  1146, 
Machmes,  1046,  1086,  1139,  1151, 
1152,  1153,  1154, 1158, 1180 

Tests,  for  metals  give  very  different  re 
suits  for  different  kinds  of  same  metal, 
1044  (i),  1752 

Text  fcoofca,  on  technical  elasticity  and 
strength  of  materials,  873—917 

Thermal  Axes,  do  not  coincide  with  elastic 
and  other  physical  axes,  1218—9  and 
ftns 

Thermal  Effect,  produced  by  stretching 
metal  (iron  wire,  cast  iron,  copper, 
lead),  689,  difference  between  cases  of 
gutta  percha  and  vulcanised  mdia 
rubber,  689,  by  compressing  metals 
and  vulcanised  india  rubber,  690,  by 
torsion  of  steel  and  copper  wires,  690 
influence  of  change  of  temperature  on 
length  of  silk  and  spider  threads  under 
tension,  697  (fc),  on  torsipn  of  silk 
threads  (i)p  514,  ftn  ,  on  torted  wires, 
714  (17)— (19),  on  strained  bodies, 
spiral  spnngs,  twisted  wires,  mdia 
rubber,  etc  ,  1638  on  elasticity  gene 
rally,  748 — 57  of  a  permanent  nature, 
737  755—6,  771,  of  a  transitory 
nature  737  752-4,  770  on  dilata 
tion  modulus  1638  and  ftn  ,  on  slide 
modulus  723  (a)  740,  numerical 
values  for  copper  steel  and  brass, 
754  for  iron  copper,  brass  1753  (6), 
on  stretch  modulus,  723  (a),  740, 
numerical  values  for  glass  and  metals, 
752  756  770  for  steel  1753  (&),  com 
panson  of  Kupffer  s  and  Kohlrausch's 
formulae,  752 — 4  influence  of  work 
in*,  770 

on  after  strain  740,  tables  for 
metals  756—7 ,  produced  by  damping 
vibrating  rods  at  points  other  than 
nodes  827  on  tensile  strength  of 
wrought  iron  plates  and  rivet  iron 
1115—0  1126— 7  ot  a  red  heat  on 
chains  and  wire  ropes  1136  fiom 
heating  and  slowly  cooling  is  to  weaken 
iron  and  steel  1145  (111)  of  repeated 
heating  on  cast  iron  is  to  produce  set 
1186  on  Villari  critical  field  for  soft 
non  wire,  1731 

manner  in  which  temperature  at 
fects  elastic  constants  274  Saint 


Tenant  considers  aH  thermal  effect 
would  disappear  if  on  the  r 


terms  in  shift-fluxions, 
terms  introduced  into  s 
1200,  1463,  1638,  tfa^maj 
optic  axes  of  crystals,  m 
ftns,  on  stram  in  orystek, 
1211,  F  Neumann's  theory  of  a&era- 
tion  of  crystalline  axes  with,  tempera- 
ture, 1216,  1220  see  also  T&ermo- 
elasticity 

Thermal  Expansion,  Coefficient  of,  for 
brass,  730,  for  iron,  1111,  supposed 
relation  to  stretch  modulus  717 — 9 

Thermo  dynamics,  Second  Law  of,  gene- 
ral theory  of  elasticity  deduced  from, 
1631 

Thermo  elasticity,  general  equations, 
deduced  by  I?  Neumann,  1196  for 
crystalline  bodies  1197  fundamental 
formulae,  1633  1638,  formulae  con 
necting  sudden  application  of  stress 
with  increase  of  temperature,  1750 
see  also  Thermal  Effect 

Thermo  electric  Effects,  of  stram,  1642— 
7 ,  of  stretching  part  of  iron  copper 
and  other  wires  and  heating  junction 
of  stretched  and  unstretched  parts, 
1642 — 3  changes  produced  in  thermo 
electric  scale  by  elastic  and  set  strains, 
1645  effect  of  working  (hammering 
annealing,  etc )  and  of  tort  1646 

Thermometer,  how  affected  by  change  of 
piessure  from  vertical  to  horizontal 
position  1201  (c) 

Thlipsmomic  Coefficients,  Bantine  de 
fines  and  uses  425  448  determined 
for  brass  and  crystal  glass,  425  table 
of  448  used  by  Saint  Venant,  307, 
311  dilatation  m  terms  of  1779, 
conditions  for  mcompressibihty  in 
terms  of  1779 

Thomson,  J  his  theorem  as  to  helical 
springs  cited  1269  1693 

Thomson  J  J  cited  as  to  magnetisation 
under  sti  ess  818  1737  onKirchhoff's 
theory  of  stiam  due  to  magnetisation, 
1321 

Ihomson  and  Tait  analysis  of  their 
Treatise  on  Natui  al  Philosophy  (1867) 
1668—1726  t\ust  and  cuivature, 
1669—71  treatment  of  sti  am  1672— 
81  on  impact  1682—4  oncatenanes, 
wires  and  lods,  1685 — 97  on  plates 
1598 — 1708  on  the  general  equations 
of  elasticity  and  on  elastic  constants 
1709  1718  on  Saint  Venant  s  Problem 
and  on  stress  at  angles  1710 — 2  on 
boundary  conditions  for  plate  1714 
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on  general  solution  by  potentials,  etc  , 
of  elastic  equations,  1715—6,  on 
elastic  spheres,  1717,  on  the  rigidity 
ej£  like  earth  and  solid  earth  tides, 
1719—26 

(hted  on  longitudinal  impact  of 
]>ai!0,  205  (1683),  apply  conjugate 
functions  to  torsion  of  pnsm  whose 
base  is  sector  of  circle,  285,  287 
(1710),  on  kinematics  of  strain,  294 
P672--81),  on  antiolastie  curvature, 
325  (1671),  on  thin  plate  prohlem, 
3§8,  their  solution  for  infinite  plate 
with  straight  contour,  1522 — 3  ,  on 
contour  conditions  for  thin  plate,  394, 
1440—1, 1522—  4tt704),  on  elasteeo 
kinetic  analogue,  1267, 1270 
Thomson,  Sir  W  (Lord  Kelvin),  on 
mechanical  representation  of  electric, 
magnetic  and  galvanic  forces  (1847 
and  1890),  1627-30,  1808—13  on 
integration  of  elastic  equations  (1847), 
1627, 1629—30,  on  the  thermo  elastic, 
thermo  magnetic  and  pyro  electric 
properties  of  matter  (1857—1878), 
1631—41,  on  thermo-electricity  in 
metals  in  a  state  of  strain  (1856), 
1642 — 3,  on  effects  of  mechanical 
strain  and  of  magnetisation  on  thermo 
electric  qualities  of  metals  (1856 — 7, 
1875),  1644—7,  elements  of  a  mathe 
matical  theory  of  elasticity  (1856), 

1648,  1756—64,  on  the  stratification 
of  vesicular  ice  by  pressure  (1859), 

1649,  note  on  gravity  and  cohesion 
(1862),   1650,    on  elastic  spheroidal 
shells  (1864),  1651—62    on  the  rigid 
ity  of  the  Earth  (1863),  1663—5,  on 
the  elasticity  and  viscosity  of  metals 
(1865)  1666,  1741    Treatise  on  Natu 
ral    Philosophy    (with    Tait,    1867), 
1668—1726,  on  electro  torsion  (1874), 
1727,  effects  of  stress  on  magnetisa 
turn  (1875—7),   1728—9,    effects    of 
stress  on  inductive  magnetisation  in 
soft  iron  (1875),  1730   effects  of  stress 
on  magnetisation  of  iron  nickel  and 
cobalt  (1878),  1731—6,  on  the  direc 
tion  of  induced  longitudinal  current 
in  iron    and    nickel  wires   by  twist 
when  under  longitudinal  magnetising 
force    (1890),    1737,    on    rigidity    of 
Earth  (1872),  1738    on  internal  fluid 
ityof  Eaith  (1872)   1738    on  internal 
condition  of  Eaith  (1882)    1739,  on 
aeolotropy  of  electrical  resistance  pro 
duced    by  aeolotropic    stress  (1878), 
1740    Elasticity  (article  m  'Encyclo 
paedia  Bntanmca  '  1878),   1741—64 
1817 ,  Lectuies  on  molecular  dynamics 


and  the  wave  theory  of  light  (1884), 
1765—83 ,  on  elasticity  as  a  mode  of 
motion  (1882),  1784  on  g$rros*ats  and 
gyrostatic  media  (1883— 4%  1785—6, 
on  the  reflection  and  refraction  of  light 
(1888),  1787—8,  on  initial  stress  to 
explain  FresneTs  kinematics  of  double 
refraction  (1887),  1789—97  on  mole- 
cular constitution  of  matter  {1890), 
1798-^-1805 ,  on  a  mechanism  for  con 
stitution  of  the  ether  (1890),  1806—7 
viscous  fluid,  elastic  soM  an4  ether 
(1890),  1808—15,  onet&er,  eteetaaty 
and  ponderable  matter  (1890),  1816, 
summary  of  researches,  1818 

OiUd  refers  to  experiments  on 
copper,  etc  ,  which  Saint  Venant  finds 
discordant,  282  (4)  discussion  of  his 
views  as  to  elastic  constants  by  Saint 
Venant,  193, 196,  makes  strain  energy 
a  function  only  of  strain,  (i)  p  202  ftn 
(see,  however,  1709),  criticises  Ban 
kine,  423,  426, 1781  (a) ,  on  elasticity 
of  solid  Earth,  567,  570,  on  general 
equation  of  elasticity  of  any  strain, 
671 ,  his  thermo  elastic  theory  con 
firmed  by  Joule,  689—93,  696,  on 
static  and  kinetic  moduli,  728,  his 
views  on  elastic  constants  for  large 
strain  cited,  1247,  his  geneialised 
equations  of  elasticity  involved  in 
those  of  Kirchhoff,  1250 ,  that  strain 
energy  is  a  function  of  six  strains  by 
reason  of  mechanical  theory  of  heat, 
is  due  to,  1254 ,  his  contractile  ether, 
1393,  ftn  on  elastic  theory  of  light, 
1484,  ftn  ,  first  'potential'  solution 
due  to  1628,  anticipates  Boussmesq 
in  a  certain  potential  solution,  1519 
(5)  introduces  with  Clebsch  'solid 
spherical  harmonics  1651 

Thrust,  of  arches,  Ardant's  values  for, 
G  et  A  pp  6  and  10  (d),  Bresse  s 
values,  525 — 7  see  Archet>,  Wall, 
Pulverulence 

Tides,  in  solid  earth  force  function  as 
solid  harmonic  1658 ,  m  polar  coor 
dmates,  1721,  elhpticity  of  spheroid 
produced  in  earth  by  tidal  action, 
1723  (m)  its  discussion,  1724  effect 
of  elastic  yielding  of  earth  on  water 
tides  1725  failure  of  attempt  to 
evaluate  effective  rigidity  fiom  ob 
servation  of  fortnightly  and  monthly 
water  tides,  1725— (> 

Tin  stretch  modulus  of  743  and  density 
(i)  p  531  ratio  oi  kinetic  and  static 
stretch  moduli,  1751 ,  tensile  strength, 
ductility  (i)  p  707,  ftn  increase  of 
tensile  stiength  aud  density  if  solidified 


Sil 


underpressure,  1X56,  hardness  of,  (i) 
p  592,  ftn  ,  836  (6),  846,  (i)  p  707, 
ffco  ,  molecular  state  of,  influenced 
by  vibrations,  862,  thermo-electric 
properties  under  strain,  1645 — 6, 
Luders'  curves  for  bars  of  pure  tin, 
1190 
Tanning,  effect  on  strength  of  iron  plates, 

1145(m) 

Tires    see  Wheels 
Tissot,  on  distortion  of  spherical  surface 

m  elastic  solid  into  ellipsoid,  294 
Tissues,  Organic,  their  elastic  fore   and 

after  strain,  828—35 
Tomlinson,  H ,  on  Villari  critical  field 
for  temporary  magnetisation  of  nickel 
(1890),  1736 

Topaz,  hardness  of,  840,  836  (d) 
Torsion,  history  of  problem,  315,  800, 
publication  of   Saint  Venant's   chief 
memoir  on,  1 ,  report  on  memoir  on, 
1,  general  equation  of,  4  (K),  17,  de 
fimtion  of,  16,  in  case  of  large  shifts 
and  small  strains,  17,  22 ,  of  prism  of 
elliptic  cross  section,  18,  1283 ,  com 
parison  with  Coulomb's  theory,  19, 
criticised   by  Glebsch,    1349,    after 
wards  used  by  him,  1389,  variation 
of  angle  across  prism's  cross  section 
requires  lateral  load    20,   fail  points 
for,   23,    solutions  of  equations  of, 
24  36   of  prisms  of  rectangular  cross 
section,  25,  29    cross  section  remains 
perpendicular  to  sides  of  prism  under, 
25 ,  case  of  plate,  29 ,  of  square  cross 
section,  30 ,  of  any  rectangle,  general 
results  and  empirical  formulae,  34, 
discussion  of  Duleau's  and  Savart's 
experiments,  31 ,  of  prisms  with  cross 
section  in  form  of  star,  square  with 
acute    angles    square  with   rounded 
angles,  37,  and  fail  points  for  these 
sections,  89    uselessnebs  of  projecting 
angles  in  icsistance  to,  37    example 
of  erioneous  icsults  obtained  from  old 
theoiy  ol,  iB,  of  prisms  of  triangular 
cross  section  40 — 42  67,  of  prism  of 
any  cioss  s<  ction  43    when  there  aie 
unequal  slide  moduli  in  cross  section 
44     general  equations  of  in  this  case, 
4r>     solution  tor  elliptic  cioss  section, 
4(>  1284    tor  lectan^ular  cross  section 
47     othci  cross  sections  48    table  of 
values  of  slide  foi   points  of  cioss 
set  tion  of  pi  ism  with  unequal  slide 
moduli  under    (i)  p    39     ot  hollow 
pusmb      4<)     (a) — (/>)      cross  section 
bounded  by  contocal  ellipses,  1348    ot 
railway  rail  49  (c)  182  (b) ,  longitudi 
nal  stretch  produced  by,  varies  as  cube 


of  torsion,  51,  581,  800,  ftn  thai  re- 
sistance of,  is  due  to  slide  first  stated 
by  Young,  51,  combined  with  ot&e* 
strains,  50,  for  circular  eross-seefeon, 
1280  for  elliptic  cross-seelaoji,  82, 
59,1283  forrectangu^r^oss-seciioi^ 
57,  Case  (vi)  circular  secfaon,  §e, 
Cases  (in)  and  (v),  elementary  proof 
of  formulae  for,  109,  of  pnsms  wstfo 
cross  sections  m  form  of  dotibly 
symmetrical  quartic  curves,  110,  <ee- 
centnc  axis  about  which  bar  is  torfeed, 
does  not  affect  amount,  110,  181  {<*), 
1434  (e)  of  right  circular  cylinder, 
182  (a),  strain  energy  due  to,  157, 
deduction  of  general  equation  of,  from 
principle  of  work,  157,  general  equa- 
tions of,  elementary  proofs  for,  181, 
maximum  slide  and  position  of  the 
fail  points,  181  (e) ,  general  formulae 
and  examples  182,  of  railway  rail, 
182  (6) ,  of  prisms  with  cross-sections 
bounded  by  curves  of  fourth  degree, 
182  (d) ,  when  cross  section  nearly 
an  isosceles  triangle  182  (d),  with 
variation  of  slide  modulus  across  cross 
section,  cases  of  wooden  and  iron 
cylinders,  186,  numerical  examples 
of,  187 ,  general  equations  of,  190  (d) , 
of  prism  with  only  one  plane  of  elastic 
symmetry,  case  of  elliptic  cross  section, 
190  (d),  comparison  of  Wertheun, 
Duleau  and  Savart's  experiments  on, 
with  theory,  191  producing  plasticity, 
255  of  prisms  whose  base  is  the  sector 
of  a  circle,  285—290  expression  for 
shift,  286  numerical  table  of  torsional 
moment,  288  annular  sectors,  288, 
1710  on  slide  and  fail  points,  289— 
90 ,  formula  giving  very  approximately 
the  value  of  moment  of,  for  great 
variety  of  cross  sections  291 ,  assump 
tions  made  by  Saint  Venant  and 
reasons  for  them,  316—18 

Weitheim  s  researches  angles  of 
torsion  not  proportional  to  loads  even 
for  elastic  strain,  803  (c)  not  to  length 
of  pi  isms  803  (d)  torsion  decreases 
mteiioi  cavity  of  hollow  prism,  his 
formulae  foi  diminution  in  case  of 
circular  cylinders  without  theoietical 
basis  803  (L)  also  in  case  of  icct 
angulai  pnsms  806  '  i  «  c 

ot  cavity  in  case  of  sheet  iron  «u8, 
accoidmg  to  Weitheim  his  expen 
ments  foi  hollo\\  and  solid  circular 
cylmdeis  give  better  lesults  for  17  =£ 
than  77  =  ^  804,  of  c>lmdei&  on  elliptic 
bases,  obscure  tieatinent  of  Saint 
Yenant  s  theory,  805 ,  experiments 
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OB  hollow  and,  sohd 
prisms,  use  of  Caucus  erroneous 
formulae,  806,  they  confirm  Samt 
Tenant's  theory,  807,  of  aeolotropio 
bodaes  {sheefc-zron  and  wood),  obscurely 
dealt  with  b^  Wertheim,  808,  Wer 
theim's  views  of  rupture  by  tasjo&n  in 
case  of  hard  and  soft  bodies  810 

Clebschs  treatment  of  Saint 
Yesoanfs  Problem  (combined  torsion 
and  flexure),  1332 — 46,  symmetrical 
cross  srction,  1347,  solution  by  con 
pgate  functions,  1S48  («),  special 
^ase  of  torsion  of  prism  with  cross 
1sedaon  bounded  by  two  confocal 

*  ellipses,  1348  {d)— (e),  EjarchhofTs 
ireatmemt  of  special  cases,  for  circular 
section,  1280  for  elliptic  section, 
1283,  Boussinesq's  analysis,  1434 
<#}— •(&),  Thomson  and  Tait's  treat- 
ment, 1710,  conjugate  functions  and 
torsion  of  pnsms  with  cross  sections 
like  ftwmUr  sectors,  1710,  P  Neu 
mann's  erroneous  theory  of  torsion  of 
crystalline  rods,  1230,  Bankme  on, 
469,  untenable  theones  of,  Segnitz, 
481,  Bitter,  916  (c),  'bundle  of  fibres,' 
481  (581,  800,  ftn),  criticised  by 
Clebsch,  1349 

Torsion^  Experiments  on,  Duleau  and 
Savart,  31,  191,  Wertheim,  191, 
803—10,  Kupffer,  735—41,  on  cast 
iron  shafting  882 ,  on  impulsive  and 
repeated  loading  on  bars  and  axles, 
991—4,  999—1003,  on  cast  iron 
beams  of  various  cross  sections  1039 
(c) — (d) ,  application  of  Saint  Tenant's 
non  linear  stress  strain  i  elation  to 
experimental  results  for  torsion  of 
cast  iron  1053  see  also  Tort 

Torsion,  influence  of  flaws  on,  1348  (/) , 
Boussmesq.  on  cavities  in  cross  section, 
1430 

Torsion,  hydro  dynamical  analogues  to, 
1419  (c),  1430,  1460,  1710 

Torsion  and  Magnetisation   torsion  due 
to  non  axial  magnetisation   of   iron 
wire,  1727    effect  on  magnetisation  of 
loaded    wiies    of    torsion,    1734 — 5, 
Wertheim's  researches,   811 — 7     in 
fluence  of  toision  on  temporary  and 
peimanent  magnetisation,   814,    in 
fluence  of  torsional  elastic  strain  and 
set  on  magnetisation,  815—6,  effect 
of  impulsive  and  repeated  loading  by 
torsion    on    magnetic    properties    of 
axles    994    Wiedeniann  on  relations 
of  toision  to  magnetisation,  714  (12) — 
(16)    see  also  Toit 
l  Resilience,  bll 


Torswnal  Bet    see,  Tort 

Torsumal  Yrtnztoom,  3£L,  how  affected 
by  resistance  of  an;,  ^em-peiratqxe, 
weight  of  vibrator,  TSS^feow  influenced 
by  traction,  735  (Sa^  *$&,&),  bow 
affected  by  after  stram,  t38-r9^  751 
(d),  in  silk  threads,  how  infteeneed 
by  nse  of  temperature,  (l)  p  514,  ftn  , 
Wertheim  on,  809,  subsidence  of 
torsional  osculations  in  wires,  viscous 
action  how  influenced  b\  longitudinal 
traction,  different  ubrators,  etc  ,  etc  , 


Tort  (=  torsional  set)  develops  aeolo 
tropy  in  wires  and  alters  stretch-  and 
slide-moduli,  1755,  laws  of  toarsKflial 
set,  714,  803  (a)—  (6),  influence  of 
temperature  on,  714  (17)—  (19),  its 
effect  on  therm  o  electric  properties  of 
metals,  1646  ,  electro  magnetic  effect 
of,  702,  714,  709,  790,  comparison  of 
tort  and  magnetic  phenomena,  714, 
correlation  of  tort  and  magnetisation, 
714  (12)—  (16),  815—6,  remarks  on, 
1734,  1737 

Tortuosity,  of  curves  discussed,  1669  — 
71 

Toughness,  denned,  466  (iv) 

Traction,  of  prism  with  three  planes  of 
elastic  symmetry,  6t  of  heavy  prism, 
74,  fail  limit  for,  185,  combined  with 
flexure  and  slide,  180,  its  effect  on 
torsional  vibrations,  735,  741  (b) 

Ti  actions,  Principal  expressions  for 
traction  and  shear  in  any  direction  in 
terms  of,  1277 

Treadwell  D  ,  on  the  strength  of  cast 
iron  pillars  (1860)  976,  on  the  con 
struction  of  cannon  by  shrinking  on 
hoops  (1857),  1075 

Tredgold,  erroneous  theory  for  strength 
of  cast  iron  cylinders,  962  his  modu 
lus  of  resilience,  340  (n),  1089,  1091 

Ti  esca,  Saint  Venant's  report  on  Tresca's 
communications  to  Academy,  233 
Samt  Venant's  proof  of  his  experi 
mental  result  as  to  coeihcients  of 
plasticity,  236,  his  principle  that 
plastic  pressure  is  transmitted  as  in 
fluids,  259  —  00  ,  Las  results  do  not  agree 
with  baint  Venant  s,  262  ,  recognises 
importance  ot  plastic  experiments 
suggested  by  Saint  Venant,  267,  Samt 
Venant  on  the  theoretical  aim  oi  his 
researches,  293  ,  considerb  that  there 
is  a  mid  state  between  elasticity  and 
plasticity,  244,  demoiiHtrates  the 
constant  value  of  maximum  shear 
for  plastic  stress  247  on  problems 
in  plasticity,  1002  (c)—  (d)  ,  on  the 
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action  of  a  punch,  1511,  1602  (d), 
on  the  elasticity  and  strength  of  steel 
plates,  1134,  on  the  elasticity  of 
aluminium,  1164 

Truss,  history  of,  C  et  A  p  5  (i)  see 
framework 

Tubes,  strength  of  simple  tubes  and 
tubes  strengthened  by  belts,  654—5 , 
collapse  of  tubes,  used  as  boiler  flues, 
experiments  and  empirical  formulae, 
982 — 4,  bursting  of,  by  internal 
pressure,  983,  empirical  formulae  for 
collapse  of,  986 — 7,  bui sting  of  gutta 
percha,  1160  of  earthenware,  1171 — 
2  see  also  Flues,  Pipes 

Tubular  Bridges  and  Girders.  1007, 
1015 

Twisty  geometrical  discussed,  hodograph 
for,  1669 — 71 ,  components  of  strain, 
1679 ,  expression  of  integral  tangential 
shift  in  terms  of,  1681 

Twisting,  denned,  466  (a) 

Uchatius,  steel  prepared  by  his  process, 

1114 

Undulatory  Theoi  y    see  Light  and  Ether 
Uni  constancy     see   Constants,  Stt  etch 

Squeeze  Eatio,  Ran  constancy,  etc 
Uniqueness,  of  solution  of  equations  of 

elasticity,    1198,    1199,    1240,    1255, 

1278 
Unwin,  W   C  ,  assists  Fairbairn  in  ex 

periments  on  collapse  of  tubes  (1858), 

984    his  letting  of  Matenals  of  Con 

struction  (1888),  1046 

Variations,  Cak  ulus  of,  use  of  in  elastic 
problems,  22<),  667—9 

Vector  Polygon  defined,  (i)  p  354,  ftn  , 
used  in  theory  of  arches  518 

Velocity,  of  presHural  and  slide  waves 
proved  in  elemental  y  manner  219,  of 
elastic  waves  of  various  types  in  di 
verse  materials  1817 

Vent  on  statically  indeterminate  leac 
tionH  (i)  p  411,  ftn 

Verdet  bibliography  and  criticism  of 
Wertheim  s  reseat  ehes,  820 

Vibnition**  mode  oi  counting  822  Lis 
sajous  mode  ol  rendeim^,  visible  ind 
of  compounding  82(>  thermal  effect 
of  damping  827  influence  of  in 
chaii{-,mk  constitution  ol  metal,  1185 
118*)  (see  also  IIOH  Jl  nnujht)  coexis 
tcncc  ot  longitudinal  and  transveiso 
vibrations  82  r>  ot  toisional  and  trans 
verse,  825 ,  influence  of  on  magnetisa 
tion  811,  ^eneial  laws  ot  578 

Vibnitiom  of  L  lactic  Media,  isotropic, 
liaukme  b  loim  ot  solution,  434,  To 


poffs  solution,  510  Bonssiaeea's  30- 
lution  by  aid  of  potentials,  14&£t  fey 
aid  of  'spherical'  potentials,  1&£, 
form  of,  when  started  by  various  types 
of  elementary  vibrators,  1767—9 
about  a  fixed  and  rigid  sp&ensal  mr 
face,  1392—1410,  aeeloteepie,  IVU, 
when  there  are  three  planes-gf  elastic 
symmetry,  594 ,  of  a  medium  obtained 
by  deformation  of  an  isotropie  me- 
dium, 1557 
Vibrations,  Stability  of,  in  case  of  elastic 

solids,  1328—30 

Vibrations  of  Special  Bodies  of  elb&* 
soidal  shell,  544—8,  of  sphere,  r#cbaX 
551  (i),  1327,  of  plates,  613, 1241—4 
1296  bis,  1300  (b),  1388— 4,  when  ^^o- 
tropic,  1415,  when  infinite,  1468,  of 
membranes,  551  (A)  1223  1300  (c)  1385, 
when  stiff,  1439,  of  rods,  deduced  from 
systems  of  particles,  550—1,  trans- 
verse, 614—6,  821—2,  825, 1228, 1291, 
1372—3,  1431,  when  loaded,  751  (c), 
759  (a)  769,  774—84,  1431,  when 
cross  section  vanes,  1302—7,  longi 
tudinal,  823—4,  825, 1224, 1291,1373, 
1431,  torsional  (for  pnsm,  rod  or  wire), 
191,  751  (d),  1373—4,  809, 1291, 1431, 
subsidence  of  734,  739,  1744—8,  of 
curved  'tods,  Bresse's  equation,  534, 
of  strings,  617,  1291,  1374,  deduced 
from  those  of  systems  of  particles, 
550—1 

Vicat  his  experiments  on  rupture  cited 
by  Saint  Venant,  32,  by  Morrn,  880 
(b)  oil  cohesive  power  of  cements, 
1168 

Vignoks,  on  adaptation  of  suspension 

bridges  to  railway  traffic  (1857),  1025 

Villarceaux,   Y ,   on  hydrostatic  arch, 

468 
Villan,  on  relation  of  stiess  to  magneti 

sation  (1865),  1729, 1731 
Villan  Critical  Field,  for  soft  iron,  1730 
—1,  1733,  for  cobalt,  1736,  for  nickel, 
1736 
Viiqile  his  memoir,  ciiticised  by  Saint 

Venant,  122 
Mutual  Velocities,  applied  to  theory  of 

elasticity  427—9,  667,  1195 
Fi&cosit?/  of  I  luuh,  equations  for,  1744, 

ftn    180<) 

Viseo^ti/  of  Soluh  734  748  7oO  in 
Sn  W  Thomson  s  sense,  1666 ,  con 
fusion  of  altei  strain  with  frictional 
resistance  750,  1718  (b)  1743  how 
related  to  plasticity,  1743  according 
to  Sir  W  Thomson  no  simple  law 
between  viscous  resistance  and  strain 
velocity,  1744,  expenments  011  subbi 
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permeate  on,  G  et  A  p  7 ,  columns 
of,  880 

Work  Function,  Clapeyron's  Theorem  for 
work  done  by  elastic  forces,  608 ,  de 

•  dnction  of  resilience  of  torsional, 
flesural  and  tensional  springs,  609 — 
31 ,  expressed  symbolically,  184,  in 
terms  of  stresses,  163  see  also  Strain- 


Working,  effect  on  elasticity,  732,  1129 , 
efiect  of  rolling  and  hammering  on 
stretch  modulus  of  brass  and  iron, 
741  (a) ,  effect  of,  on  after  strain,  750 
(W,  effect  of,  on  modulus  of  gold, 
??$>  nature  of,  probably  accounts  for 
irregularity  in  set,  803  (6),  effect  of 
hardening  in  ^ator  and  oil  suddenly 
cooling,  cold  rolling  gahamsmp  etc  , 
on  steel  and  iron,  114o,  its  influence 
on  density  of  iron  and  steel,  1149  its 
*effect  on  thermo  electric  properties  of 
metals,  1646 

Wrenching,  defined,  466  (a) 

Wnng,  defined,  466  (a),  ftn 

W  R  R  ,  on  beams  of  strongest  cross 
section  (1858),  951 

Wundt,  W ,  on  elasticity  and  after  strain 
in  moist  organic  tissues  (1857),  829 — 
30  ,  controversy  with  Volkmann,  831 

.    low  Metal,  strength  of,  1166 
Yield-Point   169  (6),  relation  to  Fail 
Point,  169  (g),  is  identical  with  Ca 
valh's  *  limit  of  stability,'  1084 
Young,  first  stated  longitudinal  stretch 
of  prism  under  torsion  vanes  as  cube 
of  torsion,  51,  first  stated  that  tor 


sional  resistance  is  due  to  slide,  51 , 
his  theorems  on  impact  of  elastic  bar, 
340,  363 ,  his  theorem  in  resilience, 
proved  for  flat  springs,  4fe®3  (c),  for 
spiral  springs,  675,  his  theorem  for 
maximum  velocity  of  longitudinal  im 
pact,  1068,  generalised  for  transverse 
impact  on  rod,  1537,  for  transverse 
impact  on  plate,  1538,  for  longitudinal 
impact  of  truncated  spindles  and 
solids  of  resolution,  1542 
Young's  Modulus  see  Modulus,  Stretch 

Zaborowski,  J ,  on  cohesion  (1856),  867 

Zehfms,  G  ,  deflection  and  stress  for  uni 
formly  loaded,  built  in  circular  plate 
(1860),  657—9 

Zetzsche,  F ,  proper  form  for  heavy 
column  treated  as  'solid  of  eq.ua! 
resistance'  (1859),  656 

Zinc,  thermo  elastic  properties  of,  752, 
756 ,    after  strain   and   temperature, 
756 ,  stretch  modulus  and  density  of, 
(i)  p  531 ,  ratio  of  kinetic  and  static 
stretch  moduli,  1751 ,  fracture,  tensile 
strength,  etc ,  of,  (i)  p    707,  ftn  , 
hardness  of,  (i)  p  592,  ftn  ,  (i)  p  707, 
ftu  ,   rendered  crystalline  by  trans 
mission  of  heat,  1056 ,  molecular  pro 
perties  of,  1058 ,  thermo  electric  pro 
perties  under  strain,  1646 

Zoppntz,  K ,  theory  of  transverse  vibra 
tions  of  a  clamped  free  elastic  rod, 
loaded  at  free  end  (1865),  774—9, 
theory  of  transverse  vibrations  of 
heavy  rod  (1866),  780—1 ,  recalcula 
tion  of  Kupffer's  experimental  results 
(1866),  782—4  and  (i)  p  531 


CORRIGENDA  AND  ADDENDA 
TO  VOLUME  I 

COREIGENDA 

Art   922 

I  have  used  an  expression  in  this  article  with  regard  to 
Weyrauch's  contribution  to  the  problem  of  rari-constancy  which  is 
undoubtedly  liable  to  misinterpretation  It  might  be  supposed 
from  what  I  have  written  that  Weyrauch  had  obtained  ran- 
constant  equations  on  the  assumption  that  the  mtermolecular  action 
although  central  was  any  function  whatever,  eg  a  function  of 
'aspect'  or  involving  'modified  action  terms'  What  he  really 
dots  (Theome  elastischer  Korpev,  1884,  p  132)  is  to  take  a  central 
action  R  between  two  elements  of  masses  m  and  m',  at  distance 

r  of  the  form 

R  =  mm  {F(r)-i}  (i), 

where,  in  his  own  words 

"mmi  gctuz  allgemun  erne  Function  derjemgen  Grossen 
btdeutet,  welchc  ncbcn  der  Entfernung  ?  auf  R  Emfluss  nehmen  " 

This  ot  course  is  something  different  from  taking  E  of  the 

form 

(r,i)  (n) 


Further,  if  i»  represents  the  value  of  i  before  strain  or  at  time 

o,  and  i  th(    value  at  time  t,  Weyrauch  assumes  (p    134)  that 

-  t,  for  the  matcnal  m  the  neighbourhood  of  the  element  m  may 


be  treated  as  constant  and  brought  outside  the  sign  of  summation 
for  elementary  actions  This  would  be  impossible,  if  &  —  $0  were 
ctoe  to  'modified  actiop,'  because  the  modifying  elements  (or 
molecules)  would  be  themselves  in  the  immediate  neighbourhood 
of  m,  and  the  modifying  action  would  probably  be  a  function  of 
their  distances  which  are  themselves  commensurable  with  the 
linear  dimensions  of  the  "  neighbourhood  of  the  element  m  " 

By  taking  R  of  the  form  (i)  and  not  (n)  Weyrauch  much  limits 
the  generality  of  his  results,  and  by  choosing  i  —  IQ  a  constant  for 
the  neighbourhood  of  an  element,  he  practically  reduces  his  (i  — 10) 
to  little  more  than  the  temperature-effect  But  even  this  may 
serve  to  indicate  that  wider  laws  of  intermolecular  action  than 
that  in  which  it  is  central  and  a  function  of  the  distance  only  may 
be  found  to  lead  to  ran-constant  equations. 

Art   959 

The  formulae  for  the  buckling  load  on  struts  were  taken  from 
notes  of  mine  in  which  2Z  and  not  I  was  the  length  of  the  strut 
This,  however,  does  not  apply  to  the  point  of  maximum  traction 
or  other  results  of  this  same  Article  We  have  with  this  correction 
the  following  results  for  a  strut  of  length  I 

Buckling  force  for  doubly  built-in  strut 


Buckling  force  for  built-in  pivoted  strut 


Buckling  force  for  doubly  pn  oted  strut 


CORRIGENDA.  3 

I  much  regret  that  this  error  should  have  escaped  my  attention, 
and  trust  all  possessors  of  the  first  volume  will  make  the  above 
changes  in  the  text 

Arts  795—6 

I  have  reproduced  an  error  of  Neumann's  which  I  ought  to 
have  seen  and  corrected  The  wrong  signs  are  given  to  all  the 
quantities  M,  N,  P  in  Art  796  If  these  are  corrected  a 
negative  sign  must  be  inserted  m  the  second  table  of  Art  795 
before  all  the  1/JF's  The  value  of  1/E  in  Art  799  is  then 
accurate 

Arts   1392—3 
The  word  '  copper*  should  be  replaced  throughout  by  ' brass' 

Art  1467 

The  form  of  the  beam  section,  which  is  I ,  has  droppec 
the  type 

Index,  p   899,  Column  (n)  and  Aits  813—16 

The  title  Bresse  has  been  inserted  between  Sevan  and  B^net, 
when  it  ought  to  follow  Braun  on  p  900,  Column  (i)  There  should 
also  be  a  reference  under  Bresse  to  Arts  813 — 16  I  find  that  the 
lithographed  course  of  lectures  there  referred  to  is  due  to  this 
scientist,  to  whom  we  thus  piobably  owe  the  first  theory  of  the 
'  core ' 


ADDENDA 

Arts.  352,  353,  354—5,  745—6 

A  paper  by  A.  Miittnch  on  Chladni's  figures  for  square- 
plates  appeared  m  1837  in  the  Oeschichte  des  altstadtischen 
Gynmasiums  Dreizehntes  Stuck,  Konigsberg  It  is  entitled 
Bevtrag  zur  Lehre  von  den  Schwingungen  der  Flachen,  and  contains 
8  pages  and  a  plate  of  figures  Pp  1 — 5  suggest  practical 
methods  of  supporting  the  plates,  of  setting  them  vibrating, 
and  of  keeping  their  surfaces  dry  and  clean  Pp  6 — 8  give 
Mnttnch's  conclusions  and  the  grounds  on  which  he  bases  them 

^  vf  them  are  opposed  to  Strehlke's  views  of  1825  as  given 
AU  our  Vol  I ,  Art  354,  namely  Muttnch  holds 

(i)  Straight  lines  are  possible  forms  for  the  nodal  lines  of 
plates  with  free  edges 

(u )     Nodal  lines  can  intersect  one  another 

The  experimental  proof  of  these  results  lies  in  the  demonstra- 
tion of  a  gradual  transition  from  one  system  of  nodal  lines  to 
another,  when  intermediate  stages  are  necessarily  intersecting 
straight  lines 

Muttnch's  third  conclusion  is  that  the  nodal  lines  themselves 
are  in  a  state  of  vibration  and  that  only  their  nodal  points  are 
true  nodes  for  the  plate  It  seems  to  me  possible  that  this 
oscillation  of  the  nodal  lines  results  from  longitudinal  vibrations 
in  the  plate  which  again  are  due  to  its  sensible  thickness,  or  to 
the  mode  of  support  and  excitation 

Art   937 

A  copy  of  Aidant's  work  which  was  printed  as  a  separate 
publication  by  "order  of  the  minister  of  war*'  has  reached  me  since 


ADBENDA 

the  printing  of  Vol  I  The  title  is  Etudes  th&mques  et  _ 
mentales  sur  I  }  dtablissement  des  charp&ntes  d  grande  portee,  _  _ 
1840  It  contains  Avertissement  pp  i—  v  ,  the  report  referred 
in  our  Vol  I,  Art  937,  pp  vi—  xvn,  the  text  of  the  work 
pp  1—94  ,  Appendice  pp  95  —  122,  antf  concludes  with  five  pages 
(123  —  127)  of  contents  and  twenty-nine  plates  of  figures.  It  is 
obvious  that  the  work  is  one  of  considerable  size,  aad  as  $£ 
possesses  some  importance,  I  give  here  a  r^sum^  of  its 


[i]  Chapter  I  (pp  1  —  11)  briefly  describes  the  origin  and 
history  of  wooden  trusses  designed  to  cross  considerable  spa&a, 
more  especially  roof-trusses  These  range  from  the  4th  ce&tury 
roof  of  the  Basilica  of  Saint-Paul's,  through  the  fr&me  *i  la 
Palladio/  the  arched  truss  of  Philibert  de  TOrme,  and  the  Gothic 
roof  to  the  English  truss  with  iron  tie-bars,  and  to  the  arched  forms 
common  in  France  in  1840  Ardant  gives  at  the  end  of  the 
chapter  a  summary  of  the  conclusions  he  has  formed  upon  the 
comparative  merits  of  arched  timber  trusses  and  trusses  built  up 
of  straight  pieces  of  timber  He  believes  the  former  to  be  very 
inferior  to  the  latter  in  both  economy  and  strength  ,  while  the 
latter  can  be  easily  made  to  present  as  pleasing  an  artistic  effect 
He  holds  the  adoption  of  the  former  to  have  arisen  partly  from 
the  mistaken  notion  that  a  semi-circular  arch  produced  little  or 
no  thiust  on  the  abutments,  partly  from  an  unreasoning  extension 
of  the  theory  of  stone  arches  to  wood  and  iron 

Dans  la  premiere  de  ces  constructions,  on  utilise  la  pesanteur,  la 
ngidit6  it  Pmflexibilite  lelatives  des  pierres,  dans  les  secondes,  c'est 
1  cl  isticite  ct  la  cohesion  des  parties  qui  sont  les  quahtes  essentielles 
ft,  10) 

Chaptei  II  gives  an  account  of  the  fifteen  arches  and  frames 
(with  spins  so  Urge  as  1212  metres  and  use  so  large  as  541 
metres),  upon  which  experiments  weie  made,  as  well  as  the 
apparatus  with  which  they  were  made 

[n  ]  Chapters  III  ,  IV  and  V  cite  the  theoretical  results  of 
the  Appendix  lor  the  thrust  in  terms  of  the  load  in  the  cases  of 
circular  arches  and  of  a  simple  roof-truss  of  straight  timbers  The 


r  "  €w$st  for  the  latter  is  not  materially  greater  than  4hajbsfo}T  the 

Jontfer     Hence  no  gam  is  obtained  by  combining  the  two,  which 
^appeaass  to  haye  been  frequently  done  in  practice         »  ?  i 

On  tirera  de  cette  comparaison  une  conclusion  assetf  oppose*e  &, 

? '  Ftfpa£on  de  la  plupart  des  constructeurs,  savoir , 

I  Que  dans  les  cas  ordinaires  de  la  pratique,  un  cintre  demi-cireulaire 

j   *  exerce  autant  de  pousse*e  que  la  ferme  droite  sans  tirant,  &  laquelle  on 

^  le  r£umfc  pour  composer  tfcoe  charpente  en  arc ;  et  que,  p&r  consequent, 

*  on  pourrait,  en  augmentant  l^quarnssage  de  cette  ferme,  supprimer  le 

t  dB&re  sans  qu'il  en  r6sult&t  sur  les  appuis,  une  action  horizontale  plus 

j^  considerable  (p  25) 

^  These  chapters  then  compare  the  experimental  measure  of  the 

H  thrust  with  that  given  by  theory     The  companson  gives  an 

'v  accordance  fairly  within  the  limits  of  experimental  error     Un- 

fortunately Ardant  did  not  make  a  sufficiently  wide  range  of 
observations  for  the  results  to  be  quite  conclusive  He  cites  an 
experiment  of  Emy  which  led  the  latter  to  believe  that  circular 
arches  had  no  thrust  He  then  considers  experiments  made  by 
Reibell  at  Lonent  These  appear  to  be  the  only  other  important 
experiments  which  had  been  made  on  large  circular  wooden  arches 
An  account  of  them  was  published  in  the  Annales  ma^mes  et 
colomales  22e  annexe,  2e  sene,  T  xi,  p  1009  Reibell  did  not  get 
rid  of  the  friction  at  the  terminals  of  the  arch,  but  allowing  for 
this  Ardant  finds  the  corrected  values  of  the  thrusts  agree  well 
with  his  formulae  (pp  32—33)  From  this  double  set  of  experi- 
ments he  draws  the  following  conclusions 

(a)  The  thrust  of  a  semi-circulai  arch  due  to  an  isolated 
central  load  never  exceeds  |  of  the  load 

(6)  Whatever  be  the  manner  in  which  a  continuous  load  is 
distnbuted  along  the  arch,  the  thrust  for  a  semi-circular  arch  never 
exceeds  J  to  £  of  the  total  load 

(e)  That  flatter  arches  produce  thrusts  which  are  to  those 
which  arise  in  the  case  of  a  semi-circular  arch  in  the  ratio  of  the 
half  span  to  the  rise 

(/)  That  the  thrust  is  independent  of  the  particular  mode  of 
construction  of  the  arch,  when  its  figure,  dimerisionb  arid  the  load- 
distribution  are  the  same 


V   shews  that*  the  thrust-formula  obtained  in  «« 
:  for  the  truss  with  straight  timbers,  and  without  a  tie,  is 
onfirmed  by  experiment  ^  f  ^  r  r^  * 

[m]  Chapter  VI  begins  with  some  general  <it$oussion F<m 
lasticity,  the  elastic  constants  and  the  coefficients  of  rupfetif4. 
^.rdant  then  cites  a  formula  of  the  following  kmdforthe  delee- 
lon,  /,  of  a  circular  arch  at  the  summit,  the  terminals  baiag  bofch 
uvoted 


/here  2X  is  the  span,  T  the  rise,  E  the  Wretch-modulus, , 
aoment  of  inertia  of  the  cross-section,  P  the  total  load  aad  K  a 
onstant  depending  on  the  distribution  of  the  load  etc  Here  the 
rch  is  supposed  to  be  of  continuous  homogeneous  material  and  of 
iniform  cross-section  Ardant  now  applies  this  formula  to  the 
leflections  he  has  found  by  experiment  for  his  arches  built  up  of 
urved  pieces  or  planks  pinned  or  bound  together  The  results 
pven  in  Chapter  VII  he  holds  to  satisfy  this  formula,  provided  V 
>e  given  values  depending  on  the  nature  of  the  structure,  from  f  ou 
\  of  its  value  for  a  continuous  arch  or  beam  of  the  same  material 
""he  experiments  even  on  the  same  arch  seem  to  me  to  give  such 
livergent  values  for  E,  that  I  think  this  method  of  exhibiting  the 
leflection  can  only  be  looked  upon  as  an  expression  of  expen- 
aentil  results  for  practical  purposes  With  ceitam  assumptions 
lidant  also  obtains  an  expression  for  the  deflection  of  a  roof  truss 
without  tie,  built  up  of  straight  beams  (pp  48 — 49)  I  do  not 
onsuler  this  expression  to  be  theoretically  or  experimentally 
ustified  Ardant  proceeds  at  the  end  of  Chapter  VII  (pp 
,1 — os)  to  dcteimine  the  resistance  to  rupture  of  his  arches 
Tore  he  applies  to  rupture  a  formula  deduced  from  the  theory  of 
outinuous  arches  on  the  hypothesis  that  linear  elasticity  holds  up 
o  rupture  At  best  the  theory  could  only  apply  to  the  fail  point 
L  e  failure  of  linear  elasticity)  of  continuous  arches  A  like  treat- 
it  nt  of  inptine  leads  to  absurd  results  m  the  case  of  the  flexure 
f  b(  ams,  so  it  e  in  haidly  be  expected  to  give  better  results  m  the 
ise  of  arches  sec  our  Vol  I  Art  1491  and  Vol  II  Art  178  Thus, 
s  wo  might  nitunlly  expect  his  "coefficient  of  rupture"  varies 
T  F  PT  ir  ^6 
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from  arch  to  arch,  and  its  ratio  in  each  case  to  the  "  eoefficie&t  of 
xuptnre "  for  a  continuous  areh  is  equally  variable  The  results 
however,  of  his  experiments  resumed  on  (pp  67 — 8)  are  Suggestive 
for  the  pracfccal  design  of  such  arches  and  roof-trusses  as  he  has 
experimented  on 

[iv  ]  In  Chapter  VIII ,  it  is  sufficient  to  notice  here  Ardant's 
conclusion  that  the  truss  built  up  of  straight  beams  is  for  the  same 
amount  of  material  stronger  than  the  built-up  wooden  arch 

II  semble  d'apr&s  cela  que  si  les  charpentes  en  arc  conservent  quelque 
ayantage  snr  les  fermes  droites,  c'est  umquement  celin  d'avoir  une 
fcrme  plus  graciense,  et  que  sous  les  rapports  importants  de  la  sohdite" 
et  de  Tlconomie,  les  premieres  sont  tres  infe"rieures  aux  autres  (p  75) 

Chapter  IX  gives  methods  of  calculating  suitable  cross- 
sections  for  the  vanous  parts  of  arches  of  the  types  on  which 
Ardant  has  experimented  It  also  gives  some  attention  (pp  77 — 
80)  to  the  thickness  and  height  of  the  masonry  which  will  stand 
the  thrust  of  a  given  roof-truss  It  concludes  with  two  numerical 
examples  of  the  application  of  the  formulae  of  the  appendix  to  the 
calculation  of  the  dimensions  of  metal  arches 

[v]  We  now  reach  the  Appendice,  which  is  entitled  Thdone 
de  la  fleacion  det>  corps  pnsmatoques  dont  I'axe  moyen  est  une  droite 
ou  une  courle  plane  (pp  95—122)  This  contains  the  first  theory 
of  circular  arches  which  attains  to  anything  like  completeness  (see 
our  Vol  I  Arts  100,  278,  914),  and  it  anticipates  Bresse's  later 
work  on  this  subject  see  our  Vol  I  Aits  1457—8,  and  Vol  n 
Chaptei  XI  for  an  account  of  the  book  referred  to  m  these  Articles 
We  note  a  few  points  with  regard  to  this  Appendix 

(a)  Pp  95—100  give  the  ordinary  Bernoulh-Eulenan  theory 
of  flexure  On  p  98  Ardant  speaks  of  the  product  of  the  stretch- 
modulus  and  moment  of  inertia  of  the  cross-section  (namely  Ea)K2 
in  our  notation)  as  improperly  termed  the  moment  d' 'tlaiticite  It  is 
the  moment  de  roideur  of  Euler  (EL"  in  his  notation  see  oui  Vol  i 
Art  65)  or  the  '  moment  of  stiffness  '  This  '  moment  of  stiffness/ 
E(*K?,  occurs  so  frequently  that  we  have  ventuied  to  term  it  the 
'  rigidity '  of  a  beam  Tt  follows  from  this  definition  tint  the  product 


of  the  rigidity  and  curvature  is  equal  to  the  bendiBg-mement. 
Ttes  for  the  same  value  of  the  bending-moment  the  curvatiires  of 
a  senes  of  beams  vary  inversely  as  their  rigidities  , 

(6)  Pp  100 — 103  deal  with  rupture  on  the  old,  luxes,  ve.  as  if 
linear  elasticity  lasted  up  to  rupture  The  results  ofotemed  sn$ 
thus  only  of  value  when  we  treat  the  'coefficient  of  rupture*  M 
which  occurs  in  them  as  the  '  fail-limit '  Accordingly  the  T&bJ& 
on  p  103  for  rupture-stresses  are  meaningless  when  applied  to  the 
previous  flexure  formulae  On  pp  99  and  101  we  have  the 
rigidity  and  fail-moment  (here  called  moment  de  rwptwre)  calcu- 
lated for  '  skew-loading '  or  for  the  case  when  the  load-plane  dogs 
not  pass  through  a  principal  axis  of  inertia  of  each  cross-secko^ „ 
see  our  Vol  I  Arts  811,  1581,  Vol  II  Arts.  14,  171  To  judge 
by  Ardant's  reference  to  Persy's  lithographed  GOUTS,  the  latter 
possibly  did  more  for  the  theory  of  skew-loading  than  I  judged 
from  an  examination  of  only  one  edition  of  that  Cours  see  Vol  L 
Art  811  The  value  given  by  Ardant  on  p  101  for  the  fail-moment 
of  a  beam  of  rectangular  cross-section  under  skew-loading  is  mcor 
rect,  it  applies  only  to  the  case  of  square  cross  section  The  true 
value  is  given  in  our  Vol  II  Art  14 

(c)  Pp  104 — 115  are  occupied  with  a  consideration  of  the 
elastic  line  under  various  systems  of  loading  in  the  case  of  straight 
beams,  besides  a  discussion  of  combined  strain  The  lesults 
obtained  are  afterwards  applied  to  various  types  of  simple  loof  or 
budge  trusses,  m  which  the  members  are  supposed  mortised  and 
not  merely  pinned  at  the  joints  Ardant's  treatment  of  these 
trusses  scemb  to  me  from  the  theoretical  standpoint  extiemely 
doubtful,  and  I  should  hesitate  before  applying  his  results  even 
to  the  practical  calculation  of  dimensions  The  remark  in  §  34, 
p  107,  on  the  sign  to  be  given  to  a  certain  quantity  is,  I  think,  erro- 
neous The  f  ill-point  of  a  beam  is  not  necessarily  \\here  the  st>  ess 
is  K1eitcst,  xs  Ardaut  like  Weisbach  (see  Vol  I  Art  1378)  holds 
It  will  be  at  the  point  of  maximum  stoetch,  and  this  will  be  at  the 
side  of  the  cross-section  m  tension  01  compiebSion  according  as 
the  load-point  is  outside  or  mbide  the  whoil  of  the  cioss-section 
see  Vol  I  p  b79 
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(d)  Pp  115 — 121  contain  the  theory  of  flexure  of  circular 
ribs  or  arches  Ardant's  work  here  was  up  to  his  date  the  most 
complete  treatment  of  the  subject,  and  his  Table  om  p.  4*5  for 
thrust  and  deflection  based  upon  this  theory  may  even  now  be  of 
practical  service  He  obtains  the  thrust  and  deflection  for  circular 
ribs  with  an  isolated  load,  or  with  uniform  loading  distributed 
along  either  the  span  or  rib,  when  the  terminals  of  the  nb  are 
pwoted.  He  finds  also  for  a  complete  semi-circle,  that  the  points 
bf  maximum  horizontal  shift  are  about  63°  from  the  vertical  He 
throws  all  his  results  into  very  simple  approximate  forms,  which 
he  holds  accurate  enough  for  practice  I  refrain  from  quoting  these 
theoretical  results,  because  they  have  been  worked  out  with  greater 
generality  and  accuracy  by  Bresse  in  a  work  with  which  I  shall  deal 
fully  in  Chapter  XI  At  the  same  time  Ardant's  researches  must 
be  remembered  as  an  important  historical  link  between  those  of 
Navier  and  Bresse  That  the  latter  had  studied  them  may  be 
seen  from  our  Vol  I  Art  1459 

What  I  have  noted  in  Ardant's  memoir  will  probably  be 
sufficient  to  mark  its  importance  Experiments  on  such  large 
wooden  arches  and  frames  have  I  believe  not  been  repeated  and 
it  seems  improbable  that  they  ever  will  be  The  results  obtained 
will  therefore  remain  of  value,  so  far  as  roof -structures  of  the 
types  with  which  Ardant  dealt  are  concerned  In  addition  to  the 
experimental  data  of  the  memoir  I  may  mark  Ardant's  conclusion, 
that  the  same  theoretical  formulae  hold  for  an  arch  of  continuous 
material  and  one  built-up  of  bent  pieces  of  wood  or  planks  bolted 
or  bound  together,  provided  we  reduce  the  stretch-modulus  in  a 
ceitain  proportion  Finally  I  have  already  noted  the  historical 
value  of  the  memoir  as  a  step  m  the  theory  of  circular  arches 
or  ribs 

Ait   974 

Poncelet  Cows  de  mfoamque  industnelle,  Jait  au&  a?U<stct> 
et  ouvneis  messins,  pendant  les  hiveis  de  1827  <i  1828,  et  de 
1828  a  1829  Ptemiere  pat  tie  Pi  dlwunaires  et  applications 
Metz,  1829  I  have  procured  a  copy  of  this  work  since  the 
publication  of  Vol  I  It  contains  xvi  pages,  of  prefatory  mattei, 
240  pages  of  text,  and  8  pages  of  contents  at  the  end  The  first 


preliminary  1*5  sections  agree  with  those  m  tite<*hfe€#o4is8o ~'~  **" '  *~ 

Kretz  (1870)     In  the  Appkcafams  the  Metz  edit&mstgreesM 

with  Kretz's  up  to  section  197,  after  this  it  deafe 

resistance  and  motion  of  fluids,  thus  containing  3 

the  resistance  of  solids  to  which  the  Deusctime  Pdfefae^f 

edition  is  devoted     The  few  paragraphs  on  the 

corps,  pp  17 — 20,  are  thus  all  it  contributes  to  ow  sufcg€cl 

our  Vol  I  Art  975     The  chief  interest  of  the  work  is  fehe 

it  takes  in  the  origin  of  modern  technical  instruction  *  **# 

Ait   1249 

A  further  memoir  by  Bnx  which  had  escaped  my  attention 
may  be  referred  to  here  Ueber  die  1  ragfahigled  aus  Eiserir 
bahnschienen  zusammengesetzter  honzontaler  Trager  This  is  a% 
offprint  from  the  Verhandlungen  des  Vereins  zur  £e/orderwng  de$ 
Q-ewerbfl&isses  in  Preussen,  Berlin,  1848,  16  pages  and  a  plate 

Owing  to  some  peculiar  local  conditions  at  a  Berlin  mill  it  was 

necessary  to  build  bridges,  of  which  the  girder-depth  had  to  be 

very  small,  over  the  mill-races     For  this  purpose  pairs  of  railway 

rails  with  flat  bases  ('  sogenannte  Vignolsche ')  were  placed  base  to 

base  and  used  as  girders    The  bases  were  riveted  together  at  short 

intervals     Experiments  were  made  on  the  flexure  and  ultimate 

strength  ot  two  such  girders ,  m  the  one  the  bases  were  riveted 

close  togcthei,  in  the  other  there  were  placed  at  the  rivets  small 

mtei  veiling   blocks    ot    cast-iron     The  fiist  part   of  the  paper 

(pp   i_G)  is  oceupied  with  an  account  of  the  experiments  made 

upon  these  two  gliders,  for  the  details  of  which— too  individual  to 

be  ot  nuieh  genei  xl  use— I  must  lefer  to  the  paper  itself     The 

rupture,  by  shearing  ot  the  rivets,  only  seems  to  shew  that  the 

area  ot  the  iivetmg  was  veiy  insufficient,  as  the  load  required  to 

produee  t  uluie  in  a  bar  under  flexure  by  longitudinal  bheanng  is 

immensely  greater  than  that  lequired  to  pioduce  failure  by  stretch 

in  the  'hbies,'  the  older  of  the  ratio  of  these  loads  being  practically 

Ui  it  ot  the  length  to  the  diameter  of  the  bar 

The  seeond  pait  of  the  paper-that  specially  due  to  Biix— 
deals  with  the  theory  oi  the  flexure  of  a  beam  (a)  with  both 
terminals  supported,  (6)  with  one  terminal  suppoited  and  one 


12  ADDENDA 

built-in,  (c)  with  both  terminals  built-in — the  ] 
partially  uniform  and  continuous  and  partially  isolated  amd  central 
Sfce  tea&ment  of  these  problems  by  the  Beraoulh-Balefcfi^ theory 
presents  no  difficulties,  but  it  has  long  been  knows.  ^fe^Mlfe© 
strength  of  beams  under  flexure  calculated  by  this  theory* 
veiry  far  from  according  with  experiment  (see  our  Vol  II 
17B)  Hence  there  does  not  seem  much  value  in  the 
mnaaeriGal  results  given  on  pp  12 — 16  and  based  on  the  preceding 
e&penments  Two  points  in  Bnx's  work  may  be  noticed  He 
&smme£  the  maximum  cuivature  (which  gives  the  maximum 
stretch  and  so  the  fail-point)  to  be  either  at  the  built-in  end  or 
the  centre  of  the  beam  in  case  (&),  but  this  is  by  no  means  obvious, 
if  require^  an  investigation  similar  to  that  given  by  Grashof  in  Arts 
$8 — 9  of  his  Theone  der  Mastiwtat,  1878  Secondly,  he  shews, 
1  believe  for  the  first  time,  that  the  fail-point  for  a  uniformly 
loaded  beam,  either  doubly-built-in  or  built-in  and  supported,  is  at 
the  built-in  end ,  in  the  former  case  the  bendmg-mornent  at  the 
centre  is  only  half  its  value  at  the  built-in  ends 


Arts   1180  and  1402,  ftn 

A  copy  of  Seebeck's  paper  in  the  Progiamm  of  the  Diesden 
Technical  School  (1846)  has  reached  me     It  contains  a  good  deal 
of  valuable  matter,  and  I  have  taken  the  opportunity  of  referring 
to   it  with  other  papers  of  Seebeck's  in  the  course  of  Vol    n 
Art  474 
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